Annales Academise Scientiarum Fennicae
Mathematica
Volumen 33, 2008, 87-99

NEW CHARACTERIZATIONS OF BERGMAN SPACES

Miroslav Pavlovi¢ and Kehe Zhu
Univerzitet u Beogradu, Matematicki Fakultet
Studentski Trg 16, 11001 Belgrade, P.P. 550, Serbia; pavlovic@matf.bg.ac.yu

SUNY, Department of Mathematics
Albany, NY 12222, U.S.A.; kzhu@math.albany.edu

Abstract. We obtain several new characterizations for the standard weighted Bergman spaces
AP on the unit ball of C™ in terms of the radial derivative, the holomorphic gradient, and the

invariant gradient.

1. Introduction

Let B,, be the open unit ball in C". For av > —1 let
dve(2) = co(1 — |2*)* dv(2),
where dv is the normalized volume measure on B,, and ¢, is a positive constant

making dv, a probability measure. For 0 < p < oo the weighted Bergman space A?,
consists of holomorphic functions in LP(B,,, dv,). Thus

AP = H(B,) N L*(B,, dv,),

where H(B,,) is the space of all holomorphic functions in B,,.
For f € H(B,) and z = (21, -+ , 2z,) € B,, we define

R = —
) =3
and call it the radial derivative of f at z. The complex gradient of f at z is defined

as L2
n Gf 2
Vfiz)| = —(z .
wiel- 3|2
Let Aut(B,,) denote the automorphism group of B,,. Thus Aut(B,,) consists of
all bijective holomorphic functions ¢: B,, — B,,. It is well known that Aut(B,)
is generated by two types of maps: unitaries and symmetries. The unitaries are
simiply the n x n unitary matrices considered as mappings from B,, to B,,. For any
point a € B,, there exists a unique map ¢, € Aut(B,,) with the following properties:
©a(0) = a, py(a) =0, and ¢, 0p,(z) = z for all z € D. Such a mapping ¢, is called
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a symmetry. Because of the property ¢, o ¢.(z) = z it is also natural to call ¢,
an involution or an involutive automorphism. See [2| and [3] for more information
about the automorphism group of B,,.

If f € H(B,), we define

IVf(2)] =|V(fop.)0)], z€B,.
It can be checked that

V(fep)l =1V owl, ¢ € Aut(B,).

So |V f(z)] is called the invariant gradient of f at z. See [3] for more information
about the invariant gradient.

When n = 1, the unit ball B; is usually called the unit disk and we denote it
by D instead. In this case, we clearly have

Rf(z)=2f(z), IVIGE|=IfG VR =02 ().

In particular, the functions

(1) (L= PR (L= 2PIVEE VR,

have exactly the same boundary behavior on the unit disk D. In higher dimensions,
the three functions above no longer have the same boundary behavior; see Section
2.3 and Chapter 7 in [3]. However, when integrated against the weighted volume
measures dv,, not only do these differential-based functions exhibit the same behav-
ior, they also behave the same as the original function f(z), as the following result
(see Theorem 2.16 of [3]) demonstrates.

Theorem 1. Suppose p > 0, « > —1, and f € H(B,,). Then the following
conditions are equivalent.

(a) f € AP, that is, f € LP(B,, dv,).

(b) The function fi(z) = (1 — |z|*)|Rf(z)| belongs to LP(B,, dv,).
(c) The function fy(z) = (1 — |z|*)|V f(2)| belongs to LP(B,, dv,).
(d) The function f5(z) = |V f(2)| belongs to LP(B.,, dvy).

Moreover, the quantities

FOF + [ 18P dv, 1FOP+ [ 18 dves [fOF + [ |fide,
are all comparable to

| 15 vz

n

whenever f is holomorphic in B,,.

The purpose of this paper is to explore the above ideas further. We show that
the integral behavior of the functions

F@ A= =PIRIEL A= =PIVEL VG
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is the same in a much stronger sense. More specifically, when integrating over
the unit ball with respect to weighted volume measures, we can write |f(2)|P =
|f(2)|P~?|f(2)|? and can replace |f(z)| in the second factor by any one of the func-
tions in (1). We state our main result as follows.

Theorem 2. Suppose p >0, a > —1,0< g <p+2, and f € H(B,). Then
the following conditions are equivalent.

