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Abstract. We prove a result on the frequency of zeros of fog— @, where g is a transcendental
entire function of finite lower order, and f and () are meromorphic functions in the plane such that
f has finite order and the growth of the target function @ is controlled by that of g. The particular
case f = (@ is then investigated further.

1. Introduction

This paper is concerned with the zeros of functions of the form

(1> F:fog_Q7

where f and () are meromorphic in the plane and ¢ is a non-linear entire function.
For convenience we will on occasions write f[g] = fog to denote composition, and we
will use the standard notation of Nevanlinna theory [12], including the abbreviation
“n.e. on E” (nearly everywhere on E) to mean as r — oo in £\ Fj, where F; has
finite measure.

The study of the zeros of the composition (1) has a long history. Bergweiler [1]
proved a conjecture of Gross [10], to the effect that if f and g are transcendental entire
functions and @ is a non-constant polynomial, then f o g — @ has infinitely many
zeros. Extensions to the case of meromorphic functions f, and further generalisations
including to non-real fixpoints of compositions, as well as to quasiregular mappings,
may be found in [2, 3, 25] and elsewhere.

The first result of the present paper is motivated by two papers of Katajamaki,
Kinnunen and Laine [19, 20|, which focus on the frequency of zeros of the composition
(1). Results related to [19, 20] include those of [5, 7, 31, 32]. The main result of
[20] states that if ¢ is a transcendental entire function of finite lower order u(g),
and f is a transcendental meromorphic function in the plane of finite order, while
() is non-constant and meromorphic in the plane of order less than p(g), then the
exponent of convergence of the zeros of f o g — @ is at least u(g). The methods of
[20] are complicated, but with a simpler proof we will establish the following stronger
theorem, which in particular allows the growth of the target function ) to match
that of g.
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Theorem 1.1. Let the functions f, g and () be meromorphic in the plane with
the following properties.

(i) f is transcendental of finite order.
(ii) g is transcendental entire of finite lower order.
(iii) There exists a set £ C [1,00) of positive lower logarithmic density such that
the functions () and F' = f o g — () satisfy

(2) T(r,Q) = O(T(r,g)) on E
and

(3) N(r,1/F) = 0O(T(r,g)) on E.

Then at least one of the following two conclusions is satisfied.

(a) There exists a rational function R such that f — R has finitely many zeros
and (Q = Ro g, and this conclusion always holds if f has finitely many poles.
(b) There exist rational functions A, B, C' such that f solves the Riccati equation

(4) y = A+ By + Cv?,
and

(5) Q' = ¢'(Alg] + Blg]Q + C[g]Q%),
so that locally we may write () = w o g for some solution w of (4).
If (2) is replaced by
(6) T(r,Q)=o(T(r,g)) onkE
then () must be constant.

It is obvious that f o g — () may fail to have zeros if () is a rational function of
g, and in particular if @) is constant. We will give an example in §4 to show that
when f has infinitely many poles case (b) can occur with the local solution w not
meromorphic in the plane. Of course if () = w o g with w meromorphic in the plane
then (2) and a well known result of Clunie (see Lemma 2.1 and [12, p.54]) imply
that w must be a rational function. We remark further that in case (b) the order
and sectorial behaviour of f may be determined asymptotically from (4) [30].

The remainder of this paper is mainly concerned with the case where Q = f
in (1), and follows a line of investigation which was prompted by the study of the
value distribution of differences f(z + ¢) — f(2). It was conjectured in [4] that if f
is transcendental and meromorphic in the plane of order less than 1 then Af(z) =
f(z+ 1) — f(z) has infinitely many zeros: such a result would represent a discrete
analogue of a sharp theorem on the zeros of the derivative f’ [8]. For the case where
p(f) < 1/6 it was proved in [4, 22| that either Af or (Af)/f has infinitely many
zeros. The g-difference f(gz) — f(z) was treated next in 9], in which it was shown
that if f is transcendental and meromorphic in the plane with

lim inf GY) =
r—oo  (logr)?

?

and if
h(z) = f(az+b) — f(2), a,beC, |a|#0,1,

then either h or h/f has infinitely many zeros: this result is sharp.
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The above investigations suggest the natural question of whether f o g — f must
have zeros, when f is transcendental and meromorphic in the plane and ¢ is a non-
linear entire function. Suppose first that g is a transcendental entire function with
no fixpoints and let f = Rog¢°" for some n € N, where R is a Mobius transformation
and ¢° = id, ¢°' = g, ¢°**Y = g o ¢°* denote the iterates of g. Then

F=fog—f=Rog" ™" —Rog™
has no zeros, since if z is a zero of F' then ¢°"(z) is a fixpoint of g. We will deduce
the following result from Theorem 1.1.

Theorem 1.2. Let f and g be transcendental meromorphic functions in the
plane such that g is entire of finite lower order while f has finite order. Assume
that there exists a set E C [1,00) of positive lower logarithmic density such that
F=fog— f and f satisfy
(7) N(r,1/F) +T(r,f) = O(T(r,g)) on E.

Then there exist a Mobius transformation R and polynomials P and S such that
f=Rog and
(8) g(z) = 2 + S(2)e"®.
In particular, if f has finitely many poles then f = ag + b with a,b € C.
We turn next to the case where F' = f o g — f with ¢ a non-linear polynomial.

Theorem 1.3. Let the function f be transcendental and meromorphic of finite
order p in the plane, with finitely many poles, and let g be a polynomial of degree
m > 2. Let FF'= fog— f. Then F has infinitely many zeros and if p > 0 then the
exponent of convergence of the zeros of F' is p(F') = mp.

Finally for f with infinitely many poles we have a somewhat less complete result.

Theorem 1.4. Let the function f be transcendental and meromorphic of order
p in the plane, and let g be a polynomial of degree m > 2. Let F' = fog— f. If
0<p<1/m,orifp=0andm >4, then F has infinitely many zeros. If p = 0 then
the equation

(9) flg(2)) = f(z)
has infinitely many solutions z in the plane.

