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Abstract. We show that if a domain € in a geodesic metric space is quasimdbius to a uniform
domain in some metric space, then (2 is also uniform.

1. Introduction

In this paper we study the behavior of uniform domains under quasisymmetric
and quasimobius maps between metric spaces.

Let (X, d) be a metric space. A subset of X is called a domain if it is open and
connected. Let 0 < A < 1 and ¢ > 1. We say a domain Q C X with 9Q # 0 is
(A, ¢)-quasiconver, if for any x € Q, and any two points yi,ys € B(z, Ad(z,02)),
there is a path « in € from 1; to yo with length ¢(v) < cd(y1, y2)-

We say (X, d) is c-quasiconvex if for any two points x,y € X, there is a path ~
joining = and y with length ¢(v) < c¢d(z,y). A metric space (X, d) is quasiconvex if
it is c-quasiconvex for some ¢ > 1. Notice that if (X, d) is c-quasiconvex, then every
domain in X is (A, ¢)-quasiconvex for all 0 < A < 1.

Recall that a metric space is proper if all its closed balls are compact. The main
result of the paper is as follows:

Theorem 1.1. Let (X;,d;) (i = 1,2) be proper metric spaces, and §; C X;
domains with 9€; # (. Suppose (Q,dy) is ¢i-uniform, Qy C (Xa,ds) is (X, ca)-
quasiconvex for some 0 < A <1 and ¢y > 1, and there is an n-quasimébius homeo-
morphism (21,d;) — (Q2,d2). Then (§22, ds) is c-uniform for some constant c.

It is reasonable to assume quasiconvexity in Theorem 1.1, at least one needs
that the domains are rectifiably connected, as shown by the following example (the
author thanks David Herron for pointing out this example). Let A C R? be the
open unit disk in the plane with the Euclidean metric d. The domain A is clearly
uniform. For any 0 < € < 1, the identity map (A, d) — (A, d®) is n-quasimébius
with n(t) = t°. But (A, d") is not uniform since there are no rectifiable curves in
(A, d?) except the constant curves.

Theorem 1.1 is not quantitative in the sense that when (€, ds) is bounded one
can not control the constant ¢ in terms of ¢y, co, A and n alone. See Section 5 for an
example. It is unclear whether one can make Theorem 1.1 quantitative under the
stronger assumption that (€q, ds) is quasiconvex. See Section 5 for more detail about
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this question. On the other hand, when ({2, ds) is unbounded or when (X, ds) is
quasiconvex and annular convex, there is the following quantitative result. Recall
that a metric space is c-annular convexr for some ¢ > 2 if for any x € X, each
r > 0, and any y,z € B(x,2r)\B(z,r), there is a path v from y to z satisfying
() < cd(y,z) and vy N B(x,r/c) = 0.

Theorem 1.2. Let (X;,d;) (i = 1,2) be proper metric spaces, and §; C X;
domains with 9Q; # 0. Suppose (Q1, dy) is ¢;-uniform, and there is an n-quasimobius
homeomorphism h: (Qq,d;) — (Qs,ds).

(1) If (29, ds) is unbounded and (A, cg)-quasiconvex, then (§q,ds) is c-uniform

with ¢ = ¢(n, ¢, ¢, A).
(2) If (X2, ds) is co-quasiconvex and co-annular convex, then (€, dy) is c-uniform
with ¢ = ¢(n, ¢1, o).

Theorem 1.2 (2) was first proved in [HSX] by using a characterization of uniform
domains in terms of Gromov hyperbolic spaces and the quasiconformal structure on
the Gromov boundary. In this paper we give a more elementary proof.

For quasisymmetric maps, we have the following:

Theorem 1.3. Let (X;,d;) (i = 1,2) be proper metric spaces, ); C X; domains
with 0Q; # 0, and g: (1,d1) — (§,d2) an n-quasisymmetric map. Suppose
(Q4,dy) is c;-uniform and (Qy, dy) is (), c3)-quasiconvex. Then (s, dy) is c-uniform
with ¢ = ¢(n, c1, 2, A).

In the case when the metric spaces are geodesic spaces Theorem 1.3 essentially
has been proved by Viisdla ( see the proofs of Lemma 10.21 and Theorem 10.22
in [V]), who stated it only for Banach spaces. Our proof is a slight modification of
Viisdld’s. We include this theorem here since we need it for the proofs of Theorem
1.1 and Theorem 1.2.

The invariance of uniform domains under quasimébius maps was (implicitly)
obtained by Gehring and Martio (|[GM]) for Euclidean domains, and has been es-
tablished by Viiséla for domains in Banach spaces ([V2], [V]).

Theorem 1.1 is proved by using Theorem 1.3 and a construction of Bonk-Kleiner.
For any unbounded proper metric space (X, d) and p € X, Bonk and Kleiner con-
structed a metric cfp on the one point compactification X U{oo} of X, such that the
identity map (X, d) — (X, d,) is quasimobius (see [BK] or Section 2). Furthermore,
for any domain Q C X with 9Q # ), Q is uniform with respect to d if and only if
) is uniform with respect to ch (see Theorem 2.3).

