Annales Academise Scientiarum Fennicae
Mathematica
Volumen 32, 2007, 497-521

THE CALCULUS OF CONFORMAL METRICS

Eric Schippers

University of Manitoba, Machray Hall, Department of Mathematics
Winnipeg, Manitoba, R3T 2N2 Canada; eric_schippers@Qumanitoba.ca

Abstract. Minda and Peschl invented a kind of derivative of maps between Riemann surfaces,
which depends on the choice of conformal metric. We give explicit formulas relating the Minda—
Peschl derivatives to the Levi—Civita connection, which express the difference between the two in
terms of the curvature of the metric. Furthermore, we exhibit a geometric interpretation of the
derivatives in terms of a decomposition of the space of symmetric complex differentials. Finally,
this decomposition is used to give simple formulas for parallel transport of complex differentials
which hold for conformal metrics on a Riemann surface.

1. Introduction

Peschl introduced to function theory the idea of invariant derivatives associated
to certain conformal metrics [13]. Later, Minda generalized these derivatives to
arbitrary conformal metrics although this was not published [11]|. His generalization
used an inductive definition of a kind of connection. We will refer to these general
derivatives as the Minda—Peschl derivatives.

Their usefulness stems from the fact that theorems regarding classes of holomor-
phic mappings from a fixed domain into another can sometimes be better phrased
in terms of canonical metrics on these domains. Indeed, special cases of the deriva-
tives, especially for the Euclidean, hyperbolic and spherical metrics, have been used
many times in function theory for this reason (e.g. [1], [6], [10]). Minda’s connection
also appears in conformal field theory (cf. [12] Chapter 14 and references therein).

The Minda—Peschl derivatives of course have a geometric interpretation. How-
ever, they are not simply derivatives with respect to the familiar Levi-Civita con-
nection of Riemannian geometry, as one might expect. They are rather derivatives
with respect to the Levi-Civita connection followed by a projection onto a certain
space of differentials. This interpretation was observed independently by Kim and
Sugawa [5] and myself [14], [15]. Kim and Sugawa also give closed forms for the
higher-order invariant derivatives for arbitrary conformal metrics in terms of Bell
polynomials, and showed that they satisfy a Faa di-Bruno formula.

The contribution of the present paper is the following. If the metric has cur-
vature, then the higher-order Minda—Peschl derivatives of a holomorphic function
differ from the derivatives with respect to the Levi-Civita connection. We supply
1) an inductive formula relating the Minda—Peschl and the Levi-Civita derivatives
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of a holomorphic function, where the difference is given explicitly in terms of the
curvature of the metric (Theorem 4.7), and 2) the closed-form relation between the
Levi-Civita and Minda—Peschl derivatives for arbitrary orders of differentiation for
a family of constant curvature metrics (Theorem 4.15). This family includes the
hyperbolic, Euclidean and spherical metrics.

An essential part of the picture is the space of symmetric tensors and its decom-
position into terms according to the number of dz’s and dz’s. This is analogous to
the decomposition of antisymmetric tensors (forms) into types based on the number
of dz’s and dz’s. In a sense Minda’s connection bears the same relation to symmetric
tensors as 9 and 9 bear to forms.

Another aim of this paper is to make the Minda—Peschl derivatives accessible to
function theorists, by giving a coherent framework for computation. The relation
to the Levi-Civita connection is necessary for this, as is the formalism of parallel
transport, which allows one to convert the Levi-Civita derivative into an ordinary
limit expression. As a consequence of the decomposition of symmetric tensors into
spaces of differentials, the parallel transport map between two points along a curve
considerably simplifies and can in fact be represented by a single complex number.
Although this observation is fairly simple, it does not appear in standard references
on Riemannian geometry or complex function theory—mneither, for that matter, does
Minda’s connection—so it seemed appropriate to include it here. Expressions for the
parallel transport map for particular metrics which commonly appear in function
theory are also provided.

I am grateful to S.-A. Kim and T. Sugawa for valuable discussions and com-
ments. I am also grateful to D. Minda for providing me with a copy of his notes
on the invariant derivatives, as well as for his insight and encouragement. Finally,
most of this material was PhD thesis work supervised by Ian Graham, to whom I
am particularly indebted for every kind of support.

2. Spaces of differentials

In this section, we define certain spaces of symmetric tensors, and present a
decomposition of the symmetric tensors into certain spaces of differentials. This is
analogous to the decomposition of complex differential forms on a complex manifold
into terms of the form dz;; A--- Adz;, Adz;, A--- Adz;,. The decomposition into
symmetric tensors is essential to understanding Minda’s connection and higher-order
derivatives of a holomorphic function in conformal metrics.

In general, the higher-order derivatives of a map between manifolds M are
symmetric tensors. It must be observed that differential forms are inappropriate
for representing higher-order derivatives of functions, as can be inferred from the
fact that 9> = 0 and 9> = 0. Minda’s connections V and V (which will be defined
in the next section) play the same role for symmetric tensors as 0 and d do for
antisymmetric tensors.

The necessary algebraic machinery will be carefully developed shortly, but first
we briefly give some motivation. Let f be a complex-valued function on an open
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subset of C. Disregarding for a moment the complex structure and treating f as
a real function, we have that its nth derivative at a point p is a symmetric map
T,R* x --- x T,R* — Ty,)R?, where T,R? denotes the tangent space of R* at p.
We can identify the tangent space T, R? with T,R? using the first derivative of f.
Thus one can identify the nth derivatives of f with a local section of TR? @ T*R? ®
.-+ ® T*R? which is symmetric in the covariant components.

If the function f is holomorphic, then the Cauchy-Riemann equations provide
relations between the components of the nth derivative tensor, and these relations
are conveniently written in terms of the complex algebra. Of course, we usually
think of the higher derivatives of a holomorphic function themselves as functions
rather than tensors. However, for general conformal metrics it is not possible to
make this simplification (this will be clarified in Remark 4.13 ahead). Thus in the
following, given a Riemann surface R, we will consider symmetric local sections of
T°RRT*R® ---TC*R, where T°R and T°* R denote the complexified tangent
and cotangent bundles respectively.

Remark 2.1. In order to define even the second derivative of a map from R
to R (the Hessian) in a way which is independent of the choice of coordinates, it
is necessary to have a metric with which to identify the tangent spaces at different
points. For a map between Riemann surfaces, we need a metric both on the domain
and image of the mapping.