The authors thank the referee for several helpful suggestions to improve the
readability of the paper, and for proposing a potentially very fruitful alternative
approach to Theorems 1.3 and 1.4.

2. Results of Clunie, Steinmetz, Hayman and Wittich
This paper will make frequent use of the following result of Clunie [12, p. 54].

Lemma 2.1. ([12|) Let g be a transcendental entire function and let f be a
transcendental meromorphic function in the plane. Then T'(r,g) = o(T'(r, f o g)) as
T — 00.

The following theorem of Steinmetz [26] (see also [11]) plays a role in the present
paper similar to that in [20].
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Theorem 2.1. (|26]) Suppose that g is a non-constant entire function and that
Fo, ... F, and hg, hq, ..., h, are functions meromorphic in the plane, none of
which vanishes identically, such that

STl hy) = OT(r.g))

as r — oo in a set of infinite measure, and

Then there exist polynomials Fy, Py, ..., P,,, not all identically zero, as well as poly-
nomials Qo, Q1, ..., Qn, again not all identically zero, such that

Bolglho + Pifglh1 + ...+ Pulglhm =0, Qofo + Q1F1 + ...+ Qb =0.
We need next a result of Hayman.

Theorem 2.2. ([13, 16]) Let the function g be transcendental and meromorphic
of finite lower order in the plane, and let 6 > 0. Then there exist a positive real
number Cy and a set E' C [1,00), of upper logarithmic density at least 1 — ¢, such
that

T(2r,g) < CoT(r,g) and T(r,g) < CyT(r,g') forallr e FE'.

Theorem 2.2 follows from [13, Lemma 4| combined with either [13, Lemma 5| or
the Hayman—Miles theorem [16]. In the present paper the result will only be applied
when ¢ is a transcendental entire function of finite lower order, in which case [13,
Lemma 4| gives a set E’ of upper logarithmic density at least 1 — ¢ and a positive
constant C such that for r € E’ we have T'(2r, g) < C;T(r/2, g), and hence

T(r,g) < CiT(r/2,g9) < Cilog M(r/2,q4") + O(logr) < (3Cy + o(1))T(r,q").

We require three fairly standard lemmas concerning Riccati equations: we sketch
the proofs for completeness. For a discussion of the Riccati equation see 21, Chap-
ter 9.

Lemma 2.2. Let the functions A, B, C and 1/C be analytic on the simply
connected plane domain U, and let u be a meromorphic solution of the Riccati
equation (4) on a non-empty domain U’ C U. Then u extends to a meromorphic
solution of (4) on U.

Proof. Choose z; € U’ with u(z;) € C and near z; write

v=—Cu, %—v, v’——AC’+(B+%>U—v2,
(10) :
V' = (B—i— %) V' — ACV.

The coefficients of the linear equation for V' in (10) are analytic on U and so V
extends to be analytic on U. O

Lemma 2.3. Let the functions A, B and C be analytic on the plane domain
U, and let u and v be meromorphic solutions of (4) on U. Assume that there exists
2o € U with u(zy) = v(z0). Thenu=wv on U.
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Proof. Assume that u # v on U and suppose first that u(z9) = v(z) € C. Then
(4) gives

u —

=B+ C(u+v)

u—v
and at zy the left-hand side has a pole, while the right-hand side is regular. On the
other hand if u and v both have a pole at zy then the same argument may be applied
to 1/u and 1/v, which solve

= C+ BY + AY”. O
The last of these lemmas is essentially due to Wittich [30, p.283].

Lemma 2.4. Let A, B and C be rational functions vanishing at infinity. Then
(4) cannot have a solution which is transcendental and meromorphic in the plane.

Proof. Let A, B and C' be as in the hypotheses and assume that u is a transcen-
dental meromorphic solution of (4) in the plane. Then C # 0: if this is not the case
then u has finitely many poles and cannot be transcendental by the Wiman-Valiron
theory [29]. We now apply the transformations (10) and deduce that all but finitely
many poles of v are simple, and that there exists a rational function R which vanishes
at infinity such that all poles of the transcendental meromorphic function w = v — R
are simple with residue 1. Hence there exists a transcendental entire function W
with W/ /W = w. But w and W satisfy

!

w’+w2=—AC—R’—R2+(B+%)R+(B—2R+%)w
" / 2 C, C/ !
W'=|-AC - R — R*+ B+E R)W + B—QR—I—E W,

and the linear equation for W has a regular singular point at infinity, which contra-
dicts the fact that W is transcendental. U

3. Proof of Theorem 1.1

The proof of Theorem 1.1 will be accomplished in three main steps.

3.1. Proof of Theorem 1.1: the first part. To prove Theorem 1.1 let the
functions f, g, @), F and the set E be as in the hypotheses. If ) = Rog is a
rational function of g and if «ay, ..., «,, are distinct zeros of f — R then the second
fundamental theorem and (3) give

(m—1—0(1))T(r,g) gZNM/ — o)) < N(r,1/F) = O(T(r,g)) n.e.onE,

and so f— R has finitely many zeros. Assume henceforth that () has no representation
as a rational function of g. Then in particular () is non-constant.

Choose entire functions f;, fy of finite order with no common zeros such that
f = fi/f. and define K by

(11) K = filgl = Q- falg].
Then (3) and (11) give
(12) fi=f-foo K=F-flg]#0
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It then follows from (2), (3), (12) and the fact that f; and f, have no common zeros
that

(13) N(r,K)+ N(r,1/K) < N(r,1/F)+ N(r,Q) = O(T(r,g)) on E.