Since a quasimobius map between bounded metric spaces is quasisymmetric,
Theorem 1.1 follows from Theorem 1.3 when both (€2, d;) and (£22, d2) are bounded.
In general, when we consider the metric d; := cfl-pi (p; € X;) on X; (i = 1,2), a
quasimobius map g: (Q1,d;) — (Qg,dy) becomes a quasisymmetric map g: (4, d})
— (g, d}) as (X;,d;) are bounded for ¢ = 1,2. Theorem 1.3 implies that (s, d}) is
uniform, and hence (€2, ds) is also uniform by the preceding paragraph.
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Remark. The referee asked whether the results in the paper are still valid if
the definition of uniformity is based on diameter or distance (see [V3] for the precise
definitions). Theorems 1.1, 1.2, 1.3 all hold for these notions of uniformity under
weaker assumptions: one no longer needs to assume the quasiconvexity condition
on the domains. The counterexample in Section 5 remains valid as well.

Acknowledgement. The author would like to thank Nageswari Shanmugalingam
for carefully reading an earlier version and suggesting many improvements.

2. Preliminaries

In this Section we recall some basic definitions and facts, see [V] and [BHX] for
more details.

Let (X,d) be a complete metric space, and 2 C X a domain. The metric
boundary of Q is 9Q = Q\Q. In this paper we always assume 99 # 0. For x € (,
we denote d(x) = d(xz,00). We say Q is rectifiably connected if for any z,y € Q
there is a path in 2 from x to y with finite length. For a rectifiably connected
domain €2, the quasihyperbolic metric k on € is defined as follows: for x,y € €,

k(x,y) = inf/%ds(z),

where v runs over all rectifiable curves in §2 joining x and y. Here ds denotes the
arc length element along v. For z,y € €2, we set

Tﬂ(xay> - % and jQ(xvy) = 10g<1 +TQ<x7y))7

where a A b denotes min{a, b} for real numbers a, b.
The length metric on 2 is defined as follows: for x,y € Q, lg(z, y) is the infimum
of length of paths in Q2 from x to y.

Proposition 2.1. (Proposition 2.8 of [BHK]) Suppose (£, d) is locally compact
and rectifiably connected. If the identity map id: (2,d) — (£2,lq) is a homeomor-
phism, then id: (Q,d) — (2, k) is also a homeomorphism, and (2, k) is a proper
geodesic space.

We observe that if (2,d) is (A, ¢)-quasiconvex for some 0 < A < 1 and ¢ > 1,
then the identity map (€2, d) — (€, lq) is locally bilipschitz and hence is a homeo-
morphism. However, id: (Q,d) — (€, lq) is not always a homeomorphism (one can
easily construct an example using topologist’s sine curve).

Lemma 2.2. (Theorem 3.7 (1) of [V]) The following holds for all x,y € €2,
, d(x)
kxvy 2] z,Yy zlog_

Let ¢ > 1. A path v: [0,1] — Q is called a c-uniform curve if:

(1) £(y) < cd(v(0),7(1));
(2) cd(v(t)) > L(~[[0,2]) A L(v][t,1]) for all £ € [0,1].
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The domain Q C (X,d) is called a c-uniform domain in (X,d) if every two points
x,y € ) can be joined by a c-uniform curve.

Let n: [0,00) — [0,00) be a homeomorphism. A homeomorphism between
metric spaces f: (X, dx) — (Y,dy) is n-quasisymmetric if for all pairwise distinct
points z,y, z € X, we have

dy(f($),f(y>> dX<x7y)
dy(f(). f(z) =" (dxcc,z)) |

A homeomorphism f: (X, dx) — (Y, dy) is quasisymmetric if it is n-quasisymmetric
for some 7. The inverse of a quasisymmetric map is quasisymmetric, and the com-
position of two quasisymmetric maps is also quasisymmetric.

Let @ = (x1,x2, x3,x4) be a quadruple of pairwise distinct points in (X, d). The
cross ratio of () with respect to the metric d is:

d(l‘h .T3)d(l‘2, LU4)
d(l‘17 x4)d(l‘27 ZE3> .

Let : [0,00) — [0,00) be a homeomorphism. A homeomorphism between metric
spaces f: (X,dx) — (Y,dy) is an n-quasimébius map if

cr(f(Q), dy) < nler(Q, dx))

for all quadruples @ of distinct points in X, where f(Q) = (f(x1), f(x2), f(z3),
f(z4)). A homeomorphism f: (X,dx) — (Y,dy) is quasimobius if it is 7-quasi-
mobius for some 7. The inverse of a quasimobius map is quasimobius, and the
composition of two quasimobius maps is also quasimobius.

Quasisymmetric maps are quasimobius, and quasimdbius maps between bounded
metric spaces are quasisymmetric.

Let (X, d) be an unbounded metric space and p € X. Set S,(X) = X U {oo},
where oo is a point not in X. Let

cr(Q,d) =

d(z,y)
L+ d(z,p))(1 +d(y, p))
for z,y € X, s,(x,00) = s,(00,2) =
z,y € Sy(X), define

Sp(xv y) = (

1+d%x_,p) for € X and s,(00,00) = 0. For

k—1
dy(z,y) := inf Z Sp(Tiy Tiy1),
=0

where the infimum is taken over all finite sequences of points zy,...,z; € Sp(X)
with zy = 2 and z;, = y. Then d, is a metric on S,(X) and
1

Zsp(x,y) < d,(z,y) < sp(z,y) for z,y € S,(X).

