Annales Academise Scientiarum Fennicse
Mathematica
Volumen 35, 2010, 47-57

LACUNARY SERIES AND @Qx SPACES
ON THE UNIT BALL

Huaihui Chen and Wen Xu
Nanjing Normal University, Department of Mathematics
Nanjing 210097, P. R. China; hhchen@njnu.edu.cn

University of Joensuu, Department of Physics and Mathematics
P.O. Box 111, FI-80101 Joensuu, Finland; wenxupine@gmail.com

Abstract. In this paper, we establish a necessary condition for a kind of lacunary series on
the unit ball to be in Q. As a consequence, we prove a necessary and sufficient condition for that
Qi coincides with the Bloch space. In the case of @), spaces we show that the condition, which is
similar to that obtained by Hu, is also sufficient. This is a generalization of the result of Aulaskari,
Xiao and Zhao for @, spaces on the unit disk.

1. Introduction

Let B™ denote the unit ball of C™, S the boundary of B™. For z = (21, , 2n)
and a = (ay, - ,ay) in B™, let (2,a) = 21@1 + -+ + 2@y and |2| = (2,2)Y2. The
group of Mobius transformations of B™ is denoted by Aut(B™). For a € B, let
ba € Aut(B™) be the Mobius transformation which satisfies ¢,(0) = a and ¢! = ¢,.

By H(B™) we denote the collection of all holomorphic functions on B™. For
feH(B™) and z = (21, -+, zm) € B™, let

_(Of of af

denote the complex gradient of f, and
Rf(2) =) 27—
= 8zj

denote the radial derivative of f. The invariant gradient vf (z) of f is defined by
Vi) =V (fop,)(0). Vf(z) and Vf(2) are related by ([11])

(1.1) VIRP = (1= 2PV ()]~ 12f(2)])-

Let v denote the Lebsegue measure on C™ = R?™, so normalized that v(B™) = 1

and ¢ the normalized surface measure on S so that ¢(S) = 1. Let

dv(z)

dr(z) = — 2
7(2) (1= [z[2)m+

which is Mo6bius invariant.
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The Mobius invariant Green function of B™ is defined by G(z,a) = g(|¢a(2)]),
where

I m—
g(r) = 1= - (1—2)" " e2mtt gy,

2m  J,

For m > 1, we have
1) G ()" € () < G (L=,

where (), is a constant depending on m only.

The notion of the spaces ), was first considered for holomorphic functions defined
on the unit disk D of the complex plane [3, 5, 6, 16, 17| and, later, generalized to
hyperbolic Riemann surfaces and the unit ball of C™ [2, 4, 7, 12]. More general
spaces (Qx was introduced and investigated on the unit disk in [9], and on the unit
ball B™ of C™ in [18|.

Let K(t), 0 <t < oo, be a non-negative and non-decreasing function, which is
not equal to 0 identically. The Banach space Qx is defined by

Qx = {f € H(B™) : sup /m |6f(z)|2K(G(z,a))dT(z) < oo} .

acB™

When K(t) =, 0 < p < 00, Qk is denoted by (),. For m > 1, it is proved in [12]
that ), contains non-constant functions if and only if (m —1)/m < p <m/(m —1).
For Qk spaces [18], this condition becomes

1 T,Zm—l
1.3 — K d .
(1.3) | e <o
In this paper, K(t) always denotes a function, formulated as above, and satisfies
(1.3).

A function f € H(B™) is called a Bloch function if

£l = sup [Vf(2)| < co.
2eBm

It is obvious that (1—|z|?)|2f(2)| < (1—|2]2)|Vf(2)| < |V f(2)| for z € B™. Further,
Timoney [14] proved that
(1.4) 1fllz < C sup (1 - |2*)|2f ()],

zeEB™

where C' is an absolute constant. The class of all Bloch functions is called the Bloch
space and denoted by . Qk is always a subspace of Z. In [18], it is proved that
QRQr = A if

(1.5) /O JﬁK(g(T)) dr < co.

