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Abstract. In this paper, we study the existence of a nontrivial solution to the following
nonlinear elliptic problem:

(0.1) {‘Au —a(z)u = f(z,u), z€q,

U‘OQ = Oa

where  is a bounded domain of RN and a € L* (Q),N > 3, f € C°(Q x R!,R!) is superlinear
at ¢ = 0 and subcritical at ¢ = co. Under suitable conditions, (0.1) possesses the so-called linking
geometric structure. We prove that the problem (0.1) has at least one nontrivial solution without
assuming the Ambrosetti-Rabinowitz condition. Our main result extends a recent result of Miyagaki
and Souto given in [14] for (0.1) with a(z) = 0 and possessing the mountain-pass geometric structure.

1. Introduction and main result

In this paper, we study the existence of nontrivial solutions to the following
problem:

—Au — a(z)u = f(z,u), x €,

1.1
( ) u|8Q = 07

where © € RY is a bounded domain, a(z) € L2 (Q),N > 3, f € C°(Q x R, RY)
and (1.1) possesses the so-called linking geometric structure.
We first recall something about the eigenvalues of elliptic operators. According
to the theory of spectrum of compact operators (see e.g. Ch.4 of [3], or Lemma 2.13
in this paper), we let
—OO<)\1<)\2<>\3<"‘
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be the sequence of all eigenvalues of the following eigenvalue problem

(1.2) —Au —a(x)u = Iu, x €,
ulan = 0,

where each eigenvalue is repeated according to its multiplicity, lim A\; = +oo and
J—00

let ey, €9, ...,€n,... be the corresponding eigenfunctions in Hj(£2) normalized in the
sense of L%(Q)), that is,

1 i
/eiej dr =6;; =< Z ].7
Q Oa Z#]a

hence for any ¢ and j we have

/[Vej . V@Z' — a(m)ejei] dxr = )‘j/ €i€; dr = )\j(;z'j‘
Q Q

In this paper, we study the case when (1.1) possesses the so-called linking geo-
metric structure, so we assume that A\; < 0, and there exists an n € N such that

(13) )\1<>\Q</\3<"'§/\n<0<)\n+1<"'.
To recall the history, we list some conditions which may be imposed on f(x,t).
= t
(i) [ €COQxRLRY, f(,0) = 0, lim LL20

t—0 [t|P—2¢
(f2) There are positive constants a and b such that

P, )] < a+ b, Y, t) € @ x R,

= 0 uniformly in x € €.

where ¢ € [1,p*[, p* =
: F(ZL’, t) : : A !
(f3) | |hm nr = +o0 uniformly in x € Q, where F(z,t) = [ f(x,s)ds.
t *>+OO D
(f1) There exists a constant C, > 0 such that

H(z,t) < H(z,s)+ C.

Np - . .
N—zglf1<p<Nandp =+o0if p > N.

for each 7 € Q, 0 <t < sor s <t < 0 where H(z,t) = tf(z,t) — pF(z,t) and
t
F(x,t):/ f(z,s)ds.
0
f(z,s)

(f1) There exist a positive constant so > 0 such that 572 is nondecreasing in
s[P—2s

s > s, and nonincreasing in s < —sq for any x € 2.

(f5) 22 < F(x,t), V(z,t) € @ x RL

t
(f5) |t|1_i>filoo gf’zz = +o0 uniformly in z € Q.
t
(f5) th+m fsz’l) = +o00 uniformly in x € €.
t
(fs) gf_}; is nondecreasing in ¢t > 0 for any x € (2.

(f7) There exists a positive constant sy such that H(x,t) = tf(x,t) — pF(z,t) is
nondecreasing in t > sy and nonincreasing in ¢t < —s.
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If p=2,(f1) and (f2) hold, we can define weak solutions to (1.1). We say that
u € HY(Q) is a weak solution to (1.1) if

/[Vu -V — a(z)w]dz = / f(z,u)vdz, Yo € Hy ().
0 0

By hypothesis (f1), we see that f(z,0) = 0, so u = 0 is a trivial solution of (1.1).
We are interested in getting nontrivial solutions to (1.1).
Let g(x,t) = a(x)t + f(x,t), then problem (1.1) can be written as:

{—Au =g(z,u), x €,

1.4
( ) u|aQ = 0.

Problem (1.4) is a special case of the following p-Laplacian type problem:

P) {—Apu:f(w,u), x € €,
u =0, x € 01,

where p > 1, Q@ C RY is a bounded domain and A,u = div(|Vu[P~2Vu) is the
p-Laplacian of u.

