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Abstract. We use heat kernels or eigenfunctions of the Laplacian to construct local coordi-
nates on large classes of Euclidean domains and Riemannian manifolds (not necessarily smooth,
e.g. with €* metric). These coordinates are bi-Lipschitz on embedded balls of the domain or man-
ifold, with distortion constants that depend only on natural geometric properties of the domain
or manifold. The proof of these results relies on estimates, from above and below, for the heat
kernel and its gradient, as well as for the eigenfunctions of the Laplacian and their gradient. These
estimates hold in the non-smooth category, and are stable with respect to perturbations within this
category. Finally, these coordinate systems are intrinsic and efficiently computable, and are of value
in applications.

1. Introduction

The concept of a coordinate chart for a manifold is quite old, but it has only
recently become a subject of intensive study for data sets. In this paper we will state
and prove a new theorem for coordinate charts on Riemannian manifolds. This result
is meant to explain the empirically observed robustness of certain coordinate charts
for data sets, Before stating our results, we explain in more detail the setting, first
for manifolds, and then for data sets.

Let .# be a Riemannian manifold. A coordinate chart (more precisely, a restric-
tion of one) can be viewed as a mapping from a metric ball B C .# into R, where
d is the topological dimension of .#. This mapping has the form

F(.T) = (fl(-r)a fg(ﬂf), sy fd(x))
It is natural to ask for F' to have low distortion. Let F'(B) = B c R% By assumption
F'is a one to one mapping from B to B. The Lipschitz norm of F' is defined as
[F(x) — F(y)|
Fllup, =
1Flhie = 20 0y em)
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where d_4(-,) is the metric on .# and || - || is the usual Euclidean metric on R<.
Similarly, one sets

_ d///(may)
[F sy — sup |
P esen [[F(2) = Fy)l|

;#y
Then the distortion of F' on B is defined to be
(1.0.1) Distortion(F, B) := || F||Lip X ||F || Lip-

It is worth recalling at this point a prime example of a coordinate chart, namely
the coordinate chart on a simply connected planar domain & given by a Riemann
mapping F from Z to the unit disc D. Let zgp € 2 and define r = dist(zy,02). If
we choose our Riemann map F' to satisfy F'(z9) = 0, then the distortion theorems of
classical complex analysis (see e.g. [38, page 21]) state that F' maps the disc B(z, §)
onto “almost” the unit disc, with low distortion:

(1.0.2) B(0,x") € F(B(z, g)) c B(0,1— &),
(1.0.3) Distortion (F, Bz, g)) < K.

In other words, on B(z, 5), F' is a perturbation (in the proper sense) of the linear
map given by z — F'(2)(z — 20), and |F'(z)| ~ .

In this paper we will look for an analogue of (1.0.2) and (1.0.3) above, but in
the setting of Riemannian manifolds. We will show that on Riemannian manifolds
of finite volume there is a locally defined F' that has these properties, and that this
choice of F' will come from globally defined Laplacian eigenfunctions. On a metric
embedded ball B C .# we will choose global Laplacian eigenfunctions ¢;,, i, - . ., @i,
and constants v1,7e, .. .,7s < & (for a universal constant x) and define

(1.0.4) D= (V1Pirs 12Pinr - - - Vi) -

This choice of @, depending heavily on zg and r, is globally defined, and on B(z, s~ 'r)
enjoys the same properties as the Riemann map does in (1.0.2) and (1.0.3). In other
words, ® maps B(zg, k1) to, roughly, a ball of unit size, with low distortion. Here
we should point out the 1994 paper of Bérard et al. [5] where a weighted infinite
sequence of eigenfunctions is shown to provide a global coordinate system (points in
the manifold are mapped to ¢3). To our knowledge this was the first result of this
type in Riemannian geometry. Our results can be viewed as a strengthening of their
work, and have as a consequence the statement that for a compact manifold without
boundary, a good global coordinate system is given by the eigenfunctions ¢; with
eigenvalues \; < /{R;U-Q. Here R;y; is the inradius of .#, i.e. the largest r» > 0 such
that for all v € 4, B(x,r) is an embedded ball.

The impetus for this paper and its results comes from certain recent results in
the analysis of data sets. A recurrent idea is to approximate a data set, or a portion
of it, lying in high dimensional space, by a manifold of low dimension, and find a
parametrization of such data set or manifold. This process sometimes goes under
the name of manifold learning, or linear or nonlinear dimensionality reduction. This
type of work has been in part motivated by spectral graph theory [8] and spectral
geometry |7, 23, 17] (and references therein). Let {z;}) be a collection of data points
in a metric space X. It is frequently quite difficult to extract any information from the
data as it is presented. One solution is to embed the points in R™ for n perhaps quite
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large, and then use linear methods (e.g. those using singular value decomposition) to
obtain a dimensional reduction of the data set. In certain situations however linear
methods are insufficient. For this reason, there has recently been great interest in
nonlinear methods.! Unfortunately such techniques seldomly come with guarantees
on their capabilities of indeed finding local parametrization (but see, for example,
[18, 19, 52]), or on quantitative statements on the quality of such parametrizations.

One of these methods, diffusion geometry, operates by first defining a kernel
K(z;,z;) on the data set, and then altering this slightly to obtain a self-adjoint
matrix (m; ) that roughly corresponds to the generator of a diffusion process. The
eigenvectors of the matrix, should be seen as corresponding to Laplacian eigenfunc-

tions on a manifold. One (judiciously) selects a collection v;,,v;,, ..., v;, of eigen-
vectors and maps
(1.0.5) zr — (Ui, Vig,y ..., 0;, ) € R™.

Careful choices of collections of eigenvectors have been empirically observed to give
excellent representations of the data in a very low dimensional Euclidean space. What
has been unclear is why this method should prove so successful. Our results show
that in the case of Riemannian manifolds, one can prove that this philosophy is not
just correct, but also robust. It is to be said that researchers so far have restricted
their attention to the case when the lowest frequency eigenfunctions are selected, i.e.
ih=1,ia=2,... i, =m [47, 2, 4, 10, 12, 9.

Given these results, it is plausible to guess that an analogous result should hold
for a local piece of a data set if that piece has in some sense a “local dimension”
approximately d. There are certain difficulties with this philosophy. The first is that
graph eigenfunctions are global objects and any definition of “local dimension” may
change from point to point in the data set. A second difficulty is that our results for
manifolds depend on classical estimates for eigenfunctions. This smoothness may be
lacking in graph eigenfunctions.

It turns out that another of our manifold results does not suffer from these serious
problems when working on a data set. We introduce simple “heat coordinate” systems
on manifolds. Roughly speaking (and in the language of the previous paragraph)
these are d choices of manifold heat kernels that form a robust coordinate system on
B(zp, k7 1r). We call this method “heat triangulation” in analogy with triangulation
as practiced in surveying, cartography, navigation, and modern GPS. Indeed our
method is a simple translation of these classical triangulation methods, and has
a closed formula on R¢, which we note has infinite volume! (Our result on heat
kernels makes no assumptions on the volume of the manifold.) For data sets, heat
triangulation is a much more stable object than eigenfunction coordinates because:

e Heat kernels are local objects (see e.g. Proposition 3.3.2).

e If a manifold .# is approximated by discrete sets X, the corresponding graph
heat kernels converge rather nicely to the manifold heat kernel. This is studied
for example in [29, 10, 11, 3|.

Examples of such disparate applications include document analysis [14], face recognition [25],
clustering [35, 1], machine learning [4, 36, 50, 32, 31, 51], nonlinear image denoising and segmentation
[43, 50], processing of articulated images [19], cataloguing of galaxies [20], pattern analysis of brain
potentials [30] and EEG data [42], and the study of brain tumors [6]. A variety of algorithms for
manifold learning have been proposed [39, 3, 4, 29, 10, 12, 13, 52, 57, 19, 53, 54, 41, 40].
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e One has good statistical control on smoothness of the heat kernel, simply
because one can easily examine it and because one can use the Hilbert space
{fel?:Vfel?.

e Our results that use eigenfunctions rely in a crucial manner on Weyl’s Lemma,
whereas heat kernel estimates do not.

In a future paper we will return to applications of this method to data sets.
The philosophy used in this paper is as follows.

Step 1. Find suitable points y;, 1 < j < d and a time ¢ so that the mapping given by
heat kernels (r — Ki(x,y1),. .., Ki(x,yq)) is a good local coordinate system
on B(z,k~'r). (This is heat triangulation.)

Step 2. Use Weyl’s Lemma to find suitable eigenfunctions ¢;; so that (with K;(x) =
Ki(x,y;)) one has large gradient.

Each point y € . gives rise to a heat kernel K;(z,y). One may think of Step 1 as
sampling this family of heat kernels K;(x,y) at d different choices y, ..., y4. Indeed,
with high probability, randomly chosen points from the appropriate annulus will be
suitable. Step 2 corresponds to sampling the vector {p;(x)e*'}; d times, once for
each point yi,...,y4. This last sampling, where we choose an index j, cannot be
performed randomly! (See example in Section 5.1).

At this point we would like to note an advantage that local parametrization by
eigenfunctions has over heat kernel triangulation (which we do not discuss in this
paper). Consider the planar domain [0, 3¢] x [0,3]. Then, using only two Neumann
eigenfunctions, one gets a good parametrization of the rectangle [e,2¢] x [1,2]. On
the other hand, in order to get parametrization of similar distortion using heat kernel
triangulation, on needs to use ~ % different heat kernels.

To see where our philosophy comes from, we return for a moment to the setting
of a simply connected planar domain & of area = 1. Let zg € & and r be as in
the discussion before equation (1.0.2). With the choice of Riemann mapping F', with
F(z9) = 0 we have the classical formula known to Riemann:

(1.0.6) F(z) = exp{ — G(z,20) —iG*(2,2)}.

Here G(-, zg) is Green’s function for the domain 2, with pole at z5, and G* is the
multivalued conjugate of G. Thus, all information about F' on B(z, 5) is encoded in

G(z,20). Recall that

(1.0.7) G(z, z0) :/K(z,zo,t) dt,

where K is the (Dirichlet) heat kernel for 2. Thus the behavior of F' can be read off
the information on K(z, zp,t). Now write

(1.0.8) K(z, z,t) Zapj 2)pj(z0)eN?,

where {(,} is the collection of Dirichlet eigenfunctions (normalized to have L? norm
=1) and Ap; = A\jp;. Notice that

(1.0.9) IF'(2)] = |VG(z, z)|e =),
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Since |F'(2)| ~ % on B(z, ), it is reasonable to guess from the above identities that
there are eigenfunctions ¢; such that

1

on B(z, k~'r), for some x > 1, independent of &. (More precisely, a short calculation
with Weyl’s estimates makes this reasonable.) This simple reasoning turns out to be
correct and the main idea of this paper. The proof does not depend on any properties
of holomorphic functions, but runs with equal ease in any dimension. This is because
it only requires estimates on the heat kernel, Laplacian eigenfunctions and their
derivatives, all of which are real variable objects.

The paper is organized in a top-bottom fashion, as follows. In Section 2 we
state the main results, in Section 3 we present the main Lemmata, the proofs of the
main results, and important estimates on the heat kernel and eigenfunctions of the
Laplacian, together with their proofs, but mostly only in the Euclidean case. For the
purpose of completeness we have recorded here proofs of several known estimates,
over which the experts may wish to skip. In Section 3.5 we present the material for
generalizing most estimates to the manifold case. Finally, we discuss some examples
in Section 5.

2. Results

2.1. Euclidean domains. We first present the case of Fuclidean domains.
While our results in this setting follow from the more general results for manifolds
discussed in the next section, the case of Euclidean domains is of independent interest,
and the exposition of the main result as well as the proof in this case is simpler in
the several technical respects.

We consider the heat equation in €, a finite volume domain in R, with either
Dirichlet or Neumann boundary conditions i.e., respectively,

(A — %)u(x,t) =0, or (A — %)u(:v,t) =0,
ulpn = 0, Oyulaq = 0.

