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Abstract. We discuss 1-Ahlfors-regular connected sets in a general metric space and prove
that such sets are ‘flat’ on most scales and in most locations. Our result is quantitative, and
when combined with work of Hahlomaa, gives a characterization of 1-Ahlfors regular subsets of 1-
Ahlfors-regular curves in metric spaces. Our result is a generalization to the metric space setting of
the analyst’s (geometric) traveling salesman theorems of Jones, Okikiolu, and David and Semmes,
and it can be stated in terms of average Menger curvature.

1. Introduction

We will state our new results in subsection 1.3, but first, we will give some basic
definitions and notation, as well as a description of some known results.

1.1. Basic definitions and notation

Hausdorff length. For a set K we denote by #'(K) the one dimensional
Hausdorff measure, which we call Hausdorff length.

< and ~. Given two functions a and b into R we say
a<b
with constant C', when there exists a constant C' = C,;, such that
a < Ch.

We say that a ~ b if we have a < b and b < a. We will allow the constants behind
the symbols ~ and < to depend on the 1-Ahlfors-regularity constant (which will be
defined later) and the constant A in the definition of 4% (see equation (1.1)).

Balls and nets, multiresolution families. Let .#Z be a metric space with
metric dist(-,-). A ball B is a set

B = Ball(x,r) := {y : dist(z,y) < r}
for some x € .# and some r > 0. The set
{y : dist(z,y) < Ar}

will then be denoted by AB.
We say that X C K is an e-net for K if
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(i) for all 21,29 € X we have dist(xy, z2) > €,
(ii) for all y € K there exists x € X such that dist(z,y) <e.
Hence K C |J Ball(x,¢) for an e-net X for K.

rzeX
Fix a set K. Denote by XX a sequence of 2 "-nets for K. Set

(1.1) @* = {Ball(z, A27™") : x € XX n an integer}

for a constant A > 1. Note that we do not assume in this essay that X,, C X, 1.
We call 9% a multiresolution family. Also note that 4% depends on K.

Remark 1.1. One of the results we quote (Theorem 1.4), for which we use this
definition of ¥, requires the additional property that X,, C X,,;. To get this we
may construct the sets X,, inductively, however we then require some starting point,
which we denote by n = ngy. For Theorem 1.4 we also require ng to be sufficiently
negative, namely we need 27" > diam(K).

Lipschitz functions, rectifiable sets, rectifiable curves. A function f:
RF —  is said to be C-Lipschitz if for any z,y € R¥ such that x # y,

dist(f(x), f ()
(Bl

A function f: R*¥ — # is said to be Lipschitz if it is C-Lipschitz for some C' > 0. A
set is called k-rectifiable if it is contained in a countable union of images of Lipschitz
functions f;: R¥ — ., except for a set of k-dimensional Hausdorff measure zero.
For more details see [Mat95|, where one can also find an excellent discussion of
rectifiability in the setting of R¢, part of which carries over to other metric spaces.

A set is called a rectifiable curve if it is the image of a Lipschitz function defined

on R.

Geodesic metric spaces. A minimizing geodesic is a map 7: I — M, where
I C R is an interval, and 7 preserves distances. A metric space is said to be geodesic
if any two points are the two endpoints of a minimizing geodesic.

<C.

Ahlfors-regularity. Given a set K C .# we say that K is k-Ahlfors-reqular if
there is a constant C' > 0 so that for all x € K and 0 < r < diam(K') we have

k
% < #*| e (Ball(z, ) < Cr.

We say that a connected set I' C .# is a 1-Ahlfors-regular curve with constant
C' if there is a C' > 0 and a surjective C-Lipschitz function 7: [0,1] — I" such that
for any z € I" and 0 < r < diam(I") we have

A (v Ball(z, 7)) < COr.

(In this case we automatically have 5 < (77! Ball(z,7)).) A 1-Ahlfors-regular
curve is often called an Ahlfors-regular curve.
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The Jones 3 numbers. Assume we have a set K lying in R?. Consider a ball
B. We define the Jones (3, number as
1
wri(B) = —— inf dist(x, L
Por(B) = Gm(B) Ak b, distle L)
radius of thinnest cylinder containing K N B

diam(B)

Hence if K D K then B ic(B) = Boox(B). Note that B is scale independent.
This quantity has LP variants. Given a locally finite measure p and 1 < p < oo, one
defines

L . dp(y)\ "
R p
ﬁp’M(B> dl&l’Il(B) Llrﬁrf;e (L dlSt(ya L) ,U/(B> .
Clearly

(1.2) Bpu < ﬁoo,supp(u)
when the left hand side is defined. We define S, = Boo supp(n)-

Menger curvature and other useful quantities. Let zi,25,23 € .# be
three distinct points. Take 7,7y, 73 € C such that dist(z;, z;) = |2} — 2} for
1 <i,7 <3.If 27, 2%, x5 are collinear then define

c(xy, x9,x3) := 0.

Otherwise, let R be the radius of the circle going through 2/, z}, 5. In this case
define

1
c(xq, 9, x3) 1= o5
In any case, c(+) is called the Menger curvature.
For an ordered triple (z1, 12, 23) € 4> we define
O1(x1, x9, x3) := dist(xy, x9) + dist(xe, x3) — dist(zq, x3).