Furthermore the identity map id: (X,d) — (X,d,) is an n-quasimébius homeo-
morphism with n(t) = 16¢t. If (X,d) is c-quasiconvex and c-annular convex, then
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A

(Sp(X),d,) is ¢-quasiconvex and ¢-annular convex, where ¢’ depends only on c. See
[BHX] for a proof of the above statements.

Theorem 2.3. (|[BHX]) Let (X, d) be an unbounded proper metric space, {2 C
X a domain with 9Q # () and p € X. Then Q C (X,d) is uniform if and only if

Q C (S,(X), cip) is uniform. Furthermore,
(1) if (Q,d) is unbounded, p € 0 and Q C (X,d) is c-uniform, then Q C
(S,(X),d,) is ¢-uniform with ¢ depending only on ¢;
(2) if (Q,d) is unbounded and Q C (S,(X),d,) is c-uniform, then Q C (X, d) is
’-uniform with ¢ depending only on c.

Let (X, d) be a metric space and p € X. Set [,(X) = X\{p} if X is bounded
and [,(X) = (X\{p}) U{oo} if X is unbounded, where oo is a point not in X. We
shall define a metric d, on I,(X).

Let

ey
fol,y) = d(z,p)d(y, p)

for x,y € X\{p}, fp(z,00) = f,(00,2) = m for x € X\{p} and f,(c0,00) = 0.
For z,y € 1,(X), we define

k-1
dp(z,y) = inf Z fol@i, Tisa),
i=0

where the infimum is taken over all finite sequences of points g, -,z € [,(X)
with 29 = = and z;, = y. Then the following holds for all z,y € I,(X):

(21) Lolew) < () < fyla,y).

It follows that d, is a metric on [,(X) and the identity map id : (X\{p},d) —
(X\{p}.d,) is an n-quasimobius homeomorphism with n(t) = 16t. If (X,d) is c-
quasiconvex and c-annular convex, then the space (I,(X),d,) is ¢-quasiconvex and
-annular convex, where ¢ depends only on ¢. See [BHX] for a proof of the above
statements.

Theorem 2.4. (|[BHX]) Let (X,d) be a proper metric space, 2 C X a domain
and p € 0L). Assume OS2 contains at least two points if (€2, d) is bounded. Then
2 C (X,d) is uniform if and only if Q C (I,(X),d,) is uniform. Furthermore,

(1) if Q@ C (X,d) is c-uniform, then Q C ([,(X),d,) is ¢-uniform, where ¢
depends only on c;
(2) if X is c-quasiconvex and c-annular convex, and Q C ([,(X),d,) is ¢i-
uniform, then 2 C (X, d) is ¢-uniform with ¢ = (¢, ¢1).
The above two constructions, S,(X) and [,(X), are in a sense inverse to each
other, as shown by the following result.
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Lemma 2.5. (|[BHX]) Let (X,d) be an unbounded metric space and p € X.
Set Y = S,(X) = X U{oo} and denote by d' the metric (d,)e on I(Y) = X.
Then the identity map id: (X,d) — (Io(Y),d') = (X,d') is 16-bilipschitz.

3. Equivalent definitions of uniform domains

In this Section we prove the equivalence of several different definitions of uniform
domains. We need this in Section 4. The results in this Section can be proved by
slightly modifying either the proofs of Gehring-Osgood (Section 2 of [GO]) or those
of Vaisdla (Section 10 of [V]). Both Viisild’s and Gehring—-Osgood’s proofs use
the fact that the metric spaces are geodesic, and this is the only place that needs
to be modified. We adopt Viisédla’s proofs. We include them here mainly for
completeness.

Let (X, d) be a proper metric space, and 2 C X a rectifiably connected domain
with 00 # (. Recall that we always have k(x,y) > jao(x,y) for all x,y € Q. Let
¢c>1 Wesay Q C X is a QH c-uniform domain if k(z,y) < ¢ jo(z,y) for all
x,y € Q.

We first recall two lemmas from [V].

Lemma 3.1. (Lemma 10.7 in [V]) Let Q& C X be a QH c-uniform domain,
r > 0, and let v be a quasihyperbolic geodesic in 2 such that d(z) < r for all z € .
Then £(y) < M (c) r, where M (c) is a constant depending only on c.

Lemma 3.2. (Lemma 10.8 in [V]) For each ¢ > 1, there is a number q = ¢(c) €
(0,1) with the following property: Let Q C X be a QH c-uniform domain, v C €
a quasihyperbolic geodesic with endpoints ag, ai, and let * € ~ be a point with
d(x) < q d(ag). Then for v, = v[x,a;] we have {(v,) < Ms(c)d(x), where My(c) is
a constant depending only on c.

Lemma 3.3. Let Q C X be a (A, ¢p)-quasiconvex domain for some 0 < Ay < 1
and cog > 1. Let x,y € €. Ifdé?—g’cy)) < 2’\7%, then k(x,y) < 2cod((;(cgg) < Xo. In particular,
if ro(z,y) < 22, then k(x,y) < 2cora(z,y) < Ao.