Here v is the outer normal on 0€2. Independently of the boundary conditions, A
denotes the Laplacian on 2. In this paper we restrict our attention to domains
where the spectrum is discrete and the corresponding heat kernel can be written as

+oo
(2.1.1) Ki(z,w) = Kz, w) = Z 0;(2)pj(w)e M.

5=0
where the {¢;} form an orthonormal basis of eigenfunctions of A, with eigenvalues
0 <X <--- <\ <.... We also require a (non-asymptotic) Weyl-type estimate:
there is a constant C .y, such that for any 7' > 0
(2.1.2) #{j:10< X < T} < Cooun T2 9.

In the Dirichlet case Ceouny does not depend on €2 (see remark 3.4.3). For the Dirichlet
case the only substantial problem is that the eigenfunctions may fail to vanish at the
boundary. This in turn only occurs if there are boundary points where the Wiener
series (for the boundary) converges [55, 28]. For the Neumann case the situation is
more complicated [34, 26, 33]. In particular, there are domains with arbitrary closed
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continuous Neumann spectrum [26]. We therefore restrict ourselves in this paper to
domains (and, later, manifolds) where conditions (2.1.1) and (2.1.2) are valid. More
general boundary conditions can be handled in similar fashion, since our analysis is
local and depends on the boundary conditions only through the properties above.
Finally, here and throughout the manuscript, we define f f := ‘—é‘ [
B B

Theorem 2.1.1. (Embedding via eigenfunctions, for Euclidean domains) Let 2
be a finite volume domain in RY, rescaled so that |Q| = 1. Let A be the Laplacian
in §, with Dirichlet or Neumann boundary conditions, and assume that (2.1.1) and
(2.1.2) hold. Then is a constant k > 1 that depends only on d such that the following
hold.

For any z € Q, let p < dist (z,02). Then there exist integers iy, . .. ,iq such that,

1
— =

B(z,x~1p)
we have that
(a) the map
(2.1.3) ®: B(z,k'p) — RY,
(2.1.4) T = (71900, (7), -, Yapiy (7))
satisfies, for any x1, o € B(z, k7 1p),
kL K
(2.1.5) 7“951 — zo|| < [P(x1) — P(2)]| < ;Hfﬁl — 2ol;

(b) the associated eigenvalues satisfy
H_lp_Q < iy ooy, <

(c) the constants v, satisfy

Y155 Vd S K (Ccount)Q'
Remark 2.1.2. In item (c) above, it will also be the case that /f_lpg < ;.

Remark 2.1.3. The dependence on Cp¢ is only needed in the Neumann case
because, unlike the Dirichlet case, the upper bound in Weyl’s Theorem depends on
the domain. See Remark 3.4.3 for a more precise statement.

2.2. Manifolds with ¢“ metric. The results above can be extended to certain
classes of manifolds. In order to formulate a result corresponding to Theorem 2.1.1
we must first carefully define the manifold analogue of dist(z,02). Let .# be a
smooth, d-dimensional compact manifold, possibly with boundary. Suppose we are
given a metric tensor g on .# which is €* for some « € (0, 1]. For any zy € .4, let
(U, F') be a coordinate chart such that zy € U and normalized so that

(1) g"(F(20)) = o".

Then we assume that
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(ii) for any x € U, and any &, v € R,

d
Cmin(9)[|€]|Ra < Z 97(F(x))&¢; and

(2.2.1) . =1

3 (P ()6 < sl [
We let
(2.2.2) ru(z0) = sup{r > 0: B.(F(z)) C F(U)}.

Observe that, when g is at least €2, 7y can be taken to be less than the inradius,
with local coordinate chart (U, F') given by the exponential map at z. The chart
(U, F') may intersect the boundary with no consequence, as all of the work will be
done inside B(zg, 7). We denote by ||g||, the maximum over all 4, j of

197 (F(@)) = "(F()

wry  [F(2) = Fy)l*
for z,y in U. The natural volume measure du on the manifold is given, in any local
chart, by v/det g; conditions (2.2.1) guarantee in particular that detg is uniformly

bounded below from 0. Let A, be the Laplace Beltrami operator on .Z. In a local
chart, we have

(2.23) D) =~ 30 0, (VaLa g (F@)of) (F(@),

when ¢ is smooth enough (e.g. g € %'). In general one defines the Laplacian
through its associated quadratic form [16, 15]. Conditions (2.2.1) are the usual
uniform ellipticity conditions for the operator (2.2.3). With Dirichlet or Neumann
boundary conditions, A 4 is self-adjoint on L*(.#, ;). We will assume that the
spectrum is discrete, denote by 0 < Ay < --- < \; < its eigenvalues and by {goj} the
corresponding orthonormal basis of eigenfunctions, and write equations (2.1.1) and
(2.1.2) with Q replaced by .Z.

Theorem 2.2.1. (Embedding via eigenfunctions, for manifolds) Let (., g), z €
A be a d dimensional manifold and (U, F') be a chart as above. Assume |.Z| = 1.
There is a constant £ > 1, depending on d, Ciin, Cmax; ||9]|a, @ such that the following
hold.

Let p < ry(z). Then there exist integers iy, ..., 14 such that if we let

_1
2

M= ][ 90@21 7l:17"'7d7

B(z,x~1p)
we have that
(a) the map
(2.2.4) ®: B(z,k'p) — RY,

(2.2.5) x> (N (), Yapiy (7))
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satisfies for any xy, x5 € B(z, k™ !p)

H_l

(2.2.6) e, z2) < 10() - 0| < % d (1, Ts);

(b) the associated eigenvalues satisfy
Hilp72 S )\i17 R )\id S /ip72;
(c) the constants v, satisfy

Vs s Y < R(Coount)?.
Remark 2.2.2. As in the Euclidean case, in item (c¢) above, it will also be the
case that k~1p% < o7
Remark 2.2.3. Most of the proof is done on the local chart (U, F') containing z.

An inspection of the proof shows that we use only the norm ||g||, of the g restricted
to this chart.

Remark 2.2.4. When rescaling Theorem 2.2.1, it is important to note that if
f is a Holder function with || f||4« = A and f.(z) = f(r~'z), then || f.|ga = Are.

Since we will have r < 1, f,. satisfies a better Holder estimate then f, i.e.
[frlln = Ar® <A =|fll«-.
We will repeatedly use this observation when discussing manifolds with €’ metric.

Remark 2.2.5. We do not know, in both Theorem 2.1.1 and Theorem 2.2.1,
whether it is possible to choose eigenfunctions such that v ~ v ~ ... ~ 4. If
this were so, the map = — (¢, (z),..., ¢, (x)) would be a low distortion map whose
image has diameter > k71!

Remark 2.2.6. As was noted by Guibas, when .# has a boundary, in the case
of Neumann boundary values, one may consider the “doubled” manifold, and may
apply our result for a possibly larger ry(z2).

Clearly Theorem 2.1.1 is a particular case of Theorem 2.2.1, but the proof of the
former is significantly easier in that one can use standard estimates on eigenfunctions
of the Laplacian and their derivatives. For the sake of presentation we present one
proof for both Theorems, but two sets of required Lemmata for those estimates which
are significantly different in the two cases.

Remark 2.2.7. The method of the proofs also gives a result independent of the
constant Ceount: Let (A, g) and z € .# be as in Theorem 2.2.1. Let n > 0, and
assume that for any = € .# we have a chart (U, F') such that ry(z) > n > 0 (in
particular, .# has no boundary). Then for p < n the same results as in Theorem
2.2.1 hold, except the constant x depends only on d, ¢pin, Cmax, ||9|la; @ and not on

Cleount- This is due to the fact that Ciouns becomes universal for values of T' > n~2.

Another, in some sense stronger, result is true. One may replace the d eigenfunc-
tions in Theorem 2.2.1 by d heat kernels {K;(z,v;)}i=1,..4. In fact such heat kernels
arise naturally in the main steps of the proofs of Theorem 2.1.1 and Theorem 2.2.1.
This leads to an embedding map with even stronger guarantees:

Theorem 2.2.8. (Heat Triangulation Theorem) Let (., g), z € A and (U, F)
be as above, with the exception we now make no assumptions on the finiteness of
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the volume of .# and the existence of Ceouns. Let p < ry(z). Let py,...,pqs be d
linearly independent directions. There are constants ¢ > 0 and ¢,k > 1, depending
on d, Cuin, Cmax; P|9]la, @, and the smallest and largest eigenvalues of the Gramian
matrix ((p;, p;))ij=1,..4, such that the following holds. Let y; be so that y; — z is in
the direction p;, with cp < d_4(y;,2) < 2cp for each i = 1,...,d and let t = ™ p°.

The map
(2.27) 2 (P ), - 9K, 5a))

satisfies, for any x1, x5 € B(z, k™ 1p),

k1 K

(2.2.8) dy(x1,29) < ||P(21) — P(22)]] < 7d//(x1,a:2).

cp

The reason for the factor p® which we have in p®||g|l. above is to get scaling
invariance.

This theorem holds for the manifold and Euclidean case alike, and depends only
on the heat kernel estimates (and its gradient). We again note that for this particular
Theorem we require no statement about the volume of the manifold, the existence of
L? Laplacian eigenfunctions, or their number. The constants for the Euclidean case,
depend only on dimension, and not on the domain. The content of this theorem is
that one is able to choose the directions y; — z randomly on a sphere, and with high
probability on gets a low distortion map. This gives rise to a sampling theorem.

One may replace the (global) heat kernel above with a local heat kernel, i.e.
the heat kernel for the ball B(z,p) with the metric induced by the manifold and
Dirichlet boundary conditions. In fact, this is a key idea in the proof of all of the
above Theorems. Thus, on the one hand our results are local, i.e. independent of the
global geometry of the manifold, yet on the other hand they are in terms of global
eigenfunctions.

As is clear from the proof, all theorems hold for more general boundary condi-
tions. This is especially true for the Heat Triangulation Theorem, which does not
even depend on the existence of a spectral expansion for the heat kernel.

Example 2.2.9. It is a simple matter to verify this Theorem for the case where
the manifold in RY. For example if d = 2, p = 1, and z = 0, y; = (—1,0) and
yo = (0,—1). Then if K;(z,y) is the Euclidean heat kernel,

v — (Ki(z,y1), Ki(z,y2))

is a (nice) biLipschitz map on B((0,0), 1). (The result for arbitrary radii then follows
from a scaling argument). This is because on can simply evaluate the heat kernel

1 _je—v?
Ki(z,y) = s i

So in B%((0,0))

1 1 _a
VEKi(z,y1) ~ ge_%(l, 0) and VKi(x,y2) ~ %6_1(0, 1).
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3. The proof of Theorems 2.1.1 and 2.2.1

The proofs in the Euclidean and manifold case are similar. In this section we
present the steps of the proofs of Theorems 2.1.1, 2.2.1 we will postpone the technical
estimates needed to later sections.

Because we may change base points, we will use R, (or similarly, R,,) in place of
p. We will also interchange between B(z,r) and B,(z).

Remark 3.0.10. (Some remarks about the manifold case)

(a) As mentioned in Remark 2.2.3, we will often restrict to working on a single
(fixed!) chart in local coordinates. When we discuss moving in a direction p, we
mean in the local coordinates.

(b) We will use Brownian motion arguments (on the manifold). In order to have
existence and uniqueness one needs smoothness assumptions on the metric (say, 2,
albeit less would suffice, see e.g. [37]). Therefore we will first prove the Theorem in
the manifold case in the €2 metric category, and then use perturbation estimates to
obtain the result for g € ¥*. To this end, we will often have dependence on /gl
even though we will be (for a specific Lemma or Proposition) assuming the g € ¢>.

Notation. In what follows, we will write f(z) S.,.... g(z) if there exists a
constant C' depending only on ¢y, ...,¢,, and not on f,g or z, such that f(x) <
Cyg(z) for all = (in a specified domain). We will write f(x) ~¢, .. g(z) if both
f(@) Sepen g(x) and g(z) Sepoen f(x). If f, g take values in R? the inequalities
are intended componentwise. We will write a Ngf bif C1b < a < Csyb (componentwise
for a,b vectors).