Let {x1,29,23} C .4 be an unordered triple. Assume without loss of generality
dist(xy, z2) < dist(xe, z3) < dist(xy, x3). Define

O({x1, 29, 23}) 1= 01 (1, T2, 23),
or equivalently
O({x1, e, x3}) = (Ijrélggl’ 01 (To(1)s To(2), To(3)) ;
where S3 is the permutation group on {1,2,3}. Hence we have for all {z,y,z} C .4
0({z,y,2}) < diam{z,y, 2}
as well as
0 <90({z,y,z}) <0i(x,y,2) < 2diam{z,y, z}

where non-negativity follows from the triangle inequality.
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Remark 1.2. If
(1.3) dist(x,y) < dist(y, z) < dist(z,2) < A - dist(z, y)
then
A(x,y, z) diam{z,y, 2}* ~ 0({z,y, 2})

with constant depending only on A. Moreover, in a Fuclidean space,

(1.4) 2 (Ball(z, diam{x, y, z})) diam{x, y, z} ~ 0({x,y, z})

m7{x7y7z}
with constant depending only on A.
See |HahO5] for the first part of the above remark. The second part of the

remark follows from the Pythagorean theorem.
We define 35(B) by

(1.5) 35 (B)radius(B // O({z,y, z}) radius(B) > dA# (2) dA (y) d* (z).
(BND)?

Note that 0 < (5(B) < 1 (where the constant depends only on the 1-Ahlfors-
regularity constant).

1.2. RY, Hilbert spaces, metric spaces. We briefly mention some results.
For more details and historical background see [Dav|, [Paj02|, the introduction of
[DS93], or the survey [Schar].

Theorem 1.3. [Jon90, Oki92, Sch| Let H be R® or an infinite dimensional
Hilbert space. For any connected set I' and any K C H such that K C I' C H we
have

(1.6) > 32 p(B) diam(B) < A (T).
gK

This was first proven for R? with d = 2 by Jones using complex analysis, and
then extended to all d by Okikiolu, using geometric methods. The constant that
comes out of Okikiolu’s proof depends exponentially on the dimension d, but in [Sch]
it was shown that the constants do not depend on the dimension and moreover, that
the theorem holds for an infinite dimensional Hilbert space. The following converse
theorem gives a very good reason to care about the left hand side of inequality (1.6).

Theorem 1.4. [Jon90, Sch|] Let H be R? or an infinite dimensional Hilbert
space. Suppose A in the definition of 49X is large enough, and assume 4% satisfies
the conditions of Remark 1.1. Given a set K C H, there exists a connected set
I'y D K such that the length of 'y satisties

(1.7) A (To) S diam(K) + > 42 1 (B) diam(B).
(gK

This theorem was shown by Jones for R? ([Jon90]) and, with some modifications,
the proof essentially carries over to the setting of an infinite dimensional Hilbert
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space (see [Sch|). Theorem 1.4 also has analogues for general metric spaces (see
[Hah05, Hah07]) and for Heisenberg groups (see |[FFPar]).

We especially mention the following metric space generalization of Theorem 1.4
for the category of 1-Ahlfors-regular sets.

Theorem 1.5. [Hah| Let K be a 1-Ahlfors-regular set in a complete geodesic
metric space ./ with metric dist(-,-). Assume further that for all z € K and R > 0

///02(:L‘1,x2,:€3)d%1|z<(373) A i (22) A i (21) < CoR

where the integral on the left hand side is over all triples x1,x2, x5 € K NBall(z, R)
such that

A - dist(z;, x;) > diam{z, 29, x3}.
Then there is a 1-Ahlfors-regular connected set I'g O K, whose constant depends
only on Cy and on the 1-Ahlfors-regularity constant of K.

The proof for this theorem is essentially contained in [Hah07]. Other results of
this type and a relevant counterexample are discussed in the survey [Schar].

Before we go on, let us mention an older result which is a special case of a much
bigger theorem by David and Semmes.

Theorem 1.6. [DS91| Let K C R? be a 1-Ahlfors-regular set and 1 < q < oo.
Then K is contained in a connected 1-Ahlfors-regular set if and only if for all z € K
and 0 < R < diam(K)

R dt
(1.8) / / By, (Ball(z, 1)) o |k (z)— S R.
0 JBall(z,R) t

Remark 1.7. Note that the left hand side of inequality (1.8) can be discretized
as a multiresolution sum as in the left hand side of inequality (1.6).

The purpose of this paper is to prove the converse of Theorem 1.5, and thus to
obtain a metric space analogue of Theorem 1.6.

1.3. New results. In Section 2 we show the following.

Theorem 1.8. Let I' C .# be a connected 1-Ahlfors-regular set in a metric
space. Then

(1.9) ///F3 o({z,y, z}) diam{z,y, 2} ° d*|p(2) do# |r(y) dA p () S HT).

The constant behind the symbol < depends only on the 1-Ahlfors-regularity constant
of T.

It follows from Theorem 1.8 that

(1.10) ///62(27,.%2) SHNT)
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where the integral is taken over triples x,y, z € I' such that dist(z,y) < dist(y, z) <
dist(x,z) < A - dist(z,y). The constant behind the symbol < depends only on
the choice of A (which can be given any value greater then 1) and the 1-Ahlfors-
regularity constant of T

On route we show

Theorem 1.9. Let I' C .# be a connected 1-Ahlfors-regular set in a metric

space. Let K C T and let 9% be a multiresolution family as in equation (1.1). Then
we have

//(9 ({z,y, 2}) radius(B) 2 dA# p(2) dA v (y) Ao |1 (z)
(L11)  pegp 3

S AHD).

The constant behind the symbol < depends only on the 1-Ahlfors-regularity constant
of I and the constant A in the definition of 4.

In Section 3 we use these theorems to prove the following.

Theorem 1.10. Let I' C .# be a connected 1-Ahlfors-regular set in a metric
space. Let z € I' and R > 0. Then

(1.12) // oz, y, z}) diam{z,y, 2} > dA"|r(2) A" |r(y) d# | (7) S R.

(T'nBall(z,R))3

The constant behind the symbol < depends only on the 1-Ahlfors-regularity constant
of I'.