Denote positive constants by C;. Since g has finite lower order and £ has positive
lower logarithmic density, Theorem 2.2 gives a set £y C E C [0, 00) of infinite linear
measure such that

(14) T(2r,g) < CyT(r,g) forallre Ej.
Now set
K/
1 -
(15) T=%

Then (13), (14), (15), the lemma of the logarithmic derivative and the fact that f;
and f, have finite order imply that, n.e. on Ej,

T(r,v) < Cylogt T(r,K)+ O(T(r,g))

< 0y log" T(r, fylg)) + O(T(r.g))

Jj=1

(16) < Cy Y loghlog™ M(r, fig]) + O(T(r, g))

=1

< Cy )y loghlog™ M(M(r,g), f;) + O(T(r,g))

j=1

< Cslog M(r,g) + O(T(r,9)) < CiT(2r,g) < C5T'(r, g).
Differentiating (11) gives
9 filg) = Q' folgl — Q9" - falg) = K" =~(filg] — @ f[g))
and so
(17) g filgl =~ hlgl = Qg - flgl + (vQ — Q) falg] = 0.
By (2) and (16) the coefficients in (17) satisfy, n.e. on Ej,
T(r.g)+T(r,v)+T(r,Q¢) + T(r,7Q — Q") = O(T(r,g9))

and so it follows from Theorem 2.1 that there exist polynomials ¢;, not all the zero
polynomial, such that

(18) O1Lf1 + daft + D3 fs + Pafa = 0.

Here ¢; and ¢3 cannot both vanish identically, since f = f;/f, is not a rational
function. Obviously (18) gives

(19) o1lglfilg] + 29l f1lg] + dslgl f3lg] + ¢alg] f2lg] = O.

Lemma 3.1. There exist rational functions A, B, C' such that f solves the Riccati
equation (4).
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Proof. Suppose first that ¢; does not vanish identically in (18). Multiplying (19)
by ¢' and (17) by ¢1[g] and subtracting we obtain
(9" d2lg] + v - d1lg]) filgl + (9" - dslg] + Qg - ¢1g]) f3[g]
+ (9" dalg] + (Q" = Q) nlg)) folg] = 0.

In this equation the coefficient of fj]g] does not vanish identically since @ is not a
rational function of g. Hence using (16) again we may apply Theorem 2.1 to (20) to
obtain polynomials v}, not all zero, such that

(21) @Z)lfl + ¢2fé + ¢3f2 = 0.

Here 1)y cannot be the zero polynomial since f is not a rational function. Using (21)
and the assumption that ¢; is not the zero polynomial in (18) we therefore obtain
rational functions R;, S; such that

(20)

! / /
S
(22) fi=Rifi+Sifs, fo= Rafi+ Safa, U Ri+ = — Rof — Sy,
I ho f f
from which a Riccati equation (4) for f follows at once.
Suppose now that ¢; is the zero polynomial. Then ¢3 does not vanish identically.

We multiply (19) by Q¢" and (17) by ¢3[g] and add, to obtain

Qg dilg] + 9"~ dsl9)) filg] + (Q9" - @2lg] — v - ¥39]) f19]
+(Qg" - dalg] + (vQ — Q") oslg]) f2lg] = 0,

in which the coefficient of f][g] cannot vanish identically since ¢, is the zero polyno-
mial but ¢3 is not. This time we obtain

Uifi + o fi s fa =0
with polynomials ¢); and ¢, # 0, and since ¢3 # 0 in (18) this leads to (22) again. [

Since f satisfies (4) we now have

g f'lgl = g'(Alg] + Blglflg] + Clgl flg]?)

and so

(23) F'+Q =4 - f'lg) = g(Alg) + Blg)(F + Q) + C[g](F + Q)?).
Lemma 3.2. The function

(24) L=Q -4 (Alg] + BlgQ + C[9]Q*)

vanishes identically, and we may write () in the form () = wlg| for some local solution
w of (4).

Proof. Assume that L does not vanish identically and using (24) write (23) in
the form

L——F +Fg(Blg + Clgl(2Q + F)),
which leads at once to

(25) % = % (—% + L+ FL2> , L1 =¢(Blg] +2C[g]Q), L»=g-Clgl.
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and (25) give, n.e. on Fj,
T(r, flg]) <T(r,F)+O(T(r,g9)) = m(r,1/F) + N(r,1/F) + O(T(r,g))
<m(r,1/L) + o(T(r, F)) +m(r, Ly) + m(r, L)

+ N(r,1/L) + N(r,1/F) + N(r, L) + N(r, Ly) + O(T(r, g))
<o(T(r, F)) + O(T(r,9)) < o(T'(r, f[g])) + O(T(r, 9)),

which contradicts Lemma 2.1. Thus L vanishes identically, which gives (5), and it
follows at once that we may write @ in the form @ = w[g] for some local solution w

of (4). O

This completes the main part of the proof of Theorem 1.1. It remains only to
deal with the case where f has finitely many poles, and that in which (2) is replaced
by (6).

3.2. Proof of Theorem 1.1: the case of finitely many poles. Still with the
hypotheses of Theorem 1.1, we suppose that f has finitely many poles, and continue
to assume that conclusion (a) does not hold, that is, that @ is not a rational function
of g. Since f is transcendental with finitely many poles the Riccati equation (4) must
take the form

(26) f'=A+BY,
with C'= 0. Using (5) we now obtain
Q' =g (Algl+ BlglQ). ¢ - f'lg] = g'(Alg] + Blglflg]),

and subtraction gives
F'=g-fgl - Q =g Blg]F,
so that
F/

27 "“Blg] = —=.
(27) 9 Blg = %
The proof of the following lemma is immediate.

Lemma 3.3. If B has a pole at a € C of multiplicity ¢ and if zy € C is a zero
of g — v of multiplicity ~ then ¢’ - Blg] has a pole at zy of multiplicity

y—(y-1)=@B-1)y+1>1 O
We now consider two cases.

Case I: Suppose that B has a pole @ € C which either is multiple or has non-
rational residue.

Then (27) and Lemma 3.3 show that « is an omitted value of g and so is unique.
By writing f(w) = fi(w — a) we may assume that o = 0. Hence g = e, where P
is a non-constant polynomial since g has finite lower order. Moreover () has finite
lower order by (2).