In what follows we will write 0,K;(-,-) to denote the partial derivative with

respect to the second variable of a heat kernel at time ¢.

3.1. The Case of g € €2. We note that even though we assume g € €2,
we only use the €“ norm of g. The idea of the proof of Theorems 2.1.1 and 2.2.1
is as follows. We start by fixing a direction p; at z. We would like to find an
eigenfunction ¢;, such that |0,,¢;| = B! on B, g.(z). In order to achieve this, we
start by showing that the heat kernel has large gradient in an annulus of inner and
outer radius ~ R;! around y; (y; chosen such that z is in this annulus, in direction
p1). We then show that the heat kernel and its gradient can be approximated on

this annulus by the partial sum of (2.1.1) over eigenfunctions ¢, which satisfy both

d

A~ R and R.?|¢allr2(B. 5. (=) 2 1. By the pigeon-hole principle, at least one
such eigenfunction, let it be ¢;, has a large partial derivative in the direction p;.
We then consider V;, and pick p» L Vi, and by induction we select ¢;,,..., ¢,
making sure that at each stage we can find ¢;,, not previously chosen, satisfying
|0p, i, | ~ R;' on Be g.(z). We finally show that for the proper choice of constants
Y5 Ya S 1, the map @ := (1194, - - -, Yapi,) satisfies the desired properties.

When working on a manifold, we assume in what follows that we fix a local chart
containing Bg_(z), as at the beginning of section 2.2.

Step 1. Estimates on the heat kernel and its gradient. Let K be the Dirichlet or
Neumann heat kernel on €2 or .#, corresponding to one of the Laplacian operators
considered above associated with g and the fixed a.
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Assumption A.1. Assume g € €2, and let o € (0, 1] be given and fixed. Let
constants dg, 07 > 0 depend on d, Cpin, Cmax; ||9]la, @ We consider z, w € Q satisfying

%RZ <t < "R, and |z —w| < dR..

Remark 3.1.1. Proposition 3.1.2 below makes no assumptions on the finiteness
of the volume of .#Z and the existence of Ceoun. It is also used in the proof of
Theorem 2.2.8.

Proposition 3.1.2. Assume Assumption A.1, &y sufficiently small, and ¢é; is
sufficiently small depending on &y. Then there are constants Cy,Cy, C1, Ch, Cy > 0,
that depend on d, &y, 01, Cmin, Cmax, RB2]|9]|a, ¢, such that the following hold:

(i) the heat kernel satisfies

(3.1.1) Ky(z,w) ~&2 t2
(ii) if $60R. < |z —w|, p is a unit vector in the direction of z — w, and q is
arbitrary unit vector, then

!

i ;RZ —d
(3.1.2) VK (z,w)| Ng? + 2‘17 and  |0,K:(z,w)| Ng2 t3

R
1 t’
(3.1.3) 0, Kz, w) — 0, KR (2, w)| < Cot 5 L2

where Cy — 0 as d; — 0 (with &, fixed); here, KR (2, w) is the usual Euclidean
heat kernel;
(iii) if % doR. < |z — w|, and q is as above, then for s < t,
_ 4 R, —a R,
(3.14) Ky(z,w) So t7, |VE(z,w)| <o tTdT and 9,5, (z,w)| Sey ﬁd?
(iv) Cy,Cy both tend to a single function of d, ¢yin, Cmax, ||9|la; @, as d; tends to
0 with §¢ fixed;

The reason for the factor of R} which we have in RY||g||, above is to get scaling
invariance. Proposition 3.1.2 is proved in subsection 3.3.1 for the Euclidean case and
in subsection 3.5.3.

We continue with the proof of Theorem 2.1.1 and 2.2.1. From here on, unless
explicitly stated, we assume the existence Couni. We have the spectral expansion

(3.1.5) Ky(z,y) = Z e M oi(2)p;(y).

Remark 3.1.3. The assumptions of Theorems 2.1.1 and 2.2.1 say that |.Z| = 1
(manifold case) or |Q2] = 1 (Euclidean domain case). Thus, unless explicitly stated,
we will assume in the lemmata below that we have R, Sgc. . cnacllgllase 1-

The following steps aim at replacing appropriately chosen heat kernels by a set
of eigenfunctions, by extracting the “leading terms” in their spectral expansion.

Step 2. Heat kernel and eigenfunctions. We start by restricting our attention to
eigenfunctions which do not have too high frequency. Let

(3.1.6) Ap(A)={N\: A <A} and Ag(A) = {A: ) > At} = A (A"
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A first connection between the heat kernel and eigenfunctions is given by the
following truncation Lemma, which is proved in Subsection 3.4.2.

Lemma 3.1.4. Under Assumption A.1, for A > 1 large enough and A" < 1
small enough, depending on dy, 41, Cy, Cy, C7, CY (as in Proposition 3.1.2), there exist
constants Cs, Cy (depending on A, A’ as well as d, Cyin, Cmax, ||9|la; @) such that

(i) the heat kernel is approximated by the truncated expansion

(3.1.7) Ki(z,w) ~g§ Z ©;(2)pj(w)e ",
JEAL(A)

(ii) if 360R. < |z — w|, and p is a unit vector parallel to z — w, then

(3.1.8) O, Ki(z,w) ~h > ;(2)0p;(w)e ",
JEAL(A)NAH(A)

Furthermore,

, —a R,
(3.1.9) Z 0;(2)V;(w)e || < Ciot 2 -

JEAL(A)NAH(A)

where Cg — 0 as A — oo and A" — 0;
(iii) C3,Cy both tend to 1 as A — oo and A" — 0.

This Lemma implies that in the heat kernel expansion we do not need to con-
sider eigenfunctions corresponding to eigenvalues larger than At~!. However, in our
search for eigenfunctions with the desired properties, we need to restrict our atten-
tion further, by discarding eigenfunctions that have too small a gradient around z.
Let

AE(]), Z, RZ7 507 CO)

(3.1.10)

=N €a(A): CiORszSOj(Z)\ > (]é () dZ/)

(37%50Rz)

Here and in what follows, f, f = |A|™" [, f. The truncation Lemma 3.1.4 can
be strengthened, on average, into

Lemma 3.1.5. Assume Assumption A.1, §y sufficiently small, and ¢, is suffi-
ciently small depending on 6y. For Cs, Cy close enough to 1 (as in Lemma 3.1.4), and
¢ small enough (depending on Cy, C}, g, 01) there exist constants Cs, Cg (depending
only on Cs, Cy, Cy, and cy) such that if%(SORZ < |z — w|, and p is a unit vector
parallel to z — w, then

BLID 19 K(w, )~ 2 2i(w) Opips () €™M

A E€AL(A)NAE(ANNAE(2,Rz,00,c0)

Step 3. Choosing appropriate eigenfunctions. Define the constants v, as

_1
2

(3.1.12) Vo, = ][ w;(2)? dz!
B

%5032(2)
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Note that since ¢; is L? normalized, we have Yo; 2 RY? A subset of these con-
stants and corresponding eigenfunctions will soon be chosen to give us the constants
{7} and corresponding eigenfunctions {¢;;} in the statement of Theorem 2.1.1 and
Theorem 2.2.1.

The set of eigenfunctions with eigenvalues in AL (A)NAg(A")NAg(p, 2z, R, do, co)
is well-suited for our purposes, in view of the following:

Lemma 3.1.6. Under Assumption A.1, for éy small enough, there exists a con-
stant Cy depending on ¢ and Cy depending on {do, Cimins Cmax, ||9]|a, @} and a constant
b > 0 which depends on ¢y, d, Cyin, Cmax, ||9]la, @ such that the following holds. Let
p be a direction. For all j € Ag(p, z, R.,d,cy) we have that for all 2z’ such that
|z — 2| < bR,

(3.1.13) 1Opp; ()] ~es R ][ 05

Blsor. ()

Moreover, there exists an index j € AL(A) N A (A") N Ag(p, 2, R., 0o, ¢o), so that we
have

(3.1.14) Yo S (Cooum)?
with constants depending on A, Cy,C1, Cy, Cl, Cg, {d, cmin, Cmax; ||9]|a, @}, do, 1.
We can now complete the proof of Theorems 2.1.1, 2.2.1.

Proof of Theorems 2.1.1 and 2.2.1 for the case g € ¢*. Lemma 3.1.6 yields an
eigenfunction that serves our purpose in a given direction. To complete the proof of
the Theorems, we need to cover d linearly independent directions. Pick an arbitrary
direction p;. By Lemma 3.1.6 we can find j; € AL(A)NAg(A") N Ag(p, 2, R, do, co),
(in particular j; ~ t~') such that "y% O i (2)| = coRZ*. Let py be a direction
orthogonal to V;,(z). We apply again Lemma 3.1.6, and find j» < At~! so that
|'y¢j2 Ops g%(z)‘ > coR;!'. Note that necessarily j, # j; and py is linearly independent
of p;. In fact, by choice of ps,

ap290j1 =0.
We proceed in this fashion. By induction, once we have chosen ji,...,jx (k < d),
and the corresponding p1, ..., pg, such that "y@jl aplgojl(z)‘ > coR;Y for 1 =1,... k,
we pick pyi+1 orthogonal to ({V;, (2)}n=1,. k) and apply Lemma 3.1.6, that yields

Jk+1 such that ‘%ijﬂapkﬂ 90jk+1<2>) > CORZ_I'
From here on we denote by 7; = 7, for simplicity of notation. These are the
constants {7;} appearing in the statement of Theorem 2.1.1 and Theorem 2.2.1.
We claim that the matrix

Ak-i-l = (Vmapngpjm(Z))m7n:17,,,,k+1
is lower triangular and {p,...,px+1} is linearly independent. Lower-triangularity of
the matrix follows by induction and the choice of py,1. Assume Zﬁi anpn = 0, then

(Zﬁi anpn, V@, (2)) = 0 for all | = 1,...,k + 1, i.e. a € R*! solves the linear
system
Ak+1a =0.

But A, is lower triangular with all diagonal entries non-zero, hence a = 0.
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For | < k we have (Vy;,(2), pr+1) = 0 and, by Lemma 3.1.6,

[{(uVe, )l 2 R
Now let @y = (V1¢j,, .- -, Wepj,) and ® = &4 We start by showing that
IVl (0 2)| Za -0 = 2.
Indeed, suppose that
[V@]-(w = 2)]) < -l = =]

for all £k = 1,...,d. For ¢ small enough, this will lead to a contradiction. Let
w—z =Y ,ap. We have (using say Lemma 3.1.6)

1
IV (w = 2) = 11 ) adp @il = 11 ) ady ®ul.]l 2 (!akl > !az|> e
l z

<k <k

By induction, |az] < Y1, ¢|lw — z||. For ¢ small enough, |a;] < @. This is a
contradiction since || Y, a;p;|| = [Jw — 2| and ||p;|| = 1.
We also have, by Proposition 3.4.1,

Iz —wl\" 1
3.1.15) vel. - val.l, s (B2 0)
Finally, by ensuring % is smaller then a universal constant for ¢ = 1,2, we get

from equation (3.1.15)

1
J(n) = @)l = | [ TPl = w2 dt\
0

1
/ (V®uwy + (VOltwi+(1—tyws — V|, )) (w1 — wo) dt
0

1
1 1
2 [ ol = walldt 2 gcollwn = wal,

z z

which proves the lower bound (2.1.5). To prove the upper bound of (2.1.5), we
observe that from Proposition 3.4.1 we have the upper bound

M0p 0 (2)] S R

This completes the proof for the Euclidean case.
We now turn to the manifold case. Let R, be as in the Theorem. We take
< %50 chosen so that

(3.1.16) 9" (2) = 0" = 1g"(x) = ¢"(2)] < llgllallz = 2I|* < €

for all x € Ba. r.(2). For this g, the above is carried on in local coordinates. It is
then left to prove that the Euclidean distance in the range of the coordinate map is
equivalent to the geodesic distance on the manifold. We have for all z,y € B, g.(2)

1 1
dg(x,y) §/ dt S/
0 9 0

r—y
[l = yll

L=y

z— ] (A+[lgllat®) dt Sa (1+lIglla) 2=yl

Rd
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The converse can be proved as follows. Let £: [0, 1] — .# be the geodesic from x to
y. £ is contained in Bag , (4,4 (z) on the manifold, whose image in the local coordinate
chart is contained in Ba(i4g|l)d 4 (z.)(%). We have

dg(z,y) = Lllé(t)|lg < (1= ||g||a)/£||5(t)llad < (I =llglla)llz = yll B

3.2. The case of g € ¥°.

Proof of Theorems 2.1.1 and 2.2.1 for the case g € €*. We can now give a short
proof for the g € € case, relying on the €2 case. We need the following Lemma,
which we prove in Section 3.5.2.

