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Abstract. Two new constants G̃1(u) and Ã∞(u) are studied for weights u : Rn → [0,∞),
which are simultaneously finite exactly for A∞ weights. The special case v = h′, w = (h−1)′ where
h : R → R is an increasing homeomorphism induces the identity Ã∞(w) = G̃1(v). Other identities
are established for such constants, when different measures are involved.

1. Introduction

A locally integrable weight w : Rn → [0,∞) belongs to the A∞ class iff there
exist constants 0 < α 6 1 6 K so that

(1.1)
|F |
|J | 6 K

(∫
F

w dx∫
J
w dx

)α

for each cube J ⊂ Rn with sides parallel to the coordinate axes and for each
measurable set F ⊂ J(see [M], [CF]). In [H] it was proved that w belongs to A∞ iff
the A∞-constant A∞(w) of w is finite, i.e., iff

(1.2) A∞(w) = sup
J

∫
−

J

w dx · exp

(∫
−

J

log
1

w
dx

)
< ∞

where the supremum runs over all such cubes J ⊂ Rn and
∫

J
− w = 1

|J |
∫

J
w dx denotes

the integral mean of w on J .
A somewhat “dual” definition is the following. A locally integrable weight

v : Rn → [0,∞) belongs to the G1 class iff there exist constants 0 < β 6 1 6 H so
that

(1.3)
∫

E
v dx∫

I
v dx

6 H

( |E|
|I|

)β

for each cube I ⊂ Rn with sides parallel to the coordinate axes and for each mea-
surable set E ⊂ I.

In [MS] it was proved that v belongs to G1 iff the G1-constant G1(v) of v is
finite, i.e., iff

(1.4) G1(v) = sup
I

exp

(∫
−

I

v

vI

log
v

vI

dx

)
< ∞
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where the supremum runs over all cubes I ⊂ Rn with sides parallel to the coordinate
axes and vI denotes vI =

∫
I
− v dx = 1

|I|
∫

I
v dx.

It goes back to Fefferman [F] that actually the A∞ class and the G1 class coincide

(1.5) A∞ = G1

or, in other words that

A∞(u) < ∞ iff G1(u) < ∞
for any weight u : Rn → [0,∞). A closer transition from A∞-constants and G1-
constants can be achieved via suitable specifications of the weights (see [JN2], [MS],
[C]).

Here we shall focus on weights w, v : R → [0,∞) of special structure:

(1.6) v = h′, w = (h−1)′

where h : R → R is an increasing homeomorphism locally absolutely continuous
with its inverse. For such a peculiar situation a number of results hold true. Typi-
cally we quote the following duality relation (see [C], [J], [JN1], [JN2])

A∞(w) = G1(v).

Following [G] first we associate here other natural constants to a generic weight u

(see section 2) Ã∞(u),G̃1(u) which are simultaneously finite as A∞(u) and G1(u)
and then we prove corresponding duality identity

(1.7) Ã∞(w) = G̃1(v).

Further natural transitions are possible, allowing more general measures on Rn in
the definition of Ã∞-constants and G̃1-constants (see [MS] and Section 3).

2. Definitions and notations

For any A∞ weight w satisfying (1.1) for certain constants 0 < α 6 1 6 K, let
us define (see [G])

(2.1) Ã∞(w) = inf

{
K

α
: 0 < α 6 1 6 K and (1.1) holds

}
.

Similarly, for any G1 weight v satisfying (1.3) for certain constants 0 < β 6 1 6 H,
let us define

(2.2) G̃1(v) = inf

{
H

β
: 0 < β 6 1 6 H and (1.3) holds

}
.

