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Abstract. It is proved that the family of K quasiconformal mappings of the unit ball onto
itself satisfying PDE Au = g, g € L*°(B"), u(0) = 0, is a uniformly Lipschitz family. In addition,
it is showed that the Lipschitz constant tends to 1 as K — 1 and |g|cc — 0. This generalizes a
similar two-dimensional case treated in [21] and solves the problem initialized in [16].

1. Introduction and statement of the main results

A twice differentiable function u defined in an open subset ) of the Euclidean
space R" is said to be harmonic if it satisfies the differential equation

Au(z) := Dyju(z) + Dygu(z) + - - - + Dpyu(x) = 0.

In this paper we denote by B™ and by S"~! the unit ball and unit sphere in R",
respectively. Also we will assume that n > 2 (the case n = 2 has been already
treated in [21]). We will consider the vector norm |z| = (3.1, 22)1/? and the matrix
norm |A| = sup{|Az|: |z| = 1}.

A homeomorphism u: Q — €' between two open subsets 2 and Q' of the Eu-
clidean space R™ will be called a K-quasiconformal (K > 1) or shortly a q.c. mapping
if

(i) w is absolutely continuous function in almost every segment parallel to some
of the coordinate axes, and there exist the partial derivatives which are locally
L™ integrable functions on Q (we will write u € ACL"), and

(i) w satisfies the condition

Vu(z)["/K < J,(x) < KI(Vu(z))"
at almost every x in ) where

[(Vu(z)) := inf{[Vu(z)(]: (] = 1}
and J,(x) is the Jacobian determinant of u (see [32]).

Notice that for a continuous mapping u the condition (i) is equivalent to the condition
that u belongs to the Sobolev space W, .. (€2).
Let P be the Poisson kernel, i.e., the function
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and let G be the Green function, i.e., the function

(1.1) G(x,y):cn( L ! )

lz—y["2  (|lzly] —y/|yl[)"2

m, and €,,_; is the measure of S"~!. Both functions P and G are
harmonic for |z| < 1 with x # y .

Let f: S"! — R" be a bounded integrable function on the unit sphere S™1,
and let g: B" — R™ be a continuous function. The solution of the equation (in the
sense of distributions) Au = ¢ in the unit ball satisfying the boundary condition

ulgn—1 = f € L*(S"!) is given by

(12) u(w) = PUf)a) = Glal(w) = [ Pla)fn)data) ~ [ Gla.v)aty) do

Bn

where ¢, =

|z| < 1. Here do is the Lebesgue n — 1 dimensional measure of the Euclid sphere
satisfying the condition: P[1](x) = 1. It is well known that if f and g are continuous
in S"~! and in B", respectively, then the mapping u = P[f] — G[g] has a continuous
extension 7 to the boundary and @ = f on S"~!. If g € L, then G[g] € C**(B").
See [12, Theorem 8.33| for this argument.

We will consider those solutions of the PDE Au = g that are quasiconformal as
well and investigate their Lipschitz character. A mapping f of a set A in the Euclidean
n-space R™ into R™, n > 2, is said to belong to the Lipschitz class Lip,(A4), a > 0,
if there exists a constant M > 0 such that

(1.3) [f(z) = f(y)l < M|z —y|®

for all x and y in A. If D is a bounded domain in R™ and if f is quasiconformal
in D with f(D) ¢ R"™ then f is in Lip,(A) for each compact A C D, where
a = K;(f)Y0=™ and K(f) is the inner dilatation of f. Simple examples show
that f need not be in Lip,(D) even when f is continuous in D. However, Martio
and Nakki in [27] (see also [26]) showed that if f induces a boundary mapping which
belongs to Lip,(0D), then f is in Lipg(D), where

3 = min(a, K;(f)/0-);

the exponent [ is sharp.

We are interested in the condition under which the quasiconformal mapping is in
Lip,(B"). It follows from our results that the conditions that u is quasiconformal and
that |Awu| is bounded, guaranty that the selfmapping of the unit ball is in Lip, (B™).
In particular, the results hold for quasiconformal harmonic mappings. It seems that
the family of q.c. harmonic mappings has first been considered in [25]. The papers
[8], [14], [15]-[24] and [31] bring much light on the topic of quasiconformal harmonic
mappings on the plane. In this paper we continue to study the same problem in the
space R"™ which was started in the paper [16]. See also [3], [4] and [5] for the related
problem. The problem in the space is much more complicated because of the lack of
the techniques of complex analysis.