Theorem 1.11. Let I' C .# be a connected 1-Ahlfors-regular set in a metric
space. Let K C I' and let 9% be a multiresolution family as in equation (1.1). Then
we have for every z € I' and R > 0

(1.13) Z /// ({z,y, 2}) radius(B) > do# |p(2) dA | r (y) d# |r(2) < R.

Be¥K B BB
BCBall(z,R)

The constant behind the symbol < depends only on the 1-Ahlfors-regularity constant
of T and the constant A in the definition of 4¥.
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and corrections given by Immo Hahlomaa.
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2. Proof of Theorems 1.8 and 1.9

2.1. Preliminaries, notation and definitions. Assume I' C .# is a con-
nected 1-Ahlfors-regular set. If 5#1(I") = oo then there is nothing to prove. Hence
we may assume S (I') < oo. Since the statements of the theorems are invariant
under isometry, we may replace .# by (. (I') without loss of generality. This fol-
lows from the Kuratowski embedding (see [Hei03]). Thus we may assume that .#
is complete, and that

diam(Ball(z, r)) ~ radius(Ball(z,r)) = r.
Lemma 2.1. Assume I' C .# is connected. Then 5#1(I') = 51 (Tloswre),

Lemma 2.2. Assume I' C ./ is a closed connected set with #1(I') < oc.
Then I' is compact.

Proofs of these lemmas can be found in the appendix of [Sch| (where they are
stated for a Hilbert space, but the proofs work in the category of a complete Metric
space).

We will denote by T the one dimensional torus R/Z.

Lemma 2.3. Let I' C .# be a compact connected set of finite ' measure.
Then there is a Lipschitz function v: T — .4 such that Image(y) = I" and ||7(|1;, <

3227 (T). Further, if T' is 1-Ahlfors-regular, then

2.1) g < #Mv"'(Ball(z, R))) < CR ¥z €T, 0 < R < diam(T).

i.e. v will be witness to the fact that I' is an 1-Ahlfors-regular curve. Here C' is a
constant depending only on the 1-Ahlfors-regularity constant of the set I'.

The proof of this lemma is a modification of a proof in the appendix of [Sch].
This modification is given in the appendix of this paper.

Fix v: T — I' as assured by the above lemma. We may assume without loss
of generality that 7 is an arc-length parameterization (by re-parameterizing by arc-
length and by globally scaling the metric so that the total arc-length is 1). This
also gives us that diam(I") < 1. We will use this fixed v throughout this essay.

Let 7 = 7|jo,). We denote by /(1) the arc-length of 7. We will also use / as a
measure on .# obtained as the push-forward by 7 of the Lebesgue measure on T.
By (2.1), for any integrable function f, we have that [ fdl ~ [ fds#*r.

As K C T in the formulation of theorem 1.9 is fixed, we denote by G = gK.
Clearly

// . O({x1, To, v3}) diam{wy, 29, 23} 2 dS (x3) dA (25) S (21)

< 2 / / /( o ({21, xa, 23} diam(B) > dot (w5) A (a2) A (7).

BeyTl

Hence Theorem 1.9 implies Theorem 1.8.
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To prove Theorem 1.9 we will show
(2.2) Z /// O({z1, T9, v3}) diam(B) 3 dl(x3) dl(x2) dl(z1) < £(7),
(Bny(T

or equlvalently,

> B3(B)diam(B) < . (T).
Be9
Remark 2.4. We may consider the isometric embedding e

M = (D)0 (D) x {(0,0)} € £ (D) x [-1,1]

and obtain a sequence of maps v,,: T — (') x [—1, 1]? such that 1, is one-to-one,
Yo — v uniformly, |[vall;, < (14+27") |7/, and v, gives a 1-Ahlfors-regular curve
with constant uniformly comparable to that of . This means that we may assume
without loss of generality that 7 in inequality (2.2) is one-to-one. This will be useful
for the proof of Lemma 2.11.

We define
(2.3) G —(Bed: A (4B) < éz(r)}.

We first consider 4 ~ 4.

Lemma 2.5. Y (%(B)diam(B) < (7).
Bed~9

Proof. Set L = {().

Consider balls B € & with 1(4B) > £ and radius(B) < AL. There are at
most C' such balls at each scale, and at most C” scales. The constants C, C’" depend
only on the Ahlfors regularity constant of I' and the constant A.

Consider now balls B € ¢ with radius(B) > AL. There is at most one ball B

of each scale, and

L2
2 : . —373 7-

BQ (B) dlam(B) 5 dlam(B) L dlam(B) ~ Ldlam—(B)2

Summing over all scales we get
Z 32(B) diam(B) < L. O
Be9~9
We need some more notation. Let E C .# be a closed set such that
I'N (A \E)#10. We define
A(E) := {7 =9|jay : [a,b] C T;[a,b] a connected component of v~ '(I' N E)}.

We will freely use 7 € A(F) as both a parameterization of an arc (given by restriction
of 7), and its image. In particular, we will denote by diam(7) the diameter of the
image of 7.
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Let B € 4 be a ball. For 7 € A(B) we denote by 7¢ the extension of 7 to an
arc in A(2'B). We set

(2.4) N(B) := {7 : 7 € A(B)}.

We will only use i € {0,1,2}.
Let 7: [a,b] — T be a sub-arc of v (and hence an arc-length parameterization).
We define the quantity ((7) by

b b b
B2 (r) diam(r) = £(r) / / / 01 (+(2), (), (=) d=dyd.

a x Y

(This is how we define the Jones § number of an arc).
The constant €5 below will be set in Section 2.2 and will depend on the 1-
Ahlfors-regularity constant. Consider 7 € A?(B). We call 7 almost flat iff

B(1) < e252(B).
We denote the collection of almost flat arcs in A*(B) by

Sp = {r € A%(B) : 3(1) < e20:(B)}.
Set

4. ={B €% :A\(B)C Sg},
Y =9 Y.

