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Abstract. We study Martin boundary points of cones generated by spherical John regions.
In particular, we show that such a cone has a unique (minimal) Martin boundary point at the
vertex, and also at infinity. We also study a relation between ordinary thinness and minimal
thinness, and the boundary behavior of positive superharmonic functions.

1. Introduction

We work in the Euclidean space R", where n > 3. Let €2 be a subdomain of
R" and Gg stand for the Green function for €2. Let xq € €2 be fixed, and let ¢
be a boundary point of 2. Suppose now that {y;} is a sequence in Q converging
to £&. Then, for each bounded open set w such that g € w and W C (2, there is
Jo such that {Ga(-,y;)/Ga(wo, y;) }32,, is a uniformly bounded sequence of positive
harmonic functions in w. Therefore some subsequence of {Ga(-,y;)/Ga(xo,y;)};
converges to a positive harmonic function in €2. All limit functions obtained in this
way are called Martin kernels at & or Martin boundary points at £&. Note that the
number of Martin boundary points at ¢ depends on geometry of 2 near &, so it is
not necessarily unique. We say that a positive harmonic function h is minimal if
every positive harmonic function less than or equal to h coincides with a constant
multiple of h. If a Martin kernel is minimal, then we call it a minimal Martin kernel
or a minimal Martin boundary point. There have been many investigations for
minimal Martin boundary points of several types of domains. For instance, every
Euclidean boundary point of Lipschitz domains [11], NTA domains [12]| or uniform
domains [2[, has a unique Martin boundary point and it is minimal. See also [4] and
[3] for other domains. For Denjoy domains [7, 10, 16|, Lipschitz-Denjoy domains
[5, 8], sectorial domains [9] and quasi-sectorial domains [15], there are criteria for the
number of minimal Martin boundary points at a fixed Euclidean boundary point.
In [3]|, Aikawa, Lundh and the author investigated the number of minimal Martin
boundary points at each Euclidean boundary point of a John domain. An open
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subset (2 of R™ is said to be a John domain with John constant C'; and John center
X if each point x in € can be connected to Xy by a rectifiable curve v in 2 such
that

(1.1) dist(z,00Q) > Cjl(y(x,z)) for all z € v,

where /((x, z)) denotes the length of the subarc y(z,z) of v connecting x to z,
and dist(z,0€) stands for the distance from z to the Euclidean boundary 02 of €.
John domains include domains stated above and domains with fractal boundaries.
Each Euclidean boundary point of a John domain may have many minimal Martin
boundary points, but its number is finite.

Theorem A. Let Q2 be a John domain with John constant C';. The following
statements hold:

(i) The number of minimal Martin boundary points at every point of OS2 is
bounded by a constant depending only on C';.

(ii) If C; > /3/2, then there are at most two minimal Martin boundary points
at every point of 0f).

The bound C; > +/3/2 in (ii) is sharp (cf. [3, Remark 1.1]). However, the
number of minimal Martin boundary points at a given Euclidean boundary point
can not be determined in terms of the John constant C';.

In this note, we will consider a cone generated by a (relatively) open subset of
the unit sphere with a John property, and will study Martin boundary points at
the vertex and at infinity. For x € R™ and r > 0, let B(x,r) and S(z,r) denote
the open ball and the sphere of center x and radius r, respectively. When z = 0,
we write B(r) and S(r) to abbreviate the notation. Let zy € S(1). We say that a
connected (relatively) open subset V' of S(1) is a John region of center z; if there
exists a positive constant c¢; with the following property: for each x € V' there is a
rectifiable curve v in V' connecting x to x( such that

(1.2) dist(z,S(1) \ V) > cjl(y(z,z)) forall z € 7.

Throughout the note, we call I' a cone (with vertex at the origin) generated by a
John base V' of center z¢ if V' is a John region in S(1) of center z, and

F:{xeR”\{O}:’x—‘GV}.
x

Our result is as follows.

Theorem 1.1. Let I' be a cone generated by a John base V of center x.
Then there exists a unique Martin kernel Kr(-,0) at the origin and it is minimal.
Also, there exists a unique Martin kernel Kr(-,00) at infinity and it is minimal.