We now describe the symmetric tensors ([4] Appendix B.) First some notation
is necessary. Let R be a Riemann surface, and let X denote the space of complex
vector fields over R. Let DF denote the complex tensors of covariant degree [ and
contravariant degree k; i.e. DF is the space of sections of ®k T°R® ®l T R. We
will mostly be working with complex tensors. When it is necessary to refer to real
vector fields or tensors we will write X® and DR respectively.

Given a vector space V', we can define the n-fold symmetric product Sym" (V)
of V' as the quotient of @" V' by the relations vy ® -+ @ v, — V(1) ® - - + ® V(o) for
any permutation o of (1,...,n). Let ms: @"V — Sym"(V) be the quotient map,
and define the symmetric product “-” by

Ul‘UQ"'Un:77-5(7}1®U2®“‘®'Un).

We can identify Sym"™ (V) with the subspace of ®)" V' consisting of elements of
the form

1
n! D o) ® - ® ()

where vy,...,v, € V and o ranges over all the permutations of (1,...,n). With
this identification, we have for example that vy - v9 = (v] ® vy + vo ® v1)/2.

Example 2.1. One often sees the expression p?|dz|? for a conformal metric, by
which is meant the symmetric product

1
p(2)?|dz]? = §p(z)2 (dz®dz+dz®dz) = p(2)? (dx @ dov + dy @ dy) .
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Note that p(z)%dz ® dz is not symmetric and so is not a Riemannian metric.
We then have the following symmetric tensor spaces.

Definition 2.2. Let GF denote the complex symmetric tensors of contravari-
ant degree k and covariant degree [; i.e. the space of sections of Sym*(T€R) ®
Sym'(T€*R).

We require a decomposition of the symmetric product of a direct sum: for vector
spaces V' and W, there is a canonical identification [4]

Sym"(V & W) Z Sym* (V) @ Sym™ *(W).

Regarding the right hand side as a subset of Sym™(V & W) ¢ ®"(V & W) and
carrying the product “-” into this space as above, we can write

Sym"(V & W) Z Sym* (V) - Sym™ *(W).

In particular, applying this to the decompositions of the complexified tangent
and cotangent spaces TER = TZ(?I’O)R <) TI(DO’I)R and TE*R = TJ(DI’O)*R <) TI(DO’I)*R for
all p € R, we have the decomposition of tensor bundles

Sym"(T°R) = ZSym JR) - Sym" *(TOVR)

Sym"(T"R) = Z Sym*(T"HO*R) - Sym™ *(T*V*R)
k=0

Definition 2.3. Let &%, be the space of complex differentials of covariant type
(m,n) and contravariant type (r,s); i.e. the space of sections of Sym”(TMOR) -
Sym*(TOVR) @ Sym™(THO*R) - Sym™(TOD*R).

We have thus shown that
(2.1) = P 2.

r+s=k,m+n=I

Remark 2.4. In terms of a locally biholomorphic parameter z, 7%, consists
of tensors of the form
a0
h .
(2)827" 0zs

For example, a Beltrami differential on R is an element of 9017’? , and a conformal

® dz" - dz".

metric is an element of 93’? (see Example 2.1).

In the rest of the paper, the symmetric product will often be written without
a dot; a product of differentials should always be taken to mean the symmetric
product unless otherwise noted. Furthermore we will abbreviate dz - dz---dz by
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dz", and similarly 0"/0z" represents a product of r factors of 0/0z. Thus for
example dz - dz - dz = dz*dz.

.o . NRT . 71,81 r9,82 T1+72,51+82
Definition 2.5. There is a natural multiplication 2,15} x ;22 — &, V2022
which in a local coordinate z is given by

o o5 my em o 0%2 ms  7=ns
(hl(z)azrl 9z ®dz™ - d2 ) . (h2(2)02T2 0z ® dz"™ - dz >

81”1 +r2 851+S2

=M <Z)h2(2) Ozritr2 . Ozs1ts2 ® dz™ M2 gz,

It is easily checked that this definition is independent of the choice of local
coordinate.

Finally, the following remark clarifies the relation between two different local-
coordinate representations of tangent vectors.

Remark 2.6. (Representations of tangent vectors in local coordinates) There
are two possible representations of tangent vectors in local coordinates, which we
clarify here for later use. Let z = x + iy be a locally biholomorphic parameter near

a point p € R. We may identify the tangent space T, p(l’O)R at a point p with C via
I: TR — C

0
On the other hand the real tangent space 7T),R can be identified with C using the

map

I, T,R—C
0

aa—x—Fb%HCL—FZb

These two representations are compatible under the standard isomorphism & :
T{"R — T,R given by ®(Z) = 2Re(Z) [8] since I o ® = I,. Note that while
I; and I, depend on the choice of local parameter, ® does not.

3. The connections

3.1. The Levi—Civita connection. In order that this paper be self-contained,
and to set notation, we give a brief outline of necessary facts concerning the Levi-
Civita connection. For a detailed presentation see [7].

Let g be a smooth Riemannian metric compatible with the complex structure of
R; i.e.if J is the almost complex structure, then g,(J,X,, J,Y,) = g,(X,, Y,) for any
point p € R and vectors X,,,Y, € T,R. Equivalently, if z is a local biholomorphic
parameter, then g can be written in the form p(2)?|dz|* for some smooth non-
vanishing real-valued function p(z). Metrics which are compatible with the complex

structure will be called conformal.
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Associated to g is the Levi-Civita connection V¥, which is the unique map-
ping from pairs of vector fields to vector fields (X,Y) — VLY which satisfies,
for any vector fields X, ¥ and Z and smooth function f, 1) VY = fVLY, 2)
VLY = (Xf)Y — fVLY, 3) VLY — VEX = XY — Y X (V7 is torsion-free) and
4) X(9(Y,2)) — g(VEY, Z) — g(Y, VL Z) = 0 (compatibility with the metric). If
the metric is compatible with the almost complex structure J then it can be shown
that for any vector fields X and Y

(3.1) vLiIJYy = JViy.

The Levi—-Civita connection has an extension to real tensor fields VI: xR x
@Rl — D f, which satisfies the following propertles 1) Vkf = Xf for any
smooth function f on R, 2) V& (a® 3) = (Via)® 8+ a® (VL ﬂ) This extension
is unique. It has the further property that 1f C' is a contraction of any two indices
in ’DRf then VLC(a) = C(Va) (|7] Proposition 2.7).