It is well known that the harmonic extension (via Poisson integral) of a home-
omorphism of the unit circle is always a diffeomorphism of the unit disk. In higher
dimensions, however, the situation is quite different. Namely, Melas (|29], see also
[22]) constructed a homeomorphism of the unit sphere S"~! (n > 3) whose harmonic
extension fails to be diffeomorphic. See [7] for related results on the class of smooth
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quasiconformal mappings. The questions arise, do there exist such examples, assum-
ing both conditions, harmonicity and quasiconformality; in other words do some q.c.
harmonic mappings have critical points, i.e., the points in which the Jacobian is zero?
For K < 2"~! such examples do not exist, see [19] or [33] for this argument. In [19],
the author and Mateljevi¢ proved that, under the condition K < 2"7!  a harmonic
quasiconformal mapping u of the unit ball onto itself is co-Lipschitz (meaning that
u~! is Lipschitz). If w is a harmonic univalent function on a domain in the complex
plane, then by Lewy’s theorem (see [23] and [13]), w has a non-vanishing Jacobian,
and consequently, according to the inverse mapping theorem, w is a diffeomorphism.
However, in the space we cannot use this argument. Indeed, Lewy’s theorem fails
in higher dimensions, as it is shown in [36]. For this problem concerning q.c. hyper-
bolic harmonic selfmappings of the unit ball see [33], and for q.c. harmonic mappings
between complete Riemannian manifolds see [9].

The following theorem gives a positive answer to the question raised by the author
in [16]: whether a q.c. harmonic self-mapping of the unit ball is Lipschitz continuous
with Lipschitz constant depending only on a quasiconformality constant K7 This
is a generalization of an analogous theorem for the unit disk due to the author and
Pavlovi¢ [21]. See also [16] and [30]. This is the main result of the paper as follows.

Theorem 1.1. Let K > 1 be arbitrary, n € N and let g € L>(B"). Then
there exist constants M{(n, K) and Mj(n, K) satisfying: if u is a K-quasiconformal
self-mapping of the unit ball B" satisfying the PDE (in the sense of distributions)
Au = g, with u(0) = 0, then:

(1.4) u(z) —u(y)| < (Mi(n, K) + My(n, K)lgloo) |z —yl, x,y € B".

Moreover, M{(n, K) — 1 as K — 1.

The example 1.2 given below shows that the condition g € L>®(B") of Theo-
rem 1.1 is necessary for u being Lipschitz. See also Example e) of Section 4 (the

mapping v).

Example 1.2. Let f(z) = |z| 5" 2. Then f is a K-quasiconformal map-
ping of the space onto itself. Let ¢ be a Mobius transformation of the unit ball B™
onto the upper halfspace H™; for example, p(z) = (z — S)/|z — S|*> + S/2, where
S =(0,...,0,—1). Then the mapping u(x) = ¢~ o foy is a O K-quasiconformal
mapping of the unit ball onto itself, such that w is not Lipschitz, and therefore,
Au ¢ L>(B").

It is important to notice that the class of harmonic functions (mappings) con-
tains itself the class of holomorphic functions (mappings). Therefore, the class of
holomorphic automorphisms of the unit ball is a subclass of quasiconformal har-
monic self-mappings of the unit ball. On the other hand, according to Fefferman’s
theorem [10], every analytic bi-holomorphic mapping between two smooth domains
has a smooth extension to the boundary, and therefore, the class of bi-holomorphic
mappings between smooth domains is contained in the class of harmonic quasiconfor-
mal mappings. Therefore, our results can be considered as extensions of Fefferman’s
theorem. Some nontrivial examples of quasiconformal harmonic mappings are given
in Section 4.

The proof of Theorem 1.1, given in Section 3, depends on the following result:
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Proposition 1.3. [17] Let u: B™ — Q be a twice differentiable q.c. mapping of
the unit ball onto the bounded domain Q with C? boundary satisfying the differential
inequality

|Au| < A|Vul* + B
for some A, B > 0. Then Vu is bounded and w is Lipschitz continuous.

One of the advantages of Theorem 1.1 in relation to Proposition 1.3 is that, in
Theorem 1.1 the Lipschitz constant does not depend on the mapping u, contrary to
the statement of Proposition 1.3. It also depends on Mori’s theorem in the theory of
quasiconformal mappings:

Proposition 1.4. [11] If u is a K-quasiconformal self-mapping of the unit ball
B™ with u(0) = 0, then there exists a constant M (n, K), satisfying the condition
Mi(n,K) — 1 as K — 1, such that
(1.5) fu(e) = u(y)| < Mi(n, K)le — """
See also |2| with some constant that is not asymptotically sharp.
/(1=n)

1-n)

The mapping |z|~1+% ' x shows that the exponent K/ is optimal in the

class of arbitrary K-quasiconformal homeomorphisms.