We emphasize explicitly that a weight u belongs to the A∞ class of Muckenhoupt
if and only if Ã∞(u) is finite or, equivalently, if and only if G̃1(u) is finite. It is
immediate to check that Ã∞(w) > 1 and G̃1(v) > 1. Let us prove the following

Proposition 2.1. Let w be an A∞ weight such that Ã∞(w) = 1, then w is
constant almost everywhere.
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Proof. By the definition (2.1) of Ã∞(w) it follows that there exist two sequences
(αj) and (Kj) such that the following conditions hold:

(2.3)





0 < αj 6 1 6 Kj < ∞,

1 6 Kj

αj

< 1 +
1

j
,

and for j ∈ N

(2.4)
|F |
|J | 6 Kj

(∫
F

w dx∫
J
w dx

)αj

for every cube J and for every measurable subset F ⊂ J . We can assume, up to
a subsequence, that (αj) converges to some 0 6 α0 6 1 and obviously also (Kj)
converges to the same limit α0. This implies α0 = 1. Passing to the limit as j →∞
in (2.4), we obtain

(2.5)
|F |
|J | 6

∫
F

w dx∫
J
w dx

for any cube J and for any measurable set F ⊂ J . Hence, for any cube J and for
almost every x0 ∈ J ∫

−
J

w dx 6 w(x0)

which immediately implies that w is a constant function. ¤

Remark 2.2. With a similar proof one shows that if v is an A∞ weight such
that G̃1(v) = 1, then v is constant.

After these preliminaries let us introduce the Ap-classes of Muckenhoupt and
the Gq-classes of Gehring (1 < p < ∞; 1 < q < ∞).

A weight w belongs to the Ap-class iff

(2.6) Ap(w) = sup
J

∫
−

J

w dx

(∫
−

J

w− 1
p−1 dx

)p−1

< ∞

where the supremum runs over all cubes J ⊂ Rn.
A weight v belongs to the Gq-class iff

(2.7) Gq(v) = sup
I

[(∫
I
− vq dx

)1/q

∫
I
− v dx

]q′

< ∞

where q′ = q
q−1

, and the supremum runs over all cubes I ⊂ Rn.
It is well known that [M]

(2.8) A∞ =
⋃
p>1

Ap =
⋃
q>1

Gq = G1

The following two results are very useful to illustrate the properties of Ap and Gq

weights.
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Theorem 2.3. ([W]) A locally integrable weight w is in Ap, p > 1 if and only
if there exists 1 < p1 < p such that for every interval J

( |F |
|J |

)p1

6 Ap1(w)

∫
F

w dx∫
J
w dx

for every measurable subset F of J .

Theorem 2.4. ([Mi]) A locally integrable weight v is in Gq, q > 1, if and only
if there exists q1 > q such that, for every interval I

(∫
E

v dx∫
I
v dx

)q′1

6 Gq1(v)
|E|
|I|

where q′1 = q1/(q1 − 1), for every measurable subset E of I.

Let us notice here that, by mean of the equality

Ap(w) = Gq(v)

(
1

p
+

1

q
= 1

)

for v and w as in (1.6), for the one dimensional Dirichlet problem

u →
∫ b

a

|u′|r dx (r > 1)

the quasiminimizing property of the inverse function of a quasiminimizer was proved
in [MS] in optimal terms.

3. Main results

Suppose h is a homeomorphism from R onto itself which we assume increasing
and such that h, h−1 are locally absolutely continuous with h′(x) > 0 a.e. and
consider the weights on R

(3.1) v = h′, w = (h−1)′.

The regularity of one of the two weights relies on the other one’s, as it follows from
the following.

Let us consider the constants Ã∞(w) and G̃1(v) defined by (2.1) and (2.2) re-
spectively:

Theorem 3.1. If h is an increasing homeomorphism from R into itself and v,
w are the weights defined in (3.1), then

(3.2) G̃1(v) = Ã∞(w).

Proof. Let 0 < α 6 1 6 K be fixed constants. Then, for any interval I ⊂ R,
the inequality

(3.3)
∫

E
v dx∫

I
v dx

6 K

( |E|
|I|

)α
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holds for any measurable set E ⊂ I iff, for any interval J ⊂ R the inequality

(3.4)
|F |
|J | 6 K

(∫
F

w dx∫
J
w dx

)α

holds true for any measurable set F ⊂ J .
It is easy to check that inequality (3.3) is equivalent to

(3.5)
|h(E)|
|h(I)| 6 K

( |E|
|I|

)α

where |T | denotes the Lebesgue measure of the measurable set T ⊂ R. Similarly,
inequality (3.4) is equivalent to