= ¢y

Proof. Suppose that d(z,y) < ;‘T‘;d(x) Since Q C X is (Ao, ¢p)-quasiconvex,
there is a path 7 from z to y with ((y) < cod(z,y) < 22d(z) < d(z)/2. Tt follows
that d(z) > d(x)/2 for all z € v. Now

1 2 2
k < —d < — < ——cpd < X. ]
w0 < [ G 80 < g t0) < o) < X

Theorem 3.4. Let (X, d) be a proper metric space, and let 2 C X be a (Ao, ¢o)-
quasiconvex domain for some 0 < \g < 1 and ¢y > 1. If Q C X is QH c;-uniform,
then 2 C X is co-uniform with co = co(Ag, o, ¢1).

Proof. By Proposition 2.1 and the remark after it, (€2, k) is a geodesic space.
Fix ag,a; € €2 and let 7 be a quasihyperbolic geodesic from ay to a;. We shall show
that v is a co-uniform curve with ¢y depending only on Ay, ¢y and c¢;.
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(1) We first prove {(y[ag,x]) A l(y][x,a1]) < cd(x) for all z € v and some
¢ = c(c1). Let g € v be a point with maximal d(xy). By symmetry, it suffices to
find an estimate of the form

(ylao, z]) < cd(x)
for all x € v[ag, zo]. Let ¢ = q(c1) € (0,1) be the number given by Lemma 3.2. If
d(z) < qd(xp), then Lemma 3.2 implies ¢(y[ag, x]) < Ma(c1) d(x). If d(z) > qd(xo),
we apply Lemma 3.1 with r = d(x() and obtain ¢(7[ag, x]) < % d(x).

(2) We next prove {(y) < cad(ag,a;) for some co = ca(Ag,co,c1). We may
assume that d(ag) < d(ay). Set t = d(ag,aq) and r = d(ag). We consider two cases.

Case (a). r < 2cot/Ao.

We may assume £(y) > 2t. Choose points by, by € 7 such that ¢(vy[ag, by]) =
l(~y[ay,b1]) =t. By part (1) we have t < cd(b;) for i = 0,1. We obtain:
d(bo, (lo) + d(CL(), al) + d(al, bl) 3t

< — =3¢

Since 2 is QH ¢;-uniform, this implies that k(bg, b1) < c1ja(bo, b1) < ¢1log(1 +
3c¢) = c3. For each x € ~v[by, b1| we get k(x,by) < k(bo,b1) < c3. Since d(by) <
d(ag) + d(ap,bp) =+t < (1 4+ 2¢o/Ao)t, Lemma 2.2 yields d(x) < d(by)e®® <
(1 + 2co/Xo)te®® = cy4t. Integrating along ~y[bo, by| gives k(bg, by) > £(~y[bo, b1])/cat.
Since k(bg, b1) < c3, we have £(y[bo, b1]) < cseat and £(y) < t+cgeat+t = (24 c3c4)t.

Case (b). r > 2cot/ Ao.

Since © C X is (Ao, ¢p)-quasiconvex and

Tﬂ(b(b bl) S

d(ap,a1)
d(ao)

k(ao,ar) < 2cot. Set b= {(v) and let 4': [0, b] — v be the arclength parametrization
of v with 7/(0) = ag. Since d(7/(s)) < d(ap) + d(agp,v'(s)) < r+ s forall 0 <s <b,

we get k(ag,a1) = lp(y) > obr% = log(1 + b/r). Now we have log(1 + b/r) <
k(ao,a1) < 2cot. Setting u = r/t > 2¢o/Ag > 2 we thus have 1 + % < e2eo/u Tt

follows that b/t < cg, where cg = max{u(e**/* — 1) : u > 2}. Notice that the

function f(u) := u(e?**/* — 1) is decreasing for v > 2 and hence ¢g = 2(e®® —1). O

=t/r < 2’\7%, Lemma 3.3 implies

Remark 3.5. Buckley and Herron (|BH]) have recently proved a result that is
stronger than Theorem 3.4.

Theorem 3.6. Let (X,d) be a proper metric space, and 2 C X a (Ao, c)-
quasiconvex domain for some 0 < A\g < 1, ¢g > 1. Then the following conditions are
quantitatively equivalent:

(1) Q is c-uniform;

(2) Q2 is QH c-uniform;

(3) k(z,y) < cjalx,y) + ¢ for all z,y € S, where ¢ and ¢ are constants.

The phrase “quantitatively equivalent” should be understood as follows. For

example, “(3) = (1) quantitatively” means if k(x,y) < cjo(x,y)+c for all z,y € Q,
then € is ¢’-uniform with ¢’ depending only on ¢, ¢, A\ and .



488 Xiangdong Xie

Proof. We show that (3) = (2) = (1) = (3). The implication (2) = (1) is
simply Theorem 3.4. Assume that (3) holds, let a,b € Q, and set r = rq(a,b). If
r < 2%), then rlog2 < log(1l + r), and Lemma 3.3 implies that k(a,b) < 2¢or <
(2¢0/log 2)ja(a,b). If r > 2%), then jo(a,b) > log(1 + 2’\7%) Hence

k(a,b) <ot d
Y N >CT
Ja(a,b) log(1 + QAT%)

and we obtain (2). It remains to prove (1) = (3).
Assume that (1) is true, and let a,b € Q. Let v C € be a c-uniform arc joining

a and b. Let xg € v be the point bisecting the length ¢, of v. We may assume that
Ao

ro(a,b) > 3¢, since otherwise Lemma 3.3 gives k(a,b) < A and we have k(a,b) <

0-jal(a,b) + Ao. Setting m = d(a) A d(b) we have ”;TAOO < d(a,b) < {y. Choose points

ay, by € v with £(v[a, a1]) = £(v[b, b1]) = %. Notice that rq(a,ay),rq(b,b1) < 2’\%0