We note that B € ¢4 implies the existence of an arc 75 € A*(B) with 75 ¢ Sp.
We will make use of this special (possibly non-unique) arc later on.
We will have Theorem 1.9 if we prove

(2.5) > B3(B)diam(B) < ((T)

Be%;

for i € {1,2}. We prove inequality (2.5) for ¢ = 1 in Section 2.2, and for i = 2 in
Section 2.3.

2.2. Non-flat arcs. In this subsection we prove inequality (2.5) for ¢ = 1.

We have v: T — I'. Identify T with [0,1] for the purpose of defining 2°—a
dyadic decomposition of T given by the standard dyadic decomposition of [0, 1]. We
also define 2'—the dyadic decomposition of T corresponding to the rotation of T
by & of a full rotation, i.e. z — (z+ 1) mod 1, and then using the standard dyadic
decomposition of [0, 1]. The reason for these two filtrations is the following remark,
which earns this (standard) idea the name ‘the one third trick’.

Remark 2.6. Given a (possibly non-dyadic) interval J C T such that diam(.J)
< % there exits an interval I such that I € 2°U 2!, with J C I and diam([) <
6 diam(J).
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We also define the arcs (mappings) 7°: [0,1] — T' and ~*: [0,1] — T using the
above identifications of [0, 1] with T. They should be thought of as two ways of
cutting v at a point. We define v'(z,y, z) := (v'(z), 7 (y), 7 (2)).

Let B € 4. Let 7 =713 ¢ Sp. Let I be a dyadic interval (assured by remark
2.6) such that v*(I) D 7 and diam(/) < 6/(7) < diam(7), where ¢ = i(7) is one
of 0 or 1. Note that the mapping 7 — [ is at most K;j-to-1 for some constant
K depending only on the 1-Ahlfors-regularity constant of I' and the constant A in
equation (1.1). Assume that we have i(7) = 0. For numbers r,v € [0,1] we will
look at the mapping "": [0,1] — [0, 1] given by ¢*"(t) = v + rt mod 1. Note
that there are exactly 2% choices of # and corresponding I € 2° (of size 27*) with
WO (I) = [v,v + 27%r].

For an interval I C [0, 1] write I = [a(I),b(I)].

Remark 2.7. When doing addition mod 1, we have (by change of variable)
for any I’ with diam(/") = 27%

b(I) b(I) b(I)
Z diam(I)™* 8107 x,y,z)dzdydx

1€20
diam(T)=2—F a(l)

11
< diam(I") ™ / / / O 0y (v+ra(l'),y,v+rb(I") dy - diam(I') dr dv
v=0 r=0 yev+rl’
giving
b(I) b(I) b(I)

Y diam(1)7? / / / A1 04 (x,y, z) dz dy d

1¢20
diam(I)=2—F al) = vy

< Z diam([]) -3
1€ 20
diam(I)=2—F

. j /1 / Dy 04°(v + ra(l), y, v+ rb(I)) dy - diam (1) dr diam(7) do.

v=0r=0 yev+rl
Let I' = [a,b] € 2. Define

(2:6) A = O + 7)Ao ) 0 b)),

Lemma 2.8. Let [ € 2°. Let v,r € [0,1] be chosen such that
YU (I) = [x,z] D y. Then

0oy (z,y,2) < Y 0a(7U(I).
I'eo,r'ci
yewvsr (1)
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Proof. This is just the triangle inequality reiterated. U
Lemma 2.9. Let r,v € [0,1] be fixed. Then
> a3y (1) S AT

I'e9o

Proof. We have that v + r{I’ € 2"} is a dyadic filtration contained in T. The
sum in the statement of the lemma is therefore a sum of a telescoping series, whose

partial sums are bounded by the arc-length of ~. U
Now,
b(I) b
Z diam(7 / / / 0y 0 (x,y, 2)dzdydx
Ie9° a(l) =

Szdlam // / D1 0w+ ra(D), y, v + rb(I)) dy

v=0r=0 ycv+rl

- diam(/) dr - dlam(l) dv

<Y diam(1)" / / 3 / a7 (I')) - dy - diam(I) dr - diam(I) do

Iez" v=0r=0 II’EC@I yev+rl’

= Z diam(7 / / Z Oy(y° " (I")) - v (I') - diam([) dr - diam([) dv

€90 I'e0
v=07r=0 el

//Zdlam Z Oy(y (1)) - r (I dr dv

vOrOIjO

, 0,/v,r X
// szlam AU (1) - dr dv
Zorso I'ez0 oI
11
// Z@d(’yow””([/))'rdrdv
Zor=0 1'€7"
Sf( )-
Similarly,

b(I) b(I) b(I)
Z diam(I)™? / / / Oy o, y, 2)dzdydr < U(T)
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Hence

> #(rp) diam(rp) < ((T).
B,
Lemma 2.10. We have inequality (2.5) fori = 1.
Proof.
(2.7) > B(B)*diam(B) < Y B(rp)*diam(r) < ((T). O

Be%, Be4,

2.3. Almost flat arcs. In this subsection we prove inequality (2.5) for i = 2.

This subsection will have two parts. We first show that for every ball B € %
there exist two special arcs, n;(B) € A'(B) and ny(B) € A*(B). These arcs will
have properties useful for the second part of this subsection, where we construct a
bounded weight which will in turn give us the desired result.