The problem (P) is one of the main nonlinear elliptic problems which has been
studied extensively for many years. Since Ambrosetti and Rabinowitz proposed the
mountain-pass theorem in 1973 (see [1]), critical point theory has become one of the
main tools for finding solutions to elliptic equations of variational type. Clearly, weak
solutions to (P) correspond to critical points of the functional

(1.5) I(u) = 1/ | DulP dx — / F(x,u)dz,

P Ja Q
defined on the Sobolev space W, (). A standard existence result for (P) is that
(P) possesses at least a nontrivial solution if f(z,t) satisfies (f1) (f2) together with
the following Ambrosetti-Rabinowitz condition ((AR) for short): there are constants
0 >0,0< M < 400 such that

(AR) 0<(p+0)F(x,s) <sf(x,s3),

whenever |s| > M and z € §2. Ambrosetti and Rabinowitz solved the existence of a
nontrivial weak solution to (P) when f(x,t) is of super-linear at t = 0 and subcritical
at t = oo such that it possesses the mountain-pass geometric structure.

Clearly, if the (AR) condition holds, then

(1.6) F(x,t) > e[t — ¢y, V(x,t) € Q x R,

where ¢, ¢y are two positive constants. The conditions (f;) and (1.6) ensure that
the functional I(u) given by (1.5) possesses the so-called mountain-pass geometric
structure near v = 0. The condition (AR) guarantees that every (PS). sequence of
I(u) is bounded in W, ?(Q) and (f,) guarantees that every bounded (PS), sequence
of I(u) possesses a subsequence which converges strongly in W,”(Q); hence I(u)
satisfies the (PS). condition, and one can get a nontrivial solution to (P) by applying
the mountain-pass theorem.
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As the (AR) condition implies (1.6), one can not deal with (P) using the mountain-
pass theorem directly if f(x,t) is of p-asymptotically linear at oo, i.e.

f(z,t)

|t|—+oo [t|P72t

(1.7) = [, uniformly in x € Q,

where [ is a constant. During the past three decades, many results have been obtained

for the existence of nontrivial solutions to (P) when f(z,t) does not satisfy the (AR)

condition (see e.g. [7] [12] [11] [13] and the references therein). We will mention

several results for the case where f(z,t) is p-superlinear at ¢ = 0 (i.e. (f1) holds).
In [5], Costa and Magalhaes studied (P) for p = 2 and replaced the (AR) condi-

tion by one of the following conditions:

F(x,t
(F1), lim sup (2,
ttoo |27

< b < 400, uniformly in z € ;

f(:lj',t)t —pF(ZC,t)

(Fy), lim > a > 0, uniformly in z €
|t|—+o00 |t|
t)t —pF(x,t
(F3), ‘ |lim f(@.t) |t|up (z,1) < —a < 0, uniformly in z € Q,
t|—+o00

for some constants a,b € R' and ¢ > p, u > N/p/(q—p) it N >pand u > q—pif
1 < N < p. Notice that from (F5"),, we have

(fF) lim {f(z,t)t — pF(x,t)} = 400 uniformly in z € Q.

[t| =00

In [19], Willem and Zou studied (P) for p = 2 and replaced the (AR) condition
by the following conditions: H(z,s) £ sf(z,s) — 2F(z, s) is nondecreasing in s for
any v € Q, v € R, sf(z,s) > 0 for (z,s) € Q x R, and there exist constants
sog >0, u>2, cg> 0 such that

sf(2,5) = colsl”

for (z,s) € Q x R with |s| > sg.

In [17], Schechter and Zou proved that for p = 2, (P) has at least one nontrivial
weak solution if f(z,t) satisfies (f1)(f2) and either H(z,s) is a convex function of s
for each x € (2 or there are constants ¢ > 0, p > 0 and r > 0 such that

pF (2, t) —tf(z,t) < C(1+ 1), ]t >,

together with the following

F
(F)oo either lim (J;’ s) = +o0 uniformly in x € Q,
S§—00 S
F
or lim (xQ’ s) = +oo uniformly in x € €.
S§——00 S

In [13], Li and Zhou studied the problem (P) for the case of p > 1. One of the
main results in [13] is that (P) has at least one positive solution if f € C°(Q2 xR R!)
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satisfies (f?) (fs), f(z,t) =0 fort <0 and x € Q; f(z,t) > 0 for z € Q,t > 0 and
f@,0) P(z) uniformly in x € Q where P(x) € L>(Q) with

o0 [tp2t
/ | Dul|? dx
IPlo<X= inf d2

wEWg P (Q)\{0) / P dz
Q

In [4], Chen, Shen and Yao studied (P) and obtained the existence of a nontrivial
solution. The assumption in [4] is slightly different from what given in [13]. They
replace (fs) by the following condition: there exist constants sq > 0, o > 0 and
c1, ¢y > 0 such that

tpf(l’,S)S —pF<CL’,S> < Cl(f(m78)8 _pF(IWS)) + 2 fOI‘|S| > 50, 0 <t< to-
Recently, Miyagaki and Souto studied