Lemma 3.2.1. Let J > 0 be given. If

135 — 9" || L (Br(z)) —n O

with ||§ff ¢« uniformly bounded and with fixed ellipticity constants (as in (2.2.1)),
then for j < J

(3.2.1) l©; = PjmllzeeBr(z) —n 0,

(3.2.2) V(@5 = @jn)ll oo Br(z)) —n 0,

and

(3.2.3) A = Xjn| = 0.

Now, to conclude the proof of the Theorem for the €’* case, let J = ¢5(d, % Crnin,
2Cmaxs ||9]la, @) - R 2. We may approximate g in 4’ norm arbitrarily well by a ¢(.#)
metric. By the above Lemma, and the Theorem for the case of ¢ metric, we obtain
the Theorem for the € case. 0

3.3. Heat kernels estimates. This section makes no assumptions on the
finiteness of the volume of .Z and the existence of Ceount.

3.3.1. Euclidean Dirichlet heat kernel estimates. We will start by proving
the heat kernel estimates of Proposition 3.1.2 for the Dirichlet kernel K**. These
estimates are in fact well known, and we include their proof here for completeness,
and also to introduce in a simple setting the kind of probabilistic approach that will
be used to obtain estimates in a more general context.

Proof of Proposition 3.1.2 for the Euclidean Dirichlet heat kernel. Let B below
be a Brownian path started at point z € 2, and 7(w) its first hitting time of 92. We

recall that as a consequence of the Markov property we have (see e.g. [21], eqn. (9.5)
p. 590)

d

(3.3.1) K2 (z,w) = K} (2,w) — B, (Kf:i(w)(Bj(r(w)), w)Xt>T(w)> :
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Then,

d z
B (KR ) (B2 (r(@)(@)), 0)xisrion)
_ 4 —lIBGE(w)—w|?
E. (<4w>f<t () XM@)

_ —d —lIB(r(«)—w|?
(3.3.2) <E, ((47r)2d(t)2d€4*xt>f<w))

_d —d —(1-50)%R2 —a —(1-5)R2

<B. (40707 ) < unF T

—(1-5m)2R2 —(1—69)2
4 —(1-89)°RZ p —d (4520)
2 e o

—d

< (Um)F () F e mhT = (4m)E (1)

where for the first inequality we require M sufficiently large, which is implied

by choosing dy < 1 and d; small enough. The last term can be made arbitrarily small
by choosing ¢; small enough, independently of dy (as long as, say, dy < %) We also
have

K (zw)= (Um0 Fe @ <(mT (T
and

2 52
d —d ,  —d —lz—w|? —d,  —d =R

KR (z,w) = (4m) 7 (0775 > (am)F () Fe 0

(3.3.3)

—d —d
2 2

> (4m)= (1)

If 6 < %, then W > §p and so by reducing d; (while fixing dy) we can make
the left-hand side of (3.3.2) arbitrarily small in comparison with (3.3.3). Now, from
equation (3.3.1) we get (3.1.1) for the Dirichlet kernel.

Note that the range we have for t and ||BZ(7(w)) — w/|| imply that

—d —IBA(w)I?

(4m)7 ()T

is monotone increasing in ¢. Hence we also have

—d —d

(3.3.4) E, <X8>T(w)K§EdT(w)(Bf}(T(w))7w)> <(@m)z(t)ze i

. d . . . .
If we also have g—‘l) is large enough, then KR"(z,w) is monotone increasing in s, and

therefore

KR (2, w) < K} (z,0) < (4#)_7%_%.
For and fixed &y, we may reduce ; so that by (3.3.4) is small, and thus we obtain
the first part of (3.1.4) from (3.3.1).
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We now turn to estimates (3.1.2) and second and third parts of (3.1.4). We
differentiate equation (3.3.1) and then we bound as follows:

IV B X ) Kty (BL (T (@), w))]|

a4 —lBE(r(w)—w|?
= ||VwEo Xt>7'(w)(47T) 2 (t —7(w ))2de4(t—7<w))}

[ —a —IBE G -wl?
= || By | Xesr(w) Ve (4m) 2 (t —7(w))2 e A=) ]

[ Brw) —w,, Ly iseee?
= ||Ey (w —= (4 t— p) 1(t—r(w))

_Xt> () 2(t — 7(w)) (dm)2 (t—71(w))ze

| B5(7) — w|| —d —d —Bi(ﬂw)%w?} ‘
< Ew (W)~ ~~ 47T 2 t — T\W 2 e 4(t—7)
(3.3.5) — Xt>7(w) 20t — 7(w)) (4m)= ( (w))

< B, —Xt>7-(w) HBj(T(;Ut)) —w|| (47?)_2dt_2deW] H

5t B; — —IBE (1(w))—w|?
— (4n) TR, [xww) | B2(7(w)) wH@B“}

2Vt

1§, —0-%0)?
Xt>r(w) O a0

d—1
2

< (4W)%dt;

E,
201

—(1-6
im0 T o,
201
where for the second equality we use the dominated convergence theorem, for the
inequalities in the fifth and in the penultimate line we choose 9y < 1 and ¢; small
enough. Note that §; — 0 implies that C'(p,d;) — 0. Observe that these estimates
hold also with V,, replaced by %.

We also have

vath(Z,w) = Vw(477')_7dt_7d€ 4t = (471')_7(11&_(12_

_s2
> (4m) Tt 505’ ki

(with inequality understood entrywise) where as above the last inequality holds for
do < 1 and d0; small enough. If p is parallel to z — w, the same estimates hold if we
replace V,, by 9,. Hence, for any fixed ¢y, by reducing 4, we get

d —=d z =
V0K (2, 0) = VK (2, w)l] < (4m) % ¢

and therefore
R,
IVuE G w)l ~ (VK (z,w)l| ~ 7 =2
The estimate (3.1.2) involving 0, is proven analogously. The second and third parts

of (3.1.4) follow as above. Finally, to prove (3.1.3) we use (3.3.5) to obtain

—(1-80)2 _
O, K{ (2, w 3KR z,w)|| < (4 2d£t7d BT < Cy(6o, 61 tTd&. O
gty 5 .
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3.3.2. Local and global heat kernels. In this section, let K be the heat
kernel, Dirichlet or Neumann, for

(i) a domain €2 (possibly unbounded), and a uniformly elliptic operator A as in
(2.2.3), with g € €2(Q);

(ii) a manifold .#Z with g € € satisfying the requirements in Section 2.2, and let
A be the associated Laplacian.

Remark 3.3.1. We emphasize that in this section we do not assume that the
volume of .Z is finite.

Observe that in both settings the existence of an associated Brownian motion is
guaranteed ([37] for the R? case and the manifold case then follows from uniqueness).
The following result connects K with the Dirichlet kernel on a ball, associated with
A, to which the estimates of the previous section apply: this will allow us to extend
estimates for the Dirichlet heat kernel on a ball to the general heat kernel K. A more
detailed account of the ideas in the following proposition appears in Stroock’s recent
book [48] (Section 5.2 Duhamel’s Formula).

Proposition 3.3.2. Let z € Q and r < dist(z,09), or z € .4 and r < ry(z).
Let x,y € B(z, 1r). For each path BZ (starting at x), we define 71 (w) < 7(w) < ...
as follows. Let T (w) be the first time that B re-enters B(x, 3r) after having exited
B(x, 3r) (if this does not happen, let 7 (w) = +00). Let x; = BZ(). By induction,
for n > 1 let 7,(w) be the first time after 7,_1(w) that B, re-enters B(x, 3r) after
having exited B(z,ir), or +oo otherwise. Let x, = B%(t,). If 7,(w) = +o0, let
Tpik(w) = +oo for all k > 0. Then

(336)  Ki(w.y) = K2(x,9)+ > Eu [KL, ) (@a(w),y)

n=1

T < s} P(1, < s),

where
D Dir(BlT(:c))
K, =Ky °*
is the heat kernel at time s for the ball B(z, 1) with Dirichlet boundary conditions.
Moreover, there exists an M = M (Cmin, Cmax) such that

2
r
3.3.7 P70, < 8) Sdcmincme —N—}.
( ) <T S) Nd7 min,tmax eXp{ nMS}

Remark 3.3.3. In our applications of this proposition, we have r ~ §yR,. In
that case, if 53 f 01 R, for g—f sufficiently large (depending only, on d, ¢pin, Cmax ), the
factor exp{—n;} can be made arbitrarily small. This gives us control (exponential

in n) on the right-hand side of (3.3.7). Hence, for any fixed &y, for 6; — 0 the
right-hand-side of equation (3.3.6) is dominated by the first summand.

Proof of Proposition 3.3.2. The proofs for the case of a domain {2 and the case
of a manifold .# are identical. We have, for any fixed, small enough, ¢ > 0,

P?(BL(s) € Be(y)) = P*(BX(s) € Be(y), 1 > s) + P*(B%(s) € B(y), 71 < s)
= KP(2,y) dy' + P?(B%(s) € Be(y), 72 > s|11 < s) P(11 < 3)
Be(y)
+ PQ(ijl(s) € B(y), 71 < 8,79 < 8)
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= KsD(x,y’) dy’ + PQ(le(S — 1) € B(y), 2 > sl < s) P(11 < 3)
Be(y)
+ PQ(ijl(s) € B(y), 11 < 8,79 < 8)

- KP(z,y) dy +/ E, [Kﬂn (x1,9)|m < s} dy P(1; < s)

Be(y) Be(y)
+ P(B%(s) € B.(y), 72 < 5)

+oo
— KP(z,y)dy + Z/ E, [KP  (2,y)|m < s] dy P(7. < s).
Be(y) n=1 Be(y)
By dividing by |B(y, €)| and taking the limit as e — 0T, we obtain (3.3.6).
In order to estimate P(7, < s), we need the following
Lemma 3.3.4. Let ) be a domain corresponding to a uniformly elliptic operator
as in (2.2.3). Let 7 be the first exit time from Br(z) C §Q for the corresponding

stochastic process started at z. Then there exists M = M (d, Cypin, Cmax) > 0 such
that

(3.3.8) PA({7 < 8}) Sdemncmn eXP{—R*(2Ms) ™"}
Similarly for z € # and R < ry(2).