2. Auxiliary results

By S and T" we denote the spherical coordinates:
S:Qp=10,1] x [0,7] x --- x [0,7] x [0,27] — B"
and
T: Q"' =10,7] x - x[0,7] x [0,27] — S"1
(S(r,00,...,0n_2,0) =1T(01,...,0,_2,¢)), defined by S = (z1,22,...,Tp_1),
x1 =1 cosb,

To = rsin #; sin Oy,

Tp_1 =7Tsinfysinfs,---sinf, 5 cosp,
Tp =7rsinfysinfy - --sinf, o sin p.
Then we have
(2.1) detVS(r,0y1,...,0,_9,0) =" tsin" 20, ---sinb,_,.
We will use notations 0 = (6,...,0,_2,¢) and 6,1 = ¢.

Lemma 2.1. Let u = P[f] be a harmonic function defined on the unit ball, and
assume that its derivative v = Vu is bounded on the unit ball (or equivalently, let u
be Lipschitz continuous). Then there exists a mapping A € L>®(S"!) defined on the
unit sphere S"! such that Vu(x) = P[A|(z) and for almost every n € S"~! there
holds the relation
(2.2) lim Vu(rn) = A(n).

r—l—

Moreover, the function f o T is differentiable almost everywhere in Q"' and there
holds
A(T(9)) - T(0) = (f o T)'(0).
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Proof. For the proof of the first statement of the lemma, see for example |6,
Theorem 6.13 and Theorem 6.39]. Next, since

(S0 = [P VU 0) - TO)] < [ Fu(S0,0)] - |5
0

< essupy|A(T'(9))] - |80-

Now we make use of the following version Lebesgue Dominated Convergence Theo-
rem. Suppose that f, is a sequence of measurable functions in a measure space F,
that f, — f pointwise almost everywhere as n — oo, and that |f,| < ¢ for all n,
where ¢ is integrable. Then f is integrable, and

/fd,u— lim/fnd,u.
E e JE

0
In our case we have g(0) = M;, f, = —u(S(rn,0)), where r, — 1 — 0. Thus

(o)l

T(0)] = M; < co.

00
FT(6)) = lim u(S(r,.6)
= lim i (S(rn,0))do; + f(T(6%))

u
n—oo [po a@l

(2.3) = /eonhglo ;;iu(rS(H)) do; + f(T(6"))

0;
= / lim 7, Vu(S(ry, 9));9 T(6) do; + f(T(6"))
9? n—oo 1

0;

_ / A(Tw))-;;im) db; + F(T(6")).

0
12

Differentiating in 6; for every i € {1,...,n — 1} we get

0 0
5 T (T60) = AT ) - o

almost everywhere in Q"!. Hence, we have
A(T(0)) - T'(0) = (f o T)'(6)

almost everywhere in Q" 1. ([l

7(9)

Lemma 2.2. Let u be a harmonic Lipschitz continuous mapping defined in the
unit ball B™. Denote by Vu the extension of the gradient up to the boundary
Sl = 9B™, which exists almost everywhere in S~ '. Then for x € B"

[Vu(z)| < ess supy, 1 [Vu(n)],
where | - | is the matrix norm.

Usg

Proof. Let u = (uy,...u,). For all pairs (i, j) the function u; ; = gx_ is bounded

J
and harmonic. Hence, there exists a bounded integrable function g; ; defined on the
unit sphere such that w; ; = P|g; ;]. In other words,

Vaa) = [ alPla.n)do(n),
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where g(n) is a n x n dimensional matrix (g;;(n))7,=, and it coincides with Vu(n).
For the induced matrix norm we have

|A| = max{(Ah, k) : |h| = |k| = 1}.
Thus, for |h| = |k| = 1 we obtain

<wmm@:/

(g(mh, k) P(x,n)do(n) < / lg(n)|P(x,n) do(n)
Sn—l

Sn—l
< ess supyyoy o) [ Pl do(o),

The proof is completed. O

Lemma 2.3. For every a < n the potential type integral

dy
I(z :/
(=) Bn|37_3/|a

exists for every x € R", and achieves its maximum for x = 0. Furthermore,

(2.4) 0) = ——q, ..

n—uo

If|z| =1 and o = n — 1, then
2I'(%)
(n —1)y/al(%51)

Moreover, there exists a decreasing function ¢ defined on [0, 400) such that I(z) =
é(r) on the sphere S"1(0,r) with r > 0.

