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Abstract. In this paper, variable Besov and Triebel-Lizorkin spaces are introduced. Then
equivalent norms of these new spaces are given.

1. Introduction

Let p be a measurable function on R™ with range in [1,00). LP()(R") denotes
the set of measurable functions f on R" such that for some A > 0,

/n (|f(/\x)|>p(z) dr < oo.

The set becomes a Banach function space when equipped with the norm

p(z)
[ fll oy = inf{A > 0: / (L;)U dr < 1}.

These spaces are referred to as variable Lebesgue spaces, since they generalize the
standard Lebesgue spaces. It is remarked that one can define variable Lebesgue
spaces on any measurable subset of R", see [13]. However, in this paper we only
work on the whole space R".

Denote by Z(R") the set of measurable functions p on R™ with range in [1, c0)
such that

1 <p_=ess inf p(x), esssup p(x)=p; < 0.
xER” xeRn

In the classical Lebesgue spaces we can work with L? where 0 < p < 1. In this paper,
we need to consider analogous spaces with variable exponents. Define 22°(R") to
be the set of measurable functions p on R™ with range in (0, c0) such that

p_ =ess inf p(x) >0, esssup p(x)=py < oco.
zeR"™ xeR™
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Given p(-) € 2°(R"), one can define the space LP')(R") as above. This is equivalent
to defining it to be the set of all functions f such that |f|* € L0)(R™), where
0<po<p_,and q(x) = I% € Z(R"). One can define a quasi-norm on this space
by

1
11 ety = I F1Pol122.

In recent decades, these spaces and the corresponding variable Sobolev spaces W5P()
have attracted more attention and have been applied to partial differential equations
and the calculus of variations, see [1]-[16], [18], [19], [26], [27].

It is well known that Besov and Triebel-Lizorkin spaces have played important
roles in both classical analysis and modern analysis. In particular, these spaces
contain many classical spaces as special cases, for example, the Holder spaces, the
Sobolev spaces, the Bessel-potential spaces, the Zygmund spaces, the local Hardy
spaces and the space bmo(R™). All the above-mentioned classical spaces have been
proved to be useful tools in the study of ordinary and partial differential equations;
for details one can see Triebel’s books [21], [22], [23] and [24] and other literature.

Inspired by the mentioned references, the purpose of this paper is to introduce
variable Besov and Triebel-Lizorkin spaces. Before going on, we recall some nota-
tion.

Let . (R"™) be the Schwartz space of all complex-valued rapidly decreasing
infinitely differentiable functions on R". Let .#/(R") be the set of all tempered
distributions on R"™. If ¢ € Z(R"), then @ denotes the Fourier transform of
¢, and " denotes the inverse Fourier transform of ¢. For 7 € N we also set
@j(x) = 2Mp(2z), x € R™ Let functions A,0 € . (R") satisfy the following
conditions:

[A(€) >0 on{l¢] <2}, suppA C {[¢] <4},

0(£)] >0 on {1/2 < || <2}, suppf C {1/4 < |¢] < 4}.

It is well known that Besov and Triebel-Lizorkin spaces (see, e.g., Triebel [21])
can be defined as follows.

Definition 1. (i) Let —0o < s < 00, 0 < ¢,p < oo. Then the Besov space is

50 = 1A% Flle, + {2905 37,0y < 00}

(ii) Let —0o < s < 00, 0 < ¢ < 00, 0 < p < co. Then the Triebel-Lizorkin space

B (R") = {f € #'(R"): ||/

is

Fr R ={f e ®): |1

rpy = 1A Flle, + 1{296 5 £}, ) < 00}

Here ¢,(L,) and L,(¢,) are the spaces of all sequences {g,} of measurable func-
tions on R" with finite quasi-norms

q

{gi Hleazy) = Kllgillz, Hle, = (Z (/Rn lg;(x)[” dx)p) :

j=1
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and
p
q

g5 2oy = NG leg N2, = /R (Z Igj(fv)!q> dx

Naturally, one can replace the Lebesgue norm by variable Lebesgue norms, then one
can introduce the variable Besov space and the Triebel-Lizorkin space as follows.

Definition 2. Let s € R, 0 < ¢ < oo, p(-) € 2°(R").
(i) The set

{£ & 7@ 145 flor + {290, 117y ) < )

is called the variable Besov space, denoted by B;(.)y q(R”). The norm of f in this
space is

£l

p(-),q

= 145 fllewo + [[{270; % £}, oo
(ii) The set
{f € yI<Rn)3 [A* fllee) + H{ZSjej * f}(l)oHLP(‘)(Zq) < OO}

is called the variable Triebel-Lizorkin space, denoted by £, (R"). The norm of f
in this space is

7l = 4% Al + 14296, % 7Y o
where LPO)(4,), £,(LP) are similar to £,(L,) and L, ().