In the case m =1 (see [9]), (1.5) is a necessary and sufficient condition for Qx = A.

Lacunary series have been involved in the study of @), spaces. For a lacunary
series f(z) = Y o an,z? on the unit disk, 0 < p < 1, to be in Q,, Aulaskari,
Xiao and Zhao [6] gave a necessary and sufficient condition: f € @, if and only
if Y00, 2717P)q,|? < co. This result was extended to @, spaces on the unit ball by
Hu [10] and, recently, to Qx spaces on the unit disk by Wulan and Zhu [15]. The
purpose of this paper is to generalize the necessary condition to QQx spaces on the
unit ball for a kind of lacunary series. As an application, we show that the condition
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(1.5) for m > 1 is also necessary for Qx = %. By the way, we show that the condi-
tion is also sufficient for ), spaces on the unit ball. The condition for ), spaces is
similar to that of Hu.

Throughout this paper, ¢, cq,co, -+ denote constants which depend on m only
and may have different values at different places.

2. A kind of lacunary series on the unit ball

In order to extend the result of Aulaskari and others to lacunary series on the
unit ball, the key point is to construct homogeneous polynomials which play the role
as z™ do in the case of the unit disk. For this purpose we need the distance d (see
[1]) defined by

1/2

(¢, &) = (1 - [{¢,&)F) for ¢,£€65.
The d-ball Es(¢) with radius § and center ¢ € S is defined by

Es(Q) ={¢ € 5:d(¢.€) < d}.
A set I' C S is said to be d-separated by § > 0, if d-balls with radius § and centers

at points of I' are pairwise disjoint. The following lemma was proved in [§].

Lemma 1. IfI' C S is d-separated by > 0 and n is a positive integer, then

Y THEQ" <1+ (k+2)? 2 F02 for c€ 8.
=1

cer k=

Let N be a positive integer and I'y C S be the set of all points ( = ({1, , ()
defined by

N : N N —
(1 =sin —( 2;1)7?7 = €itm=1™/CN) ¢og —( ;—]\71)# -+ COS —( +67}V 1>7T7
, N N _ N
Ck = itr=17/(2N) (g %——Nm)ﬂ .. COS ( +67\;: ) sin ( g_]\?k)ﬁ, 2<k<m-—1,
where nq,ly, - -1, ln_1 are integers between 1 and N. Note that I'y contains

N2m=1) different points.
Lemma 2. d((,£§) > 27 /N, if (,£ € T'y and ¢ # €.
Proof. Let ¢ and £ be two distinct points in I'y C S, which are defined by

ny, by, 1, b1, and 0 -+ onl 10 respectively. For k=1,--- ,m —1,

denote
/ /
= (N + ng)m o = (N +nj)m 5, = lpm 5 = b
6N T F 6N 2N’ P 2N
We have
. . ; o
(¢,€) = sinay sin @) + ePm=17Pm-1) cos oy cos o - - - cos a1 cOS O,
m—1
; — / . .
+ E ' Pr=17B-1) cos oy cos ) - - - COS (U1 COS Oy, SIN (v, SN (Y.
k=2

We distinguish two cases.
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(i) There exists a j such that 1 < j <m — 1 and n; # n/. Then,

(¢, €)| < sinay sin o) 4 cos @ cOS ] « - + COS (1 COS AL, 4
m—1
+ E COS (V] COS O -+ * COS (g1 COS (V) Sin ay, sin o,
k=2
m—1
/ /
=1- E or(1 —cos(ar — ) <1 —0;(1 — cos(a; — af)),
k=1
where o, = cosa cos @ - - - cos a1 cos aj,_;. Note that o7 =1 and 4 ™2 < ¢; < 1.
3 /
Thus, since 7/(6N) < [a; — | < 7/6,