Furthermore, there exist a positive continuous function f on V and p > n — 2 such
that for x € T,

(1.3) Kr(z,0) = || f(z/|z]) and Kp(z,00) =|a[*""""f(z/|z]).
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Theorem 1.1 is an extension of Kuran’s result |13, Theorem 1|. He considered
an NTA cone, i.e. a cone I' such that I' N B(1) is an NTA domain in the sense
of Jerison and Kenig [12|. The boundary Harnack principle and the uniqueness
theorem obtained in [12] was applied to a bounded NTA domain I' N B(1) in his
arguments. It is noteworthy that cones generated by John bases do not satisfy, in
general, the boundary Harnack principle at a given boundary point. For example,
let I' = {z € R*\ {0} : z/|z| € S(1)\ v}, where 7 is a closed arc in S(1) with
endpoints a,b. Then the boundary Harnack principle does not hold at every point
in {x € R"\ {0} : z/|z| € v\ {a,b}}. We will show the boundary Harnack principle
at the origin, using ideas from our previous paper [3].

The rest of the note is organized as follows. In Section 2, we will give a proof
of Theorem 1.1. In Section 3, we will show the equivalence of the ordinary thinness
and the mininal thinness of a set contained in a subcone of I', and will show that
there is no positive superharmonic function v in a domain, which contains I', such
that |z|Pu(z) — +o00 as * — 0 along a subcone of I'; where p is the homogeneous
degree of Kr(-,0) in Theorem 1.1.

Throughout the note, we use the symbol C' to denote an absolute positive con-
stant whose value is unimportant and may change from line to line. If necessary,
we use C1,Cs, - -+ to specify them.

2. Proof of Theorem 1.1

We start by recalling the Harnack inequality involving the quasi-hyperbolic met-
ric. Let z and y be points in a subdomain €2 of R". The quasi-hyperbolic metric

on € is defined by
, ds(z)
k =inf [ ———————
a(z,9) K [, dist(z,00Q)’

where the infimum is taken over all rectifiable curves v in {2 connecting x to y
and ds stands for the line element on y. We say that a finite sequence of balls
{B(x;,27" dist(z;,0Q))}}L, is a Harnack chain between z and y if 2, = =, 2y =y
and ;11 € B(x;,27  dist(z;,00Q)) for j = 1,--- , N — 1. The number N is called
the length of the Harnack chain. We observe that the infimum of the lengths of
the Harnack chains between = and y is comparable to kq(z,y) + 1. Therefore the
Harnack inequality yields the following.

Lemma 2.1. There exists a constant C' > 1 depending only on the dimension
n such that if x,y € €), then

>
~

(x
(v)

for every positive harmonic function h in €.

exp(—=Cka(r,y) +1)) < < exp(Clka(r,y) +1))

>

We next recall the notion, a system of local reference points of order N (see |3,
Definition 2.1] for details). We need the case N = 1.
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Definition 2.2. Let 0 < n < 1. We say that £ € 0¥ has a system of local
reference points of order 1 with factor n if there exist r¢ > 0 and C¢ > 1 with the
following property: for each positive r < 7¢ there is y, € QN S(&,r) such that
dist(y,., 02) > C’glr and

(21) kQﬂB({,n—3r)<x7 yr) Cg og m + Cg for x € QN B(f, 777“)

We should note that this notion controls the boundary behavior of positive
harmonic functions. Indeed, by Lemma 2.1 and (2.1), there exist constants C' > 1
and o > 1 depending only on n and C¢ such that

(2.2) h(z) < C (m) h(y,) for z € QN B(E,qr),

whenever h is a positive harmonic function in Q N B(§,np~?r). In view of this,
we would like to show the Carleson type estimate: if h is a positive and bounded
harmonic function in QN B(&,n~3r) vanishing on QN B(&, n73r) except for a polar
set, then

(2.3) h(z) < Ch(y,) for z € QN B(&nr).

To do this, we need to show that each point in ' B(1) can be connected to zq by
a curve satisfying (1.1), and that the origin has a system of local reference points
of order 1.

Lemma 2.3. Let I be a cone generated by a John base V' of center xy. Then
each = € I' N B(1) can be connected to x, by a rectifiable curve v in ' N B(1) such
that

(2.4) dist(z,0I') > Cil(y(x, z)) for all z € v,

where C is a positive constant depending only on I'.