Proof. First note that without loss of generality we may replace Q by Bag(2)
with Dirichlet boundary conditions, and then replace Bar(z) by R¢ by extending the
coefficients ¢” to g¥ defined on all of R%. Let K be the associated heat kernel. For
any ' > 0 and z,y € Bg(z)
|m—y|2 |5L‘_y|2}

Als’ AQS/ ’
holds for M = M (cumin, Cmax, d) and A; = A;(Cin, Cmax, d) (see [16], Corollary 3.2.8

and Theorem 3.3.4). We now follow a short proof by Stroock [49]. By the strong
Markov property, we have

PY(B(s) ¢ Br(2)) = E; [P(ByT“) (s = 7(w)) ¢ Br(2))X(rw)<s)] -

From the lower bound in equation (3.3.9) we have that if € 0Bgr(z) and s > 0
then P(BZ(s) ¢ Br(x)) > €(Cmin; Cmax, d). Combining this with the upper bound in
equation (3.3.9) we have

PA(1 < 8) < €(d, Cmin, Cmax) " P(B%(s) ¢ Br(2)) < exp{—R*(2Ms)~'}. O

Ndycminvcmax

/

_d > _d
(339) S/ 2 eXp{— } Scmin,cma)nd KS, (x7 y) Sd,cmimcmax s 2 eXp{—

We go back to the proof of Proposition 3.3.2. To estimate P(7, < s|7,-1 <
S,...,T < §), we observe that between 7,,_; and 7, the path w has to cross both
0B3,(z) and 9By,(2): let 77 and 7;* be the first time this happens, and let y* =
w(7}). Then

P, <s|Tn1<S8,...,m<s8)<P(r)" =7 <5)

2

* 1 &r

< sup PY sup | Bu(s) — 'l > =7 | Sensonn e—%,
y*EB%T(z) s'€[0,s] 8
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Therefore we have
P(r, <s)=P(n1 <$,Ta<58,...,7 <)

= (H P(n<slmy<s,...,m1 < s)) P(m < s)

(3.3.10) -

1 2
Sepamaesp{on () (22157,

Renaming 128M to M we get the lemma. U

Remark 3.3.5. As it is clear from the proof, the proposition holds for any
boundary condition on a manifold or domain.

3.3.3. Euclidean Neumann heat kernel estimates. We use the results of
the previous two sections to prove the Neumann case of Proposition 3.1.2:

Proof of Proposition 3.1.2 for the Euclidean Neumann heat kernel. The starting
point is Proposition 3.3.2, which allows us to localize. We use Proposition 3.1.2 for
the case of Bas,r,(2). For this proof, we denote by Cy[B] be the Cy constant for the
Dirichlet ball case. For s <t we have using equation (3.3.10),

“+00
|K5(x,y) - KS%ORZ(CC,?JN = |ZEw [Kffonz(xn(w),y)hn < S} Pw(Tn < 5)|

n=1

—, d SR\’ _
(3.3.11) Seutp) Yt 26XP{—H( 02 ) (Ms)~'}
n=1

J/

~
equation (3.3.10)

L 00BN\
Scuman tHep{- (M55 (9,

This proves (3.1.1) and the first part of (3.1.4) (see Remark 3.3.3). For the gradient
estimates, i.e. (3.1.2), (3.1.3), and the second and third part of (3.1.4),

400
IV Ks(z,y) — vngéoRz(xay)H < Z HvyEw [Kffoffz (Tn (W), )| < 3] || P,(mn < 5)

n=1

> J6R. SoR.\? -
Seym Dt 30 GXP{—n( : ) (Ms)™'}
n=1

t 2
equatior?(3.3.10)
_d 50Rz 50RZ 2 _

giving us Cy. By Remark 3.3.3 the exponential term from equation (3.3.10) can be
made small enough so that we obtain estimate (3.1.2) as well as the second and third
parts of (3.1.4). O

The proof for the manifold case is postponed to Section 3.5.3.
3.4. Heat kernel and eigenfunctions.

3.4.1. Bounds on eigenfunctions. We record some inequalities that will be
used in what follows.
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Proposition 3.4.1. Assume g € €“. There exists by < 1, and Cp > 0 that
depends on d, ciin, Cmax; ||9]|a, @ such that for any eigenfunction ¢; of A 4 on Bg(z),
corresponding to the eigenvalue \;, and R < R, the following estimates hold. For
w € By, r(z) and x,y € By, r(2),

(3.4.1) |pj(w)| < CpPL(A;R?) (]i ()!%!2) :
Py(\ R? 2
(3.4.2) [V,(w)|| < Cp% (][ |<,0j|2> ;
Br(z)
Py(\R) L\ 2 .
(3.4.3) Vi) = Vo)l < Cr—pri— il ) Mz =yl
Br(#)

where Py(z) = (1+ 2)2%8, Py(z) = (1 + x)2, Py(x) = (1 4+ )27, with 3 the
smallest integer larger than or equal to %.

We postpone the proof to Section 3.5.2. Related estimates can be found in
[15, 46, 45, 44, 56| and references therein.

3.4.2. Truncated heat kernel and selecting eigenfunctions. The goal
of this section is to prove Lemma 3.1.4 and 3.1.5. All the results of this section
and their proofs will be independent on whether we talk about the Dirichlet or
Neumann heat kernel, and on whether we talk about the standard Laplacian or
about a uniformly elliptic operator satisfying our usual assumptions and whether we
talk about a manifold .Z or a domain 2. This is because the only tools we will
need to obtain the results in this section are the spectral expansion of the heat kernel
(3.1.5), the elliptic estimates of Proposition 3.4.1, the assumption on Ceoun (2.1.2),
and the bound

(3.4.4) Ki(z,w) < Kt(z,z)%Kt(w,w)%,
which is a straightforward application of Cauchy—Schwartz inequality to (3.1.5).
Proof of Lemma 3.1.4. 'We upper bound the tail of the heat kernel:

Z pi(2)pi(w)e | < e Z pi(2)p;(w)e

(345) )\jZAtil )\]'ZAtil

by (3.4.4) and Proposition 3.1.2. For A large enough, this implies (3.1.7).

For the gradient, we use Proposition 3.4.1, and observe that 2" is a decreasing
function if z is large enough. We let r,, = (1 — §o) R,. Then

S wiaVeswe ™ <|le® ST pi(e)Veslwe +

)\jZAt_l )\jZAt_l

[NIES
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NI

N

—A

1
2
1 -2t 1
SCP,51€2K’5222(Z][ ’90] 4;
B
SCP751 € 2 (
§CP,51,C'2 %

Now we consider the contribution of the low frequency eigenfunctions to the
gradient. Proceeding as above, and recalling that in this case \;r2 <5 4" we obtain

> ei(2)Vei(w)e !

A;<AE1

[N

RIS IEN S YPWE f o, 26!
B

Aj<AE1 (w,%rw)

A’ 11 Y
S 2o (5 ) Gl | 2 f e

Nj<At 1 (w727"w

o=

NI

Y e O e WD DI N

<A1 (wazf’w

1
! 2
<crcr Py (i) LKz ( / Kt/A«w',w’))
01/ Tw B(w,iry)

A\ 1
v () Lt

Thus, by reducing A" we get the bound (3.1. 8) and (3.1.9). (We note that an al-

ternative approach to the introduction of e~ W would have been to reduce ¢, and
note that =+ is as large as we want in comparison with -~ rw, and then to reduce A’ to
compensate for the reduction in 4;.) U

For a domain with Dirichlet boundary conditions, we automatically have a bound
on Ceouns as in (2.1.2):
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Lemma 3.4.2. (Weyl’s Lemma for Dirichlet boundary conditions) Let Q be a
domain in RY, A a uniformly elliptic operator on Q as in (2.2.1), with Dirichlet
boundary conditions. Let A\g < A\; < ... be the eigenvalues of A. Then

(3.4.6) #7: N S A} Stmmense [AAZ.
Proof. Let K the associated heat kernel. Extend the coefficient ¢ to RY \

by letting g” = 6, and let K be the associated heat kernel on R?. Then K¢ is
pointwise dominated by K. Then by estimate (3.3.9) we have, following [23]:

4y <A <er Y /K 2.7)

<e- /K1 T, 2) AT S epin cmax \Q\)\%. O

Remark 3.4.3. Notice that in the Dirichlet case Ciount is independent of €2. In
the Neumann case, if one has good enough estimates on the trace of the corresponding
heat kernel, the same proof applies. In general these estimates will depend on €2, and
Ceount Will not be independent of €2 (see e.g. [26, 34]).

Proof of Lemma 3.1.5. In view of Lemma 3.1.4, we will show that the terms in the
eigenfunction series corresponding to j € AL(A)NAg(A’) but j ¢ Ag(p, 2z, R., do, ¢o)
do not contribute significantly to the lefthand side of (3.1.11). Let Ay = AL(A) N
A (AN (Ag(p, 2, R., 00, c0))°. We thus have

Z pi(w)Opp;(z M < Z |5 (w)] ‘ap@j(z)e_)\jt‘

/\jEAl Aj €N
2 2
< Z |Q03 |2 —\jt Z |8p90] |2 —\jt
AjEA A EAN

< Ky(w,w)z | Y [3pps(2) P!

)\jEAl

[N

< Kt<w,ZU)% Rz Z ][ |903|2 t

)\ €A1 1(50Rz)

1
< Cp Ki(w, w)? ][ K,(<, )z d?.
z’EB(z,%éoRz)
Hence by reducing ¢y and using Proposition 3.1.2 together with Lemma 3.1.4 we

conclude the proof. We note that the constant Cy comes into play since we have to
estimate the left hand side of equation (3.1.11). O

Remark 3.4.4. The following proof is the only place where we use the bound
on Ceouns (2.1.2).
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Proof of Lemma 3.1.6. For sufficiently small b, Equations (3.4.2) and (3.4.3) from
Proposition 3.4.1, together with the definition of Ag(p,z, R.,do,¢o) give equation
(3.1.13). We turn to showing equation (3.1.14), which is where Ceoune will appear.

Since at this point all the constants are fixed, to ease the notation we let A :=
Ap(A) N Ag(A) N Ag(p, 2, R., 8o, co). Let w € B(z,00R.) \ B(z, 300R.) with w — z
in the direciton of p. Observe that Proposition 3.1.2 and Lemma 3.1.5 imply that

dR G
r - "~ |0, K+ (w, z) )ZG:A% Opp;(2

Stdcmimemmelgllaat Bz’ Z |pj(w)e™ ] (ﬁ( i !%’!2>
2,500tz

)\jGA

S oylw)e 2t Z][ 65

AjEA yeh ¥ B(z:300Rz)

Z][ [k

Aeh / Bz g00R:)

oMt

N|=

(3.4.7)

1
2

5

N|=

< R;lKQt(w,w)

giving, with constant depending on Cy, C], Cy, C4, Cs, {d, cmin, Cmaxs ||9]a, @},

(3.4.8) t% (—) g]i \soa

16R

Thus, by the pigeon-hole principle and Weyl’s bound (2.1.2), we have \; € A; with

1 R2>2
3.4.9 —= ) S 7[ ;]2
( ) Ccount ( t B (2) !

QLSORZ
This gives equation (3.1.14). O

3.5. Supplemental lemmata for the manifold case. We will initially be
interested in localizing the manifold Laplacian A 4 to a ball B = Bg(z), R < ry(2),
in a coordinate chart about z, satisfying the assumptions in the Theorem. We will
rescale up so that R = 1 (and rescale the volume of .# accordingly). We impose
Dirichlet boundary conditions on 9B, and denote by AB this Laplacian, which has
the expression (2.2.3). We will compare AP with the Euclidean Laplacian A® on
B (also with Dirichlet boundary conditions). We will then compare AP with the
global Laplacian A , on the whole manifold (with Dirichlet or Neumann boundary
conditions). The first comparison is most conveniently done through the associated
Green functions. We use the following notation:

(i) ABE = p & is the eigen- decomposmon of AB, with sorted eigenvalues 0 <
po < iy < ..., APE = [i;€; is the analogous decomposition of AP, and
A yp; = N, the one for A ,. The eigenfunctions are assumed to be nor-
malized in the corresponding natural L? spaces;

(ii) G® is the Green function on B, associated with AP with Dirichlet boundary
conditions, and K the corresponding heat kernel;
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(iif) G is the Green function on B, associated with AP, with Dirichlet boundary
conditions, and K? the corresponding heat kernel;
(iv) the quadratic form associated with g, restricted to B, will be abbreviated as

(3.5.1) (u,v) / Z g7 0ud;v.

i,7=1
for suitable u, v.

We will use estimates from [24], where they are stated only for the case of d > 3.
Our Theorems are true also for the case d = 2 (and trivially, d = 1). This can be

seen indirectly by considering M = M x T and noting that the eigenfunctions of
A and the heat kernel of .# both factor.
We let

(L*)P(B) = {f: B — R measurable: || f||z+) < +o0}

where
1
£l Ly = st1>1103t|{x € B: |f(x)| > t}».