If 3 € C\ {0} is a pole of B then g — § has infinitely many simple zeros, and so
(27) shows that (3 is a simple pole of B with integer residue. Integration of (27) then
gives

(25) flgl — Q = F = eFeRler 1+ ﬁ )
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where c is the residue of B at 0, P; and P, are polynomials, the oy, are the poles of B
in C\ {0} (if there are none then the product is just unity) and the g, are integers.
Here at least one of P; and P» is non-constant since otherwise we obtain

T(r, flg]) = O(T(r,g)) on E,

using (2), which contradicts Lemma 2.1 since f is transcendental.
It follows at once from (28) that we may now write Q(z) = Q1(P(z)) with Q
meromorphic of finite lower order in the plane, and (28) now leads to

(20) F(e) — Qi) = e T (e — )

k=1
Thus we obtain

Qi(w) = Qu(w +2mi) = (¢ — 1) IR T (e — ay) ™
k=1

from which it follows that ¢ must be an integer, since otherwise the left-hand side
has finite lower order while the right-hand side has infinite lower order. But then
(29) shows that Q1(w) = @Q2(e”) and @ = Q2(g) for some function )y which is
meromorphic in the plane, and recalling (2) and Lemma 2.1 we see that Q5 must be
a rational function, contrary to hypothesis. This contradiction disposes of Case I.
We are left with:

Case II: Suppose that all poles of B are simple and have rational residues.

Let the residue of B at a pole a € C be p/q, where p and ¢ are integers with no
non-trivial common factor, and ¢ > 0. Then (27) shows that all zeros of ¢ — « have
multiplicity divisible by ¢, and so we may write

/

g W
glg—a) h’
where h is a meromorphic function in the plane with T'(r,h) = O(T(r,g)). Thus
integration of (27) gives
flo] Q= F = 5,650
with S7 a meromorphic function satisfying 7'(r, S1) = O(T(r, g)) and Sy a polynomial.
By (2) and Theorem 2.1 there exist rational functions 7} and 75 with

f=Tie” + 1.
On substitution into (26) this gives
0=A+Bf - f'= (BT = T] = S;T1)e* + (A+ BTy = Ty),

and so the rational function T3 solves the same equation (26) as f. But then the
general solution of the equation y' = A+ By is f + ¢(T3 — f) with ¢ constant, and
so is meromorphic in the plane. By (5) and the fact that C' = 0 there exists a
meromorphic function @; in the plane with @ = @Q1[g]. Here (J; must be a rational
function by (2) and Lemma 2.1 again, which contradicts the assumption that @ is
not a rational function of g. This completes our discussion of the case where f has
finitely many poles. U

3.3. Proof of Theorem 1.1: the case where () is a small function.
Suppose again that f, g, @), F and E are as in the hypotheses of Theorem 1.1, but
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with (2) replaced by (6). If conclusion (a) holds then the rational function R must
be constant, and so must (). Assume henceforth that conclusion (b) is satisfied, and
that @ is non-constant. Then (5) holds, and leads to

Py b Py
30 A=—, B=— (C=—
( ) S ) S b S b
where S and the P; are polynomials, and no root a of S is such that P;(a)) = 0 for
all j. Let

(31) M = max{degP; : j =1,2,3}, s=deg.

SlglQ" = ¢ (Pi[g] + P2[g]Q + Ps[g]Q?),

Suppose that s < M in (31). Since @ is non-constant we have

M
Pi[g) + Pa[g)Q + Ps[g)Q* = > brg"
k=0

where T'(r,by) = o(T'(r,g)) on E and by, # 0. This implies that we may write the
last equation of (30) in the form

g'bug™ = Plgl,

where ﬁ[g] is a polynomial of total degree at most M in g and ¢, with coefficients
a; which satisfy T'(r,a;) = o(T(r,g)) n.e. on E. Since by is not identically zero,
Clunie’s lemma [12, p. 68| gives

(32) T(r,g") =m(r,g') =o(T(r,g)) n.e. onE.

But E has positive lower logarithmic density and ¢ has finite lower order, and so (32)
is impossible by Theorem 2.2. Thus s > M and so A, B and C all vanish at infinity.
Since f is transcendental and satisfies (4), this contradicts Lemma 2.4. The proof of
Theorem 1.1 is complete. 0

4. An example for Theorem 1.1

Write
1 5
33 — 1/2 o / 2 —
(33) w=z = w' +w Z+16z2
Consider the linear differential equation
(34) 162%y" = (162° + 5)y,

which has a regular singular point at 0. By [17, Chapter VII| or direct computation,
there exists a non-trivial solution y of (34) of the form y(z) = 2°h(z), with ¢ € C
and h an entire function. We then write

VG e, ()
&= =2 e

and a simple calculation gives

I R O e L R =t
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Thus f solves the same Riccati equation as w. It follows from (35) and the Wiman—
Valiron theory [29] that the order of h is 3/2, so that h has infinitely many zeros and
f is transcendental of finite order. Now set
1
o) = ¢, Q) =ulgl) = = = Glz) = f(g(),

Then (33) and (35) imply that @ and G are both meromorphic solutions of the
Riccati equation

Y'(z) = ¢ (ez + — Y(z)2> = A(z) + C(2)Y?,

16e2>
where A and C' are entire and C' has no zeros. Since G has infinite order and () has
finite order, the function F' = G — @ = f o g — () does not vanish identically, and F
has no zeros by Lemma 2.3.

5. Proof of Theorem 1.2

Assume that f, g and F' are as in the hypotheses and suppose first that f has
finitely many poles. Since f has finite order we may apply Theorem 1.1 with @) = f,
to obtain a rational function R such that f — R has finitely many zeros and f = R|[g].
Moreover there exist a rational function R; and a polynomial P; such that

(36) f(2) = Ri(2)e"®) 4+ R(z) = R(g(2)).

Since R; has finitely many zeros it follows that g has finitely many fixpoints and so
satisfies (8) with S and P polynomials. Now (8) implies that ¢ has no finite Picard
values and so since f has finitely many poles we deduce from (36) that R must be a
polynomial. Furthermore, substitution of (8) into (36) shows that R must be linear,
which completes the proof in this case.