Proof. Let A = B"\ B"(z,1) and B = B"N B"(x,1). Then B" = AUB. If
y € A, then |y — x| > |y|. Thus

/ dy < dy '
Alr—yl* ™ Ju lyl

On the other hand, B = —B + x. Thus

/ dy [ dy
gle—yl®  Jplyl*

d d
u@_/ _}agmm_/-%.
B |7 =yl B Yl

Introducing the spherical coordinates centered at 0 and at a point x on the integrals
I(0) and I(z), respectively we obtain the relations (2.4) and (2.5). Using the similar
argument it follows that ¢ is decreasing.

Lemma 2.4. [16] The integral

1= [ la=ardoto)

a € S"! converges if and only if v >1—n. If y=2 —n, then [ = 1. O

(2.5) I(x) = Q1.

Hence,
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Lemma 2.5. Let p be a bounded (absolutely) integrable function defined on a
bounded domain 2 C R™. Then the potential type integral

d
I(z) = / ply) dy
Qlr—yl
belongs to the space CP?(R™), p € N, such that a + p < n. Moreover,

Vi) = [ Vol du.

For the proof see for example |34, pp. 24-26].

Lemma 2.6. If g is continuous on B', then the mapping G[g] has a bounded de-
rivative, i.e., it is Lipschitz continuous. Moreover, VG|g| has a continuous extension
to the boundary and there holds

VGlgl(n)h = /n (k) 1 — |y?

Qu1 |n =y

9(y) dy

forn € S™1.
Proof. First of all for x # y we have
2-n)@=y (=2(yPr—y)

Go(z,y) = n
|z —y|" | zlyl = y/lyl "
Thus for n € S"~! we have
. 1 n -y
2.6 lim G, (x,y) = .
(2.6) lim Go (2, y) SR P—T
Let
1 z—y
2.7 Gi(x,y) = ,
( ) 1( y) anl ’Q? _ y’n
and let
1 — ly|?z
(23) Gola,y) = LW

Q| 2lyl = y/yl ™
The function G5 is harmonic for x € B™. According to Lemma 2.5, it follows

VGlgwh = [ (Gulg)ih) glo) dy

:/n<G1(“”y)’h> 9(y) dy+/ (Ga(z,y), h) g(y) dy.

n

(2.9)

The last statement of the lemma follows from relations (2.6) and (2.9) and Lebesgue
Dominated Convergence Theorem. O

Lemma 2.7. Let u be a solution of the PDE Au = g (g € C(B")) that maps
the unit ball onto itself properly (|u(z)] — 1 as || — 1). Let in addition u be
Lipschitz continuous. Let x(0) = f(T'(9)) := f(t), t € S"~'. Then there exist almost
everywhere in S™1

(2.10) Vu(t) := lim Vu(rt)

r—1—
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and

(2.11) Jyu(t) := lim J,(rt),

r—l1—

t € S"~1. Furthermore, the following relation holds:

D[ 1) - S)P

19 Ju(t) Dy Jos Tyt do(n)
+ g—; ; el (/Sn_l P(rn,t) <g(7“t),f(77)>dg(n)) dr, tc gn-1

Here D, and Dr denote the square roots of Gram determinants of Vx and VT,
respectively. If u is biharmonic (AAu = 0), then there holds

D [f(t) = f(n)P? Dy (' .-
2.13 Ju(t) = =X ——— " do +—X/ " g(r?t), f(t)) dr,
1) =g [ OZIOC g4 D [ . )
t € S*~1. For arbitrary continuous function g and |g|s = maxy <1 |g(x)| there holds
the inequality

Dy f(t) = f)I?

Dy gl _
- = do(n)| < =222 te sl
Dr Jos i 270

DT n '

Proof. First of all, according to Lemma 2.6, G[g] has a bounded derivative,
and there exists the function VG[g](n), n € S™ ! which is continuous and satis-
fies the limit relation lim, ., VG[g](z) = VG|g|(n). Since v = P[f] — G|g] has
a bounded derivative, according to the Lemma 2.1, it follows that there exists
lim, ;- VP[f](rn) = VP[f](n). Thus, lim,_;_ Vu(rn) = Vu(n). It follows that
the mapping x defines the outer normal vector field n, almost everywhere in S"!
at the point x(0) = f(T(0)) = (x1, X2, - - - » Xn) by the formula

(2.14) [ Ju(t)

(2.15) n, (X(0)) = Xor X -+ X Xon 2 X Xep-
Since n,(x(¢)) is the normal vector to the unit sphere, there holds the equality
(2.16) n, (x(0)) = Dy - f(T(9)).