(a) f € AP, that is, I, (f) < oo, where

n(f) = /B P doa(2).
(b) I(f) < oo, where

1(f) = / FEP (1= [2P)RAE)] dua(2).
(¢) I3(f) < oo, where

B = [ @ [0 = BRIV ()
(d) I4(f) < oo, where

L(f) = / PP £()) dva(2).

n

Furthermore, the quantities

LOF),  [fOP + L(f),  FOF +13(f),  [FO + L(f),
are comparable for f € H(B,,).

We will show by a simple example that the range 0 < ¢ < p+ 2 is best possible.

Throughout the paper we use C' to denote a positive constant, indepedent of f
and z, whose value may vary from one occurence to another. Finally we mention
that Stevo Stevic informed us that he obtained some related results, although we
have not seen his manuscript as of now.

2. The case 0 < ¢ <p

The proof of Theorem 2 requires different methods for the two cases 0 < ¢ < p
and p < ¢ < p+ 2. This section deals with the case 0 < ¢ < p; the other case is
considered in the next section.

The case ¢ = p is of course just Theorem 1. Our proof of Theorem 2 in the
case 0 < ¢ < p is based on several technical lemmas that are known to experts. We
include them here for the non-expert and for convenience of reference. We begin
with the following embedding theorem for Bergman spaces.

Lemma 3. Suppose 0 <p <1, a > —1, and

n+1+«
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There exists a constant C' > 0 such that

[ e e[ [ verae]”

n

for all f € H(B,,).
Proof. See Lemma 2.15 of [3]. O

We will also need the following boundedness criterion for a class of integral
operators on B,,.

Lemma 4. For real a and b consider the integral operator T' =T, defined by

116 = - ) [ e ) o)

where .
<Z7 ’LU> = Z kak
k=1
for z = (z1,...,2,) and w = (wy,...,w,) in B,. If p > 1, then T is bounded on
LP(B,,, dv,) if and only if the inequalities
—pa <a+1<pb+1)

hold.

Proof. See Theorem 2.10 of [3]. O

The following result compares the various derivatives that we use for a holomor-
phic function in B,,.

Lemma 5. If f € H(B,,), then
VI = (1= PV = [RF)).
Moreover, N
(1= PR < A= [V < V()
for all z € B,,.
Proof. See Lemmas 2.13 and 2.14 of [3]. O

We will need the following well-known reproducing formula for holomorphic
functions in B,,.

Lemma 6. If « > —1 and f € Al then

(2) / f(w) dva (w)

M= J, T Gupyres

for all z € B,,.
Proof. See Theorem 2.2 of [3]. O

The following integral estimate is standard in the theory of Bergman spaces and
has proved to be very useful in many different situations.



New characterizations of Bergman spaces 91

Lemma 7. Suppose o > —1 and t > 0. Then there exists a constant C' > 0

such that
/ dve (w) < C
B, |1 — (z,w)[rHita+t = (1 —|z]2)¢
for all z € B,,.

Proof. See Proposition 1.4.10 of 2] or Theorem 1.12 of [3]. O

We now begin the proof of Theorem 2 under the assumption that 0 < ¢ < p.
In this case, the numbers r = p/(p — q) and s = p/q satisfy » > 1, s > 1, and
1/r+1/s =1. So we can apply Holder’s inequality to the integral I,(f) to obtain

) wn<|f 1P )] | [ TP

By Theorem 1, there exists a positive constant C' > 0, independent of f, such that

/B V()P dvalz) < C / FEP dua(z).

n

T

Combining this with (2), we see that the integral I4(f) is dominated by I;(f).
According to Lemma 5, we have Ir(f) < I3(f) < I4(f). So it remains for us to
show that I;(f) is finite whenever I5(f) is finite. We do this in two steps.
First, we assume that p = ¢V for some integer N > 1. In this case, the function
f(2)?/7 is well-defined and holomorphic in B,,. Moreover,

R|f(2)7] = CFERIG)

Let 3 be a sufficiently large (to be specified later) positive integer and apply
Lemma 6 to write

R|f(:)

2] D (w)s " Rf(w) dvg(w)
“}‘5 B, <1—<z,w>>n+lfﬂ - 2EB

Since the function f(w)® 9~ Rf(w) vanishes at the origin, we can also write

R =2 [ | ey 1] 0 Riw) dusto

Integrating the above equation, we obtain

P =10 = [ Rr9E) T = [ HEw ) R w) duso),
where
Cp [P1=( =tz w) P at
Hizw) = q/o (1= t{zw)) 5 ¢

Expand the numerator in the integrand above by the binomial formula and then
evaluate the integral term by term. We obtain a positive constant C' > 0 such that

C

{2, w)["*7

) < g
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for all z and w in B,,. It follows that
"1|Rf( )| dvg(w)

|1 — (z,w)|"*h

(3) ()7 = (0

for all z € B,,.
If ¢ > 1, then we rewrite (3) as

(1 —Jw/*)? " dv(w)
= C/Bn g(w) 11— (2, w)[rr+5-17

g(w) = |f ()]s~ (1 = [w)| R (w)].