Assume henceforth that f has infinitely many poles. Then by Theorem 1.1 there
exist rational functions A, B and C such that f satisfies the Riccati equation (4), as
well as the relation

(37) f'=g'(Alg] + Blglf + Clg] f*).
Clearly C' does not vanish identically, since f has infinitely many poles.

Lemma 5.1. Let D be the set of all poles of A, B, C" and 1/C in C. Then g
has no fixpoints in C\ D, and g satisfies (8) with S and P polynomials.

Proof. Suppose that zy € C\ D is a fixpoint of g. Choose an open disc U C C\ D
of centre 2y, and an open disc U; C U, again centred at zg, such that Uy = g(U;) C U.
Choose z; € Uy with ¢'(z1) # 0, and choose an open disc Us C Uy, centred at 2z,
on which g is univalent. Then the branch ¢7': U; = g(Us3) — Us of the inverse
function gives a meromorphic solution u = f o g7t of (4) on Uy C U, C U, by (37).
Now Lemma 2.2 shows that u extends to a meromorphic solution of (4) on U. But
f=wuogon Us C Uy, and so we have f = uo g on Uy, which contains zy. This gives

f(z0) = u(g(z0)) = u(z0),

and so f = u on U, by Lemma 2.3. Hence f = f o g on U; and so on C, which
contradicts (7). This proves the first assertion of the lemma, and the second follows
at once since g has finite lower order. 0
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Lemma 5.2. Let ((;) denote the distinct zeros of ¢', ordered so that |(;| < (] <
.... Then we have

(38) lim g(¢n) = oo

Moreover, the function g has no finite asymptotic values. Next, let M be a positive
real number. Then there exists an integer N > 0 such that if €} is a component of
the set g~'(B(0, M)) then no value w € B(0, M) is taken more than N times in (2,
counting multiplicity. Finally, all but finitely many components of g~'(B(0, M)) are
mapped univalently onto B(0, M) by g.

Here B(A, R) denotes as usual the open disc of centre A and radius R.

Proof. The assertion (38) is an immediate consequence of (8) and elementary
computation. The fact that g has no finite asymptotic values follows from (8) and
the Denjoy—Carleman—Ahlfors theorem applied to g;(z) = g(2)/z, since g; ' has p(g1)
direct transcendental singularities over 1, and p(g;) direct transcendental singularities
over oo.

Hence ¢ has finitely many critical values in B(0, M) and there exists a piecewise-
linear Jordan arc 7 such that Gy, = B(0, M) \ v is simply connected and contains
no singular value of g, and so all components of g=1(G};) are mapped univalently
onto Gy by g. Moreover, g has at most N; < oo critical points over B(0, M) and
so there exists N € N such that each component of g='(B(0, M)) contains at most
N components of g71(Gyy). It follows finally that all but finitely many components
of g71(B(0, M)) contain no critical points of g and are mapped conformally onto

B(0,M) by g. O

Choose M in Lemma 5.2, so large that D C B(0, M/2). Choose a component 2
of g7'(B(0, M)) which is mapped univalently onto B(0, M) by g. Then taking the
branch of g~! mapping B(0, M) onto Q gives a meromorphic solution v = f o g~* of
(4) on B(0, M), by (37). Applying Lemma 2.2 twice now shows that u extends to a
meromorphic solution of (4) on C. Since f = uo g on 2 we have f = uo g on C,
and because (7) implies that

T(r,uog)=0(T(r,g)) on E,

it follows from Lemma 2.1 that u = R is a rational function.

Suppose that R is not a Mdbius transformation. Then R has a multiple point
a € C: this follows from a standard argument involving continuation of R~! on the
extended plane punctured at R(co0). Since g takes the value « infinitely often in C
by (8), the function f = R o g must have infinitely many multiple points z € C with
f(2) = R(a) = (8, and 3 must be finite since f solves (4). Hence there are infinitely
many points z € C with

0=f'(z) = A(2) + B(z)8 + C(2)8,

and so the rational function A(z) + B(2)3 + C(z)3? must vanish identically. Thus
y = (3 is a constant solution of (4), and f — [ has finitely many zeros by Lemma 2.3.
Now set

R S )
H=5=p C=HU-H=r050 "5
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Then H has finitely many poles. Moreover if z is a pole of f o g but not of f, then
G(z) # 0. We deduce from (7) that

N(r,1/G)+T(r,H) =O(T(r,g)) on E,

and so applying the first part of the proof to H shows that H is a linear function of
g. This is a contradiction, and so R must indeed be a Mobius transformation. The
proof of Theorem 1.2 is complete. 0

We remark that if we strengthen the hypothesis on the zeros of F' in Theorem 1.2
by assuming that the counting function of the distinct points at which f(g(z)) = f(z)
is o(T'(r, g)) on E then since R is injective we obtain

N(r,1/(glgl — 9)) = o(T(r,g)) on E,

and by (8) the polynomial S has no zeros and must be constant.

6. Proof of Theorem 1.3: preliminaries

If ¢ is a non-linear polynomial then oo is a superattracting fixpoint of g and the
following lemma summarises some standard results concerning the behaviour of g(z)
near oo.

Lemma 6.1 (|23, 27|). (Bdttcher coordinates) Let g(z) = az™ + ... be a poly-
nomial of degree m > 2. Then there exist a neighbourhood U of oo and a function
¢ analytic and univalent on U such that

(39) o(2) =2z+0() and ¢(g(z)) =ap(z)™ forall z€ U.

Moreover, for j = 0,...,m — 1 define u; and w;(z) by

(40) uj = XM wi(2) = ¢ (uo(2)).

Then w; is analytic and univalent on a neighbourhood V' C U of oo and

(41) wi(z) =u;z+O0(1) and g(wj(z)) =g(z) forallzeV. O
We deduce the following simple lemma, in which ¢°° = id, ¢°' = ¢, ¢°*t1) = gog°*

as before denote the iterates of g.