Let u(S(r,0)) = (y1,y2,.-.,Yn), where S are spherical coordinates. According to
Lemma 2.1, we obtain

(2.17) rlirln_ Yip(r,0) = xi,(0), i €{1,...,n},
(2.18) Tl_igl_ Yio, (1,0) = Xig,(0), i€ {1,...,n}, jE{l,...,n—2}.

On the other hand, for almost every ¢t € S~ ! we have

Xi(0) — yi(r, 0)

1—r = yir(pr,ev 0)7
where r < p,g < 1. Thus we get
(2.19) lim y;,(r,6) = lim Xil >1 yr(r ) ieqi,... n}
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Hence, we find that

liql_ Juos(r,0) = lim <X—P[f]

r—1— 1 _ 7X91 s X X0n72 X X(p> + A
147
hrln 1 ‘7] Tt|n <X f X91 X XX, o X X¢> dO’(?”]) + A
r—1— [on— _
1
(2.20) = lim tr
r—l1—

s = SO (f(T()) = f(n), 0500 (T(0))) do(n) + A
= Jlim Dy (0) / m (F(T(0)) = f(n), F(T(6))) do(n)

R EY, FTO) ~ F)l
_rlﬂlf 2 DX(Q) \/Snl ‘77—5(7“, 9)‘71 d (77) +A7

+ A

. a
where A = lim,_;_ 1@,)(91 X+ X X,y X X¢>.
In order to estimate A, observe first that

(221> G($ y> —c |!I?‘y| B y/|y|’n—2 — |'T B y|n—2
’ |z —y["™

"2 aly| —y/lyl|"2

Next, we have

lzlyl = y/ Iyl =z =y

n—2
= (lzlyl = y/lll = l= = yD) > (xlyl = y/lyl)">F - o =y
k=1

(2.22)

and

2|y — y/lylI> — |z —y|
zly| —y/lyl| — |z —y| =

x|y — v/l + |z —y]
20,12

) = (2 + [yl* = 2z, v))
[2lyl = /Iyl + |z =yl
_ (A=) = Jy?)
[2lyl = y/lyll + |z —y|
Inserting (2.22) and (2.23) into (2.21), we obtain for a.e. t € S"!

(2.24) Gly) _ 1

lim

P(y,1).
I T ~ o, T W

On the other hand, we have

1
P(y,t) (g9(y), f(1)) dy
(2.25) I /

_ / e / P(rn, 1) {g(rm), () do(n)) dr.
0 sn-1

Next, there holds

(2.26) Juos(r,0) = "1, (rT(9)) - Dp(6).
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Combining (2.20), (2.24), (2.25) and (2.26) we obtain (2.12). Relations (2.13) and
(2.14) follow from (2.12) and (1.2). If u is biharmonic, then ¢ is harmonic and thus,

[ Prn) gl 10} dotn) = (o). 710).
This yields the relation (2.13). O

Assume that A is an n x n matrix with entries from R. Define the (7, j)-minor
M, ; of A as the determinant of the (n—1) x (n— 1) matrix that results from deleting
i’th row and j’th column of A, and the (i, j)-cofactor of A as

Ci; = (=1)" M;; .
Then the adjugate of A is the n x n matrix
A= (Cji)ijl :
If A is an invertible matrix, then
A7l = det(A)L A
That is, the adjugate of A is the transpose of the cofactor matrix (Cy;)7;—; of A.

Lemma 2.8. Let A: R" — R" be a linear operator such that A = [a;j]; j=1...n-
If A is K-quasiconformal, then there holds the following double inequality:

(2.27) KM "A" oy X oo X 2| < Az X oo X Az | < Aoy X - X 2|
Both inequalities in (2.27) are sharp.

Proof. Let e; = (1,0,...,0),...e, = (0,...,0,1). Let x; = Y77 wjje;, i =
1,...n —1. Then

Axy X -+ X Axpq = E EoTly - - - Tn—lo, Ay, X oo X Ae,, |,
ag

where o runs through all permutations of {1,2,...,n — 1}. It follows that

(2.28) Az X - X Axp g = Az X -+ X Ty
As A is K-quasiconformal, A is quasiconformal as well. Let A2 < --- < A2 be the
eigenvalues of the matrix AT A. Since A is K-quasiconformal, then
An
(2.29) on < K.
A