. — 9—m
d(C7€> 2 (1 - |<C75>D1/2 > \/50')1-/2 SinM 2 \/50;/2 sin n > —

2 12N — N °

(ii) ny = nj, for k =1,--- ;m — 1 and there exists a j such that 1 <j <m —1
and l; # I;. Let o = By — B for k = 1,--- ,m — 1, and let A; = sin® aq, Ay =
cos?aq - --cos? oy sinay for k = 2,---,m — 1, and A,, = cos®aq - - cos® apm_1.
Then,

(C,@ = A + Zew’“’lAk,
k=2
and
(¢ &) =

k=2

<A1 + Z Ay, cos akl) + <Z Aj sin ok1>
k=2

m

A7+ 24, Z A cosop_1+2 Z A A cos(og_1 — 01-1)

k=1 k=2 2<k<l<m

< (Al 4o+ Am)2 — 2A1Aj+1(1 — COS(ﬁj - ﬂ,»

J
Since A; + -+ A, =1, Ay > 1/4 and A; 11 > 1/4™" | we have

B; — Bjl
2<1_4—(m—1)~2|3 J
|<C75>‘ = S1n —2 s
and
2777’1
d(¢,€) > 27 m=D) sin% >
The lemma is proved. ([l

By Lemma 2, T'y is d-separated by 27™/(2N). Thus, using Lemma 1, we have

Lemma 3. Ifn is a positive integer, then

Z |<€7<-=>|n < 1 +Z(k,_{_2)2m—26—k24*m73/2n/N2 for fE S

¢Cel'n k=1
The following lemma is a direct consequence of Lemma 3.

Lemma 4. Ifn is a positive integer, then

ST OHEOM D (k2P eI for ¢ €Ty,
k=1

¢eln, ¢#¢
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It is easy to see that there exists a positive integer ng, depending on m only, such
that

> o 0 1
2.1 (k 4 2)2m 247" Pnok? - Z
(2.1) ; + :

For an integer n > ng, let N,, be the largest positive integer such that n/N? > ny.
Note that

nl/2 nl/2
(2.2) 2n(1)/2 <N, < n(l)/T
By Lemma 4,

1
>, o<y for el
§€lN,, &#¢
and
S>> 1= Y e
¢ &€ln, CEFNn CEFNn §€lny,, §#4¢
(2.3)
> Z (m—1) >21 2mn(1] mm—1
CEFNn

Now, for n > ng, define

(24) fa(z) = Y (0™

¢el'n,

There is an estimate for |f,(2)|. In fact, by Lemma 3 and the definition of N,,,

NS 3 el O < o (143 s gt )

(25) CEFNn
k=1
Let A, C S for n =ng,ng+ 1,---. The sequence of homogeneous polynomials
fulz) = S (0"
CeA,

is called a normal sequence if it possesses the following property: there exists a
positive constant C' such that

(i) |fu(2)] < Clz]" for z € B™ and n = ng,ng + 1, - -,
(i) > (¢ >Ctnm 1t for n =mng,ng+ 1,
¢, E€AR
Because of (2.3) and (2.5), the sequence f,,(z) defined by (2.4) is a normal sequence.
In what following, we will consider all lacunary series defined by normal sequences
of homogeneous polynomials.
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3. A necessary condition for a lacunary series to be in Qi spaces

In this section we prove a necessary condition for a lacunary series defined by a
normal sequence to belong to a (Qx space on the unit ball.

Theorem 1. Let f,(z), n =mng,no + 1, -, be a normal sequence and
oo
F(2) = arfa(2).
k=1
where ng < ny < ng < --- < ng < --- IS a sequence of positive integers such that

ligninf ngs1/ng > 1. If f € Q, then

(3.1) > K (g™l < oo

k=1
Proof. Let f € Q. We have, by (1.1),

2

Ve[ =0 - 12P) anakzzs”k 1z anakz ol |

§€AR, E€AL,
and
[ Rr@PIKGE are) =2m [ S ([ (a1 = 181 do(@)) K at) ar
where

A= ™ Y (GO B = ™ Y (( O™
k=1

£€An,, k=1 E€MR,,

If k # k', integrating by slices gives

/S S oy © ™ do(¢) = 0

§€hny, £€hn,

and

/ S emt Y Ga™ oo =o.