Proof. Let x € I' N B(1). Then, by the definition of V', there is a rectifiable
curve 7' in V' connecting z/|x| to xo and satisfying (1.2). Let 4., be the image of +/
under the dilation mapping z/|z| to . Then ., is the curve in T'NS(|z|) C TNB(1)
connecting x to |z|xy and satisfies that for z € ~/,

dist(z,0I") = |x| dist(z/|x|, OI")
2 |$|%J (' (z/lxl, 2/|z])) = (%(90 z))-

Indeed, the above inequality can be shown as follows: If dlst(z /lz|,0") = dist(z/|x|,
{0}) = 1, then we have by (1.2)

’(%/IxI?Z/Ifc‘I))> (Y (/] 2/|]))
"(x/|x], 2/|2])) ~ ;" dist(z/|2], S(1) \ V)

‘y
(
> 3 (' (/|z], 2/1x]))-

(2.5)

dist(z/|z|,0T") =
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If dist(z/|x|,OT") # dist(z/|z|,{0}), then there is y € O \ {0} such that dist(z/|z|,
JI') = |z/|x| — y|. Then the angle Zy0z must be less than 7/2. Therefore we have
by (1.2)

1

dist(z/|z],0T) = |2/|z| — y/lyl| cos(27" £y02) > 7

2 0 (/] 2/121)).

Let v = 4L U [|z|xo, xo], where [|z|xg,zo] denotes the line segment between |z|zg
and xo. To complete the lemma, it suffices to show (2.4) for z € [|x|xg,xo|. Let
w € [|x|zo, zo]. Since dist(|x|zg, OT") < |z| < |w], it follows from (2.5) with z = |z|xg
that

dist(z/|z|, S(1) \ V)

’ 2 .
() = £ + llaleo = w] < = dist(Jalzo, ) + Jul

< 2 1) 2 +1 dist(w, oI")
_— wl = _— —_—
— \cy cy dist(xq, OT")
Hence the lemma holds with C; = (2¢;* + 1)~ dist (o, OT). O

Lemma 2.4. Let I be a cone generated by a John base V of center xy. Then
there exists a positive constant Cy depending only on I' such that

krapr (T, 720) < Colog +Cy forxz el NB(r),

r
dist(x, oT")
whenever r > 0. In other words, the origin has a system of local reference points of
order 1.

Proof. Let r > 0. We note that the conclusion in Lemma 2.3 is invariant under

dilation since I" is the cone. Therefore we see that for each € I' N B(r) there is a

curve v in I' N B(r) connecting « to rzy such that
dist(z,0(I' N B(2r))) = dist(z,0I") > C1l(y(z,z)) for all z € ~.
Since ((y) < Oy dist(rzg, OT') = Oy 'r dist(zg, O'), we have

dS(Z) 1 é("/) dt
k (@, re S/.—§1+_/ t
rnBer) 0) , dist(z, dI') C1 Jo-1 dist(z,om) T

< Cylog + Oy,

r
dist(x, dI")
where a constant Cy depends only on C} and dist(zg, 0I"). Thus the lemma follows.
U

From now on, we suppose that ' is a cone generated by a John base of center
zo. Using Lemmas 2.3 and 2.4 and repeating similar arguments to |3, Lemmas 5.1
and 6.1], we can obtain Lemmas 2.5 and 2.7 below. We say that a property holds
quasi-everywhere if it holds apart from a polar set.
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Lemma 2.5. (Carleson type estimate) Let r > 0. Suppose that h is a positive
harmonic function in I' N B(2r) vanishing quasi-everywhere on OI' N B(2r). If h is
bounded in I' N B(2r), then

h(z) < Ch(rzg) forxz e N B(2-1r),
where a constant C' is independent of x, h and r.

Remark 2.6. First, we could prove Lemma 2.5 for sufficiently small r, say
0 <r <y If r>ryand h satisfies the assumptions in Lemma 2.5, then h(;--)
satisfies
r r _ n(o—1.,\
h(=x) < Ch(=rozo) = Ch(rzy) for x € I'N B(27'ry).
Hence Lemma 2.5 holds for all » > 0.

Let w(zx, E, D) denote the harmonic measure of a Borel set E for an open set D
evaluated at .

Lemma 2.7. Let r > 0. If h is a positive and bounded harmonic function in
I' N B(2r) vanishing quasi-everywhere on OI' N B(2r), then

hz) for x € I' N B(371r),
h(rzg)

where a constant C' is independent of z, h and r.

wz,I'nS2'r), I'nB2'r)<C

As a consequence of these lemmas, we can obtain the following Boundary Har-
nack principle at the origin. For two positive functions f; and f5, we write f; ~ f5
if there exists a constant C' > 1 such that C~'f; < f, < Cf;. The constant C is
called the constant of comparison.