(3.6)
|F |
|J | 6 K

( |h−1(F )|
|h−1(J)|

)α

Hence the result follows because (3.5) holds for arbitrary measurable subset E of the
arbitrary interval I ⊂ R if and only if (3.6) holds for arbitrary measurable subset
F of the arbitrary interval J ⊂ R. ¤

In order to exploit further natural transitions from condition (1.1) to condition
(1.3), it will be convenient to reverse the role of the couples of measures (w(x) dx, dx)
and (dx, v(x) dx). To this aim let us consider the more general situation of two
nonnegative doubling measures dµ and dν on Rn which are mutually absolutely
continuous.

We will say that a weight w belongs to A∞,dν , iff there exist constants 0 < α 6
1 6 K < ∞ so that

(3.7)
ν(F )

ν(J)
6 K

(∫
F

w dν∫
J
w dν

)α

for each cube J ⊂ Rn and for each measurable set F ⊂ J . Then (3.7) reduces to
the inequality (1.1) if dν(x) = dx. Similarly, the G̃1,dµ condition for the weight v
involves inequalities of the type

(3.8)
∫

E
v dµ∫

I
v dµ

6 H

(
µ(E)

µ(I)

)β

with 0 < β 6 1 6 H < ∞ for any cube I with sides parallel to the axes and E
measurable subset of I.

Now we define for such weights w and v ∈ L1
loc(R

n)

(3.9) Ã∞,dν(w) = inf

{
K

α
: 0 < α 6 1 6 K and (3.7) holds

}

and

(3.10) G̃1,dµ(v) = inf

{
H

β
: 0 < β 6 1 6 H and (3.8) holds

}
,

respectively. We have the following:
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Theorem 3.2. If dµ and dν are mutually absolutely continuous, then

(3.11) G̃1,dµ

(
dν

dµ

)
= Ã∞,dν

(
dµ

dν

)
.

Proof. Let 0 < α 6 1 6 K be fixed constants. Let us show that, for any cube
I ⊂ Rn, the inequality

(3.12)

∫
E

dν
dµ

dµ∫
I

dν
dµ

dµ
6 K

(
µ(E)

µ(I)

)α

holds for any measurable subset E ⊂ I iff, for any cube J ⊂ Rn the inequality

(3.13)
ν(F )

ν(J)
6 K

(∫
F

dµ
dν

dν∫
J

dµ
dν

dν

)α

holds true for any measurable set F ⊂ J . In fact, by the definition of Radon–
Nykodym derivative dν

dµ
of dν with respect to dµ, it is immediate to check that

(3.12) is equivalent to

(3.14)
ν(E)

ν(I)
6 K

(
µ(E)

µ(I)

)α

.

Similarly, inequality (3.13) is equivalent to

(3.15)
ν(F )

ν(J)
6 K

(
µ(F )

µ(J)

)α

.

Hence the result holds because (3.14) holds for arbitrary measurable subset E of the
arbitrary cube I ⊂ Rn if and only if (3.15) holds for arbitrary measurable subset F
of the arbitrary cube J ⊂ Rn. ¤

4. Ap and Gq bounds

Let us assume that the weight w : Rn → [0,∞) belongs to Ap, p > 1. Then it
is easy to check that for any cube J and for any measurable set F ⊂ J

(4.1)
|F |
|J | 6 Ap(w)1/p

(∫
F

w dx∫
J
w dx

)1/p

.

In fact, Hölder inequality for f = χF , the characteristic function of F , implies
( |F |
|J |

)p

=

(∫
−

J

f dx

)p

6
∫
−

J

fw dx

(∫
−

J

w− 1
p−1 dx

)p−1

6 Ap(w)

∫
F

w dx∫
J
w dx

.

We note now that Theorem 2.3 in Section 2 focuses on an alternative description of
Ap which reveals a self-improvement of exponents in (4.1).