By Lemma 4, the integral operator

P
q

(4) £(2)% = £(0)

where

_ (1 — Jw]*)"" dv(w)
Tg(z) - /ng(w) |1 _ <Z’w>’n+1+,3—1
is bounded on L4(B,,, dv,), because we can choose the positive integer 3 to satisfy

a+1 < gB. Combining this with (4), we obtain a positive constant C', independent
of f, such that

/B 5= 1) v < © /B FEP [ = PR doa(2).

This clearly shows that there exists a positive constant C' > 0, independent of f,
such that

p|q
q

L(f) < CIAO) " + L(f)]
for all f € H(B,,).
If 0 < g <1, we rewrite (3) as

p

(5) f(2)5 — f(0)5] <

We also write

q

dvv(w)] )

and choose 3 to be large enough so that v > —1. We then apply Lemma 3 to the
right-hand side of (5) to obtain
p_ q
/ fw)s 'Rf(w)
B, (1 - <Zaw>)n+6

where C'is a positive constant independent of f. Take the ¢gth power on both sides,
integrate over B,, with respect to dv,, and apply Fubini’s theorem. We see that the
integral

f(z)1 = f0)i] < C

p |4
q

| et - o[
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is dominated by the integral

[ iR w) [ e

If 3 is large enough so that

gn+p0)>n+1+a,

then by Lemma 7, there exists a positive constant C' such that

/ dve(2) C

B, |1 — (z,w)]10+8) = (1 — Jw|2)snt+A)—(nt1+a)

for all w € B,,. An easy calculation shows that
gn+pB)—(n+1+a)=7-(q+a)

It follows that

/B F)| v, < © / 2P [(1 = |22) RS (2)]] doa(2),

where C' is a positive constant independent of f. This easily implies that

L(f) < CUAO)" + I2(f)]

for another positive constant C' that is independent of f.
Thus we have proved that the integral I,(f) is dominated by |f(0)|? + I5(f)
under the additional assumption that p = ¢/N, where N > 1 is a positive integer.
In the general case 0 < ¢ < p, we choose a positive integer N such that Nqg > p
and define two positive numbers r and s by
Ng 1 1

r=-— —-+-=1
D ros

'U

By the special case that we have already proved, there exists a constant C' > 0,
independent of f, such that

L(f)<C [If(O)I” +/B (£ = DR 1) dva(Z)] :

By an approximation argument we may assume that I;(f) is finite (note that we are
trying to prove the stronger conclusion that I;(f) is dominated by |f(0)|? 4+ I2(f)).
By Hoélder’s inequality, the integral on the right-hand side above does not exceed

[ e spimsen sepane] [ [ ra]
It follows that
L(F) < C[IFOF + BT L] .

From this we easily deduce that I;(f) is dominated by |f (0[P 4 I5(f). In fact, this is
obvious if f(0) = 0. Otherwise, we may use homogeneity to assume that f(0) = 1.
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In this case, we also have I1(f) > 1, so dividing both sides of the above inequality
by I (f)"/* yields

Ii(f)

This clearly implies that
L(f) < O+ ()] = CUAO + L(f)]

for some other positive constant independent of f. This completes the proof of
Theorem 2 in the case 0 < ¢ < p.

1
L(f)Ys

3=
3=
3=

<0 a0 <014 n0)

3. Thecase p<qg<p+2

This section is devoted to the proof of Theorem 2 in the case p < ¢ < p+ 2.
It follows from Theorem 1 that there exists a small positive constant ¢ such that

chL(f) = 1£O)7 S/ (1= [z[*)PIRf ()P dva(2)

- /B (1= [P IRI)PLF )1 ()] dval2),

where a = p(p — q)/q. Let

_4q _ 9
r=-=, s=-—.
p q—7p
When p < ¢, we have r > 1, s > 1, and 1/r + 1/s = 1. An application of Holder’s
inequality shows that c¢I;(f) — | f(0)|? does not exceed

[ A= PRI P ) | [ n P o)

Therefore,

s

1
s

cL(f) < |FO) + L(f) L(f)*.