Part I
Lemma 2.11. Let B € %. Let £ € A*(B). If for every arc 7; € A'(B) we have

(2.8) 0(r;) 7t / dist(-, &) < e463(B) diam(B)

K3

then for every triple of arcs 7;,7;, 7, € A*(B) we have
diam(B)_3/ / / Oz, y, 2}) dl(z) dl(y) di(x) < Cy(e3 + e4)F5(B) diam(B)
7 Jr

where Cs is a constant which depends only on the 1-Ahlfors-regularity constant of
I

Proof. Let (y(x1),7(z2),v(x3)) € T'® be an ordered triple. Let S3 be the per-
mutation group on {1,2,3}. We define for o € S5

95 (7(21),7(x2),7(25)) 7= 01 (V(Xo(1)), Y (To2)): V(Ta(3)))-

We will let o depend on a triple T = (x1, 22, x3) and we will denote this by o5.

Recall that 0({-}) is a continuous function. We denote by D, the collection of
2" points in the domain of 7, evenly spaced according to arc-length. Let Ng = Ny(B)
be chosen large enough so that for all 7, 7;, 7 € (A'Y(B) U {&}) (possibly non-
different) and ny,ng, n3 > Ny

diam(B)~? / | / | / O({z,y, 2}) dl(=) dl(y) dl(z)
2 NN Y Ay (@), (), v(2)),

IEDT,L‘ ,ny yeD‘rj \no ZEDTk ,n3
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and for all n > Ny

(2.10) (1)~ /dlst )~27" Z dist(y

g IEDT ,n
Let Ty, To, T3 € AI(B) Write
DTl,N() = {Oly 027 .- '}7

where

dist(7(0;), &) < dist(y(Oi41),&).

Now let us assume for a moment that dist(7,£) > 0. Let N7 be chosen such that
27N < dist(y(0y), €).

Take N = max{N;, Ny}. We define a function f with domain D,, y, taking values
of probability measures on D¢ n as follows. We go over the O;’s as ordered by .
Let F; be the set

Fy ={a’ € Dey : dist(y(2'), 7(0)) < 2dist(y(0:), §)},

which is non-empty by our choice of N;. Define f(O;) as the uniform probability
measure on Fy. Given f(Oy),..., f(Or_1), define f(Oy) as the probability measure
on Fj, so that the measure

(2.11) > F(O)lE,
i<k

is as close as possible (in sup norm!) to 2Vk times the uniform distribution on F
(this is our way of ensuring that (2.11) is as uniform as possible). We have for all
VS DT1,N0 and ' € Sllpp(f(l’)),

dist(y(z), () < 2dist(v(), §).
We also have for any 2’ € D¢ n
(2.12) 27N N fa){a'y < C27N
-'EGD-rl,NO

where C' is a constant which depends only on the 1-Ahlfors-regularity constant of
['. To see inequality (2.12), assume the contrary. Let Oy be the last element such
that f(Og){z'} was positive. Then by construction of f(Oy), we have that for all
2" e I k

> FON"} = f(O){a'} = C27 VN,
i<k i<k

Summing over Fj, we get a total mass of

" dlSt<7(Ok)7 f)
F C N+No C Ny )
x;k;f )"} > ¢ 2- > (2 0
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All this mass, however, came from O;’s such that

dist(v(0;),7(Ok)) < 2dist(v(0;), §) + diam(Fj) + 2dist(y(Ox), £)
< 10dist(v(Ok), §)

and so by enlarging C' we get a contradiction to 1-Ahlfors-regularity. This gives
inequality (2.12).
We similarly define f on D, n, and D, n,. Now,

diam(B)~? / / O({x,y, 2}) dl(=) dl(y) dl(z)
oo R N Ty 0 (@) () ()

z€D Ny YED 1y, Ny 2€D 74, N

SN > dist(y(x), )+ Y dist(y(y). )+ D dist(y(2),€))

wEDTI No yGDT2 No ZEDTB’NO

RS VD VD S VD

z€D7 Ny YED -, Ny 2€D 5 Ny 2’ Esuppf(z) v/ Esupp f(y)

> @} (G FEAY 0y, (), ()

z'€suppf(z)

< 27 No( Z dist(y Z dist(~y Z dist(y(2),€))

IEDTI No yEDT2 No ZEDT3 No

+CRTNNENNT NN O ()W), ()

xED&NyEDENZGDgN

We have yet to specify the function o and have total freedom in choosing its
values in S3. Choose 0, .1y such that o, .1 (2', 9, 2’) has increasing order when
ordered by £. From inequalities (2.8), (2.9), and (2.10) we now get the lemma.

The case dist(71, ) = 0 can either be assumed not to happen by using remark 2.4
or by computing the above integrals (sums) as limits of the corresponding integrals
(sums) in the loops 7, from Remark 2.4. O

Let &(B) € A?(B) be an arc containing the center of B. We upper bound the
size of €5 and fix 4 in the proof of the following lemma.

Lemma 2.12. Let B € %,. We have an arc &(B) € AY(B) such that

AB) = (6 (B) 7 [ distl- a(B) > 24(B) dian ()
£1(B)

Proof. If the contrary is true then by reducing ¢, and ¢, we get a contradiction

from the previous lemma and Ahlfors-regularity (the latter bounds the number of

triples). O



Ahlfors-regular curves in metric spaces 451
We define 3(B) by
PBUGE) = dB) = da(B) " [ dist(.&(B)

&1(B)
Remark 2.13.