Hence Lemma 3.3 yields k(ai,a) < Ao and k(by,b) < Xg. Setting 5 = v[a1, x| we
obtain by the uniformity condition

k(ay, z0) < 0u(B) < C/ﬁé(ds—(x)]) _ 0[2 @ — ¢log 2coly

v[a, x oS m\o
(]

The same estimate also holds for k(by, zg). Since ¢y < cd(a,b), we have

k<a7 b) < I{J(CL, al) + k(ah .Z'()) + k‘(l‘o, bl) + k(blu b)
2¢0l 2cocd(a, b)

< 2X\g + 2clog
m\g mMg

d(a,b)

< 2\ + 2clog

2
=2\ + 2clog % + 2clog
0

= 4+ 2clogrq(a,b) < ' + 2¢jo(a,b),
where ¢ = 2)\¢ + 2clog 2;—‘;0 O

4. Proof of the main results

In this Section we prove the theorems stated in the Introduction.
We first recall two results of Viisala.

Lemma 4.1. (Lemma 2.3 of [V]) Suppose that X is a-quasiconvex, q¢ > 0,
b >0, and that f: X — Y is a map with d(f(x), f(y)) < b whenever d(x,y) < q.
Then d(f(x), f(y)) < (ab/q)d(z,y) + b for all x,y € X.

Theorem 4.2. (Theorem 6.12 of [V]|) Suppose that X, Y are metric spaces,

ACX, f: A—Y isn-quasisymmetric, and that f(A) is complete. Then f extends
to an n-quasisymmetric map g: A — Y.

Let L >0and A >0. Amap f: X — Y between two metric spaces is an (L, A)
quasi-isometry if the following two conditions are satisfied:



Quasimébius maps preserve uniform domains 489

(1) d(z1,29)/L — A < d(f(x1), f(x2)) < Ld(xy,22)+ A holds for all 21,29 € X;
(2) For each y € Y, there is some = € X with d(f(z),y) < A.

Lemma 4.3. Let (X;,d;) (i = 1,2) be proper metric spaces, Q; C X; rectifiably
connected domains with 0€; # (), and g: Q; — Qo an n-quasisymmetric map.
Suppose (£;,d;) are (\;, ¢;)-quasiconvex with 0 < A\; < 1 and ¢; > 1. Let k; be the
quasihyperbolic metric on §); C (X, d;). Then the map g: (21, k1) — (Q2, ko) is an
(L, A) quasi-isometry with L and A depending only on A\, Ag, ¢1, ¢ and 1.

Proof. By symmetry we only need to show that there exist constants L and
A depending only on 7, Ay and ¢y such that ko(g(x),9(y)) < Lki(x,y) + A for all
z,y € 4. Proposition 2.1 and the remark after it imply that (21, k1) is a geodesic
space. By Lemma 4.1 it suffices to find a constant ¢ depending only on 7, )\2 and
¢z such that ks(g(z),g(y)) < A2 whenever ki(x,y) < q. Let ¢ = log[l +n~ (202)]
Then n(e? — 1) = 2’\722 Notice that ¢ depends only on 7, Ay and c;. We next show
that ¢ has the required property.

Since X; are proper for i = 1,2 and g: (Q,d;) — (€9, dy) is n-quasisymmetric,
Theorem 4.2 implies that g extends to an 7-quasisymmetric homeomorphism (Q1, d;)
— (Qy,d,), which is still denoted by g. Let x,y € €, with k;(z,y) < ¢. Then

q > ki(w,y) > log (1 + L%) > log (1 + dl(x’y)) :

dl(ﬂf) AN dl Yy dl(ﬂf)
where d;(2) = d;(z,08;) for z € Q;. It follows that % <e?—1. Let z € 0
with da(g(z)) = da(g(x), g(z)). Since g is n-quasisymmetric, we have

) =
d(g(2),9(0)  dolg(a),g(w)) _ [ du(z.y) 0y, y) Y
bg@)  dlg@), <>>§”(d1<x,z>>§”(dl<x>)S”( D=2

Since (22, ds) is (Mg, ¢2)-quasiconvex, Lemma 3.3 implies k2(g(x), g(y)) < Aa. O
We also need the following result (Theorem 6.14 of [V]).

Theorem 4.4. Suppose that X is a connected metric space and that f: X —
Y is n-quasisymmetric. Then f is ni-quasisymmetric for a function of the form
m(t) = C(t* v ta), where C > 0 and a € (0,1] depend only on 7.

Lemma 4.5. Let (X;,d;) (i = 1,2) be proper metric spaces, §); C X; domains
with 99 # 0, and g: Q; — Q9 an n-quasisymmetric map. Then there are constants
a > 0 and b > 0 depending only on n such that the following hold:

Jaa(9(21), 9(y1)) < ajo, (x1,91) +b for all 1,41 €
and
Jou(97 (2), 97 (42)) < aja,(w2,42) + b for all @, ys € Dy,
Proof. By symmetry it suffices to prove that there are constants a and b depend-
ing only on 7 such that jo, (g7 (72), 97 (v2)) < aja,(w2,y2) + b for all o, y0 € Q.
To do so, we shall find constants ¢ > 1 and d > 1 depending only on 7 such that
1+ 70, (g7 22), 97 (o)) < (14 ra,(xa,y2))¢ for all x5,y € Q.
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By Theorem 4.2, g extends to an 7-quasisymmetric homeomorphism g: (Q1, d;)
— (Q,ds). Then (see Theorem 6.3 of [V]) g7': (Qq,ds) — (Qu,d;) is 1'-quasi-
symmetric with 7'(¢) = n7'(t7})~!. By Theorem 4.4, the map g~' is 1-quasi-
symmetric with 7;(t) = C(t* V t=), where C' > 0 and o € (0,1] depend only on 7.
Set c=1+C and d = 1.