Lemma 6.2. Let R > 0 and let the function f be non-constant and meromorphic
on the region R < |z| < oo. Let g be a polynomial of degree m > 2. Then there
exists a greatest non-negative integer N such that we may write f = hy o ¢° with
hx meromorphic on the region Ry < |z| < oo for some Ry > 0.

Proof. Obviously f = f o ¢°° so assume that there exist arbitrarily large n such
that we have f = h,, 0¢°" with h,, meromorphic on a punctured neighbourhood of occ.
Let ¢ and a be as in Lemma 6.1. Then it follows easily from (39) that the iterates
g°F satisfy

$o g =bp™, by e C\{0}.
For large z we may then write
v 67 () L ola™ ) = bedlu) ™ = o2 = (5 (),
and we deduce that, for arbitrarily large n,

f(vn) = hn(g™" (vn)) = hn(9°"(2)) = f(2).
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Since v, — 2z but v, # z this contradicts the identity theorem and proves the
lemma. ]

Lemma 6.3. Let f be a function meromorphic in the plane and g a polynomial
of degree m > 2. Define the u; and w;(z) by (40), and assume that there exists
R; > 0 such that

(42) f(wj(2)) = f(2) for Ry <|z| <ooandforj=0,...,m—1
Then there exists a meromorphic function hy on the plane such that f = hy o g.

Proof. Let D be the complex plane punctured at the finitely many critical values
of g. Choose v* with |[v*| large and a branch of ¢g~! mapping w* = g(v*) to v*. Then
hi = fog~! admits continuation along any path in D starting at w*. Let o be a path
in D starting and finishing at w*. If g; denotes the result obtained on continuing
g~ ! once around ¢ then we must have g(g;(w)) = w = g(¢g~'(w)) near w* and so
g1(w) = w;(g~ (w)) for some j. Since |g~!(w)] is large for w near w* we deduce from
(42) that f o g; = hy near w*. Tt follows that hy = f o ¢! defines a single-valued
meromorphic function on D. Since g takes each of its critical values only finitely
often, the singularities of h; are at worst poles, and h; extends to a meromorphic
function satisfying f = hy o g near v* and so throughout the plane. 0

The next lemma is [4, Lemma 3.3].

Lemma 6.4. (|4]) Let H be a function transcendental and meromorphic in the
plane of order less than 1. Let ty > 0. Then there exists an e-set E such that
H(z+c¢)
H{(z)

uniformly in ¢ for |c| < 1.

—1 asz—o00inC)\ Ej,

Here an e-set is defined, following Hayman [15], to be a countable union of discs

E, = U B(bj,rj) such that ]lirgo |bj| =00 and Z ’Z_j| < 00.
7j=1 7=1
The set of > 1 such that the circle S(0,r) of centre 0 and radius r meets the e-set
E; then has finite logarithmic measure [15].

The next lemma requires the Nevanlinna characteristic for a function A which is
meromorphic and non-constant on a domain containing the set {z € C: R < |z| <
oo}, for some real R > 0 |6, pp. 88-98|. Such a function h has a Valiron representation
[29, p. 15] of form

B(z) = 2"p(2) H ()
where H is meromorphic in the plane, and the zeros and poles of H are the zeros
and poles of h in R < |z| < oo, with due count of multiplicity. Furthermore, n is an
integer and 1 is analytic near co with ¢(o0) = 1. The Nevanlinna characteristic is
then given by

1 27 ]
Tr(r,h) = mg(r,h) + Ng(r,h) = ﬂ/ log™* |h(re’9)] df + Ng(r, h),
0

where
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and n(t) is the number of poles of h, counting multiplicity, in R < |z| < ¢t.

Lemma 6.5. Let the function f be transcendental and meromorphic of order p
in the plane, let g be a polynomial of degree m > 2, let ' = fog— f = flg] — f,
and let w;(z) be defined as in (40). Then there exist positive constants ¢y, co with
the following properties. First, for each a € C U {oc} we have

(43> N(Clrmv a, f) - O(l) < N(Tv a, f[g]) < N<C2rm> a, f) + 0(1)
and
(44) (1= o(M)T(crr™, f) < T(r, flg]) < (1 + 0(1))T (cor™, f)

as r — 00. Moreover, if 6 > 0 then we have
(45) T(r,F)z(m—1=8)T(rf),

as v — oo, and I is transcendental of order p(F') = mp. If, in addition, we have
p <1, then

(46) Tr(r, f ow;) < (1+0o(1)T((1+o(1))r, f)

as r — 0o, for some appropriate choice of R.
Here we write N (r, 00, f) = N(r, f) and N(r,a, f) = N(r,1/(f —a)) when a € C.

Proof. As observed by the referee, inequalities (43) and (44) may be found in
[18, Section 14| but the proof is included here for completeness. There exist positive
constants ¢y, ¢y such that

(47) B(0,c17™) C g(B(0,7)) € B(0, cor™),

for large r, in which B(0,7T) denotes the closed disc of centre 0 and radius 7. To
prove (43) assume that a = co. Then (47) and the fact that g has degree m give

m-n(er™, f) < n(r, flg]) < m-n(er™, f)

for r > rg, say. This leads in turn to

N(T,f[g])Z/rw_()(l)zm/Tw_Ou)

70 T0

_ / s N o0y s Nerm, 1) — 0(1).

m
17

This proves the first inequality of (43) and the second is established similarly. Now
(44) follows at once from (43) and the first fundamental theorem, since we may choose
a,b € C such that T'(r, f) ~ N(r,a, f) and T(r, f[g]) ~ N(r,b, flg]) as r — oo |24,
pp. 280-281]. In particular, the order of f[g] is mp.
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Next we choose a such that T'(r, f) ~ N(r,a, f) and a small positive 7. Then
(43) gives

(m—=7)N(r,a, f) < (m—1—7)n(r,a, f)logr + N(r,a, f) + O(1)

:/’“ _ w—i-]\f(r,a,f)vLO(l)

4) < /Tm_T nita f)dt at, f) dt + N(r,a, f)+0O(1)

NEr™ " a, f)+0O(1) < N(eyr™,a, f) + O(1)
< N(r,a, flg]) + O(1).