We recall the following Theorem from [24].

Theorem 3.5.1. Suppose d > 3, and g € L*> and uniformly elliptic with ¢y,
and Cpay as in (2.2.1). There exists a unique nonnegative function G?: B — RU{oo},
called the Green function, such that for each y € B and any r > 0 such that
B, (y) € B,

GP(-,y) e WH(B\ B.(y) N W} (B),
GBlop =0, and for all ¢ € €>(B)
95(G” (), ) = 6(y).
Moreover, for each y € B,
() GP(y) € ()72, with IGP] 0, Sa
(ii) VGB(y) € <L*>cf‘u with HVGB
(iii) GB(z,y) 2

(iv

;Cmin ?

(L*)% ~d,Cmax,Cmin ~?

y[>~¢ for |z —y| < id(y,0B),

~d,Cmax,Cmin

(3.5.2 GB(z,y) <
If g € €%, we also have (see page 333 in [24])
(v)
(3.5.3) VoGP (2,9) Sacmmcmmalala 12 =y,
(vi)

y|*.

~d,Cmax;Cmin |

|va~’B(xl7y) V G (x27 )|
(3.5.4) |z — x9|®

<
~d,Cmax,Cmi ,Ra,a,HgHa — -1
min |l,1;.1 _ y|d+a 1 + ‘Iz _ y|d+a 1
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Simple consequences of the bounds above are the following inequalities, which
we record for future use:

(3.5.5) / GP (2, 9) P dy Ser endiempmemeny BT,
a1 R<||z—y[|[<e2R
- 1—d)+ 4
(3.5.6) / VG (2, 9)P dy Ser o dcmmemmcncliglan B 077,
61R<||z yH<CQR
(3.5.7) /B 1V, G )] dy S el B

which are an immediate consequence of (3.5.3), and are valid for ¢1,¢o > 0 and
0< R, <R,.

We recall that if we only assume uniform ellipticity, without any assumption on
the modulus of continuity of g, then we have no pointwise estimates on VG.

3.5.1. Perturbation of eigenfunctions. We start by comparing eigenfunc-
tions of the Euclidean A® with eigenfunctions of AZ. We remind the reader that we
have rescaled up to R = 1.

Lemma 3.5.2. Let J > 0 and n > 0 be given. There is an €y = €y(J) so that if
€ < ¢ and Id: (B,6Y) — (B, g") is 1 + € bi-Lipschitz, then for j < J,

1€ = &llzey < my g — gl < mpy.

Proof. This follows from Lemma 20 in [23]. O
Lemma 3.5.3. There is an integer 3, > 0 such that the following bounds hold:
(3.5.8) 10 o= (B) Scmmemn (i),
and if gV € €°, we also have
(3.5.9) IVl o2(8) Sctemimcmmanligla i (75)7

with (o = % for d odd and (. = 5 for d even.
Proof. By the definition of G, and by recalling that C~¥ \33 =0,

& =GPAPE = 1,GP¢ = =GP LGP
k
Let p;, g; be such that
Z pil—k+1=g".
1<i<k

Then, using Young’s inequality we have

1GZ o GE Nl Sqcrgem 1GZ 5 GE s |G o

k k-1
qu 2,qk—1,Pk—1 " ** SQLQMDQ HCT*BHLP1 HGB”LP’“'
We have GF € L2 by Theorem 3.5.1; we take p;, = 5= and take £ = d — 1 and get
d—2
Gty = (d - 1)—_<d_1)+1:0,

d—1
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for odd d
o _d-1d-2 d-1 1
l2 = "9 d-1 2 )
and for even d
dd—2 d d d—2 1
= T l= (S +1< -
e Vi it R (v B R
Now, for odd d,
: < -5 AB ~B = Sl B < -5
I€5lloe < f15% 1GZ % x G |leallésllee < 52 NGTH g S 17
d—1

2

which gives the first desired bound. If d is even, do the same with % replacing %
For the gradient estimate, we have

V&l = V.00, &) = 19, | GPAPE =1V, [ 6761 < 119,671 1€
where we used the defining property of GZ in Theorem 3.5.1 and Green’s Theorem.

We estimate the last term by (3.5.8) and equation (3.5.3) to get the desired result. [

We can now convert the L?-estimates in Lemma 3.5.2 into L™-estimates. We
will need the following

Lemma 3.5.4. Assume that |g"(z) — 6| < € for © € B. Then for ¢ € C>°(B)
we have

< €|V Gl [Vl sy

(3.5.10) '
L>(B)

/B V(672 w) — @7z ) V() dz

and if gV € €, we also have

a511) | [ (9(6%ew) - G2ew)) DEENde|  Suansmmectot, i)
B Le><(B)

as well as

(3.5.12) / (V(GB(zw) = GB(zw)) Va() A2 Sacoemmmalla (i)
B Le(B)

with (i as in Lemma 3.5.3.
Proof. Now

‘ /BW (6% w) = GP(z,w))  Ve(2) da

L>(B)

/BZ 5490, <GB(Z, w) — GB(z, w)) 80 (z) dz

_ H /BZ ((y‘jaiGB(Z? w) — gz‘j(z)aiéB(z,w)) 01)(z) dz

L>(B)

/ Z 2)9,GB (2, w) — 699,G (=, w)) 0,(2) dz
H / Z 97(2) — 69)0,GP =, w)) 00 (z) dz

L>(B)

L>(B)
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S eIV, GE Vel a)
which gives (3.5.10). Using Lemma 3.5.3 one also gets (3.5.11) and (3.5.12). O

Lemma 3.5.5. Let J,n > 0 be given. Let (.. be as in Lemma 3.5.3. There is an
eo which depends on J, 1, d, Cmax, Cmin; ||g]las @), S0 that if e < €y, and |g" () —6%| < €
for x € B, then for j < J,

(3.5.13) |1 — Byl <y,

(3514> ”5‘7 - &-JHLOO(B) Sd,cmimcmax,ug”a,a 77@1 (/]l),
where ()1 is a polynomial of degree 2[3,.. If g € €, we also have
(3515) ||v(€] - 5])”1400 decminycma)(y”g”a,a nQQ(ﬂZ)7

where ()5 is a polynomial of degree 20, + 1.

Proof. The bound (3.5.13) follows from Lemma 3.5.2. Let ¢; and p; be as in the
proof of Lemma 3.5.3. .
We have using the definitions of G? and GP

() — &(w) = / S GG (2, w)061(2) — g7 (2)0GP (2, )i (=) de

- /B Zaiﬂ‘ (@GB(Z,IU)@]&(Z)—8Z-G~’B(z,w)8jfl(z)>
+ (5@']@@3(,2,@0)0]&(2) - gij(z)aiéB(z,w)Gj&(z)) dz
— E'w) + /B Z (aiéB(z,w)ajgl(z) . gij(z)aiéB(z,w)ﬁjél(z)> dz

E'w) + - GP % §(w) — fi - G” x §(w)
= E"w) + (i — u) - G% x &(w) + fir - GP * (& — &) (w)
E'w) + E*(w) + fu - G¥ » (& — &) (w),

where we have from equation (3.5.12)

(3.5.16) 1E | 22¢(8) Saemmemmallla € (1)
and
(3.5.17) 1E|| 22 (B) Saemmemmallla M+ (1)

[terating, we have
&(w) = &(w)| = |E*(w) + E*(w) + fu - G % (& — §)(w)]
= B (w) + E2w) + - O% x (B' + B2 1 - C% (6~ &) (w)].

/Bloc_l 5 k 5 5 B
<IE"+ By Y (AllGPllamy) + | G2+ G2 x(@w) — &(w))]

k=0 Bloc times
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ﬂlocf1
< B + Bl ) <ﬁlHGB||L1(B)> ~ﬁ“’CHGBHLg & =&l
k=0
ﬂloc_l
S ()oY ik 4 i = nQq (),

k=0

where we require for the penultimate inequality € < 7.
To prove the gradient estimate,

V(gj —fj))(y)) =V /Za GR (z,y)g zlamf] ZazzGB 2 y)édaﬂ&( )

il

v, / GR(z, )i (2) — GP (2, y) s (2)

- /vyéR(Zay)ﬂjgj(Z) - vyGB(Z’yMjgj(z)
/’V - GP)(z, y)" ﬁjfj(Z)‘

+ VG2 ()| |5 (2) = 1i€s(2)]

Now using equation (3.5.14), Lemma 3.5.2, and Theorem 3.5.1 we get equation
(3.5.15). O

3.5.2. Bounds on eigenfunctions. The main goal of this section is to prove
Proposition 3.4.1. We note that the inequalities (3.4.1), (3.4.2), and (3.4.3) are
invariant under scalings of the metric, and so, once again, we assume in the proof of
this Proposition and in all the Lemmata that R = 1. In this section all constants
subsumed in < and 2 will in general depend on d, cinin, Cmaxs ||9]la, @ We will need
the following result.

Lemma 3.5.6. (Lemma 3.1 from [24]) Suppose h is a bounded solution of APh =
0 in B. Then

(3.5.18) IVI(2)| Sacmimemalglaa (1= dist(z, 2)) 7 Al (s

Lemma 3.5.7. Assume that g € €* and APh =0 on B = By(z). Then for any
r<l

1Pl oo (8. () Seminemax CrllPllL2(B20 (29)
and
VAL (B, () Sdemmemlglaa CrllpllL2(8o,(2)-

Proof. Let r as above be given. Fix 0 < a; < ay < 1. By the coarea formula [22],
we have

a2 ~
/ / \h(x)| ds#* () dt = / |hVG"| dx
{z€B,(2): Gr(z)=t} {z€B(2): a1 <G (x)<as}

< Ml 2 o NIV G220 e -2, DB, g i a2y S Il 2208,

“min “min
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by estimate (3.5.6). Hence there exists t* € [ay, as] such that
[ @A @) S Wl - )
{zeB,(z): Gr=t*}

Now, by AZ harmonicity,

oGT
on

h(2)] = h(y)——(z,y) dA" " (y)

/{yEBr(Z)Z Gr(y)=t*}
S\ - ()] d ()
PO [ e, ) 6oy
S hllz2,(2) Sarazdeminemas 17l 22(8, ()
Essentially the same proof holds if we replace z by w € B,(z)) in the above estimates,

giving the desired bound on h.
In order to estimate the gradient, we use Lemma 3.5.6, which gives us

IVl LBy (=) Sdcmmemlalaa CrllPlloe(s, (),

which implies the desired estimate. U

Lemma 3.5.8. Assume that g € €. Let éj and ¢y be as above. Then we have
the estimate

= ~ 1 ~ ~
(3519> ||§]()0k|| 2d SdeCminycma)an”ouO‘ (((M] + )\k))Q + MJ)(ILL])BIOC

LE(B) QD’“HLZ(B)'

Proof. By the Sobolev embedding Theorem it is enough to prove that

(3.5.20) IV (Eoe)lram S (g + M))7 + fig) (1) e

To this end, first note that we may write

okl L2(B)-

d
AP(on) = erABE; + GAP 0+ )~ g9 00105,
i,7=1

(3.5.21) ;
= (15 + M) i + Z 9" 010105,

1,7=1

and so AB(@%) is defined as a function, and not just a distribution. Observe that

¢ does not satisfy any particular boundary condition on 0B, however since éj =0
on 0B, integration by parts gives

(3.5.22) (Gon AP (G on)) 8 = 98(V (§00), V(Ee0w)).
Now, since g is a positive quadratic form,
(V(Eien), V(Eor)) s = €V 0r + 0rVE; EV 0k + 0k VEj)g,
> (& Ve &V 0R) g — 2 (06 VE, EV 1) s
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and therefore
95(&Ver &V ) < g5(V(Een), V(Eer) + 209r(0rVE, &V er)|
= (&6 AP (Eon)) B + 2|gr(01VE;, §V or)|
< (Eons (15 + M)E5on)) B + A gr(erVE; §V 1))
(5 + ME ool 2l 203) + [VE lsollorll 2 95(6Viok, &V eon) 2
(i