From this we easily deduce that

L(f) < CIFO) + ()]

for some positive constant C' independent of f; see the last paragraph of the previous
section.

Once again, Lemma 5 tells us that Ir(f) < I3(f) < I4(f). So it remains for
us to show that the integral I,(f) is dominated by [;(f). This will require several
technical lemmas again.

We begin with the following well-known estimate for the Bergman kernel on
pseudo-hyperbolic balls.

Lemma 8. Suppose p € (0,1). Then there exists a positive constant C' (inde-
pendent of z and w) such that

CTH1 = [o]) |1 = (z,w)] < C(1 = |w]?)
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for all z and w in B, satisfying |p.(w)| < p. Moreover, if

D(z,p) = {w € B, : |p.(w)| < p}

is a pseudo-hyperbolic ball, then its Euclidean volume satisfies

CTH L = [2/)" < w(D(z,p)) < O(1 = |2*)"
Proof. See Lemmas 1.23 and 2.20 of [3]. O
Note that, by symmetry, the positions of z and w can be interchanged in the
first set of inequalities of Lemma 8.

The key to the remaining proof of Theorem 2 is the following well-known special
case of ¢ = 2.

Lemma 9. For every p > 0 there exists a positive constant C' such that

/ |f<z>|pdv<z>so[|f<o>|p+ / |f<z>|p-2|%f<z>|2dv<z>]

n n

and

FOP + /B FEP V()P du(z) < © / FEP do(z)

for all f € H(B,,).
Proof. See [1]. O
In the general case, we first prove the following weaker version.

Lemma 10. Supposep > 0,0 < q¢ < p+2, and o > —1. There exists a positive
constant C' (independent of f) such that

[ PR <0 [ ir )
|z|<1/4

|z|<3/4
for all f € H(B,,).

Proof. If 0 < q < p, the desired estimate follows from the well-known fact that
point-evaluations (of any form of the derivative) on a compact subset of |z| < 3/4 are
uniformly bounded linear functionals on the Bergman spaces of the ball |z| < 3/4;
see Lemma 2.4 of [3| for example.

So we assume that p < ¢ < p+ 2. In this case, we have 1 < 2/(¢ — p).
Fix r € (1,2/(q — p)), sufficiently close to 2/(¢ — p), so that ¢ — A > 0, where
A=2/re(q—p,2).

If f is a unit vector in H>°(B,,), then there exists a constant C' > 0, independent
of f, such that |V f(0)| < C. Replacing f by f o ., we obtain |V f(2)| < C for all
z € B,,. It follows from this and Holder’s inequality that the integral

1(f) = /| ICIEEIEC
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satisfies

I(f) = /||<1/2 @IV PV ) do(z)

q=A APV £ (2) do(z
<C /|Z<1/2|f( VPO (=) o)

<o \f(z)\“pq)r%ﬂz)\”dv(z)]
LJ |z]<1/2

<o | [ rere g dv(z)] T

L n

= [ oS o)

L n

By Lemma 9, there exists a positive constant C', independent of f, such that

1

n=elf 1o w)| <o

for all unit vectors f of H*(B,,). Here we used the assumption that r(p—q)+2 > 0,
which is equivalent to r < 2/(q¢ — p). If f is an arbitrary function in H*(B,,), then

replacing f by f/|flle in I(f) < C leads to
) [ PR <
|z]<1/2

where
[fllsc = sup{|f(2)] : z € By}

It is casy to see that |V f(z)] and |V f(2)| are comparable on any compact subset
of B,,. In fact, it follows from Lemma 5 that

(1= [zP)IVIE)] < VAR < IVE),

which shows that [V f(z)| and |V f(z) are comparable on any compact subset of B,,.

Now suppose f is any holomorphic function in B,. We replace f(z) in (6)
by f(z/2), use the conclusion of the previous paragraph, and make the change of
variables w = z/2. Then there exists a positive constant C, independent of f, such
that

/||<1/4 |f(2)|p—‘1\%f(z)|qdv(z) < Csup{|f(2)] : |2] < 1/2}.