1> B(B) 2 VeiBa(B),
with constant depending only on the 1-Ahlfors-regularity constant of T
Part I1

Lemma 2.14. Let R > 0 be given. There is a P, = P,(R) such that one can
write a disjoint union

G=94'y...ugh

where for each 1 < p; < P, and By, By € 97" with radius(B;) = radius(By), we
have

dist(By, B2) > R - radius(B ).
Proof. By 1-Ahlfors-regularity we have for each By € ¢
H{Be9:(R+1)-BN(R+1)-By#0, radius(B) = radius(By)} < C4

where C is some constant depending only on the 1-Ahlfors-regularity constant and
the choice of A and R. We create the desired disjoint union by going over the balls
in order. We set P, = ;. By the pigeon-hole principle a ball B can be placed in at
least one collection ¢¥P! such that the result of the lemma will not be contradicted.

4

The choice of R will be a consequence of Lemma 2.16. Fix 1 < p; < Pj(R). Let
M > 0 be any positive integer. Consider AL, C % N &P defined by

1 -
AN ={Be¥%nygr .27 < §ﬁ2(B) < 27 M+
Write AL = Aﬁ}[’l Uu....u Aﬁ}[’KM where

AP = [ B € APL : radius(B) = A2 M2 p e ZY, 1< p, < KM.

Fix M > 0 and 1 < py < KM (K will be fixed later). Fix A C AL a finite
subset. Take B € A.
We define Q(B) C (1+4-275M)2B as follows. Set

Uo =28
Upi1:=U, U U {2B": B' € A, 2B'NU, # 0, radius(B) > radius(B’)}

Q(B) = JU..

Proposition 2.15. Q(B) C (1 +4-275M)2pB.

We first consider the following lemma.
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Lemma 2.16. Consider any metric space. Assume R = R > 0 is sufficiently
large. Let 0 < 0 < % Let {B;}} be a sequence of balls in this metric space so that
By, N By # 0, radius(B;) € {6" : k integer}, and dist(B;,, B;,) > R - d for balls
B,,, B;, satisfying radius(B;,) = radius(B;,) = d. Then for any x € UB;,

dist(x, center(By,)) < radius(By, ) (1 + 20 4 ... 4+ 2867 + .. ),
where kg is chosen so that
radius(By,) = m%lx radius(B;).

Proof. This follows by induction on n.

— For n =1 this is clear as dist(z, center(B;)) < radius(Bj).

— For n = N + 1: Consider the sequence By, By, ..., By,—1. Let ki be so that
radius(By, ) = max'?; ' radius(B;). By induction, for any y € U ' B;

dist(y, center(By,)) < radius(By, )(1 + 26 + ... + 268 + ...

Hence, if R is large enough, radius(By,) # radius(By,), and hence radius(By,) <
radius(By,) which gives

dist(y, center(By,)) < dradius(By, )(1 4+ 20 4 ... + 286 + .. ).
Similarly for the sequence By,11, B,+2, - - ., B,. We conclude

dist(z, center(By,)) < radius(By,) + 26 radius(By, ) (1 + 28 + ... +2%6% +..))
= radius(By, ) (1 +26(1 + 26 + ... + 2865 +..)
= radius(By, ) (1 + 26 + ...+ 2865 + ).

This concludes the induction. 0
We now prove Proposition 2.15.

Proof. Recall that the number of balls in A is finite. We denote by § = 2= M~
If K > 2 we have § < % Let € Q. Then there is a sequnce of balls {B;}} such
that z € By, 3B; € A, By N By11 # 0 with radius(B;) < radius(2B) and B, = 2B.
Using Lemma 2.16 we get the desired estimate as

(1+25+.. . +28% 4. )<14+4-275 O

The family {Q(B) : B € A} has the property that if @1 and @) are in it, then
if Q1N Qs # D we have Q; C Qy or Qy C Q.

We write
(2.13) Q= (UQ) U Rq

where @' is maximal such that Q" = Q(B"), B € A and Q" € Q. We choose Rg

so that all the unions in equation (2.13) are disjoint.
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Let B € 4 be a ball. for 7 € A(B) we denote by 7% the extension of 7 to an

arc in A(Q(B)). We set

(2.14)

A9(B) = {79 .7 € A(B)}.
Remark 2.17. We have (using regularity) that if B € %, then for all 7 € A?(B)

B(r) S e2fh(B) S e2y/ ey B(B).
We also denote by &(Q) a connected component of & (B) N @ which contains
the center of B. We will denote by J;(Q) and J3(Q) the index sets
J(Q) ={i: Q' N&(B) # 0}
B(Q) ={i: Q' N&(Q) # 0}
Remark 2.18. By enlarging K if necessary, if x € & (B) such that
12 M diam(2B) and z € Q7 then j € J; \ Js.

dlSt('I'agQ(Q)) 2 4
Proposition 2.19. Let B € A and Q = Q(B). Then

((Rg) + Zdlam Q) > ((Rg) + Z diam(Q’) > (1 + ¢’3(B)) diam(Q)

J

JEJ1UJ,
for some constant ¢’ > 0 depending only on the 1-Ahlfors-regularity of T’

Before we can prove this proposition we need two lemmas
Lemma 2.20. There is a constant ¢ > 0, independent of e5, K, and M, so that

for any Q = Q(B) and & = &(B), & = &(Q) we have
((RoNé&)+ Z diam(Q7) > 27 diam(Q).

jeJiNJ2

Proof. Let d = d(B). Assume for a moment

(({x € & : dist(z, &(B))

(2.15)
Then
(1- 3(B )e (51) +5( (&) doo > d(&1),
where
doo = sup dist(x, & (B)).
z€&
Hence - .
df(B) > d— (1 - H(B))S = 2+ A(B)S
or
cooo.d o d
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and hence (since & is connected and we are assuming (2.15)), the diameter of the
largest-diameter connected component of

{z €& : dist(z,&(B)) > g}
is at least
. d 1=
BBYS = SABE)

Either way (with or without assumption (2.15)) we have

(o € & dist(, Q) > 2) > (({x € & : dist(r, 6(B)) > 5)) > SH(B)(E)

where the first inequality follows from & (Q) C &(B). By remark 2.18 and the
definitions of # and &,

d
o

((Roné&)+ Y diam(Q)) 2 (({z € & : dist(z,&(Q)) >

JeJINJ2

> SAB)E) 2 H(B) diam(@) 2 27 diam(Q).