S
§ + Ak) ( )2ﬁloc Bloc

N

Okl 2398V or, £,V or)

SOkHL? + MJ(NJ)
giving
~ ~ 1 ~ - 1 ~
98(&Veor, &V 0r)? = 1§V ol 28,0y S (5 + )2 + 1) (75) 7 |0 l| 2 ()
Finally,

V(Eier) < el VE]+ 16Vl
gives equation (3.5.20). O

Proof of Proposition 3.4.1. We recall that we rescaled so that R = 1. Let
o =SV a;¢; be a (finite) sum of (Euclidean) Dirichlet eigenfunctions of B such that

1
5 <¢Y(r) <2 and x € Bgp(z) C B

and Ziv la;| < C, p; < C, 1 <j < N. One may obtain such a sequence by taking
Y e C™(B) with 0 < ¢ <1, W!BR/Q(Z) =1 and ¢’|9p() = 0 and then take ) to be a
truncation of the eigenfunction expansion of ¢'. Let 1) = Zfr ajgj be the sum of the
corresponding Dirichlet eigenfunctions for B with respect to A?. By Lemma 3.5.5
and |g™*(x) — §%| < e (with € sufficiently small), we have, for x € B (z),

}1 < P(z) <3
By Lemma 3.5.8
sl 24, ) = < 9eil s, S Zlaz|||é}sog|lw o
(3.5.23) < sl (G + Ap)7 + ui)(ui)ﬁl“H%HLaB)

1
So (A + 1)z lesll22(m)

We are now ready to prove inequality (3.4.1). Let ro = R=1>1r >ry>--- >
= 1. Write ©jl B,y (z) ON as ¥j|B, () = u + v, where

R
2
(3.5.24) v=GP(APg)) = NG (p))

since GP is the Green function for the Dirichlet problem on B,,(z). Hence APy = 0.
We use (see below) Lemma 3.5.7 in conjunction with the above decomposition, to
show that ¢; € L*(B,_(z)). We will then (see below) get (3.4.2) from differentiating
(3.5.24) and using Lemma 3.5.7. Initially, by (3.5.23), Theorem 3.5.1, (3.5.24) and

Young’s inequality, with py = de and 1 < p; = ﬁ (with 0 < m; < 4 of our

2
choice, implied by the estimates on the Green function in Theorem 3.5.1), we have

[0l L1 (B2 S AillllLro (g 1)
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giving, by Lemma 3.5.7 (since p; > py > 2),

[ullzoe (B, 2)) S ullz2s,y ) S (1 + M) e5llz2(8., 2))-
Thus, we have
3
ljllzr B, ) S (L + M) @sllzro By S (A + 1) 2 ll05 12(B)-
Let 1 < p; = 24— (with 0 < 1; < 4 of our choice) and v; = (?”(A”goj).

d—2—4i+3 ;M
Similarly, we have

[vill e s, ) S Aill@illr-rs,,_, )
and for u; = p; — v
[will oo (B, () S ullzes,, ) S 1+ A @ill2s,, )
Thus, we have by induction
i+ L
loillossr, 2 S A+ A @sllrmr s, o) S N + D2 lejlle )
Let 3 be the smallest integer larger or equal than %. We may choose {;} so
that ps = co. This gives equation (3.4.1).
In order to upper bound [|[V¢;|| we note that (recalling that rg ~ R ~ 1)
Vgl Loe(s, ) = VG (A 0)) Lo (8,,) < MG |vs, )l e, ).
We also note that we have

IVugl|zoes,, ) S lelles.,)
278

from Lemma 3.5.7. Thus combining the last two estimates, we have (3.4.2).
Finally, we prove (3.4.3). Let x € C*(R) be a function so that 0 < x < 1,
X(8)|s<x, = 0 and x(s)|s>x, = 1. We define 7, a cutoff function, such that Mpe i) =

1 and 77||a:|2%R = 0 as follows. Define n(z) = x(G(z,)), and choose K;, Ky above so
that n has the desired cutoff radius. We get that

AP (n)(x) = A(x(G(z,2))) = Zazig“azjx(G(Zﬁv))

= 3 0. (G, 2))g 0, Gl )

= X"(G(z,x)) <Z 00,G(2,2)9" 0,,G (2, 2)) + X’(G(z,x)) AG(z, ),
12

where the second term in the last line is 0 as A,G(z,z) is a distribution which

equals 0 on the support of x'(G(z,x)). By choice of x and Theorem 3.5.1, this gives

A(n) S 1.
Now, let z,y € B = B(z, }lR). Let G = GB be the Green’s function for B. Then

[Vo(x) = Vo)l = [V(en)(z) — Ven)(y)|]

(5.5.5) = || [ 160 = 91600 A7)

< |AP (o) (w)| 1 (5) / |V1G(z,w) — V.G (y, w)|| dw.
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We have (using uniform ellipticity as well as Proposition 3.4.1)
AP (on)(w)| £ AP p(w)] + |p(w) APn| + V||Vl
< (A% nlloe + Alnlloe ) el 223 + [Vl 1Yo 105
S (LN el + Vel
S 1+ A) Pi(A )||90||L2(B + AP (Mol r2(m)
S+ 0)PA) +AP)) (el
by using (3.4.2). Combining (3.5.25) with (3.5.26) and (3.5.4) we get

(3.5.27) IVe(z) = Vo)l S Ps(N el 2wz — yl* U

Proof of Lemma 3.2.1. This follows from Lemma 20 in [23] together with Pro-
position 3.4.1; we have €' functions which are close in L?(B) . Hence, they are
also close in L*®(B), i.e. equation (3.2.1) holds and so does (3.2.2). O

3.5.3. Heat kernel estimates. This subsection makes no assumptions on the
finiteness of the volume of .Z and the existence of Cunt for the manifold .Z. It will
however use these properties for a manifold ball.

We fix a ball B = Bp(z) for which we estimate the heat kernel K by comparing
it to K. Suppose that {£;} is an orthonormal basis for L*(B) (with manifold
measure). In this section all constants subsumed in <, 2 and ~ will in general
depend on da Cmin, Cmax HgHaa

(3.5.26)

Lemma 3.5.9. Let A; > 1 and a sufficiently small ny = n9(A;) > 0 be given.
Assume € is sufficiently small (depending on 1y, Ay, as well as the usual d, Cpin, Cmax,
9lla, @), and |g*(x) — §%*| < €. Fory € Br(z) C Q, with |[x —y|* St~ R* <1in
a similar fashion to Assumption A.1, we have
(3.5.28) Z ()& (Y)e™"" ~po A1 duemanscamins lgllara Z ’51( )gi(weiﬂit-

A1 Aq

i< A< -

If, in addition, we also have |r — y|* ~ t, then

Z &) VEi(y)e ™! Z &) V& (y)e ™t

/’szt szt

R

§A17dacmaxycmina||g”a704 770 ' ?t 2.

(3.5.29)

The constants in (3.5.28) go to 1 as 19 — 0.

a
2

d
Proof. We apply Lemma 3.5.5 with J = #{j: p; < A;/t} < (41)* R ~ A}

and with n < ny. Let ¢y be as guaranteed by Lemma 3.5.5. Since &;’s and é’s are

L?-normalized, Lemma 3.5.3 and 3.5.5 implies for j; < %

GG — @) (y)e ™|
< |&(@) - &@IEWIe™ + [&(y) - EWI&@)e™ + @) &) e — e
< QA R (G w)le ™ + 6@l ) + (@) 16 () e S APty
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Using Weyl’s Lemma (Lemma 3.4.2) for the ball with Dirichlet boundary condi-
tions (see Lemma 3.4.2), we have

z ()6 W) — z E@E)e ™| < AP (11 A )y

pi< fii<

SAL;)BIOCH Z &i(x)&(y)e
<A1
His =

by the (Euclidean) estimates in the proof of Lemma 3.1.4 and since R < 1. We
obtain the desired estimate (3.5.28) by taking no sufficiently small. Similarly,

() VE(y)e ™" — &(x)VEi(y)e ™|
< |&(x) = &@)IVEW)le ™ + | VE(y) — VE(y)]|&(x) e

+ [&i(@ )HV&( )|e7Ht — et
< (At R?)Pee| Ve (y) e i + (At R?) ety 1 g () [e i)

+1&6(@) IV & (y) [tnpe ™
< A?ﬁloc‘FQanl )

Thus, equation (3.5.29) also clearly follows by 7y sufficiently small. O

Lemma 3.5.10. Let 1y > 0 be given and assumed to be sufficiently small.
Assume ¢ is sufficiently small (depending on 1y, as well as the usual d, Cpin, Cmax,
l9la, @), and |g*(z) — 6| < €. For y € Br(z) C Q with |z — y? <t~ R*<1 (in
a similar fashion to Assumption A.1) and s < t,

(3.5.30) K—f@’y) ™ 10,8sCrminsCmax| 9] o KtB(-CE’y)?
(3.5.31) K (z,y) S N0,y CrninsCmax| |G oy Kf@? Y),
and

B < R —2\—2B10c—1 . =2
<3532) ||VKS (:'E’y)” N"?Oydycminycma)qu”cxya E(SR ) e §2.
If, in addition, we have |z — y|* ~ t, then

R e
(3.5.33) |VEL (@,9) = VEP @0,9)|| Stcnmemtalln 1o 715
The constants in (3.5.30) go to 1 as ny — 0.
Proof. We estimate the tail:
> G@&me | <e Y gGn)g(y)e
>4 >4t
< e M KE (2,2)KE (y.y) CREA
4 4
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This, combined with (3.5.28), for A; large enough, gives (3.5.30). From [15] we also
get (3.5.31). We also have

VZsZ

6 —fis

2

/IIVGB:cwHZI& N e

_l _ 1 ~ 1
bl / 19,68 (2, w) | KBy (w, ) KBy (g, )’

st [ 9,67 )| s et R,
B

since by (3.5.6) we have |VG®(z,-)||11(m) < R. If we now take s = ¢ then, by the
Euclidean estimates and (3.5.29), for A; large enough, we obtain both the lower and
upper bounds (3.5.33).

To prove estimate (3.5.32), we use the above estimate and notice that we also
have (from Lemma 3.5.3 and Weyl’s Lemma for the ball with Dirichlet boundary

conditions)

Z Vgi(f)f (v)

e His 5 R Z ﬁiR(ﬁiR2)2610c+1e_ﬂi5

p<it
= R—d(sR—Q)—2ﬁloc—2R—l Z (ﬂi8)2ﬁloc+2e—ms
A<t
R(sR™?) 72 ?R71 Y " 1

A
f=="

N

$ p-1 —2\—2B10c—2 52
S AR (sR™7) o252

< E(sR’2)’2ﬂl°C’1s%d. O

S

Lemma 3.5.10 will be used to get Proposition 3.1.2 for the case of a manifold.
We will need to improve estimate (3.5.32), which in turn requires the following:
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Lemma 3.5.11. Let |y| < £, r < £ and sz <r. Let BY(s') be Brownian motion
started at y. Then

P(sup [BY(S)] > o] +7) Sieupmens € Lm0
0<s'<s
Proof. This follows from Lemma 3.3.4. 0

Proof of Proposition 3.1.2; case of Br(z) with metric at least €*. By rescaling
we may assume that R < 1. We upper bound & so that |g?*(z) — §%| < €y, where ¢
is as prescribed by Lemma 3.5.10 (this is done as in (3.1.16)).

Estimates (3.1.1) and the first part of (3.1.4) follow from the Euclidean case and
estimates (3.5.30) and (3.5.31). Estimate (3.1.2) and estimate (3.1.3) follow from
(3.5.33) and Euclidean ball estimates.

We now turn to the second and third parts in (3.1.4). Without loss of generality

we identify z = 0. Let a be such that a Z:l j% = %; Define stopping times 71, 7o, . ..
]:
by
. ; "1
7, = inf{s": |B*(s')| = aRZ j—z}
j=1

For n > 1, define the set of paths
B,={weQ: n(w) <(1-2"")s}.