Hence we obtain

(m —7 —o(1))T(r, f) < T(r, flg]) + O(1),

from which (45) follows at once. In particular F' is transcendental. If f has order 0
then evidently so has F by (44), and if p is finite but positive then F' has the same
order mp as f[g]. Finally if p = oo then F has infinite order by (45).

To prove (46) assume that p < 1. Then (41) and the same argument which
established (43) give

Ng(r, fow;) < (14 0(1))N((1+o(1))r, f)
as r — 00, and Lemma 6.4 implies that there exists an e-set E; such that
mp(r, f ow;) <m(r, f) + o(1)

for all r such that the circle S(0, ) does not meet E;, and hence for all r outside a
set Fs of finite logarithmic measure. This gives (46), initially for r ¢ Es, and hence
without exceptional set by the Valiron representation of f ow; and the monotonicity
of the Nevanlinna characteristic of a function meromorphic in the plane. [l

7. Proof of Theorem 1.3

To prove Theorem 1.3 let f, g and F' be as in the hypotheses. If f has order
0 then F' is transcendental of order 0 by Lemma 6.5, and so F' has infinitely many
Zeros.

Suppose now that p > 0. Then Lemma 6.5 gives p(F') = mp. Recall next from
Lemma 6.2 that there exists a greatest integer N > 0 such that f has a representation
f = hy o ¢°N where ¢°V is the Nth iterate of ¢ and hy is meromorphic. Then
F = Fy o ¢°N where Fy = hy o g — hy. Since ¢°V has degree m” it follows from
Lemma 6.5 that p(hy) = m " p and p(Fy) = m'=p. Moreover hy has finitely many
poles. Hence if it can be shown that the exponent of convergence of the zeros of Fy
is m!~Np then it follows from Lemma 6.5 again that the zeros of F' have exponent of
convergence mp as required.

In order to prove Theorem 1.3 it therefore suffices to consider the case where this
maximal integer N is 0, and so in particular f has no representation f = h;[g] with h4
meromorphic in the plane. By Lemma 6.3, there exists an integer j € {1,...,m—1}
such that the function

(49) fi(2) = f(w;(2)) = f(2)
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does not vanish identically near infinity, where w;(z) is defined by (40). Since wj is
the jth iterate of wy by (40), we may assume that f; does not vanish identically near
infinity.

Assume that the exponent of convergence of the zeros of F' = f[g] — f is less
than p(F') = mp. Then n = mp is a positive integer by the Hadamard factorisation
theorem, and there exist a polynomial P of degree n and a meromorphic function II
of order less than n, with finitely many poles, such that

(50) F=fog—f=TII".
The following lemma is a standard consequence of the Poisson-Jensen formula
and the fact that p(II) < n.

Lemma 7.1. Let (ug) denote the sequence of zeros of I1 with repetition according
to multiplicity. Then

(51) D fu| ™ < o0
k
and there exists Ry > 1 with

(52)  log|l(z)] = o(|=[") for |2| > R, = ¢ Hi =] Blug, lue| ™). m
k

On combination with (50) this leads at once to the following estimates for F'.

Lemma 7.2. There exists d; € R with the following property. If € is small and
positive then there exists dy > 0 such that the following holds for all large z and for
all k € Z. We have

2k 2k +1
(53) log |F(z)| < —da|2|" for dy + TW +e<argz <d; + 2k + D Z ™ _ €
and
(54) log |F(z)| > do|z|"  for z ¢ Hy,
2k +1 2k +2
d1+u~l—e<argz<d1+—( —;)W—e. O

Lemma 7.3. The integers m and n are such that m divides n, and we have
p>1

Proof. Let Ry be large and positive such that the circle S(0, R2) does not meet
the exceptional set H; of (52); the fact that such an R, exists follows from (51). Let

I' be the arc given by
2 2
|Z|:R2, dl——ﬂ+2€§argzgdl_l+ﬁ_25’
m m n

where ¢ is small and positive. It follows from (41) that w = z; = w(z) maps the arc
I' into the region

d1+5<argw<d1+z—5,
n

on which F(w) is small by (53). This gives, for z € I, using (41),

F(2) = [(9(2) = F(2) = Flg(0))~f(2) = F(z1)+ (1) £(2) = O ((exp(RE™D) ).
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In view of (54) and the fact that S(0, Ry) does not meet H it follows that there must
exist k € Z such that

2 2 2k 2k +1
dl——”+2e,d1——ﬂ+f—2e] C {d1+—w—€,d1+u+€ ,
m m n n n
so that
2n 2km
—— - —| < 3e.
m n
Since we may assume that emn is small, this forces km = —n, so that m divides n
and p = n/m is an integer. O

Next, let € be small and positive, let R3 be large and set
T

=d
C 1+2n,

Q={ze€C:|z| > Rs, |argz — | < ¢e}.

Then for z € 2 we have

2
argwy (z) — % —c| < 2

and so, since |w;(z)| ~ |z] and 1/m is an integer multiple of 1/n, it follows from (53)
that .
log |[F'(2)] < —dp|z[" and  log|F(wi(2))] < —5da|z[".
Using the fact that (41) and (49) give
(55)  F(z) = f(9(2)) = f(2) = fg(wi(2))) — f(2) = F(wi(2)) + f1(2),
we therefore obtain .
log 1(2)] < —dbl=]

for z € €2, and hence, for some R > 0 and d3 > 0,

Tr(r, f1) > mg(r,1/f1) — O(logr) > dsr"™
as r — 00. Since Lemma 6.5 gives

Tr(r, /1) < 2+ o())T((L+o(1))r, f) < r#red

this is a contradiction, and the proof of Theorem 1.3 is complete. 0

8. Proof of Theorem 1.4

Let f, g and F' be as in the hypotheses. By Lemma 6.2 again, there exists a
greatest integer N > 0 such that f has a representation f = hy o ¢g°V where ¢°V is
the Nth iterate of ¢ and hy is meromorphic in the plane, and F = Fy o ¢°¥ where
Fy = hyog—hy. Then the order of hy is m~"p by Lemma 6.5, and if F' has finitely
many zeros so has Fly. Moreover, if the equation (9) has finitely many solutions in
the plane then so has the equation

hx(9(2)) = ha(2).
Thus in order to prove Theorem 1.4 it suffices again to consider the case where N = 0
and f has no representation f = hq[g] with h; meromorphic in the plane. As in the
proof of Theorem 1.3 we may therefore assume that the function f; defined by (40)
and (49) does not vanish identically near co. Since p(F) < 1 in all cases, (40), (41)
and Lemma 6.4 give an e-set F such that