For a conformal metric ¢ on a Riemann surface R, there are relations which
result in a simple form for the Levi-Civita connection. To exploit them we complex
linearly extend VZ%:

Vi, (Xo +iY2) = V5 Xo — Vi Yo +iVE Yo + iV X

for vector fields X; and Y;, i = 1,2. We give some formulas for V¥ in local coordi-
nates. For a locally biholomorphic parameter z in which g has the form g = p?|dz|?
let the “Christoffel symbol” I'” be defined by

0
2 =I7"—
(3.2) v& 9z 0z

It can be shown ([8] IX.5) that for a conformal metric
(3.3) =290
' ~ Y9 08P

Under a change of parameter z = f(w), so that
g = p(2)*|dz> = po f(w)’| f'(w)*|dw|?,

the Christoffel symbol transforms according to

. , f//
(3.4) el =1eo foff 7
We also have the following relations:
Vaax— v(’)a —QRG(VBQ%),
(3.5) .
Va 8y V%%:—le(V%&)

This follows directly from the equation (3.1) and the fact that the connection is tor-
sion free. Thus, the Levi-Civita connection is entirely specified in local coordinates
by I'. We summarize this in the following proposition.
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Proposition 3.1. If p? and V* are as above then

9 =P L 8
v%@z_rpaz va@z F%’ vaaz:V%£:0
and B
vgdz = —T"dz, vgdz = _T"dz, vgdz = vgdz = 0.
Proof. The first set of equations can be calculated from V% ) a , V ; and

equation (3.5). The second set follows from the first and the fact that v commutes
with contractions and satisfies a Leibniz rule: we have that

0z 0z 02 oz 0z Dz
Contracting both sides and noting V#(1) = 0 shows that

VL dz (;) —I”.
z

Applying a similar argument we can deduce that

0
VL _
dz (82) =0

so VIdz = —T*dz. The remaining formulas follow similarly. ([8] IX.5). O

2. Restriction of the Levi—Civita connection to symmetric tensors.
When restricted to symmetric tensors, the Levi-Civita connection V¥ can be re-
garded as raising the covariant degree in the following sense. If GRf denotes the
sections of Sym*(TR) ® Sym'(T*R), then the Levi-Civita connection can be viewed

v (dz@aa) VL dz®£~|—dz®VL Q_VL dz®£+dz®rﬂa
8z z

as a map V%: C")R;C — GR;CH in the following way: if a is a section of Sym”(TR)
and f3 is a section of Sym'(T*R), we define

Vi) = (Voa)@8 dvt (Vi) @ dy+ac (Vs B) - di+a® (Vs f)-dy

This defines V¥ on arbitrary sections by linearity. Note that this definition is
independent of the choice of coordinate z = x + ¢y. This definition also extends to
complex symmetric tensors V¥ : &F — &F ;.

Remark 3.2. (Necessity of using symmetric tensors) There is no unique way

to regard V¥ as a map from Z)Rf to DRfH simply because there is an arbitrary
choice in ordering the covariant factors. For example, if « is a one form in local
coordinates (z, %), one has two choices for the extension: either

VE(a) =7 (V@O&)@d@‘—l—(V@O&)@dy

ox oy
or
Vi) ="dr® <Vga> +dy ® (Vga) .
ox dy
The same observation holds for the complexified tensor spaces.
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As we would like to describe derivatives of maps between Riemann surfaces with
possibly different metrics, we need to allow the possibility that one metric be used
to differentiate the contravariant components and another be used to differentiate
the covariant components.

Definition 3.3. Let R be a Riemann surface equipped with two metrics g; and
go. Let VP9 i = 1,2 be the unique complex linear extension of the Levi-Civita
connections of g; to complex tensors of arbitrary type; that is VX9 : X x © — D.
For symmetric tensor fields define V#9192 : &f — &F , as follows. If a and 8 are
sections of Sym*(TCR) and Sym'(TC*R) respectively, then
Vi (a@B) = (V52a)@8-do+ (V5% a)@8-dy+a® (V5" 8)-do+a® (V5 B)-dy.

oz Bz By

oy
This extends linearly to arbitrary elements of GF.

In order to avoid unwieldy superscripts, we will simply denote this extension by
V%, where the underlying metrics g; and g, are assumed to be specified.

Remark 3.4. An alternative to symmetrizing would be to specify that the
new covariant factor always appears on the right (as in [14]). This leads to more
complicated formulas for the relation between V¥ and the Minda—Peschl derivatives.

3.3. The connections V and V. Next, we define two connections, which
when applied to a holomorphic function result in the Minda—Peschl derivatives.

Definition 3.5. Let g, = p?|dz|* and go = p3|dz|* be two conformal metrics
in terms of a local parameter z, which will be associated with contravariant and
covariant tensors respectively. The connection V992: @55 — 9% | | is defined in
local coordinates by

o 0 oh o 0°
\VASEZE dz2"dz" ) = | == 2 — mI’P) A d m—i—ldfn
((Z>é?z’“825® : Z) (azﬂ’" ml?) )azrazs® e e

91,92
and V7L gre — D L by

m

N ) A
\Y (h<z>8zT 55 ® dz"dz ) = (82 + (sT nl™") h 5o 55 ® dz"mdz"

It follows from equation (3.4) that V9992 and V""" do not depend on the choice
of local parameter z.

Actually, in order to describe derivatives only the case that r = 1 and s = 1
are necessary, but the definition here has been extended to allow for an efficient
statement of the Leibniz rule ahead.

As with VT, the superscripts g; and g, will be dropped to simplify the notation,
except where the choice of metrics is not clear from context.

Some remarks are in order regarding the origin of this definition. ¥V and V were
first invented in the function-theoretic context by Minda [11] without reference to the
underlying space of differentials, but not published. In the special case that g; = ¢»,
they also appear in the physics literature as ‘raising and lowering operators’ (see [12]
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Chpt. 14). In this case one can eliminate all of the Z components by taking traces
with respect to the metric, and the difference r — n is referred to as the “helicity”.

Using Definition 3.5 it can be immediately computed that V and V satisfy a
Leibniz rule with respect to the multiplication of Definition 2.5.

Proposition 3.6. If « € Z/%! and 8 € 9> | then

Via-0) =(Va)-6+a-(VP)
V(- p)=(Va) B +a-(Vp)

The Levi-Civita connection VY, V, and V are related in the following way.