To make these spaces definite, the primary point is to show them independent
of the choice of functions A and 6. To this aim we need more notation.
Let W,¢ € Z(R™), e > 0, integer S > —1 be such that

T(E)] >0 on {f¢ < 2},
[9(€)] >0 on {e/2 < |¢] < 2¢},

(1)

and
(2) D™(0) =0 forall |7] < S.

Here (1) are Tauberian conditions, while (2) expresses moment conditions on . For
any a >0, f € '(R"), and z € R", define maximal functions

) = sup LW
(3) Vel ) yern (L+ |2 — y[)*
[y % [ (y)]

Y:,f(x) = sup . )
50 = 0. T 2l — )

It is well known that the boundedness of Hardy—Littlewood maximal operator
on Lebesgue spaces plays a key role in analysis. So does it on variable exponent
Lebesgue spaces. There are some sufficient conditions on p(-) for maximal operator
A to be bounded on LP*)(R™). Since we do not need to use them in this paper, we
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omit the details here, one can see [3], [4], [5], [7], [14], [15]. Let Z8(R™) be the set
of p(-) € Z(R") such that the Hardy-Littlewood maximal operator .# is bounded
on LP0)(R™).

Now we state our result.

Theorem 1. Let s < S+1,0< q < oo and p(-) € Z°(R™) with py < p_ such
that p(-)/po € Z(R").

(i) If n/a < py, then for all f € /' (R")

15 F 1o + {2795 0 f 10 lleyorery S 1 f Il

p()q
S Fllzoer + {27505 % £330, 200y
(ii) If n/a < min(q,po), then for all f € '
FS

192l + 290 Y sy S Il

SN flloe + 127505+ £330 oo ey
Remark 1. By writing A; < A, we mean that there exists a positive constant C
such that A; < CA,. In (4) and (5) these constants are independent of f € ./(R™).
Letter C' will denote various positive constants. Constants may in general depend on
all fixed parameters, and sometimes we show this dependence explicitly by writing,
e.g., CN.

(4)

()

To prove Theorem 1, some lemmas are needed, which will be given in Section 2.
Then the complete proof of Theorem 1 will be given in Section 3.

2. Preliminaries
Lemma 1. ([17]) Let p,v € #(R™), M > —1 be integer,
D™1(0) =0 for all |7| < M.
Then for any N > 0 there is a constant C'y so that
sup [ * v(2)](1 + [2])" < Ont™,

z€RM
where ju,(x) = t7"u(7) for all t > 0.
The following Lemma 2 is easy to obtain. For its proof one can also see [17].

Lemma 2. Let 0 < ¢ < oo, § > 0. For any sequence {g;}° of nonnegative
measurable functions on R" denote

Gj = Z 27‘kij|5gk.
k=0
Then
(6) I{G; 10 Mle, < ClH{9536° Nl

holds, where C' is a constant depending only on q, 0.
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Lemma 3. Let 0 < ¢ < 00, § > 0 and p(-) € Z°(R"). For any sequence {g;}°
of nonnegative measurable functions on R" denote

G(z) = ZQ"k’ngk(x), r e R"
k=0

Then

(7) G35 e ey) < Cill{i 307l vy ey
and

(8) LG 35 ey (2rry < Call{gi}o ey ety

hold with some constants Cy, = C1(q,d) and Cy = Cy(p(+),q,9).

Proof. By Lemma 2, (7) follows immediately from (6). Now we prove (8).

Firstly, let p(-) € Z(R™). Since || - ||1r¢) is @ norm, by Minkowski’s inequality
we have

Gl 2oty <> 272 gyl o
k=0

Hence (8) follows from Lemma 2.

Then, for general p(-) € Z°(R"), choose 0 < py < p_ such that p(-) = p(+)/po €
Z(R™). We have

MG sy = IHG M, osiny < UGl 0y = UG HE
Raising to the power 1/pg, we obtain (8). In the last inequality, we used (8) that
have been proved for space LP()(R™). This ends the proof. O

The following lemma is the estimate for the vector-valued setting in variable
Lebesgue spaces, one can see Corollary 2.1 in [4].

Lemma 4. Ifp(-) € Z(R"), then for all 1 < ¢ < oo,
{2 i}l ooy < ClLLH Lo )

where ./ is the Hardy-Littlewood maximal operator.