—Au = Af(z,u), z€Q,
U:O, J:G@Q,

(1.8)

in [14], where Q2 C R is a bounded domain. They assumed that f(x,t) satisfies
(f1)—(f1) with p = 2 and proved that (1.8) has at least one nontrivial solution for
any A > 0 (see Theorem 1.1 in [14]). Theorem 1.1 of [14] generalizes the main results
of [3,8, 27| concerning (1.8). The approach in [14] is similar to that of [7]. The main
idea is to use the mountain-pass theorem under the (PS) condition and to show that
for any A > 0, there is a sequence {\,},/> € R! and a sequence {u, }}> € W, "(Q)
with
A= A, en, — e, D (ug) =cn,, I3 (u,) =0,

such that the norm of w, in VVO1 () is uniformly bounded, where ¢, and c, are
the so-called mountain-pass levels of I, and I, respectively, and then prove that the
weak limit u of {u,},">] is a critical point of I with I(u) = c¢,. In doing so, the
main difficulty is to prove that if ¢, is differentiable at p then there is a sequence

{un }72 € WyP(Q) with
[M(un) — Cu; I;/L(un) — 0, [Junl[" < Gy,

where Cy = pc, + pu(2 — (i) + 1 (see Lemma 2.3 in [14]).
Li and Yang in [10] studied the problem

{—Apu =Af(z,u), x€Q,

P
(P)x u =0, x € 01,

where p > 1, A > 0, Q@ C R" is a bounded domain. And the corresponding functional
possesses the mountain-pass geometric structure. They proved that (P), has at least
one nontrivial solution under the hypothesis (f;)—(fs) via the mountain-pass theorem
under the (C'). condition.

In 1978, Rabinowitz proposed the so-called linking theorem in [15] which resulted
in the existence of at least one nontrivial solution to (1.4) when it possesses the linking
geometric structure together with the (AR) condition. A standard existence results
for (1.1) when it possesses the linking geometric structure is that (1.1) possesses
at least a nontrivial solution if f satisfies (f1), (f2), (f5) together with the (AR)



466 Gongbao Li and Chunhua Wang

condition (see e.g. [18]). However, in all the results mentioned above, the existence
of a nontrivial solution for (1.1) when it possesses the linking geometric structure are
obtained when either the (AR) condition holds or f is asymptotically linear at oo
(i.e. (1.7) holds).

Our purpose in this paper is to study the existence of a nontrivial solution to
problem (1.1) for the case where neither the (AR) condition holds nor f is asymp-
totically linear at oco. Our main result is as follows:

Theorem 1.1. Suppose that € is a bounded domain in RN with N > 3 and
a € L>(Q). If f(x,t) satisfies the assumptions (f,)—~(fs) with p = 2, then problem
(1.1) has at least one nontrivial weak solution.

Our main result provides an existence result about (1.1) with linking geometric
structure and extends the main result given in [14] where the mountain-pass geometric
structure is assumed. However, we use a different approach which seems easier to
handle compared to the techniques which are used in [14]. Instead of using the
approximating process combining with the linking theorem under the (PS) condition,
which might be possible to carry out, we use a linking theorem under the (C),
condition. To do so, we have to overcome some difficulties.

In order to prove Theorem 1.1, we first prove that the functional I possesses a
(C). sequence by a linking theorem without the (C). condition. Note that the usual
linking theorem under the (PS). condition in [18] is not good enough to deal with
the problem. The main difficulty consists in that one can not prove that a (PS).
sequence is bounded in H} () without the (AR) condition. It seems that there is
not an explicitly available linking theorem under the (C'). condition which can be
directly used for our purpose. Although there is a linking theorem in [9] under the
(C). condition, it is not convenient for us to verify the assumptions which are required
in the theorem. So we want to look for a linking theorem under the (C'). condition
which we can apply directly. We believe that such a result may exist somewhere but
it is hard for us to trace. So we state and prove it in Section 2 below. The idea to
weaken the (PS) condition to the (C'). condition has existed in some papers (see e.g.
[2,22] and references therein). To obtain the linking theorem we need, we imitate
the framework given in [18]. The deformation lemma (see e.g. Lemma 2.6 below) is
very crucial in the process of the whole proof. This type of deformation lemma under
the (C). condition had appeared in [2], but the form given in [2] is not the form we
need. The linking theorem given in [18] is obtained from a general minimax theorem.
We follow the framework given in [18] to establish a general critical point theorem of
minimax type under the (C'). condition first in Section 2 (see Corollary 2.9) and then
obtain the linking theorem under the (C). condition (see Proposition 2.10 below) as
a direct application of the minimax theorem.