Proposition 3.7. Let V¥ be the complex linear extension of the Levi-Civita
connection restricted to the symmetric tensors &, corresponding to a pair of metrics
gi = p?|dz|?, i = 1,2 as described in Definition 3.3. Then

Vi=V+V.
Proof. Since the symmetric tensor fields decomposes into the direct sum of the

spaces Z,°,, it suffices to check this for o € 7. For such tensors we have

Via = (V@a) ~dr + (VL@a) -~ dy
ox dy
1 1
- (vg . a) (dz +dZ) + = (V.LL@@ - (idz — idz)
2 2 Y9: oz
_ <VL@oz> dz + (vga) . dz.
Oz oz
The Leibniz rule for the Levi-Civita connection under tensor product extends by
linearity to the symmetric product, so that

87‘ as ar as
L m j=n o L m j=n
V% (h(z)ﬁzr 55 ® dz"dz ) = V%(h(z))azr 95 ®dz"dz

+ h(2)V% (8 ) 0 ® dz"dz"

a a . _
2: \0z" ) 0z°

I S

0 L m =n
+ h(z) 9 95 ® V% (dz™)dz
a o0°

oh
= | — P2 __ r1 m jzn
(82(2) + (rI'? — s )h(z)) 5 550 © dz"dz

by Proposition 3.1. Thus for any « € 2%,

(V%&) -dz = Va.

Similarly
(vga) dz=Va. O
oz
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Remark 3.8. Alternatively Proposition 3.7 could be used as the coordinate-free
definition of V and V, and Definition 3.5 can be derived from it.

4. Covariant derivatives of a holomorphic function

In this section we derive the relation between the Minda—Peschl derivatives
D7 f and the Levi-Civita connection. In particular, we show that for metrics with
non-zero curvature, the two derivatives differ by terms involving the curvature. We
give two explicit results: first, an inductive formula for the difference between the
Minda—Peschl and Levi-Civita derivatives, and second, we give closed formula for
all n for certain special metrics of constant curvature.

4.1. Preliminaries. In this section we define the Minda—Peschl derivatives in
the form that they appear in the literature, and prove a key invariance property
which can be used to give an alternate definition for speciﬁc metrics

In the following, on a Riemann surface Ry let E € .@ denote the complex
tensor which is given in terms of a local biholomorphic parameter z by

0
E=2
aZ®dz

Note that under a change of parameter, this expression stays the same; i.e. if

w = g(z) then

0 0

and thus £ is a well-defined tensor. Under the standard identification of TpCRl ®
T pC*Rl with complex linear maps from 7’ pCR1 — T pCRl, E can be interpreted as the
projection of the identity map onto @117’8. That is, if 2 = x + 1y,

0 0 0 9, _
8—x®dl’+a—y®dy—$®d2+£®dz.

Definition 4.1. Let R, and Ry be Riemann surfaces endowed with conformal
metrics g; and go respectively. Let f R; — R5 be alocally one-to-one holomorphic
map. Define higher derivatives of f inductively with respect to vl 92 as follows:

Vgl,f g2f - B
and Zﬂ ng A48 S92 <v91 S ng)

Let 2z and w be local biholomorphic parameters on R; and R, respectively, and
w = f(2), p(2)?|dz]* and o(w)?|dw|* be the expressions for f, g; and g, respectively,
in terms of these parameters. Define the Minda—Peschl derivatives D?7 f by

p(2)"Dre f(z) 0
oo f(2)f'(z) 9

Remark 4.2. The fact that the first derivative is a projection of the identity
map, is a consequence of our choice of expressing the derivatives as tensors on Ry,
rather than as maps T¢R; x --- x T’ R; — TCR,.

VZLJZ*QZJL: — ® dz".
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Proposition 3.7 establishes the geometric interpretation of Minda’s invariant
derivatives as follows. Successive derivatives of a function by V% are symmetric
tensors in &), which by equation (2.1) decompose into a sum of terms in .@;,’ZO for
k + 1 = n. Thus by Proposition 3.7

vghf*ng»” _ p(Z)an’af(Z) 2 ® dz"
" oo f(z)f'(z) 0z

is the component of Vgl’f "92 f in @}L:g. Equivalently, if one evaluates the nth deriv-

ative of VX f on the multi-vector (9/9z,...,0/dz), all the terms vanish except for
the term in @;;g. It follows from Definition 3.5, Definition 4.1 and equation (3.4)
that D27 f satisfy the recursive relation

(4.) p OIS = (DY) 45 (000 f - ' =) DG .

If p=1and 0 =1 in the parameters z and w, then it is easy to check that
(4.2) Die f(z) = f(2)

for all n.

Remark 4.3. (Dependence of D??f on local parameters) Since V does not

depend on the choice of a local parameter, neither does V91:/"92 f. However, the
Minda—Peschl derivatives do depend on the choice of parameters, in the following
way. Let ¢ = g(z) and & = h(w) be locally biholomorphic changes of parameters
on Ry and R, respectively. We then have corresponding changes in f, p and o:
f(€) = ho fog Q) plg(2)lg'(2)| = p(z) and 6(h(w))|h (w)| = o(w). Since

Vﬁl’f "% f is independent of coordinates we have that

)" DETS() 0 HO"DP (O O

— _ E ac"
oo f()1'(2) 02 5o fOF(0) 2%

SO

po i _ Ww) g )" .
For particular metrics, the invariant derivatives appear in the literature with a
rather different definition [6] [10] [13]. We now give this definition and demonstrate
its equivalence with the one above, for these special metrics. An alternate approach
appears in [5].
First we define certain special conformal metrics.

Definition 4.4. Let

2l < /WKLY, k<O,
k=0,
k>0,

—
N

D, =

al o
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and ]
Ay = —————.
ST E
A calculation using the well-known formula for the Gaussian curvature [9]
(4.3) K = —Alog \,/)\;

shows that the curvature of A\ is 4k. In the case that k < 0, these are the only
complete constant curvature metrics on Dy up to scale. In the case that & > 0,
there are more; however up to scale the metrics above are the only ones for which 0
and oo are antipodal (in the sense that every geodesic connecting 0 and oo has the
same length).

The maps

g 2 ta
T(z)=e 1 —kaz
satisfy the identity
L+ HTE) = (14 k=T ()],
which shows that they are isometries of ;. These are in fact all of the orientation-
preserving isometries [11], and they preserve the domain Dy.