For n > 1 define G,, C B,, as
Gn = Bn N Bn—l
and
G, = B;.

We estimate using Lemma 3.5.11:

P(Gy) <exp (—C’%Rs‘%

g2l
P(G,) <exp (—c’a 22 R3_§> .
n

and forn > 1

We need another lemma:

Lemma 3.5.12. The set {w € Q: 7, < sV¥(n > 1), w ¢ UG,} has probability
0.

Proof. Now

{fwe: 7, <sV(n>1), wdUG,} ={weQ:7,<sV(n>1), we¢UB,}
={weQ:s>7m,>(1-2"sV¥(n>1)}
C{weQ:im —71<2"sV(n>1)}.

However, the set {w € Q: 7, — 7,-1 < 27"s} has probability decaying super-
exponentially in n by Lemma 3.5.11. U

We now continue with the proof of Proposition 3.1.2; case of Br(z) with metric
at least €2. Define H, = G, \ (U/"'G;). We now have a disjoint partition of
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{weQ: 7, <sV(n>1} (up to measure 0) by the collection {H,}. Set KP(-,.) :=
KP2RG)(.). For |y| > & we have

(2, 00) ZE X, Ko (B (1), 9)-

Taking gradient and using equation (3.5.32) we get

VoKD (2, 9) = 1) Eulxm, VaK2, (B (7,),9))|

n=1
oo

> R (g=ns 228135 p(H,)
S

n=1

— R /2 L o1\ —dBee—2 =L ,a2” 2 n/2 —1
gdﬁmin,cmax:”g“aya Z ;(2 S2R ) °e S 2 eXp —C n2 2 S 2R

n=1

Ndacmin 7CmaxvllgHD¢ &

o0

R o1 1\ _ap _9,=d a2-1/2
Sl cminsemanllgllasa 27(2 /23 R 425 exp (—c

n?

2"/2t_R)
o ~1/2

< E Td n/2t2 —4B1oc— exp _Cla2—2n/2t7%R

= n?

Ndycminycmax:”gHa:a ?t%7

where we may replace s with ¢ above, since s < ¢, and each of the summands is
increasing in s as long as it is sufficiently small with respect to R? (independently
of n when n > 1). This proves the second and third parts of (3.1.4) for Bg(z) with
metric at least €2 0J

Remark 3.5.13. The proof below makes no assumption on the volume of .Z,
and works for the case of . having infinite volume as well.

Proof of Proposition 3.1.2 for the heat kernel of .# , with metric at least €°. As
for the Neumann heat kernel, the starting point is Proposition 3.3.2, which allows us
to localize. We use Proposition 3.1.2 for the ball Bas,r.(2) with metric at least €.
For this proof, we denote by Cy[B] be the Cy constant for the Dirichlet ball case, and
set KP(.,-) := KB=(. .) the heat kernel for the ball B(z,20,R,) with Dirichlet
boundary conditions. For s <,

o) = K a0)| = 3. [f%:imun(w),y)vms Pufr(w) < 5)

(L‘; =) (fog=)’
2
NTeAr:) E 72 T SoaBlaes U o=
eqn. (3310)

This proves (3.1.1) and the first part of (3.1.4) (see Remark 3.3.3). For the gradient
estimates, i.e. (3.1.2), (3.1.3), and the second and third part of (3.1.4),
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IV~ TRl < 3 [V, [R2., () i < o] | B < 9

00 SoRz |2
_adoR, _ (=)

Seym Dt
n=1 eqn. (3.3.10)

CuOR. (5E)
[ Ms

SCé [B],00,01

giving us Cy. By Remark 3.3.3 the exponential term from equation (3.3.10) can be
made small enough so that we obtain estimate (3.1.2) as well as the second and third
parts of (3.1.4). O

4. The proof of Theorem 2.2.8

We remind the reader of Remark 3.1.1 which notes that the proof of Proposi-
tion 3.1.2 for the heat kernel of .#, with metric at least 4 (appearing at the end
of section 3.5.3), made no assumptions on the finiteness of the volume of .# and the
existence of Ceount-

4.1. The case g € €*. We appropriately choose heat kernels { K;(z,v;) }iz1.._a,
with ¢ ~ R?, that provide a local coordinate chart with the properties claimed in the
Theorem 2.2.8:

Proof of Theorem 2.2.8 for g € €. Without loss of generality we may assume
p = R, =1, and thus, by Remark 3.1.1, we may apply Proposition 3.1.2. Let us
consider the Jacobian J(x), for z € B, g.(2), of the map

d .= R;UY*(t/R)D.

By (3.1.3) we have |J;;(z) — C’é(pi,%ﬂ%gﬂ < CoR;'. As dictated by Propo-
sition 3.1.2, by choosing d¢,d; appropriately (and, correspondingly, ¢; and ¢g), we
can make the constant Cy smaller than any chosen ¢, for all entries, and for all z at
distance no greater than ¢; R, from z, where we use ¢t = t, = cgR? for ®. Therefore
for ¢; small enough compared to ¢; we can write R,J(z) = Gq + E(z) where Gy is
the Gramian matrix (p;, p;) (indepedent of z!), and |E;;(z)| < €, for x € B g, (2).
This implies that R (omin — Cae)|v]| < | J(2)v]] < BRI (0max + Cae)||v]|, with Cy de-
pending linearly on d, where o, and o, are the largest and, respectively, smallest
eigenvalues of GG4. At this point we choose € small enough, so that the above bounds
imply that the Jacobian is essentially constant in B, r_(z), and by integrating along
a path from x1 to x5 in B, g.(2), we obtain the Theorem (® and @ differ only by
scalar multiplication). We note that e ~ Cll suffices. U

We discuss the proof for g € ¥“, and .# has possibly infinite volume in Sec-
tion 4.2. Such proof is based on approximation arguments via heat kernels corre-
sponding to smooth metrics on finite volume submanifolds.

4.2. The case g € ¥*. In this section we discuss heat kernel estimates and the
heat kernel triangulation Theorem in the case when €. The key ingredient for the
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proof of Theorem 2.2.8 for the case of g € ¢, are the heat kernel estimates similar
to those of Proposition 3.1.2.

Before we turn to the proof of Theorem 2.2.8 for the case g € “, we need one
more statement about the case g € €. Consider the following variant of Proposi-
tion 3.3.2.

Proposition 4.2.1. (Variant of Proposition 3.3.2) Assume g € ¢*. Let w €
and R, < dist(w,09), or w € A4 and R, < ry(w). Let z and R, be similarly
defined. Assume z ¢ Bpg, (w), and w ¢ Bpg_(z). For each path B? (starting at
z), we define 11 (w) < m(w) < ... as follows. Let 1i(w) be the first time that B}
enters B(w, 2R,,) (if this does not happen, let 7(w) = +o00). Let z1 = BZ(m).
By induction, for n > 1 let 7,(w) be the first time after 7,_1(w) that B? re-enters
B(w, 3R,,) after having exited B(w, $R,,), or +00 otherwise. Let z,(w) = BZ(r,). If
Tn(w) = 400, let 7,41 (w) = +o0 for all k > 0. Then

+oo
(4.2.1) K(z,w) = ZEw Kf_m(w)(zn(w),w) Tp < 8| Py(m, < s),
n=1
where
KD _ KSDW(B%R“’ (w))

Moreover, there exists an M = M (Cmin, Cmax) such that

(4.2.2) P(72 < 8) Sartons oo expi—(n—1) <%>2 (2Ms)~! — <%>2(2M5)1}.

The proof of this Proposition is along the same lines as that of Proposition 3.3.2.

Proof of Theorem 2.2.8 for g € €*(.#) with |.#| < oco. Consider a sequence
of metrics {gx} C €*(#), with increasing compact supports {.#;}, converging to
g in €* (and therefore bounded in ), and such that g, is uniformly elliptic with
constants %cmin, 2¢max (Which is possible since ¢, and ¢,y are continuous functions
of the components of the metric tensor). Let K be the heat kernel associated with
gr- Note that for this heat kernel and its gradient we have bounds, from above with
constants uniform in k for any fixed compact & away from 0.#. We proceed as
in the proof of Theorem II1.3.1 in [49]. The key ingredients are uniform (in k, for a
fixed compact) upper bounds on K}, (which follow from Propositions 3.3.2 and 4.2.1),
and that {K}} is equicontinuous, which follows from the uniform upper bounds on
the gradient of K}, (for a fixed compact we have uniform lower bounds on R, and
R, and estimate (4.2.2)). It could also made follow from Stroock’s paper (Nash—
Moser estimates that say the Kj is Holder of order and with constants depending
only the ellipticity constants)). The proof of Theorem II.3.1 in [49] then implies
that Ky — K 4 as k — +o00, uniformly on compacts. Therefore the uniform (in k)
bi-Lipschitz bounds on the map

T — (Kk,t(% y1)7 cee ,Kk,t(l’, Z/d))

on Bg(z), imply the same bounds for

€T — (K//I,t(x7yl)7'"7K///,t(x7yd))- l
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5. Examples

5.1. Localized eigenfunctions. The following example shows that the factors

d
Y1, ---,%¢ in Theorems 2.1.1 and 2.2.1 may in fact be required to be as small as R?.

St
v

2l

Figure 1. Example of localization.

Let 7 below be the golden ratio. Consider the domain €25 as in Figure 1, with
Dirichlet boundary conditions. We will let z to be the center of the small square.
Let A? and <p§- be the eigenvalues and eigenfunctions on §25. Fix A > CN. Let
Ay = {j: A} < A?}. The cardinality of A% is uniformly bounded above by Weyl
Lemma. It is also bounded below, since in this case we can easily obtain a reverse
Weyl Lemma. To see this, let (025)4 = {z € Q: d(z,0) < a/A}, so that the heat

kernel estimates in Lemma 3.1.4 hold for t = bA~2, and observe that

Mozt | S e

Q5\(0925) A A?SA

2
> €+b </ Kg(l‘,l’) - / Kf/2(x7‘r>e_l42t)
Qs\(025) a Qs5\(0925) a

2
> o+t (1 - ﬂ) (Clt‘l _ cge—%t-l) > oyl 42,
< 54 <
where we choose b so that the last inequality holds, and thus determine a and A,
which are chosen so that Lemma 3.1.4 and Proposition 3.1.2 hold.

Fix j = 1. The sequence {X’}55¢ is bounded and hence the families {©9}s-0
and {Vl}sso are equicontinuous (by Proposition 3.4.1), therefore there exists a
sequence o — 0 such that gp?k — ©;, Vgp?’“ — Vy,; and )\?’“ — Aj. We can repeat
this argument for any j < liminfy #{j: )\?k < A?} = juax(A), which is strictly
positive and tending to +00 as A — +oo, by the above. By a diagonal argument,
we can find a subsequence §; such that for any j < juax(4), gpj’ — ©j, ch?l — V.
Let us look at some properties of ;. Clearly, ¢, is an eigenfunction for A with
Dirichlet boundary conditions on Qq. Since (£n1)? + (£n2)? is irrational for any
ni,ne € Z, every ¢, is supported in either the small square, or the big square. Recall
that z is the center of the small square. For any j < jmax(A) if ¢, has support in Sp

then [|[Vp;|| 2 (7/N)~2. Let §; be small enough so that HVgole > (t/N)~2, for all
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J < Jmax(A). By choosing A larger than c¢5(7/2N), where ¢ is as in Theorem 2.1.1,
all possible eigenfunctions that may get chosen in the Theorem will correspond to
J < jmax(A), and therefore the lower bound for the ~; is sharp.

See http: //pme.polytechnique.fr/pagesperso/dg/recherche/localization_e.htm for
nice demonstrations of the above example.

5.2. Non-simply connected domain.

Domain D, point z, closest point tod D, neighborhood to be mapped.

14 02 04 06 08 1 1.2 02 04 06 08 1 1.2

Figure 2. Top left: a non-simply connected domain in R?, and the point z with its neigh-
borhood to be mapped. Top right: the image of the neighborhood under the map. Bottom: Two
eigenfunctions for mapping.
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