Lemma 5. ([17]) Let 0 < r < 1, and let {b;}5°, {d;}&° be two sequences taking
values in (0, +o0o] and (0, 400), respectively. Assume that for some Ny > 0

d; = O(2™), j — oo,
and that for any N > 0, there exists a constant C'y such that

d; < Cy Y 207PNpdi ", j e Np=NuU{0}.
k=j
Then for any N > 0,

d; < Oy ) 2079 j e No,

k=j
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holds with the same constant C'y.

3. Proof of Theorem 1

The idea of the proof is from Rychkov in [17|. Since Theorem 1 is novel, we
give the details here. In fact, we combine the method in [17] and Lemma 3 with
Lemma 4 in the last section. The whole proof is divided to three steps.

Step 1. Take any pair of functions ®, p € .(R™) so that for an & > 0
. 2(€)] >0 on {[¢] < 2},
B(E) >0 on {e'/2 <[] <2¢'},

and denote @ f, ¢7 . f as in (3).
Forany a >0, s < S+ 1,0 < g < oo and p(-) € Z°(R"™), we will prove that
for all f € .#/(R") the following estimates are true:

(10) ML fllser + {295 f 35 ey ao0y S N@GSF liver + {2705 0 f 337 Ny (o

and

(A1) N fllre + {29950 F 3 o) S 19afllzrer + {27705 0 f 30 v ey -

Let us start. It follows from (9) that there exist two functions A, A € ./ (R")
so that

supp A C {J¢] < 2¢'},
supp A C {€/2 < [¢] < 2¢'},

and o
AP + D A279)P277¢) =1, £€R™
j=1

Then for all f € .#/(R") the identity

F=Asxf+ ) Nexihynf

k=1

is true. Thus we can write
wj*f:wj*A*CID*f—i—ij*)\k*wk*f.
k=1
We have

05 5 M % o F()] s/ 0y 5 M)l ow % Fly — )] d

< had ) [ Iy M1+ 24])
= @Z,af(y)[j,h
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where

2=+ if | < .
L < C(A %) {Q(j—k)(5+a+1> if k> j,

which can be obtained from Lemma 1. In fact, if j > k, then t; x A\g(2) = 2"%; . *
A(2F2),

Ly = / 2" (ahi g+ AN(252)|(1 + 2F|2])* d=

_ / g+ A (L4 |2])* dz
.

e r A+ [
- / . 0+ | e

. 1
< 02—(J—k’)(5+1)/ B
B re (14 [2])"H

_ ks,

since by Lemma 1,
g % A(2)][(1 + |2])* T < C9—G—k)(S+1)
If > j, then 1) * Ae(2) = 2799 » \_;(272), and

L= [ 290y ()](1+ 24el) d

- /n [ % ey ()| (1 + 277 2])" dz

a+n+1
<o [ WP

(L4 |z[)m*!
, 1
< CQ(]k)(S+a+l)/ - Az
- re (14 [z

_ (9l—k)(S+a+1)
Since A has arbitrary order vanishing moments, by Lemma 1,
05 My (2)I(L+ [2l) 7 < QRIS 2eeh,
Noting that for all z,y € R",
Graf 1) < Praf (@) (1 + 2%z —y)* < ¢ o f (2) max(1, 2579 (1 + 27| — y|)°,
we have

Y 2(kfj)(5+1) if k< i
sup RO TN ¢ o py w02 sy e S
yerr (14 27z —y|)e ’ 20-KSHD if f > .
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Note that for £ = 1, we do not use the condition DT:\\(O) = 0 in the above proof of
the last estimate, so by replacing A\; and ¢; with A and @, respectively, we have an
analogous estimate

[ % A x @ f(y)|

sup . < @ f(2)2795HD,
S T e — ) (@)

Thus we obtain

Wt fx) < O f(x 9—J(S+1) +ngk {Q(k NEFD i | <,
Ja a

G-R(SH) i k>
Hence with § = min(1,5 + 1 — s) >Ofor all fe S reR" j€N,

(12) 275yt fx) S Opf(x)277° + Zz’“ x)27 118,

Again, for j = 1 we did not use (2) to get thls estimate, so we can replace 1; with
¥ to have

(13) 2 f(x) S BLf ()2 Mzzks% (2)277.

The desired estimates (10) and (11) follow from (12), (13) and Lemma 3.

Step 2. In this step we will show the following estimates. In the conditions of
(4), for all f € #'(R)

(14) 15 flleo + {2795 f 30 ey 0y ST % fllzoer + 127505 % £33 ey 2oy
In the conditions of (5), for all f € .7/(R")
(15) 195 Fllro + {2995 f 30 e ey ST % Flloer + {27595 % £33 oo ey)-
For all f € /(R"), from the identity
F=AsQusf+) Npwayxf,
k=1
by replacing f with f(277.), j € N, and dilating we get

k=j+1

We convolve both sides with v; and use the commutativity of convolution to derive

(16) i f = (g @)% (W% f) + Y (5% M) * (i % f).
k=j+1
By Lemma 1, the estimate
2in9(i—k)N

(17) |1 * A (2)] < z e R",

T+ 2]
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holds for k > j with arbitrarily large N > 0, and Cy is a constant depending on .