(56) F(wy(2)) ~ F(u12) = F(e*™/™%) for all large z with u,z ¢ E.
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Suppose first that 0 < p < 1/m but F has finitely many zeros. Then by

Lemma 6.5 there exists a polynomial P such that
P

57 G=—

(57) -

is a transcendental entire function of order o = mp € (0,1). Moreover, f[g] also has
order 0. Choose a small positive ¢, in particular so small that

1
58 O<o—e<o= < < — < 1,
(58) c—e<o=mp<o+e e

and fix a large positive constant K. Denote by ¢; positive constants which are
independent of € and K.

By the standard existence theorem for Polya peaks [12, p.101], there exist arbi-
trarily large positive s,, such that

T flg) _ (r\7T .
Fell < (L) a<rza

Ll = . sp <1 <00
T'(sn, flg) = (sn) (sp <1 < 00).

Then we have, for s, <r < 8Ks,, by (44), (46), (49), (57) and (59),
Tr(r, fi) < (2+o(1))T(2r, f) < (2+ (1) T(c5r™, flg])
< (24 o(1))T(e3(8K)™s,/™, flg]) = o(T (s fg])) = o(T(r, flg]));

where R is chosen so that f; is meromorphic for |z| > R. For the same r we obtain
similarly

(59)

(60)

(61) T(r, f) =o(T(r, flg])), T(r,G)~T(r,F)~T(r, flg]).
Choose zg with
(62) |20] = sn, log|G(20)] = log M (s, G) > T(8n,G),

and let C' be that component of the set
{z € C:log|G(z)| > T (sn,G)}

which contains zy. For r > s, let 6(r) be the angular measure of the intersection
S(0,7) N C. Suppose that

(63) O(r) <m(l+¢e) forallre [2s,,2Ks,)|.

Then (58), (59), (61), (62), (63) and a standard application of the Carleman-Tsuji
estimate for harmonic measure 28, p. 116] give

T(sn, G) < log|G(zo)]

2K sy dt
< eT(sn,G) + cylog M (4K s, G) exp —7r/
28p te@)
< eT(s,,G) + csT(8K s, G) K /(1)
< T (8, G) (€ + c5(8K)7H K0+ <

since ¢ is small and K is large.
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This contradiction shows that the assumption (63) must fail, and so there exists
rn in [2s,,2Ks,] such that the set
Sn={2€ 5(0,r,) : log|G(2)| > €T (sn,G)}
has angular measure greater than 7(1 + ), and so has the set
T,={2¢€5(0,r,) :uiz € S, }.

Evidently the intersection S,, N T,, has angular measure at least 27we and, for z €
S, N'T,, such that u;z does not belong to the e-set Ej, we have (56) and hence
F(wy(z)) ~ F(uyz). Thus there exists a set U, C S, NT,, of angular measure at
least 2me — o(1), such that for z € U,, we have, by (57),

max{log |F(z)|,log |F(w1(2))|} < —eT(sn, G) + O(logry,).

Using (55) and the first fundamental theorem this now gives

2
Ta(ra. J2) + O(logra) 2 ma(ru, 1/) 2 5 T(50.G).

which contradicts (60) and (61). This disposes of the case where 0 < p < 1/m.

Suppose next that p = 0 and m > 4 but F has finitely many zeros. Choose small
positive real numbers § and £ and a polynomial P such that (57) again defines a
transcendental entire function G, this time of order 0. Then (46), [13, Lemma 4| and
the cosmp theorem [14, Ch. 6] give a set Ey C [1,00), of positive upper logarithmic
density, such that

(64) Tl f1) < 2+ o())T((1+ o)1, f) < 2+ o(W)T(r, f) for 7 € By,
and
(65)  log|G(2)| > (1—¢/4)logM(r,G) > (1 —¢/2)T(r,F) for |z| =1 € Es.
We may assume that for all » € Ey the circle S(0,r) does not meet the e-set E; of
(56), and so (41), (45), (56) and (65) give
max{log | F'(z)],log [F'(wi(2))|} < —=(1 = &)T(r, F)
< -(1=¢g)m—=1=0)T(r,f)
for |z| = r € E,. Using (55) this yields, for r € Ej,
Tr(r, f1) > m(r,1/f1) — O(logr) > (1 —&)(m — 1 =8)T(r, f) — O(logr),
which contradicts (64) since m > 4, and completes the proof in this case.

To complete the proof of Theorem 1.4 assume that p = 0, m > 2 and that the
equation (9) has finitely many solutions z € C. Then we may assume that

(66) N(r, ) ~T(r, f),

since if this is not the case the subsequent argument may be applied with f replaced
by Ao f, where A is a Mobius transformation. With these assumptions we again set
F = flg] — f, and F has finitely many zeros. We then obtain a stronger estimate
for T'(r, F') than (45) as follows. With 7 a small positive constant we have, by (48)

and (66),
T(r,F) = N(r,F) = N(r, f) + N(r, f[g]) — O(log)

>
>(14+m—71)N(r,f)—O(ogr) > (3—27)T(r, f)
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as r — oo. Using the same argument as in the case p = 0, m > 4, we obtain this
time

Tr(r, fr) 2 m(r,1/fi) — O(logr) = (1 —£)(3 — 27)T'(r, ) — O(log ),
for r € F5, which again contradicts (64). O
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