SgeA g€hn,,
Thus,

V. 1 y2ngp+2m—3
[ ERLE sznk|ak| [
(3.2)
' (/S Ap(Q)do(¢) — 7”2/SBk(C) dU(C)) K(g(r))dr,

where

33) A= Y O™ ED, BO= Y (O™

€8N, £,6'€An,,
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For ¢,&" € A,,, let T be a unitary transformation such that 7¢ = (1,0,--- ,0).
Denote §" =T¢ = (&, , &) Then, & = (T¢,T¢€) = (£, &) = (£,{'), and

E7) / (e do(¢) = E.F) /S (& T ETE™ ™ do(0)

— @8 [ ¢ (GE +ae +- 4 Gatn) " do(0),

Integrating by slices, we obtain

&7) / (O™ do(C) = (F,F) / G2 ()
¢ Enng | (

(3.4) ) — 1)

= (&) (m—1+n,— 1)

where the known formula [13]

L Bm)2 (m — )Gy B!
/|C P fdo(C) = RSy

is used. By the same reason,
(m — 1)ny!

(3.5) /S<C,§>"’“<C,§’> fdo(¢) = (£.€)" - (m—1+ng)!

Thus, by condition (ii) of the normal sequence, (3.3), (3.4) and (3.5),

/ A4(Q) dor(¢) — 12 / B(¢) do(¢)
S
ng — 7’2 m — ‘nk‘ - =
_ ((( 1) ( 1) ( ( 1) ) Z <§’€/>nk

— _ | _ |
(3.6) b= 1) L) £, €€y,
> C—lnm—l . (m 1)'(7’%— 1)'(m_1+nk(1—7“2))
- g (m — 1+ ng)!

S C~Hm — 1)In}*n,,!
(m—1+ng)!
Now, it follows from (3.2) and (3.6) that

1 r2nk+2m—3

(3.7) - V()P (9(]2])) dr(z) > C_IC_IZICWW/O W-K(g(ﬂ)dﬁ

where ¢ is a positive number depending on m only. By (1.2),
K(g(r)) > K(c;'(1—r)™) for 1/2<r <1.

Consequently,
1 r2nk+2m73 % o> . 1 Tanfl % . ) " g
—_ r))dr > c — K (c —r r
| o Kz [ K )
log 2 log 2
>t / tTme K (e ™) dt > e PR (n ™) / tme 2t gt
0 cé/mnlzl

n log 2
_ —1_m-1 —-m —m _—2t
=c; ng K(ny, )/1/m t e " dt.
C3
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Let k' be sufficiently large such that ny log2 > cé/ " 4+ 1. Then, for k > ¥/,

1 T2nk+2m—3 o , 3
and, by (3.7),

00 > /m VFPIE (=) dr(z) = Cle Y nl K (™) |axl.

k=k’
This shows (3.1) and the theorem is proved. O

It can be seen from the proof that the condition (i) for the normal sequence f,(2)
and the lacunary condition for the sequence n; are not necessary for Theorem 1. As
an implication of Theorem 1, we prove that (1.5) is also necessary for Qx = % on
the unit ball B™.

Theorem 2. If Qx = % on the unit ball B™, then (1.5) holds.