The estimate

20m
18 . x A <(C——"u— eR"
( ) ‘ J * J(’Z)’ — (1+2J‘Z|>a7 z )

is obvious. By putting the last two estimates (17) and (18) into (16), we get for all
fes'(R"),ye R", and j € N,

(19) 0y S < O 3202079 [ i po)]

k=j

For any r € (0, 1], divide both sides of (19) by (1 + 27|z — y|)¢, then in the left
hand side taking the supremum over y € R", in the right hand side making use of
the following inequalities

x £ < e x £ o @) (14 28 — )07,
(20) (42— )0 e
(L+2x—z))* ~ (1+2kz —2])*’
we obtain that for all f € /(R"), x € R" and j € N, the estimate

(21) <CN22“ Wy P IO el )

n (14 2F|z — z])or

where N’ = N — a + n can be taken arbitrarily large.
Similarly, we can prove that for all f € .#/(R) the estimate

vt < O ( [ R a e

) L+ |z —z|)*
+Zz o [ IO )

We fix now any x € R" and apply Lemma 5 with
dj =v;,f(x), jeEN, do=V,f(z),

2kl 5 f(2)]" | / W f ()]
b, = dz, jEN, by=
J /R (14 2z — ) °7 Jre (U [z — 2

We have the estimate

2kn * r
(23) [1/};0, < CN Z 2 /R" 1 _‘_|’;le|$ Ji(zﬁ)’ar dz’

where Cy = Cnyq—n. Moreover, (23) is true also for r > 1. Indeed, it suffices to
take (19) with a + n instead of a, apply Holder’s inequality in k and z, and finally
the inequality (20).
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Now we choose r such that n/a < r, thus the function ~—t~ € Ly, and by the
(1+]z])

majorant property of the Hardy-Littlewood maximal operator .# (see [20], (3.9) in
Chapter 2), it follows from (23) that

(24) [U5af (@) < Oy Y2979t (Jty x f]7) (),

k=
together with the corresponding estimate for W’ f(x).
We now choose and fix N > max(—s,0) and apply Lemma 3 with

95 =27 M (e x f"), JEN, go= (T xf]")
in the spaces LPO)({,) and £,(LPV)). Tt follows from (24) that for all f € .%/(R")
Vo fll oy + ”{Tjﬁ,af}fo”eq(m(d)

(25) . .
SNA ()l oy + ({27 (05 % £) 37 Moy 100)

and

(26) IWefllre + 12795 o 370 e 0y

S N2t (2 % )l oo + {27 A (5 % )} o0 )

where we use the notation ., (g) = (.#(|g|"))"/".
For (25), by the definition of the variable Lebesgue space, we have (14), because
by Theorem 1.2 of [4] we can choose r so that n/a < r < py and p(-)/r € Z(R").
For (26), we choose r so that n/a < r < min(q,po.) By Lemma 4 and again
p(-)/r € Z(R"), we have (15), because

{27, (5 5 £} Niwor ) = IR27A 1y 5 1352 oo,
< CIH2 [y * FI Y oo ey
= CI{2 [ * FI}T 1 -

Step 3. We will check that (4) and (5) follow from (10), (11), (14) and (15).
For instance, let us do it for (4). The left inequality in (4) is proved by the chain of
estimates

the left side of (4) S | A} fll ooy + 1£27°0; . % fHIe, ooy S 11

here we first used (10) with & = A, ¢ = 6, and then applied (14) with ¥ = A,
v =40.
The right inequality in (4) is proved by another chain

1£] SNAGfllpeo +1{27°65 4 % fHero
SN flloer + {27505 o f Hloyrotry S RHS(4),

here the first inequality is obvious, the second is (10) with ® = ¥, ¢ =4, and A
and 6 instead of ¥ and v in the left hand side. Finally, the third inequality is (14).
This finishes the proof. O

B;(-),q7

B;(-),q
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Remark 2. The author learned from the referee and Professor Héasto that
Diening, H&sto and Roudenko have recently studied Triebel-Lizorkin spaces with
variable indices independently. Their method is different, and applies to variable s
and ¢, but not negative s; for their results, see [9].

Remark 3. Almeida and Samko in [2] and, independently, Gurka, Harjulehto
and Nekvinda in [12| have introduced Bessel potential spaces with variable expo-
nents. These spaces are special cases covered by those of this paper, for the proof,
see [25].
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