Fix x9,792 € Qy and set 1 = 7o, (g7 (x2), 7 (42)), 72 = ra,(T2,y2). We may
assume d1 (g7 (z2)) < di(g7 ' (y2)). Pick w € 9Q; with dy (g7 (x2)) = di (g7 (x2), w).
Since g(w) € 082y, we have dy(z2, g(w)) > da(x2) > da(x2) A da(y2). Now

ry = di(g~ " (22), 97" (12)) _ di(g " (22), 97" (12))

di(g=(z2)) A di(g71(y2)) di (g~ (z2), w)
da (2, ya) da (72, ya) — o (r
<n (i) <m (Ghes i) = meo

that iS, ™ S 771(7“2).
If ro <1, then r; < mi(re) <m(1) =C, hence 1 +r; <1+ C =c<c(l+ 1)

If o > 1, then r; < ny(ry) = Crd. Tt follows that 1 +7; < 1+ Crd < (1 +1rd) <
c(1+ 7). O

Proof of Theorem 1.3. The assumptions imply that (€;,d;) (i = 1,2) are rectifi-
ably connected, (€21,d;) is (1/2, ¢1)-quasiconvex and (g, ds) is (A, ¢2)-quasiconvex.
Fix 9,92 € Q. By Lemma 4.3, ko(z2,1y2) < Lki(g7 (z2),9  (y2)) + A, where
L= L(n, A\ c1,c) and A= A(n, A\, c1,¢). Since (4, d;) is ¢;-uniform, Theorem 3.6
implies

k(g (22), g7 (1)) < ¢ o (97 (%2), 97 (12)),
where ¢ = (¢;). On the other hand, by Lemma 4.5,

le (g_l(xQ)a g_1<y2)) < an2 (w% y2) + b7
where a = a(n), b = b(n). Combining the above inequalities we have ky(xs,y2) <
a ja,(x2,y2) + b for all zo,ys € Qq, where a’, b’ depend only on 7, A, ¢; and ¢y. Since
(Qg,ds) is (), c2)-quasiconvex, Theorem 3.6 implies that (2, ds) is c-uniform with
c=c(n, A c,co). d
In the proof of the following lemma, we shall implicitly use the inequality

Ls,(z,y) < Jp(m,y) < sp(x,y) (see Section 2).

1

Lemma 4.6. Let (X,d) be an unbounded proper metric space, 2 C X an
unbounded domain, p € 02, and 0 < X < 1, ¢ > 1. If Q C (X,d) is (A, ¢)-
quasiconvex, then Q C (X, d,) is (X, )-quasiconvex with X = X (X, ¢) and ¢ =
d(Ac).

liroof. Set X' = 1555 aAnd d = 6402 Fix z € Q. Let dy(z) = czp(x,éﬂ) denote
the d,-distance from z to 052, where 02 = 0Q U {oo} is the boundary of Q in
(X U{oo},d,). For r >0, let By(z,r) = {y € Sp(X) : dy(x,y) < r}.

Claim: B,(x, Nd,(z)) C B(x, 2-d(z)).

7 10c
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We first assume the claim and complete the proof of the lemma. Let yp,ys €
B,(z, )\’cip(x)). Since Q C (X,d) is (A, ¢)-quasiconvex, the claim implies that there
is a path v from y; to ys such that ¢(y) < cd(yi,y2). The claim further implies
d(y,z) < 3d(z)/10 for all y € ~. Since p € 99, we have d(z,p) > d(x). It follows
that for any y € v we have d(z,p)/2 < d(y,p) < 2d(z,p). Hence (1 + d(x,p))/2 <

1+d(y,p) <2(1+d(x,p)). Because
d(Zl,ZQ)
4(1 + d<217p))(1 + d(227p))

for all z1, 29 € X, we conclude that

; 40(y)
YOS T a7

d(z1, 22)
(14 d(21,p))(1 + d(z2,p))

S dAp(Zb Z2) S

. d(y17y2>
d d =z
an p(y1,92) > 16(1 + d(z, p))*’

where /,(v) denotes the d,-length of . Together with £(y) < ¢ d(yi, 1), the above
two inequalities imply

ép(’?’) < 6406?;)(91792) = C/dp(yla Ya).

We have shown that Q is (V, ¢')-quasiconvex in (X, Ap).

Next we prove the claim. Let y € By(x, Ndy(z)). We need to prove d(z,y) <
2-d(z). There is some w € 9Q with d(z) = d(z,w) and some z € dQ with
d,(z) = d,(z, z). We consider two cases depending on whether z = oo or not.