Given any two non-antipodal points z and w in Dy, they are connected by a
shortest geodesic; using an isometry above we can move this geodesic to a radial line
segment starting at 0, without changing the length. A simple computation of the
length of this segment results in the following expression for the distance between
z and w.

e arctanh (VE| 22) . k<0,

dy, (w,2) = < |w — 2|, k=0,
\/LE arctan (\/E { 1%;;7;‘) , k> 0.

We have the following invariance property of the higher-order derivatives. Recall
that for a locally holomorphic map g, g*(p(2)|dz|*) = po g(2)|¢'(2)|*|dz|* denotes
the pullback p(z)?|dz|?; we will stretch the notation slightly and say ¢g*(p) = pogl|d'|.
In general, the pull-back of a tensor of type 7%, is given in local coordinates by

o 07 ——n-s 0" 0°
* h d md—n — h / m—r ./
0 (M) g e @ " ) = W T

Proposition 4.5. Let f : Ry — Rs be a conformal map between Riemann
surfaces Ry and Ry, equipped with conformal metrics g, and gy respectively. Let T

be a holomorphic local isometry of g, and S be a holomorphic local isometry of gs.
Then

® dz"dz".

VT*91,§0f0T*gz(§ ofoT) = T*(Vgh.f*ng)‘
If T is given by T(z) in terms of a local parameter z on Ry, and the coefficient
of an element of _@,1”8 is denoted by

(9(:) 5 @ "} = (2),
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then we have that
T*gq,S0 foT™ S F o fgo T n—1
(VI ofo gQ(SofoT)}:{Vzlyf 2floT T

Proof. We prove the formula in local coordinates by induction. The case n =1
is immediate. Next, note that by equation (3.3) we have

. T//
(4.4) FTP:rPoT.T'JFF
and
"
Y
which implies that
ofoT*o *o "
(4.5) pSefel™e — f oT~T’+F.

using the fact that I'S"? = I'?. Assuming that the result holds for the nth derivative,
applying Definition 3.5 and equations (4.4) and (4.5) we have

(VIR ST G0 foT)) = fAVE RS (S0 o))

£ (05T o) (ST G o fo T)

— aﬁ ({V%l,f*ggf} oT - T/nfl)
z
* T//
+ (rf ToT -T —nlPoT T — (n—1)7>

. {V%l’f*”j:} oT . Tm1
= (Vi *fyoT-T". O

Note that in the statement of the Theorem, one may replace T*¢; by ¢ since
T is an isometry of ¢;.

If g1 and gy are given by p and o in local coordinates, then when written in
terms of D?? f Proposition 4.5 takes the form

S'ofoTl T

— 121 -
‘SlofoT‘<Dn f)OT

(4.6) Dre(SofoT) Tk

This follows from Proposition 4.5, Definition 4.1 and the fact that for isometries we
have po T'|T'| = p and 0 0 S|5'| = 0.

This leads us to the definition of the invariant derivatives due to Peschl, extended
slightly.

Proposition 4.6. (Peschl’s definition of invariant derivatives) Let k, k' € R.
Given a locally one-to-one holomorphic function f: Dy — Dy, and a € Dy, let
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T(z) = (24 a)/(1 — kaz) and S(w) = (w — f(a))/(1 + K f(a)w). Then
an

Dy fa)= S (SofoT)
z=0
Proof. We have that T'(0) = a and S(f(a)) = 0, and also that
ro) . S)
O N I O]

Thus by equation (4.6) we have that D" f(a) = Dy (S o f o T)(0).
It is easily checked that

o'r

5o (0)=0
for T and T for all n > 0, and thus Dy (S o f o T)(0) = D2Y(So foT) =
(So foT)™(0) by equations (4.1) and (4.2). O

4.2. Relation between VZf and V,f. We now give a general formula for
the relation between the Levi—Civita derivative and the covariant derivatives of a
holomorphic function. The difference is related to the curvature of the metrics on
the domain and image. If g; and g, are Riemannian metrics on R; and Ry given by
p(2)?|dz|? and o(w)?|dw|? in local parameters, define the following quantities. In
terms of local parameters let

1
U, =1%dz-dz = —QpQKp dz-dz,

* 1
O, =014z dz = —§f*02Kf*g dz - dz,

where K, and K+, are the Gaussian curvatures of p and f*o respectively (equation
(4.3)). Furthermore define ¥,, and ®,, inductively by

\Ijn+1 = V\IITH

q)n-i-l == Vq)n
Note that when applied to ®,, and ¥,,, V only depends on the metric g; = p(z)?|dz|?
since they are tensors of type @3:(1).

Theorem 4.7. Let f: Ry — Ry be a holomorphic map between Riemann sur-
faces, which are endowed with conformal metrics g1 and go. If V and V are the
connections associated to these metrics, then

= —[(n—1 n
VV.f = ; Kk _ 1) P (k - 1) \Ifk} Vif.

Proof. Let g = p(2)?*|dz|* and go = o(w)?|dw|? in local parameters z and w
on Ry and R, respectively. As in Proposition 4.5 denote the coefficient of V,, f by
{V.f}, and similarly the coefficients of ¥,, and ®,, by {¥,,} and {®,,}. By definition,

(Vo f} ={Vaf}. + (77 —nl?) {V,.f}.
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We claim that

(Vaf): = Z [ R P [ R

This is easily checked for n = 2. Assume it holds for n:

{Vairfhs = {Vaf}s + (117 = nl%) {Vaf} + (177 = nl?) {Vu )

—ZKk 1)@ o (k 1){\1%_,@}2} (Vis}

+Z [ I R R (L] L
(@) — {1 }) (V.5)

n—1
Do pre " By} — U, 3 Vi)
A [V R A O [
Using Definition 3.5 and shifting the index in the first sum, we have

(Vi Sz = ({81} = {1 }) {Vnf}

B[ (2 o]

({Vef}e 4 (U777 = k) {Vif})

1 [(S IR TS

UL [ (S TSR CRGR TUA] B T
= (@) ~ n{.}) (V)

[

+z (7)) et (" ) 10et] (7
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Now using Pascal’s identity we have that

(Vo f}: = Z ((722)+(020)) e
<< ) ( 1)> {‘I’n—m}} (Vi)
" [( ){‘I’ b (Z)m] i1}

n

) (R T CL A T

k=1
It then follows immediately from Proposition 3.7 that

Theorem 4.8. Given the conditions of Theorem 4.7, if V¥ is the Levi-Civita
connection, then

VIV = Vi f + Z K” ~ 1) B, — (k " 1) wn_k} Vil

Remark 4.9. Since V,,f € 2, ’0 we have that
a nDp O'f
ago ff

The V term takes a simple form for metrics of constant curvature.

vvnf -

)—@dz dz".