An important thing to note is that all the similarity constants are independent of
g9, K, and M since these are rough lower bounds. This gives

URgN&)+ ) diam(QY) > 272 diam(Q)

jeJ1NJ2
with ¢ independent of €5, K, and M. 0

Lemma 2.21. There is a constant €3 > 0 (independent of M ), which we can
make arbitrarily small by reducing €5 and increasing K, such that for any Q = Q(B)
and & = &(Q) we have

U(RoN&)+ Y diam(Q7) > (1 - ;27 ) diam(Q).
JE€J2
Proof. Throughout the proof we assume ¢y is sufficiently small. Recall that by
construction we have

diam(Q?) < (1 +4 - 27527 5M diam (Q)

and
diam(Q) < (144 - 275 diam(2B).

Let 2.0 € A(2B) be a subarc of &(Q) containing the center of B. Let O be the
center of B, and Oy, O, the entry and exit points of & o from 2B8. Assume without
loss of generality that O; < O < O, as ordered by &. Consider a ball Ball(Oy, 1),
with r < radius(B). Let O] € & be the (unique) point such that dist(O7, O;) = r,
0O; < 07 < O, and any other such point X satisfies X < Of]. Symmetrically, let



Ahlfors-regular curves in metric spaces 455

O} € & be the (unique) point s.t. dist(05, 0) = r, O < OF < Oy, and any other
such point X satisfies X > O5.

The constants rg and C,, will be fixed below, independently of €5 and M. Sup-
pose for a moment that there is no pair r1,rs € [0, 79 diam(Q)] such that

(2.16) 01(011,0,05) < Crear/e5'272 diam(Q).
Then

£2/3°(B) diam(B)

2 /32(52) diam(¢&>)

> diam(B)?(C,, &9 6212%1” diam(Q))? - ro diam(Q) - ro diam(Q)
~ Clrieser 27 diam(Q)

e C’forgggﬁQ(B) diam(B).

Thus by setting C,, large enough with respect to ry we get a contradiction. So we
let 71,79 € [0, 79 diam(Q)] be a pair such that (2.16) holds. This implies

dist (07!, O%?)
> dist (O], 0) + dist(0}2, 0) — Cear/e;'272 diam(Q)
> radius(2B) — r + radius(2B) — 1y — Cey eZIQ%M diam(Q)
> diam(Q) — 11 — 1o — 4- 27 MK diam(Q) — Cegy/e; 1272 diam(Q).
If ry < 2-27MEdiam(Q) define &1 = 0. If ry < 2 - 27ME diam(Q) define

&0 = (. Otherwise, we define &1 or &5 as follows.

For points X, Y € &, we will denote by X ~» Y the subarc of & connecting X
and Y. Assume r; > 2 - 275 diam(Q). Let

B; = <1 -2 27MK—diam(Q>

i

> Ball(O;, 7).
By the definition of O;]* we have that
dist (O] ~ Oy, By) > 22" MK diam(Q).
By reducing 7o the balls Ball(O1,71) and Ball(O,,73) have distance at least 2 -
2~ MK diam(Q) from each other. Define & ; to be the largest-diameter (connected)

subarc of (O; ~ O;") N B;.
In either case, diam(& ;) > r; — 2 - 27 ME diam(Q).
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Denote by &, 3 the subarc O7' ~ O32. By the above we have that no 7 intersects
2 of these subarcs, and that (by increasing K for the last inequality)
diam(&,1) 4 diam(&s5) + diam(&y.3)
> 7 —2- 27 M8 diam(Q) 4 75 — 2 - 27MF diam(Q)

+ diam(Q) — ry — 1y — 4 - 27K djam(Q) — Cean/e;'272 diam(Q)

> diam(Q) — 8 27K diam(Q) — Cepy/e7127" diam(Q)
> (1—e3272 2 )dlam(Q)
Furthermore, since diam(&;; N @Q7) < diam(Q’), we have
U(RoN&)+ Y diam(Q7) > (1-&;272 )diam(Q). O
Jj€J2

We now get Proposition 2.19:
Proof.

U(Rg) + Z diam(Q7)

URoN&)+ Z diam(Q?) + ((Rg N &) + Z diam (@)

JjEJ2 jeJ1NJ2
> (1—e5272 )dlam(Q) +27 diam(Q).
As we may get 3 arbitrarily small, we have obtained the proposition. U
Lemma 2.22. We have
S A(B)*diam(B) < 27 (D).
BeA
Proof. For B € A and Q = Q(B), we will construct a weight w¢ that satisfies
(i), (ii) and (iii):
i) Jowedl > diam(Q), )
(ii) for almost every zg € I', >~ wqm)(zo) < C27,
BeA
(ili) supp(wg) C @,

where C' is a constant which depends only on the 1-Ahlfors-regularity constant of
.

We will construct wg as a martingale. We denote by wg(Z) := [, wg dl. Set
we(Q) = diam(Q).
Assume now that wg(Q') is defined. We define wq(Q"%) and wg(Rq), where
= (UeQ") v ke,

a decomposition as given by equation (2.13).
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Take
wo(Re) = "2 9 ()
and
wo(@) = "L dam(@),
where

' =U(Rg)+ Y diam(Q").