Case (1). z = oo. Then dy(z) = dy(x,00) < Hd;(w)' The fact that y €

B,(x, Ndy(x)) now implies d(z,y) < 4N (1 + d(y,p)). Since w € 0f2, we have
dy(z,w) > dy(z,00), which implies that d(z,w) > (1 + d(w,p))/4. If d(y,p) < 1,
then

Az, y) < (1 +d(y,p) <8N = — < 2

< —_
100002 ~ 40¢
1
< Alrdwp) A gy o A g,
10c¢ 4 10¢ 10¢

and we are done. Now assume d(y,p) > 1. In this case we shall prove d(z,y) <
%ocd(x) by contradiction. So we suppose d(z,y) > %ocd(x)' We have d(z,y) <
AN (1+d(y,p)) < 8Nd(y, p). Hence d(y,p)/2 < d(z,p) < 2d(y, p) and

W0c _ dly.p) _ d(@.p)
A 100 50

1
(e, w) = d(z) < d(z,y)y° < 8Xd(y.p)
It follows that d(w,p) > d(z,p)/2, and therefore
d(z, w) = (14 d(w,p))/4 = d(w,p)/4 = d(z,p)/8,

contradicting d(z,w) < d(z,p)/50.
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~

Case (2). z € 9Q. The inequalities d,(z,y) < Nd,(z, z), dy(z, 2) < dy(z,w) and
dy(z,z) < dpy(x,00) yield the inequalities
doy) _y dws) dw) o) | dws)
A(1+d(y,p)) = 1+d(zp) (1+d(zp)) ~ 1+d(w,p) (1+d(z,p))
respectively. If d(y,p) < 1, then

d(z,y) < 4(1+d(y,p)) - X d(z,2) _ o\ 4d(z,w)

L4d(z,p) = 1+d(w,p)
A A
< 32X\ — = —d(x).
< 32Nd(z,w) < 1Ocd(x,w) mcd(:c)
On the other hand, if d(y,p) > 1, then
d(z, 2)

d <4(1+d N ——==— <8&d X4 =32Nd <d 10.
(z.y) < 41+ dly,p)) - N7 s < 8y, p) 32XNd(y, p) < d(y,p)/10
If d(xz,w) > d(l%’f), then d(z,y) < 32Xd(y, p) < 32N10cd(z, w) < $-d(z, w), and we
are done. If d(z,w) < d(l%’f), then d(w,y) < d(w,z) + d(z,y) < d(y,p)/5 and hence

d(w,p) > d(y,p)/2. Tt follows that
d(zx, z) 4d(x,w)
d(z,y) < A(1 +d(y,p)) - N—D 2 < iy p) - N - — A W)
(z,y) < 4(1 +d(y,p)) TFd(p) = (v, p) T dw.p)
d(x,w)
< 32Nd(y,p L < 32N - 2d(x, w) = 64N d(x,w
e (2.w) = 64X d(zw)
A A

Proof of Theorem 1.1. Let i = 1 or 2. If (€;,d;) is bounded, let d, = d;; and
if (;,d;) is unbounded, pick p; € 09; and set d := dipi. Recall that the identity
map (X;,d;) — (X;,d}) is quasimdbius. As (£2;,d}) is bounded, a quasim&bius map
g: (Q21,d1) — (2, ds) becomes a quasisymmetric map g: (Q,d}) — (Qq,d5). Since
(Q,d;) is uniform, Theorem 2.3 implies that (€;,d}) is uniform. On the other
hand, (€, ds) is (A, ¢a)-quasiconvex. By Lemma 4.6, (s, d}) is (X, ¢)-quasiconvex
for some 0 < M <1 and ¢ > 1. Now it follows from Theorem 1.3 that (€9, d}) is
uniform. Hence (€2, d2) is also uniform by Theorem 2.3. O

Proof of Theorem 1.2 (2). Let i = 1 or 2. If €; is bounded, set X = X, and
d; = d;; if ©; is unbounded, then fix any base point p; € 0€; and set X| = S, (X;)
and d; = aAlipi. Denote by 9§ the boundary of Q; in (X!, d}) and ; the closure of

177

Q; in (X[, d;). Let fi: (94,d;) — (,d;) be the identity map and set

W= fooho frt (R, dy) — (Qo,dy).
Let no(t) = 16t. Then A’ is an 7’ := 1y onony-quasimoébius homeomorphism between
bounded metric spaces, and hence is a quasisymmetric map. By Theorem 4.2, the

map h’ extends continously to a homeomorphism (ﬁll, d)) — (ﬁ;, dy), which is still
denoted by h’. In particular, there exist a; € 09, as € 0 such that for any
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{z;} € Oy with x; — a1 we have I'(x;) — ag. If 9] is a single point, then 0, and
08y are also single points. Since (X3, ds) is co-quasiconvex and cp-annular convex,
the fact that 9y is a single point implies that (s, dy) is 6¢3-uniform (see Lemma
9.4 of [HSX]). From now on, we assume 0f2] contains at least two points.

Now we fix a; € 09Q),as € 09, such that for any {z;} C O with x; — a;
we have h'(z;) — ag. Let X! = I, (X]) = X\{a:}, d! = (d}),,- Denote by 02/
the boundary of ; in (X/,d!) and ﬁ;/ the closure of ; in (X!, d!). Note that
09 = 0\ {a;} and O = Q\{a;} as sets. Let g2 (X\{ai},d}) — (X\{ai},dY)
be the identity map and set

W= gsohlogrt: (O, d)) — (0, dy).