From A = det A - A~! it follows that

32 = (det A)? -

—. k=1....n
Ai? ) )

are eigenvalues of the matrix AT A. Moreover,

and consequently,

From (2.28) we obtain
(2.30) |Azy X - X Azp_y| < |A| |21 X -0 X Ty
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Furthermore

n

- s A
(2.31) Al =\ = det H/\k < A=At

The relations (2.30) and (2.31) yield the right inequality of (2.27).
In order to obtain the left inequality of (2.27), again we make use of (2.28). From
(2.28) it follows that

(232) |A.T1 X"'XA.%n_1| ZS\TL’|ZE1X"'XIn_1|.
On the other hand,

~ A n—1
det H)\k Kl n)\n 1

This inequality completes the proof of lemma. U

Lemma 2.9. Let u be a solution of the PDE Au = g, g € C(B"), that is
Lipschitz continuous. Denote by Vu its extension up to the boundary S"! = 0B",
which exists almost everywhere in S"~!. Then for x € B",

23)  Vule)] < e supyea | Vulo)| + (15— Q)FH ) bl

-1
2
where | - | is any norm of matrices and |g|o = max{|g(z)|,z € B"}.
Proof. By using the notation of Lemma 2.6, we have

Vu = VP[f|(z) — VGg](z)
= VP[f](x) —/ Gi(z,y)g(y) dy — /nGz(x,y)g(y) dy.

n

Thus

n

Vu(z) + / Gi(z,y)g(y) dy = VP[f](z) - / Ga(z,y)g(y) dy =: h(z).
Applying Lemma 2.2 to the harmonic mapping h, we have

Vu(z) + | Giz,y)g(y) dy| < ess supy_, [h(1)]

Bn

< ess sup, | Vu(t)| + i’S‘UIi | Gi(t,y)g(y) dyl.
t)=1 Jpn

Hence, for x € B™ we have

Vu(z)] < ess suppy_y | V()| + ess suppcl / G (2, y)9(y) dy|
Bn

+ ess supmzl/ G (t, y)|lg(y)] dy.
BTL

Using now Lemma 2.3, we have
20(3)
(n— 1)/l (5]

[Vu(z)| < ess supjy [Vu(t)] + (1 + ))\g\oo- m
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Remark 2.10. It is known that harmonic and subharmonic functions satisfy the
maximum principle. However, if u € C?(B™) N C'(B") satisfies the PDE Au = g,
with

2

(2.34) g€ CY(Q), (Vu,Vg) < ’97’1

then the mapping Vu satisfies the maximum principle

(2.35) sup [Vu(z)| = sup [Vu(z)].
n 5"7

This estimate is better than the estimate (2.33), but the condition (2.34) is an es-
sential one. For the details, see [12, Theorem 15.1].

Lemma 2.11. If x > 0 is a solution of the inequality x < ax® + b, where a > 1
and 0 < aa < 1, then
a+b—aa
1—aa
Observe that for a = 0, (2.36) coincides with = < a + b, i.e., z < azx® + b.

Proof. We will use the Bernoulli’s inequality z < az®*+b=a(l+x—1)*+b <
a(l + a(x — 1)) + b. The relation (2.36) now easily follows. O

(2.36) x <

3. The main results

Theorem 3.1. Let K > 1 be arbitrary, n € N, and let g € C(B"). Then there
exists a constant M' = M'(n, K) such that if u is K-quasiconformal self-mapping of
the unit ball B™ satisfying the PDE Au = g, with u(0) = 0, then

(3.1) u(@) —u(y)l < M|z —y|, zye B,
where M' = M{(n, K)+ Mj(n, K)|g|s. Moreover, if u is harmonic, then M'(n, K) —
las K — 1.

Proof. Let u(S(r,0)) = (y1,y1,--.,Yn), where S are the spherical coordinates.
Combining Proposition 1.3 and Lemma 2.7, in the special case where the co-domain
is the unit ball, we obtain that there exists Vu and J, almost everywhere in S"~*
and there holds the following inequality:

(3.2) Ju(t) < 2x (/S 1 76) = Fn)” f<”>’2da<n) + %) , testh

Dr |n —t|» n
Now from
[Vu(S(r,0))]" < KJu(5(r,0))
we obtain
(3.3) hI{li |Vu(S(r,0))]" < hmﬁ KJ,(S(r,0))
almost everywhere in Q"~!. From Lemma 2.1 we deduce that
Juo S 8u oS Juo S
li 0) x -- 0) x ———(r,0
Jim =g (r8) o (. 6) x == ()
_OfoT Of oT Of oT

G (0) X X G (0) x =5 (0)
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almost everywhere in Q" !. Since

Juo S , ar
) (r,0) = ru’(S(r, 9))86

using (2.27) we obtain that
(3.4) D, (0) < lim IVu(S(r,0)) " Dr(6).