Proof. Assume that Qg = %. Among lacunary series defined by normal se-
quences, we consider

F(2) = far(2),

where fyr(2) are constructed by (2.4)and 2% > ng. By (2.5), | for(2)] < ¢|z]*" for
k > ko and z € B™. Thus,

(L= [zP)2f () < (L= [2) Y 12 () < (L= [2) D 2" for(2)]

k=ko k=ko
<e(l—[2) D 28 <de(1 - [2)) |2 < e
k:ko n=1

By (1.4), this shows that f € % and, consequently, f € Qk since Qg = %A. Using

Theorem 1 gives
o)

> 2R (27 < o0
k=1
By (1.2), we have

1 p2m—1 1 K (C(l _ T)m) /™ log2
————K(g(r))dr < ————Zdr<c / t_(m+1)K(tm) dt.
/1/2 (1 —r2)m+t (9(r) e (L—r)mtt "o

On the other hand,

1/2 2-k
/ t= DK dt / t= DK™ dt
0 2

—(k+1)

I
WK

k=1

27(/64’1)2(m+1)(k+1)K(2fmk)

NE

>
Il

1

k=1
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since K is non-decreasing. Thus,
1 Tmnfl
— K dr < 0.

Combining this with (1.3), we obtain (1.5). The theorem is proved. O

4. The necessary and sufficient condition for a lacunary series
to be in (), spaces

The condition (3.1) in Theorem 1 is not sufficient if one does not put any extra
restriction on K. We don’t know what is a better restriction. Now, we can prove the
sufficiency only for @), spaces, (m —1)/m <p < 1.

In [10], the following equivalent characterization for ), spaces on the unit ball
B™ with m > 1 was proved.

Lemma 5. Let (m —1)/m < p < 1. Then, for f € H(B™), f € Q, if and only
if
(@) sup [ (1= PP - [6,())™ dr(2) < oc.

The following lemma can be found in [13].
Lemma 6. If A > 0 and z € B™, then

4o (Q) ¢
12 / < |
- ST (G AP = (= PP
Theorem 3. Let (m —1)/m < p <1 and f be defined as in Theorem 1. Then,
f € Q, if and only if

4.3 a2 1P < 0.
(4.3) > larl*ng
k=1

Proof. The necessity of the condition (4.3) follows from Theorem 1. Now, assume
that (4.3) holds. By condition (i) of the normal sequence, for z € B™,

ZF (<Y lawlng] fu ()] < C Y lanfng]z|™.
k=1 k=1

Let 0 <n < 1. For 0 < r < 1, using Schwarz’s inequality gives

oo 2 o0 oo
(zmmw) - (z ) (z ||)
k=1 k=1 k=1

There exists an M > 1 such that ng/(ny — ng—1) < M for k = 1,2,---, since
lim infy_ o ngy1/ng > 1. Let pp = 0 and ng|logr| = pg for k =1,2,---. Then,
o [e.e]
Z npr'™ = |logr|™" Z,uZe’“k
k=1 k=1
_ -1 UL _ n—1_—py
| log 7| ; o — (pe — pe—1) )€

< M|logr|™"T(n).
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By (1.2), the concavity of t* and (4.2), for a € B™, we have

. rO™ do(0) = (1 — lal2)™P(1 — #2)mP do(¢)
| 0= 10urP)™ dotc) = (1= a1 =) /5\1—<mc>|2mp

e e
e S S0

Combining the above estimates, we obtain
I(a) = /m(l — [V 12f(2)*(1 = |a(2)[*)™ dr(2)
= [ @R - o) )

2m— 1]10gr\_

<) [ Z\a o i [ (1= 10,:OR)"™ do(0

< c;MT(7) Z ’Clk|2ni_n/ T2m—1+nk’ log 7| ~"(1 — 7.2)1—m(1—p) dr.
k=1 0
It is easy to calculate that

1 1
/ r2m = og p| (1 — 7”2)1””(1”’) dr < 2/ ™| logr|~"(1 — 7”)1””(1”’) dr
0 0

2 /OO (1 — et mmiP et gy
0

IA

2 /00 tlfﬁ*m(lfp)e*nkt dt
0

= 2nZ+m(1_p)_2F(2 —n—m(1l—p)).

Thus,
I(a) < eMT()T(2 —n —m(1—p)) Y lax*n) "
k=1
holds for a € B™. Because of (4.3), the right side of the above inequality is a finite
number. Using Lemma 5, we see that f € (),. The theorem is proved. O
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