Corollary 4.10. Given the conditions of Theorem 4.7, suppose further that
g1 = p(2)?|dz|? is a metric of constant curvature K, and go = o(w)|dw|* = |dw|*.
Then,

_ 1
YV, f = %ﬁl(vn_lf dz dz.

In terms of D,,f we have

0

n(n —1) 1
Il nDp,l dn — n+1KDp
82 (IO n f z ) 4 1f
Proof. Apply the previous theorem using ¥; = —p?K /2 and ®; = 0, noting
that W,, = 0 for all n > 2. The second claim follows from Remark 4.9 and the fact

that f” is holomorphic. O

Now that the main results are established, we highlight four important points
regarding the geometric interpretation of the Minda—Peschl derivatives.

Remark 4.11. (V,,f is the projection of VL f onto @;:8) It follows from The-
orem 4.8 that
VEf =V, f + terms with dz;
that is V,, f is the projection of VZ f onto the .@;;‘3 component in the decomposition
(2.1).
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Remark 4.12. (VLf and V,, f differ because of curvature) Theorem 4.8 shows
that curvature accounts for the difference between Minda—Peschl derivatives and
the Levi-Civita derivatives of a holomorphic function. In the case that the metric
has zero curvature, we have that these two derivatives are the same.

Remark 4.13. (Identifying the nth derivative with a function) In the case of
zero curvature we have a special situation: the successive derivatives of a function
lie entirely in .@5;8 . Since this space is one complex dimensional, it is possible to
identify the derivative tensor of any order with its complex coefficient in some local
coordinate. For example the nth derivative of a function defined on a subset of the
complex plane in the Euclidean metric is

0
(n) —_— n
" (2) . ® dz

which can be identified with f(2) in the familiar way.

This handy coincidence does not occur for arbitrary conformal metrics since
the nth derivative tensor contains terms with factors of dz. Since the space of nth
derivative tensors with respect to V¥ is not one-complex dimensional, we cannot
identify the derivative tensor VZ f with a function.

On the other hand, the tensors V, f all lie in the one complex dimensional
space .@;;8 and thus can be identified with a complex function. So in this sense, for
arbitrary conformal metrics the Minda—Peschl derivatives can be regarded as the

“next best thing” to the ordinary derivative f(™.

Remark 4.14. (VL f can be expressed in terms of V, f) Theorem 4.8 shows
that the nth derivative VL f can be written entirely in terms of Vi f fork =1,--- ., n
and the derivatives of the curvature with respect to V and V.

The following example shows that the second term in Theorem 4.8 appears in
an elementary context.

Example 4.1. (The Marty relation) Consider the problem of maximizing Re(a,,)
over functions f(z) = z + ap2% + a3z + - -+ which are univalent on D;. Choosing
o =1 and p = A; (the hyperbolic metric on Dy), by the invariance property (4.6)
this is equivalent to the problem of finding

7)

(4.7) sup Re (

for any fixed z, where the supremum is taken over holomorphic one-to-one maps of
the disc. This supremum is independent of z by (4.6).
Now for any function h and curve 7, we have that

@ (,0”—1 o’y) N oryRe((hzo’Y— (n—1I*oyRe(hoy))¥y+hz077).
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Assume that the function f takes on the supremum above at z. Since the upper
bound in (4.7) is independent of z, setting h = p"~'D,, f/D; f we must have that

d h
Re( jfy )zO
=0 prToy

dt
for any curve v such that «(0) = z. Furthermore, by equation (4.6) D, (e?f) =
€D, f, so h must be real in order that the supremum be obtained. Thus
(4.8) Re((hzoy—(n—l)FpOfyho'y)-f'y—}-hgoy-;):0,

The first term h, — (n — 1)I'*h of (4.8) is the coefficient of V(V,,f/V1f), which by
the Leibniz rule (Proposition 3.6) is

\V4 (vnf> _ vn—i—lf . v2f an _ (pn‘DTH-lf o anZf D”f) dz"
Vif Vif  VaifVif D.f Dif Dif
By Corollary 4.10, since the curvature of p is —4 we have

anlf
Dif

hs: = —n(n—1)p"

We thus have

Dn—l—lf D2f an) . Dn—lff)

Re — —n(n—1 =0
(5 - B mg) i —ne- 05555
at the point z. Since the argument of ¥ is arbitrary

Dn+lf DQf an anlf -
- —n(n—1) =

Dif  Dif Dif Dy f
Setting z = 0 and noting that nla, = D, f(0)/D;f(0) this is the Marty relation

0.

(n+ Daps1 — 2a0a, = (n — 1)a,_.

Let VEf = V6lo...oVLf where V¥ is applied n times. We now derive a general
formula for VL f in terms of V, f for k = 1--- ,n for the special case of the metrics
Ax. In order to derive this relation, we compare the coefficients of two different
power series.

Let T(z) = (2 +a)/(1 — kaz) for some a € Dy, for k # 0. Let D, f = D)1f.
Expanding f o T in a power series at 0 we have

w—a 1

2
w—a
49 Jw) = @) + Dafla) S ufla) (f )
by equation (4.6).

Let a,w € Dy, and let v(s) be the unique geodesic segment connecting these
points, parametrized so that v(0) = 0 and () = w where ¢, is the arc-length of
the segment. The isometry T'(z) = (2 + a)/(1 — kaz) takes 0 to a and takes a radial
line through the origin to the curve . Let 6 be the argument of the ray joining 0
to T71(w). Now let X, denote the vector field (restricted to ) consisting of the
Ap-unit tangent vectors to .
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Now T !(vy(s)) lies on the ray through the origin for all s, so

-1 _ W—a | w—a i0
W) = e ' 1+ kaw
(410) 1 eiearctanh (\/ —k,’t ) ]{f <0
B s k) )
{\/LE eiearctan<\/Etk) : k> 0.