From (3.2)—(3.4) we infer that

Vu(T(0))]" < K[Vu(T(0)]"" ( /S |f<|z;(fi>>T z@])](jﬂ do(n) + %)

ie.,
£(T(®) — f(n)? |9|oo>
3.5 Vu(T(0))] < K / do(n)+—— ).
a5 vurey <k ([ TSI g 1 2]
In view of Lemma 2.9, for every € > 0 there exists 6. € Q"' such that
M := ess sup{|Vu(z)|: |z| < 1}

< - o (IuTE + (14 o Bl ).

(3.6)

The mean value theorem yields

(3.7) [u@) = uly)l < ess sup |Vu(t)] - o = yl.

Let p= KO- Tt is clear that 0 < y < 1. Let y=1—n+4 2 and let v = 1 — p.
Now applying the relation (3.5) for § = 6., and using (1.5), (3.6) and (3.7), we obtain

r(z)
(=M = 1+ o ol
< ([ - TGO gy 1)
< KM, K [ = 10 o) + K2,

Letting ¢ — 0 we obtain
M < My(n, K)M" + M3(n, K)|g|,
where

Moo, K) = KM, K [ =T o),

0y is a fixed vector in Q" !, and
21°(3)

M3(n, K) = (1 + (n — 1DV/70(%5)

K
)+
n
First of all, there holds
M < My = (My(n, K) + Mz(n, K)|glos) ™)

3.8) Ln-1
| = (Ma(n, K) + My(n, K)|glo)"" .
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If vMy(K) < 1, from Lemma 2.11 we get

My (n, K) + Ms(n, K)|g|eo — vMs(n, K)
1 — vMs(n, K) '

(3.9) M < M; =

Therefore, the inequality (3.1) does hold for
M'" = min({ My} U{Ms5: vMy(K) < 1}).
Using (1.5), Lemma 2.8 and Lemma 2.4, it follows that limg ., M'(n, K) = 1 if

Concerning the co-Lipschitz character of these mappings we have the following
partial result.

Theorem 3.2. Let K < 2" ! and assume that u is a K-q.c. solution of PDE
Au = g that maps the unit ball onto itself satisfying the following conditions:

i) u e Cl@),

ii) g € C(B") such that |g|e < My(n, K), where My(n, K) is given in (3.14).
Then u is co-Lipschitz.

Proof. From (2.14) we obtain

D f(t) = f()P? Dy |gloo .
3.10 Ju(t) > 2x ) Z TV gy — Exlee -y o gnt,
(3.10) O=5, fos = =5, n
Using (2.27) we obtain
(3.11) K hI{l (Vu(S(r,0)|"* < _gx < liql |Vu(S(r,0)" .
r—1— T r—1-—

Combining (3.10) and (3.11) it follows that

i [Vu(S( )" 2 K]t (Vs oppt [ DI g

r—1- g1 ="

— lim |Vu(S(r, 9))|"_1%, te s

7‘—)1—

ie.,

(3.12)  lim |[Vu(S(r,0))] > K" £ = J)l” do(n) — ES

— , tesv i
r—1— gn-1 In —t|" n

As u™lis K-q.c., using (1.5) and (3.12) we get
MO(naK) B |g|oo

(3.13) lim [Vu(S(r,0))] = , tes
r—l1— n
where
nK Y= (M (n, K))2KY0
(314 Mo K) = [ e o).

The rest of the proof follows from the condition i) and [33, Lemma 4.5|. O
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4. Examples of quasiconformal self-mappings of B"
satisfying the Poisson equation

In this section we give some examples of quasiconformal and harmonic map-
pings on the space that are not trivial, i.e., that are not linear transformation of the
space. We also deduce some sufficient conditions for radial homeomorphisms to be
quasiconformal solutions of a Poisson’s equation.

a) Let B* C C™ and let f be a holomorphic automorphism of the unit ball B*"
onto itself. Then f is a q.c. harmonic mapping. To prove this fact, observe that
Of =0= 00f =0. Also, f has a holomorphic extension up to the boundary. This
means that it is bi-Lipschitz. Therefore, f is a q.c. harmonic mapping. In this setting
it is interesting to note that the composition of harmonic and holomorphic mapping
is itself harmonic.

b) Define I5(x) = x + 6(z), where x € B" and d(x) € B", and take

¢s = Is/|Js],
where
|J512 =1+ 2(x,8(z)) +|6(z) %
Let ®5(z) = P[¢s|(x), where ¢s is C? smooth perturbation of the identity mapping
of the unit sphere onto itself. It was shown in [19] that ®s(z) is a quasiconformal
harmonic mapping if ¢ is close enough to zero mapping in C? norm.