Since point-evaluations in |z| < 1/2 are uniformly bounded on Bergman spaces of
the ball |z| < 3/4, there exists a positive constant C', independent of f, such that

[ er R ae <o [ pEpad)
|z|<1/4

|z|<3/4
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Since (1 — |z|*)® is comparable to a positive constant whenever z is restricted to a
compact subset of B,,, we obtain a positive constant C, independent of f, such that

[ PR <0 [ 1P o).
|z|<1/4 |z]<3/4
This completes the proof of Lemma 10. O

We now use Lemma 10 to show that the integral I4(f) is dominated by I;(f).
This part of the proof works for the full range 0 < g < p + 2.
Replace f by fop, in Lemma 10, where w is an arbitrary point in B,,, and use

the Md&bius invariance of V f. Then the integrals
/ |f(u(2)IP IV ) (puw(2))]* dva(z)
|z|<1/4
are uniformly (with respecto to w) dominated by the integrals

/ F(@ul2))P dua(2).
|2|<3/4

Making the change of variables z — ¢,(z) in the above integrals, we see that the
integrals

LS (1-— |w|?)nt1te
&PV dva(2)
/Iw(z)<1/4 11— (2, w)|2(n+1+e)

are uniformly (with respect to w) dominated by the integrals
(1~ wf2yo

|f(2)[P
/Iw(z)|<3/4 |1 — <z’w>|2(n+1+a
According to Lemma 8, for |p,,(2)| < 3/4 (hence for |p,(2)| < 1/4 as well) we have

) dv,(z).

L= Jwf ~ 1= [z ~ 1= (z,w)].

It follows that there exists another positive constant C', independent of f and w,
such that

/ FEP f()) dua(z) < C / P du(2)
low(2)|<1/4 low (2)]<3/4

for all f € H(B,). Integrate the above inequality over B,, with respect to the

Mobius invariant measure

dv(w)

d =
7(w) (1— [w]?)n !

We see that the integral

dr(w 2) [PV 2) |4 dvg (2
) Lo [ PR
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is dominated by the integral

dr(w 2)Pdu,(2).
®) Lot [ )

By Fubini’s theorem, the integral in (7) equals

/ PR () / dr(w).

lpw(2)|<1/4

Similarly, the integral in (8) equals

/ RS /MMM dr(w).

For any fixed radius p € (0, 1), it follows from Lemma 8 that the integral

/ dr(w)
low(2)|<p

is comparable to a positive constant. Combining these conclusions with (7) and (8),
we obtain another positive constant C', independent of f, such that

/ FEP f()) dua(z) < C /B P dua(2)

n

for all f € H(B,,). This shows that the integral I,(f) is always dominated by I;(f).
The proof of Theorem 2 is now complete.

4. Further remarks

An immediate consequence of Theorem 2 is the following characterization of
Bergman spaces in terms of the familiar first order partial derivatives.

Corollary 11. Supposep > 0,0 < q¢ < p+2, a > —1, and f is holomorphic in
B,,. Then f € AP if and only if

) [ e a- e
foralll <k <n.

Proof. 1t is clear from the definition of |V f(z)| that for a holomorphic function
f in B,,, condition (c) in Theorem 2 is equivalent to the condition in (9). O

of
8—%(2)

r dva(z) < oo

Finally we use an example to show that the range 0 < ¢ < p+ 2 in Theorem 2 is
best possible. Simply take f(z) = z;. Then on the compact set |z| < 1/2, we have

IVf(z)| ~ |V f(z)| = 1. Tt follows that
/ P ()] dua(z) ~ / P dva(2)
|z]<1/2

|z|<1/2

= / |21|P~? dva(2).
|z|<1/2
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By integration in polar coordinates (see Lemma 1.8 of [3] for example), the last
integral above is comparable to

1/2
/ P21t g / P do(C).
0 n

If ¢ > p+ 2, the product above is always infinite. In fact, if n = 1, then
1/2
/ P2 g = o0,
0

if n > 2, then by a well-known formula for evaluating integrals of functions of fewer
variables on the unit sphere (see Lemma 1.9 of |3] for example), we have

/ |C1|pqda(C):c/ wP=1(1 — [w]2)"2 dA(w) = oo,
Sn D

where c is a positive constant and dA is area measure on the unit disk D. This shows
that the range ¢ < p + 2 is best possible in Theorem 2 as well as in Lemma 10.
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