Note that if w is allowed to vary along the geodesic, 6 does not change.
Now let f be a holomorphic function in a neighborhood of a. Expanding f in a
power series in t; along the geodesic ~:

F(w) = (@) + Xof(a)te + 5 X3F(a)F} + -
Now since V5 Xy = 0, we have that V% f(a) = X f(a), since for all n,
Vi f(Xo,..., Xe) = Xo(VEf(Xp, ..., Xe)) = VEf(VE, X0, .., Xp)
= VEf(Xo, ..., VE,Xo).
So
(@11 fw) = fla) + VEF(Xo) @)t + 5VEF(Xo, Xo) (@) + -+
Comparing (4.9) and (4.11), using (4.10), we have proven the following theorem.
Theorem 4.15. For k # 0

n

1 1,
(412) ﬁVﬁf)\k (XH, e ,Xg)(a) = Z ﬁelmocﬁsz‘f (a)

m=1

nm

k < 0, and of (ﬁtanﬁt)m if k> 0.

where ¢* is the nth coefficient of the Taylor series in t of (ﬁ tanh V—kt) if

In principle this could also be derived directly from Corollary 4.10 and Propo-
sition 3.7.

5. Parallel transport and conformal metrics

Parallel transport is a way of identifying the tangent spaces along a curve. On
an arbitrary Riemann surface there is no coordinate-free way to do this without
a metric. Briefly, a vector field restricted to a curve v is said to be parallel if its
covariant derivative with respect to the tangent vector to the curve is zero. As
this is a differential equation with a unique solution, the result is a linear mapping
between tangent spaces along the curve. This definition extends to tensors of any
type via the extension of V* to arbitrary tensor fields. A more detailed presentation
of parallel transport can be found in [3].

In the case of conformal metrics on a Riemann surface, the parallel transport
map takes a particularly simple form. As a consequence of the decomposition (2.1)
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and the fact that 7, is one complex dimensional, it is possible to express the
parallel transport map for arbitrary tensors in terms of a single complex number.
In the next section, we make this observation explicit. Afterwards, we give formulas
for the parallel transport map along geodesics for specific metrics which commonly

appear in function theory.

5.1. Parallel transport using the decomposition of symmetric tensors.
Let v(t) be a smooth curve in the Riemann surface R for ¢ in some subinterval of
R, and denote the derivative vector at 7(t) by §(t) € T R. Define the “parallel
transport map” as follows. If ®, denotes the complex tensor algebra at p € R, let
Py : Dy) — Do) be defined by the requirements that for all o € D)

Vi (Paonna) =0

for all s in an open interval containing ¢ and u, and P, is the identity. Note
that P,, depends on the curve v joining p and ¢, but not its parametrization. This
map is simply the complex linear extension of the standard parallel transport map.
In general for a tensor @ € ® defined on a neighbourhood of the curve -,

d
L
(5.1) (Viw®) = 7| Pronwao:

t=u

For conformal metrics on a Riemann surface, the parallel transport map has the
following properties.

Proposition 5.1. (1) The parallel transport map commutes with the al-
most complex structure J; i.e. for o € D)

Py da = JPywwo.
(2) Given o, f € D),

Py (@ @ B) = (Prt)ywy@) @ (Poytyyu) 3)-
Similarly

Powyw (@ B8) = (Pywywa) - (Pywywd)-

Cx C
(3) For a € TR and Z € T R,

Py (a(2)) = (Py@yywa) (Py@yw Z)-
Proof. 1) For any tensor o € D), VWL(U)JPW(t)W(u)a = vaL(u)Pv(t)v(u)O‘ =0. So
since JP )y = Ja we must have that JP, )y = Py)ywJa.

2) We have that Vf/ satisfies the Leibniz rule with respect to tensor products.
So

Vi [Prwryw®) @ (Pywrw)] =0,

from which the first claim follows. The second claim follows from the linearity of
P (t)y(u) (equivalently, from the linearity of V*).
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3) By definition, the parallel transport of a scalar along a curve is constant. So
we need only check that (P )yw)®)(Py)yw)Z) is constant. Since VyL(u) commutes
with contractions and satisfies the Leibniz rule, we have that

d
@[(P'y(t)'y(u)a)(P'y(t)'y(u)Z )] = (Vi) Pryyyw@) (Pryt)yyw) )

+ Py ) (Vi@ Prepw2) =0. 0
For elements of 7,7, at ¥(t), P+(1)y) can be represented by multiplication by
a complex number, since 7% has complex dimension one. In fact, part two of
Proposition 5.1 implies that P.)y(y) is entirely determined by its action on T ) OR.

The following proposition summarizes this.

Proposition 5.2. Let R be a Riemann surface equipped with a conformal
metric g, and vy be a smooth curve in R. Let z be a locally biholomorphic parameter
and P, ),(s) be the complex number representing the parallel transport map from

T(lo)t T10 that is

(1) (u) ’
0 0
P,y (—) = (wa(u)—) :
02/ 1) 92/ )

(1) The parallel transport map along ~y preserves the type of a differential:

Powmw): Dongy = Dy
y(t y(u)’
For any element
o 0
h A dz"dz" 7,5
(z)azr 95 ® dz"dz" € 9,7,
we have that
87‘ as m j=n r—m/(mp ____ _\S—n
Prorh(2) 5 - 55 ®d"dz" = (Pyepyw) " (Brorw)™ " h(2)
o 0
. . dz"dz".
PR

(2) If g = p(2)?|dz|* in Iocal coordinates, then

p(r(1))

‘P u | = .
Ol o w)

(3) In the special case that ~y is a geodesic, if we treat the derivative vector 7 as
a complex number as in Remark 2.6, we have that

_ w)

t)y(u) — & .

() (u) 4(t)
Proof. 1) Since 9017’87(0 =T %t?)R nd 987’37(0 = Tv(?t’)l)R are characterized
as the +i-eigenspaces of J, and similarly for the tangent spaces at y(u), part 1)
of Proposition 5.1 shows that the claim is true for r = 1,s = m = n = 0 and
s =1, =m = n = 0. Similarly the claim is true for m = 1, = s = n = 0 and
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n =1,7=s=m = 0. The general claim then follows from part 2) of Proposition
5.1.

2) Vg(p g = 0 for any vector X,, and point p by the definition of the Levi-Civita
connection, and thus g is parallel. In local coordinates, we have by part 1) of this
proposition that

p(v(W))?|d2|* = Py p(1(1))*1d2]* = p(v(0))?| Py 0y | |2 ™.
3) This follows immediately from Remark 2.6 and the definition of Py )y (). O

We thus have the following expression for the Levi-Civita derivative along a
curve 7. Let R be a Riemann surface equipped with a pair of conformal metrics ¢,
and gy, associated to covariant and contravariant tensors respectively as in Definition
3.5. For any smooth curve -, if P;'(t)y(u) denotes the complex numbers associated to
the parallel transport maps with respect to g;, i = 1,2, then we have the following.