In the example (¢) given below it is shown that for the class of radial twice
differentiable q.c. selfmappings of the unit ball (which is quite large), Theorem 3.1
yields also a sufficient condition. In its particular case (d) it is shown that the
condition K < 2" of Theorem 3.2 is the best possible.

c¢) Consider now u(x) = h(|x|)z, where r — rh(r) is a twice differentiable diffeo-
morphism of [0, 1) onto itself. Then for r = |z|,

(41) nio) =) (145 )

h(r)
and
(4.2) Vu(z)" = k" (r) (1 + ’Z é’:)) 7’) .

From (4.1) and (4.2) we obtain

Thus, u is a self-mapping of the unit ball satisfying PDE
1 /
Au(z) = g(x) := (h"(r) + w) T,

’
and it is quasiconformal if and only if

(4.3) limsup A'(r) < oo,
T—>1
or what is the same if and only if |Vu(z)| is bounded.
d) Take u(z) = |z|*r with a > 1. Then

(4.4) Ju(@) = (1 + a)|2|"™,
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and
(4.5) |Vu(z)| = (o + 1) ||
By (4.4) and (4.5) it follows that
Vull e
7.0) (a+1)"

Therefore, u is twice differentiable (1+a)" !-quasiconformal self-mapping of the unit
ball with J,(0) = 0. This means that the constant 2"~! is the best possible.

e) It was suggested to me by professor Mateljevié¢ [28] that the Kalvin transform
of the identity, i.e., the mapping

flz) = ||,
is a quasiconformal harmonic mappings of the extended space to itself with maximal
dilatation equal to n — 1. Namely, for |h| =1,

h nx (x,h)
! h — - )
fi(x) || |z[?t2
and this implies that
h)? h)?
|/ (2)hf? = —||:C||2n + (n? — 2n) |<§|’2n32.
Therefore,
_ 1)2
4.6 <1f(@)np < P
(4.6 o <@ <

In view of (2.29), this implies the fact that f is a n — I-quasiconformal mapping. We
conclude that the Kelvin transform of every quasiconformal harmonic mapping is a
quasiconformal harmonic mapping. Let ¢ be a Mobius transformation of the unit
ball B™ onto the upper halfspace H". Then the mapping u(z) = ¢ 1o fopisa C®
n — 1-quasiconformal mapping of the unit ball onto itself. Namely,

p(r) = Al(x —b)" = (a = b)"]
for some constant conformal matrix A, a,b are some vectors from the unit sphere.
Here y* := y/|y|? for y # 0, see [1]. An example of a mapping of the unit ball onto
the upper half-space is the mapping
o(x) = (x—9)" +.5/2,

where S = (0,0,...,0,—1) is the south pole of the sphere. It satisfies the condition
©(S) = 00, (N) =0, where N is the north pole and

W(y) =9 y) = (y—5/2)"+85.

Now we have

On the other hand,
()] = ——
90 - ‘.’L' . S|27
and
1

[W'(f)] = 7= S/2P
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From (4.6) it follows that

1 1 1

. ! < (n-— : ' .
- B ) e/ S o R
Since | f(¢(x)) — S/2| > 1/2 for x € B™, the only points at which the right hand side
of (4.7) is possibly unbounded are the points S and N. However, it is straightforward
that these points are removable singularities of the right hand side of (4.7), namely
uw'(S) =0 and v/ (N) = 0. Thus, u is Lipschitz but it is not bi-Lipschitz. It seems
that Au € L>(B"), but I didn’t verify this fact.

On the other hand, the mapping v = u™! = p~loflopis a (n—1)-quasiconformal
mapping of the unit ball onto itself such that it is not Lipschitz and therefore, Av ¢
L>(B"). Recall that we have a priori the assumption that n > 2. The case n = 2 is
excluded because the mappings u and v are anti-conformal.

Remark 4.1. The condition (4.3) together with the condition r — rh(r) is a
twice differentiable diffeomorphism of [0,1) onto itself, implies that ¢ = Au(z) €
L*(B™) but not g € L>(B™) which is a subject of our a priori conditions throughout
the paper. The question arises, can the condition g € L*°(B") be replaced by g =
Au(z) € LP(B™) (for some p in our context).
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