This will give us wg. Note that s’ < ¢(I'NQ’). Clearly (i) and (iii) are satisfied. To
see (ii):

we(Q") _ we(Q)
diam(Q"") s/
 wo(@) diam(@)
diam(Q’) ¢
we@)  diam(@)
diam(Q") £(Rg) + ; diam(Q")

< (@) 1
~ diam(Q") 1 + ¢"3(B)

And so,

we(Q) _ we(Q)
diam(Q"") — qdiam(Q’)

with ¢ = —r .
14c'272

Now, suppose that x € Qn C ... C Q. we get:

W, (QN) < wWeQ, (QN—l)

diam(Qy) — Tdiam(Qy_1)
< ...

diam(@),)

Hence, we have wg, (r) < ¢V, This will give us (ii) as a sum of a geometric series’
since

SqN—l wQ1(Q1> — N1
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Now,

_ oM / S e (x) de(w)

BeA
< 2M/2¥ dé(x)
<27 \D). O

Remark 2.23. By taking an increasing sequence of A — A" we get that
Lemma 2.22 holds with A is replaced by AMP.

We now get Theorem 1.9 since

Z (2(B)? diam(B Z B(B)? diam(B)

Be%, Be9%,

= Z > B(B)? diam(B)

Be%y
2—M <1 5(B)2<2—M+1

< Z M2 ()
M=1
S AND).
3. Modifications for proofs of Theorems 1.10 and 1.11

In this section we give the needed modifications to obtain Theorems 1.10 and
1.11.

Consider a ball Ball(z, R) where R > 0 and z € I'. Let {I';} be the connected
components of I' N Ball(z, 10R) which intersect Ball(z, R). If there is only one such
component then Theorems 1.8 and 1.9 give Theorems 1.10 and 1.11. Otherwise, all
components I'; must have diameter at least 9R, and so by 1-Ahlfors-regularity there
are at most P of them, where P depends only on the 1-Ahlfors-regularity constant
of I'. Parameterize each I'; by ~;, as assured by Lemma 2.3.

Informally speaking, the proofs we have of Theorems 1.8 and 1.9 now work word
for word, since they only depend on the existence of a parameterization for each
connected component. Rather than checking this, we use the following trick.

One may simply connect the end of v; to the beginning of ;. with an arc-length
parameterization. The total added length will be at most 20PR. Call this new path
~, and its image I'. One may apply Theorems 1.8 and 1.9 to get the desired results
NOW.
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This completes the proof of Theorems 1.10 and 1.11. U

4. Appendix

4.1. Proof of Lemma 2.3. We assume I' C .# be a compact connected set
of finite ##! measure.

Using the Kuratowski embedding theorem (see [Hei03]), we have an isometric
embedding f: ' — ¢ (I"). Let IV = f(T").

The following two lemmas have proofs identical to what appears in [Sch].

Lemma 4.1. Let Cy,Cy > 0 be given. Given a compact set I'' C lo (") the set
E={recll):z=tr;+ (1 —t)ay,x; € I",-C; <t < Cy} is compact.

Proof. Suppose {z'} C E is a sequence. We can write 2* = t'z} 4 (1 — ')z} as
in the definition of £. By the compactness of I we have i; such that ¥ — 1. By

compactness of IV again, x;kj — r3. By compactness of [—C1, C5] we have it
w1, 19 €1Vt € [~CY, Cy]. Hence 2™t — tay + (1 — )z, € E. O

Lemma 4.2. Let I C (,(I') be a compact connected set of finite length.
Then we have a Lipschitz function 7: [0, 1] — {5 (") such that Image(y) = I'" and
H'YHLip < 3221().

Proof. We use a well known result from graph theory (which we call (*)):

If G is a connected graph with finitely many edges, then there is a path that
traverses each edge of G exactly twice (once in each direction). This result is easily
seen by induction on the number of edges.

For n > 0, let X,, = X! (i.e. take X,, C T a 2 "net). Note that since I"
is compact, each X, is finite. We want to get a connected set E,. We do this
by adding line segments inductively. Set E° = X,,. We get E'*! from E! by
adding a line segment between points zy, 7o € X,, such that dist(z;,x) < 2773
and they are not yet in the same connected component of E¢. If there are no two
such points we stop and call the resulting set F,. Let G, be the obvious abstract
graph associated to E,. If G, is not connected then Vertex(G,) = AU B with
dist(A, B) > 272 and A separated from B. By the construction of £, and X,, we
have that dist(A5-n(A), So-n(B)) > 27" and IV C A5-n(A) U A5-n(B). This is a
contradiction to I being connected. Hence G,, is connected.

Note that J#1(E,) < 4(X,,)27"" < 161 ("), where the final inequality fol-
lows from the fact that the balls {B(x,27"!) : z € X,,} are disjoint.

We can thus parameterize E, by a Lipschitz curve ~,: [0,1] — (5 (I'). The
image of this parameterization is in E as defined in the previous lemma. By Arzela-
Ascoli we have a subsequence converging to 7/. We have that Image(y’) = I by
say

sup dist(z, ") + sup dist(F,,y) <4-27" 42" =5.27"

and a triangle inequality. O
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Now, Consider the mapping 7" = f~!4/. The map 7" gives the first part of
Lemma 2.3 with T replaced by [0, 1]. To correct this one simply defines v(t) = 7" (2t)
for 0 <t <%and~(t)=+"(1— (2t —1)) for ; <¢<1. The map v has T as its
domain and I' as its image.

Assume now that I' is also 1-Ahlfors-regular with constant C'. Then in the proof
above, F, is also 1-Ahlfors-regular. Hence

R _ :

o < (v, '(Ball(z,R))) < C'R Vr € E,, 0< R <diam(E,)

by the result (*). Given R, one may choose n large enough so that this implies the
second part of Lemma 2.3.

This completes the proof of Lemma 2.3. U
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