Lemma 2.8. (Boundary Harnack principle) Let r > 0. If hy and hy are positive
and bounded harmonic functions in I' N B(2r) vanishing quasi-everywhere on OI' N
B(2r), then

hi(y) _ ha(y') ) T
~ fory,y" € ' N B(3~1r),
ha(y) — ha(y') 0y S

where the constant of comparison is independent of y, y', hy, hy and r.

We note again that this Boundary Harnack principle holds only at the origin,
that is, it does not hold at other boundary points in general. So we can not apply
the arguments in |2, Lemma 4 and Proof of Theorem 3| to prove the first statement
in Theorem 1.1. We need the following lemma.

Lemma 2.9. Let §2 be a subdomain of R" withn > 2, and let £ € 0§). Suppose
that h is a positive harmonic function in ) such that h vanishes quasi-everywhere on
OQ\ {¢} and lim, o h(x) = 0 when 2 is unbounded. If h is bounded in Q\ B(&,r)
for each r > 0, then the measure associated with h in the Martin representation is
concentrating on minimal Martin boundary points at &.

Proof. Let A and A; denote the Martin boundary and the minimal Martin
boundary of €2, respectively, and Kq stand for the Martin kernel of 2. By the
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Martin representation, there is a unique measure p;, on A such that pu,(A\A;) =0
and

h(z) = /AKQ(x,y) dup(y) for x € Q.

We now write A(&) for the set of all Martin boundary points at £. Let E be a
compact subset of A\ A({), and let {E;} be a decreasing sequence of compact
neighborhoods of E in the Martin compactification of 2 such that N ; By =L and
(E; NnQ)N B(&,ry) = 0 for some r; > 0. Then, for each j € N, we have by [6,
Corollary 9.1.4]

o o
Ry (z) = /A R (@) dunly) for z € Q,

where ﬁf denotes the regularized reduced function of a positive superharmonic
function u relative to [ in €2. By assumption on h, we see that lim;_,., Rfj s a

bounded harmonic function in €2 vanishing quasi-everywhere on 9€). The maximum

principle gives lim;_, ﬁfﬂ " = 0. Thus we have by the monotone convergence
. BE;NQ . BE;NQ
(2.6) 0= lim B (z) = / Tim R, o) diny).

If y € EN Ay, then £; N Q is not minimally thin at y for each j (cf. [6, Lemma
9.1.5]). Therefore we have

»HE;NQ

]lgglo R (@) = Ko(zo,y) =1 forye ENA;
Hence this, together with (2.6), concludes pp,(E) = 0, and so pp(A\(A()NA1)) =0
Thus the lemma follows. O

Let us give a proof of Theorem 1.1.

Proof of Theorem 1.1. We first show that the origin has at most one minimal
Martin boundary point. Let & and 1 be minimal Martin boundary points at the
origin. Then, by definition, there are sequences {y;} and {y}} in I' converging to the
origin such that Gr(-,y;)/Gr(xo,y;) — Kr(-,§) and Gr(-,y;)/Gr(wo,y}) — Kr(-,n)
as j — oo. Here Kr(+,€) denotes the Martin kernel corresponding to . Let r > 0
and let z € I'\ B(3r). We apply Lemma 2.8 to h; = Gr(z, ) and hy = Gr(x, -), and
let j — 0o. Then we have Kr(z,£) ~ Kr(x,n). Since the constant of comparison is
independent of r, it follows that Kr(-,&) ~ Kr(-,n) on whole of I'. By minimality
and Kr(zg,&) = 1 = Kr(xo,n), we obtain Kr(-,£) = Kr(-,n), and hence £ = n.
To complete the first statement of the theorem, it is enough to show that Martin
boundary points at the origin are minimal. But this follows from Lemma 2.9.
Indeed, if ¢ is a Martin boundary point at the origin and 0 < r < 37!, then Lemma
2.8 yields that

Gr(z,37rag) -

K ~ f I'\B .
F(x7 C) GF (3707 3717“.T0) or r € \ (3T)
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Hence Kr(-, () satisfies the assumptions in Lemma 2.9, and so ¢ is minimal. Also,
by the Kelvin transfomation with respect to S(1), we observe that there is a unique
Martin boundary point at infinity and it is minimal. The last statement of the
theorem can be obtained by the similar way to [13, p. 472]. O