Proposition 5.3. We can express the Levi-Civita derivative of an element of

D%, In terms of an ordinary derivative of its coeflicient in the following way:

- s PQ r P2 S
VEh(:) o (,fs@dzmdzn} -2 SEERYLETY)
2" 0% ~(u) (Pt )™ Pyt ()" by
o o
L9 dz"dz"
o gz O 0F

Note that this result is specific to conformal metrics on Riemann surfaces.
We close the section with a differential equation for P, () in the general case.

Proposition 5.4. Let R, g = p(z)|dz|* and v be as above with z a local
parameter. Then

d

dt

Here 7 denotes the derivative of vy represented as a complex number as in Remark
2.6.

Proof. In the local parameter z, consider the vector 0/0z € Tv((l;())) R. Define a

vector field along the curve v by X, ) = Py)y1)0/0z. This vector field is parallel,

0 d 0 0
0= Vi Ppyyn= = (—=| P BN v/ A
o ( y(r)v(t) 82) . <dt 7 )v(t)> 0z + Vim 9z’
(where we are treating % in the second term as an element of 7' R). We have by
Proposition 3.1 that if ¥ = ,0/0z + v,0/0y then

0 0 0 0
L L L . L .
Vﬁ(r)& = 71Va/am§ + 72Va/ay& =(m+ W2)Va/az$ = Y(r)I*(v(r)).

Pty w) = Pyryy ) (7(r) (7).

t=r

t=r

Differentiating both sides of P )y(r)Py(r)y(t) = 1 shows that

d d

2| Do == 5| Pone =0 (0)3().

t=r

t=r
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The claim then follows from the fact that Pﬁf(t),y(u) = pfy(r)w(u)P'y(t)'y(r)- U
5.2. The parallel transport map of some specific metrics.

Proposition 5.5. Let (2 C C be a planar domain, z,2z9 € €, and f: Q) — C
be a locally univalent map. Let |f'(z)|*|dz|* be the conformal metric obtained by
pulling back the Euclidean metric |dw|?> under the map w = f(z). Then for any
curve connecting zy to zy in €, we have P, ., = f'(z1)/f (22).

10)

Proof. Let ad/0z be a vector in Tz(l1 9. The push forward under f to T;( )

is af'(z1)0/0w. Since the Euclidean metric is flat, the parallel transport of this
vector along any curve to f(z9) is also af’(z1)0/0w; pulling this back to zy gives

a(f'(z1)/ f'(22))0/0z. Alternatively, one may check that f'(z1)/f’(z2) satisfies the
differential equation of Proposition 5.4. U

,0
21

If there is a unique geodesic segment connecting a pair of points, then we can
define a map from ®,, to ®., by parallel transport along this geodesic. We now
find the complex number P,, ., representing this map for the special metrics A\; of
Definition 4.4. Although for k£ > 0 the geodesic segment connecting a pair of points
is not unique, parallel transport along the two possible segments is the same, so the
map is well-defined.

Proposition 5.6. Let z1, 2, € Dy, and let P,,., be the complex number repre-
senting parallel transport along a geodesic segment from z, to zo. Then,

. (1 + k’|22’2) (1 + ]{/’2122)
Lz (1 +l€‘21’2) (1+l€21§2)

Proof. First assume that z; = 0 and 25 = = > 0. In this case, P, is positive
real. To see this, observe that the geodesic connecting 0 and z is the segment [0, x]
of the real line, and the tangent vector to this curve is parallel. The claim then
follows from Proposition 5.2 part three. By Proposition 5.2 part two we have that
Por = |Poz| = M\(0)/ Mp(z) = 1 + k|z|?.

Now given arbitrary points z; and z; choose an isometry 7' so that T'(z;) = 0
and T'(z2) = x for some x > 0. T has the form

0y 2 — 21
T(z) = e ———.
for some 6. Since T is an isometry, parallel transport must be given by first pushing
forward from z; to 0 with 7', then to x using F,, and then pushing forward from x

to 2, using Tt So

~

/(Zl

P = T/(Zl)(l + ka)T_ll(‘m) - "(z
2

(1+ k[T(22)*)

~

T (22)]
T"(z)

=T'(2) (1+ klzel")
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using the identity (1 + k|T(22)|?) = |T"(22)|(1 + k|22|?). Since T"(z) = €?(1 +
k|z)?)~! and

T’(Zg) o i@l‘l'kzlfg

T(2)| — 1+ ka2
the claim follows. 0

Remark 5.7. If T is an isometry of A\, and T(z;) = wy, T(22) = wy, the
following identity holds:

T’(Ujl) (1 + k\w1|2) (1 + ku_ngl) . (1 + k’2’1’2) (1 + kigzl)

T/(IUQ) (1 + k’|lU2|2) (1 + ]{?wlwg) (1 + k’22|2) (1 + ng?l) ’

This is equivalent to the fact that parallel transport of a vector along a geodesic
commutes with isometries.

Example 5.1. The Koebe function x(z) = z/(1 — 2)? has the interesting prop-
erty that V,x/V 1k is parallel along —1 < z < 1 for g; = A\%,|dz|? and g, = |dz|?.
To see this, choose k = —1 and z; = x; € (—1,1), ¢ = 1,2 in Proposition 5.6. The
fact that V,,k/V1k is parallel is equivalent to

A () Dy k(1) D, k(z2)

AZ’l(xl) D1k(z1) D1k (x9)
by Proposition 5.2 part 1; in other words, that D,x(x)/D;ik(x) is constant on
(—1,1).

This is related to the following invariance of the Koebe function:
koT.(z) — koT,(0)

5.2 =
for any T,(z) = (2 + 2)/(1 4+ xz). Differentiating (5.2) and setting z = 0, using
Proposition 4.6 we have that

A (@) =\ (22)

D, k(x)
() = =/
w(0) D1k(x)
and so D,k(x)/Dik(x) is constant. Conversely, it can be shown that the fact that
Dyk(x)/D1k(z) is constant along (—1,1) implies the invariance property (5.2).

['am grateful to J. Pfaltzgraff for pointing out the relation between the invariance
(5.2) and this property of D, k/D;k.
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