Hence, if Ap(w) < ∞, then

(4.2) Ã∞(w) 6 inf
{

rAr(w)
1
r : p1 < r 6 p

}

where p1 > 1 is as in Theorem 2.3.
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Analogous observation can be derived in the Gq-case. So, if the weight v : Rn →
[0,∞) belongs to Gq, q > 1 then, for any cube I ⊂ Rn and for any measurable set
E ⊂ I

(4.3)
∫

E
v dx∫

I
v dx

6 Gq(v)1/q′
( |E|
|I|

)1/q′

with q′ = q/(q − 1).
Taking into account Theorem 2.4, which is an alternative description of Gq

and corresponds to a self-improvement of exponents in (4.3), we conclude that, if
Gq(v) < ∞, then

(4.4) G̃1(v) 6 inf
{

r′Gr(v)1/r′ : q 6 r < q1

}

where q1 > 1 is as in Theorem 2.4.
In case of dimension n = 1 optimal results for improvement exponents p1 in

(4.1) and q1 in (4.3) are available (see [S] for a recent account on this subject).

Proposition 4.1. If w : R → [0,∞) satisfies A2(w) = A, then

(4.5) Ã∞(w) 6 s

[
A(s− 1)

1− As(2− s)

]1/s

for any s ∈ ]1 +
√

A−1
A

, 2].

Proof. From definition (2.6) it is obvious that if A2(w) = A < ∞ then, for p > 2

1 6 Ap(w) 6 A2(w).

Our aim here is to focus on the “self-improvement of exponents” property of the A2

class which goes back to [M]. It consists in the fact that if A2(w) = A < ∞, then
there exists 1 < p1 < 2 such that

As(w) < ∞
for p1 < s < 2, p1 = p1(A). Sharp results are known in the one-dimensional case
(see [S], [K]) because p1(A) = 1 +

√
A−1

A
.

Then it is possible to prove the sharp bounds

(4.6) A 6 As(w) 6 A(s− 1)

1− As(2− s)

for all p1(A) < s 6 2. By (4.2) with p = 2 and p1 = p1(A) = 1 +
√

A−1
A

in our case
and taking into account (4.6), we arrive immediately to (4.5). ¤
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5. Some extensions and examples

In this section we will focus on the local form of Ap and Gq conditions. By this it
is meant that all references to sup

Q
for quantities as Ap(w) and Gq(v) are understood

to apply to all cubes Q within a fixed cube Q0 ⊂ Rn.
Likewise, local formulations exist as well for Ã∞(w) and G̃1(v) constants.
In the present section we will compute the various constants for power type

weights on the interval [0, 1] ⊂ R. The following result from [K] will be useful.

Lemma 5.1. Let ϕ : [0,∞) → [0,∞) be a convex function and let f ∈ L1([a, b])
be non negative and such that ϕ(f) belongs to L1([a, b]). If J ⊂ [a, b] is an interval
such that ∫

−
J

f(x) dx =

∫
−

b

a

f(x) dx,

then ∫
−

J

ϕ (f(x)) dx 6
∫
−

b

a

ϕ (f(x)) dx.

By mean of simple calculations we then prove the following:

Proposition 5.2. Let r > 0; then the weight w(x) = xr belongs to A∞ on [0, 1]
and

(5.1) A∞(xr) = sup
J⊂[0,1]

∫
−

J

xr dx exp

∫
−

J

log
1

xr
dx =

er

r + 1

Proof. Applying Lemma 5.1 with ϕ(s) = log 1
s
we immediately obtain

A∞(xr) 6 sup
0<t<1

∫
−

t

0

xr exp

∫
−

t

0

log
1

xr
dx

and (5.1) follows by elementary calculations. ¤

Proposition 5.3. Let r > 0; then on [0, 1]

Ã∞(xr) = r + 1

Proof. A simple calculation shows that if −1 < s 6 0, then the weight v(y) = ys

for y ∈ [0, 1] satisfies the inequality
∫

E
v(y) dy∫

I
v(y) dy

6
( |E|
|I|

)s+1

for any interval I ⊂ [0, 1] and any measurable set E ⊂ I. Then, on [0, 1]

G̃1(v) =
1

s + 1
.

Since by Theorem 3.1, on [0, 1]

Ã∞(xr) = G̃1(y
s)
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for r + 1 = 1
s+1

, then
Ã∞(xr) = r + 1. ¤
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