3. Further results

Let E be a subset of R™ and let £ € R" be a limit point of £. We say that E is
thin at £ (in the ordinary sense) if there exists a positive superharmonic function u in
R™ such that u(§) < +o0 and u(x) — +oo as x — £ along E. The original definition
of minimal thinness by Naim is based on the regularized reduced function of the
Martin kernel. We define minimal thinness by the following equivalent condition (cf.
[6, Theorem 9.2.7]). Let & be a minimal Martin boundary point of a domain 2 and
let E be a subset of €2, where £ is a Martin topology limit point of E. We say that £
is minimally thin at £ with respect to €2 if there exists a Green potential Gou in €2
such that [ Kq(z,&)du(z) < +oo and Gou(y)/Ga(ze,y) — +oo as y — £ along E
in the Martin topology. For a subset E of R", we write I'(E) = {ry: r > 0,y € E}.
Note from Theorem 1.1 that a unique minimal Martin boundary point at 0 may be
identified with the Euclidean boundary point 0.

Theorem 3.1. Let I' be a cone generated by a John base V' of center xo. Let
U be a subset of S(1) such that U C V, and suppose that E is a subset of I'(U).
Then FE is thin at 0 if and only if E is minimally thin at 0 with respect to I.

This was first proved in the half-space by Lelong-Ferrand [14], and was extended
by Aikawa [1]| to a Lipschitz domain. To prove Theorem 3.1, we need the following
estimates.

Lemma 3.2. Let I' be a cone generated by a John base V' of center xo, and let
U be a subset of S(1) such that U C V. The following statements hold:

(i) Forz € T(U) N B(671),
(3.1) Gr(ﬁ,xo)KF(fE,O) ~ |x’2—n’

where the constant of comparison is independent of x.
(i) Forx e T(U)N B(671) and y € T(U) N B(3|z|),
G G
<32) F(l‘,l‘g) F("L‘J/) ~ |x—y|2_”,
GF('TO: y)
where the constant of comparison is independent of x and y;
(iii) Forx e TN B(6™') and y € T(U) N (B(27) \ B(3|z|)),
GF(xa wO)GF(w7 y) < C|.T . y|2—n7
GF(ZEO, y)

where a constant C' is independent of x and y.

(3.3)
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To apply Lemma 2.1 to the Green function, we need the following: If z € €,
then
(3.4) ko3 (@, y) < 3ka(z,y) + 7 for z,y € Q\ B(z, 27" dist(z, 02)).
The proof of this inequality may be found in [3, Lemma 7.2|.

Proof of Lemma 3.2. (i) We observe from the Harnack inequality that

Kr(67'29,00) &~ 1 and Gr(6 'z, x0) ~ dist(zg, OT)* ",
By Lemma 2.8 and (1.3), we have for z € ' N B(67!),
Grl,0) ~ g bt e et G2 o i, 00) = s Fo )

Since f is positive and continuous on U, we obtain (3.1) for z € T'(U) N B(671).
(i) Let z € T(U)N B(67!) and y € T(U) N B(3|z|). We will consider three
cases.
Case 1: |y| < 67'|z]. By Lemma 2.8 and (3.1), we have

Gf(xay)
Gr(zo,y)
Since |z| &~ |x — y|, we obtain (3.2) in this case.

Case 2: |y| > 67'z] and |y — 2| > 27'dist(z,dI'). Since dist(y,d) >
ly| dist(U, OT) and dist(67x|xg, OT) = 67| dist(xg, OT) > 187 L|y| dist(zg, ),
we have by Lemma 2.4

|I|2—n

Gr(z, xg) ~ Gr(z, o) Kr(z,0) ~ |z[*".

krap) (67 |2|wo, y) < krapay (67 2|20, |[y|20) + krasa) (¥, [y|zo)
|y |y

Cylog —Y1
6-1[z[z0,0T) 28 Fist(y, o)

S 02 lOg d]St( + 202

<C.
Therefore Lemma 2.1, together with (3.4), gives
Gr(z,y) ~ Gr(z,6 " z|zg) and  Gr(zo,y) = Gr(we,67 |z|zo).
Since |z — 67 z|zg| & |z — y|, we obtain from Case 1 that
Gr(x,z0)Gr(z,y) _ Gr(z,z0)Gr(z,6™ " x|zo)
Gr(zo, y) Gr(wo, 67 |z[xo)

Case 3: |y — x| < 27'dist(x,0T). By the Harnack inequality, Gr(z,zo) =~
Gr(y, o). Since Gr(x,y) ~ |z — y|*>™" in this case, we obtain (3.2).