Since g; is Mg-quasimobius, A” is n’-quasimdbius, where n” := ngon' ony. The
choice of a; and ay implies that for any {x;} C Q; with df(z;,21) — oo we have
dy(h"(z;), h"(x1)) — oo. It follows that h” is an n”-quasisymmetric homeomor-
phism.

Since (£21,dy) is ¢p-uniform, Theorem 2.3 (1) implies that (€2, d}) is ¢}-uniform
with ¢ = ¢|(c1). Since 0] contains at least two points and a; € 02, it follows
from Theorem 2.4 (1) that (Q,d]) is ¢{-uniform with ¢} = ¢{(¢}) = ¢/(c1). On the
other hand, since (Xs,ds) is ca-quasiconvex and cp-annular convex, it follows from
Section 2 that (X7, d}) is ¢j-quasiconvex with ¢ = ¢f(cz). Therefore, Qo C (X7, d})
is (1/(3¢4), cy)-quasiconvex.

Now Theorem 1.3 applied to A" implies that (£23,d}) is ¢/-uniform with ¢ =
d(1/(3c5), 5, ¢ln") = d(c1,c2,m). Now the result follows from Theorem 2.4 (2)
and Theorem 2.3 (2). O

Proof of Theorem 1.2 (1). The proof is similar to that of Theorem 1.2 (2), and
we only indicate what should be modified. By the assumption of Theorem 1.2 (1)
(Qg,d3) is unbounded, hence oo € 99Q). We choose a; = oo and a; = (/)" !(c0).
The proof of Theorem 1.2 (2) shows that (€2, d]) is ¢/-uniform with ¢} = ¢//(¢1) and
h" is an n"-quasisymmetric homeomorphism with n” = n"(n).

Since ay = 00, Lemma 2.5 implies that the identity map (Xs,ds) — (Xs,d5) is
16-bilipschitz. Now the fact that (2o, dz) is (A, ¢2)-quasiconvex implies that (€, dy)
is (A, ¢§)-quasiconvex with \" = /256 and ¢ = 256¢,.

Now Theorem 1.3 applied to A" implies that (£2,d}) is ¢/-uniform with ¢ =
dN' ey, ") = (A e1,ca,m). Now the result follows from Lemma 2.5. O

5. Example and open questions

In this Section we give an example that shows Theorem 1.1 can not be made
quantitative, and present two related questions.

Let R™ be the n-dimensional Euclidean space and 7: R"\{p} — R"\{p}, 7(z) =
x/|x|? the inversion about the unit sphere centered at the origin p. Let d denote
the Euclidean metric. We can define a new metric d on R™\{p} by pulling back
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the Euclidean metric via 7: d'(z,y) = d(7(x),7(y)). One checks that

: d(z,y)

T = e ()

Let A C R"™ be a subset containing p, and consider the metric spaces (4, d) and
(A\{p},d,). Notice that f,(x,y) = d'(x,y) for all z,y € A\{p}. Since d’ is a metric
on R"\{p}, f, is a metric on A\{p}. Now the definition of d, and the triangle
inequality show that d, = f, on A\{p}. It follows that for any z,y € A\{p},
we have d,(z,y) = fy(z,y) = d'(z,y) = d(7(x),7(y)); that is, 7: (A\{p}.d,) —
(T(A\{p}),d) is an isometry.

Now consider R%. We identity R? with C and use complex number nota-
tions. For 0 < u < 7/2, let X = {5(i +¢€*) : —7/2 < 0 < 37/2 — u} and
Q = X\{p,q}, where ¢ = 1(i +€'®™/27%)). One checks that Q2 C (X, d) is a (1/2,7)-
quasiconvex domain. By Section 2, the identity map (X\{p},d) — (X\{p}.d,) is
n-quasimoébius with n(t) = 16¢. By the preceding paragraph, (X\{p}, d,) is isomet-
ric to (7(X\{p}),d). Set v’ = % We notice that 7(X\{p}) = {z + i :
W <z <oofisaray and 7(Q) = {x+17: v <z < oo}. It is now clear that
Q C (X\{p},d,) is 1-uniform. On the other hand, by considering two points in
close to p and ¢, we see that the uniformity constant of Q C (X,d) is in the order
of 1/u, which tends to infinity as u — 0. This example shows that Theorem 1.1 can
not be made quantitative.

In view of the above example and the Theorems in this paper, it is natural to
ask the following question:

Question 5.1. Let (X;,d;) (i = 1,2) be proper metric spaces, and ; C X
domains with 9€; # (). Suppose (€,d;) is ci-uniform, (€s,ds) is bounded and
co-quasiconvex, and there is an 7-quasimobius homeomorphism (Q,d;) — (Qa, ds).
By Theorem 1.1, (€29, ds) is c-uniform for some constant c. Is it possible to obtain
an upper bound for ¢ in terms only of ¢, ¢ and n?

A special case of Question 5.1 is the following:

Question 5.2. Let (X, d) be a proper metric space, {2 C X a bounded domain
and p € 0f). Assume 02 contains at least two points, (€2,d,) is ¢;-uniform and
(Q,d) is co-quasiconvex. By Theorem 2.4, (€2, d) is c-uniform for some constant c.
Is it possible to obtain an upper bound for ¢ in terms only of ¢; and ¢y?
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