(iii) Let x €e TN B(67) and y € T(U) N (B(27') \ B(3|z])). By Lemma 2.5,
we have Gr(z,z9) < CGr(|y|zo, zo). It follows from Lemma 2.4 and dist(y, dI') >
ly| dist(U, OI") that krapa)(y, [y|ze) < C, and so Lemma 2.1 gives Gr(|y|zo, zo) =
Gr(y,xo). Hence

Gr(z,z9)Gr (7, y)
Gr(ﬂfovy)

R o — gy

< CGr(z,y) < Cle —y™
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The proof of the lemma is complete. 0

Let ﬁ{f denote the regularized reduced function of the constant function 1 rel-
ative to I/ in R".

Proof of Theorem 3.1. We may assume, without loss of generality, that 0 is a
limit point of F and £ C B(67'). We first assume that FE is thin at 0. By Wiener’s
criterion (cf. |6, Theorem 7.7.2]), there exists a sequence {a;} of positive numbers
such that

lim a; = 400 and Za] (0) < +o0,
=00
7j=1
where E ={z e E:27" < |z <2779} Let dyj(z) = Gr(z,z0)du;(x), where
R ( = [ |z —y[*"du;(y). Since u; is supported on E;, it follows from (3.2) that
Grv;(y)

1=RU(y)<C for quasi-every y € Ej.

GF (.ZTJ(), y)
Then u(y) = >72, a;Grv;(y) is a Green potential in I' such that u(y)/Gr(zo,y) —
+ooasy — 0 along E\ F, where F is a polar set. We also have by (3.1)

aJ/prOde <CZaj ) < +00.

Hence F'\ F'is mlmmally thin at 0 with respect to I', and so is F.

We next assume that F is minimally thin at 0 with respect to I'. Then there
is a measure p supported on I'(U) N B(6-1') such that [ Kr(z,0)du(x) < 400 and
Gru(y)/Gr(xg,y) — 400 as y — 0 along E. Let dv(z) = Gr(x,z0) 'du(z). Then
we have by (3.2) and (3. 3)

GF[L
GF 3007

<C’/|a: y|* " dv(z) foryeE,
and so [ |z —y[* "dv(x) — +oo as y — 0 along E. Also, we have by (3.1)

/]x\zn dv(z) < C’/Kp(:v,()) du(z) < +oo.
Hence F is thin at 0. The proof is complete. U

Corollary 3.3. Let I' be a cone generated by a John base, and suppose that
E is a non-polar set such that £ C I'. Then I'(E) is not minimally thin at 0 with
respect to I'.

Proof. Let r > 0 and let rE = {ry : y € E}. Observe that ﬁ{a(:r) = R (rz)
for x € R™. Since FE is non-polar, we have

ﬁ{E(O) = EF(O) >0 forallr>0.

This shows that I'(E) is not thin at 0. Hence Theorem 3.1 concludes that I'(E) is
not minimally thin at 0 with respect to I'. U
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Theorem 3.4. Let I' be a cone generated by a John base, and suppose that ()
is a domain such that I' N B(1) C Q and 0 € 9S2. If E is a non-polar set such that
E C T, then there is no positive superharmonic function u in €) such that

3.5 li P =
(8:5) o—0,0eT(E) [l u(e) = Foo,

where p > 0 is the homogeneous degree of Kr(-,0) in Theorem 1.1.

Proof. Let u be a positive superharmonic function in . By [6, Theorem 9.3.3],
u/Kr(-,0) has a finite minimal fine limit [ at 0 with respect to I'. That is, there
exists a subset F' of I', minimally thin at 0, such that u(z)/Kr(z,0) - lasx — 0
along I'\ /. By Corollary 3.3, we can find a sequence {z;} in I'(E)\ F' converging to 0
such that u(z;)/Kr(z;,0) — [ as j — oo. Hence there is no positive superharmonic
function in Q satisfying (3.5). O
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