Another difficulty for the proof of Theorem 1.1 is to prove the boundedness of
(C). sequence without the (AR) condition. As the nonlinear function f(z,t) is no
longer asymptotically linear at oo, the standard method using in [11] is not applicable
directly. So we combine the method in both [11] and [14] to prove the boundedness of
the (C). sequence. Then, by a standard argument, we show that the (C'). sequence
has a subsequence which converges strongly to a critical point of I (see Lemma 3.4
below).

The paper is organized as follows. In section 2 we present some definitions and
preliminary results. In section 3 we give the proof of our main result Theorem 1.1.
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2. Preliminary results

In this section we give some definitions and preliminary results which will be used
in Section 3 for the proof of our main result.

Throughout this paper, we denote the norm of u in H}(Q), LP(Q), 1 < p < 400,
and (H3(€))* (the dual space of H}()), respectively, by

1 1
full = ([ 190 o) tuly = ([ P dz)” Jull. 2 Jull o

We define the energy functional associated to problem (1.1), as

1

(2.1) I(u) = 5 /Q(\Vu\Q — a(z)u?) dx —/QF(x,u) dz, u € Hy ().

It is easy to see that the functional I € C'(H}(Q), R) and
(I'(u),v) = /[Vu - Vv — a(z)w] dx — / f(z,u)vdz, Yu,v € Hy(Q),
0 Q

where I'(u) is the Fréchet derivative of I and (-, -) denotes the pairing between H; ()
and its dual. The critical points of I are precisely the weak solutions of problem (1.1).

Definition 2.1. Let (X, || - ||x) be a real Banach space with its dual space
(X', - lx7) and I € C*(X,R).

(i) For ¢ € R!, we say that I satisfies the (PS). condition, if for any sequence
{u,} € X with

I(uy) — ¢, I'(u,) — 0in X',
there is a subsequence {u,} such that {u,} converges strongly in X.
(ii) For ¢ € R, we say that I satisfies the (C). condition, if for any sequence
{u,} € X with
I(un) = ¢, |1 (tn)l[x (1 + [Junllx) — 0,

there is a subsequence {u, } such that {u,} converges strongly in X.
Suppose that ¢: [0,4+00) x X — X is continuous and Vzy € X, Ya >0, Ir >0
and L = L(xg, a, ) such that
(2.2) le(t, x) =t y)llx < Lllz = yllx, Vo,y € B(xzo,r), t €10, a].
Consider the following initial value problem
de _ (¢
(23) dt 90( 7‘1:)7
z(0) =z € X.

Lemma 2.2. (Theorem 5.1 of [20]) Suppose that ¢ satisfies the assumption (2.2).
Then there exists a 3 > 0 such that (2.3) has a unique solution x(t) in [0, 5] which
continuously depends on xy. More generally, if ||p(z,t) — o(y,t)||lx < L|lz — 9y x,
then

lo(t) = y()llx < Lllzo — yollxe™, Yo,y € X, t €10,5],

where x(t) and y(t) are the solutions of (2.3) with initial values xy and o, respectively.
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Lemma 2.3. (Theorem 5.3 of [20]) Suppose that ¢ satisfies the assumption (2.2).
If there exist a,b > 0 such that

(2.4) lp(t2)lx < a+bllz]x, ¥(t,z) €[0,+00) x X = X,
then the unique local solution of (2.3) can be extended as a global solution for t €
0, +00).

Definition 2.4. Let X be a Banach space, o € C*(X,R) and M = {z €
X: ¢ (x) # 0}. A pseudogradient vector field for ¢ on M is a locally Lipschitz
continuous vector field g: M — X such that, for every u € M,

lg()llx < 20l'@W)llxr, (' (), 9(w)) > ll¢' (W),
where (-, -) denotes the pairing between X and its dual X’.

Lemma 2.5. (Theorem 2.1 of [20]) Suppose that ¢ € C*(X,R!'). Then there
exists a pseudogradient vector field for ¢ on M.

Suppose that g is a pseudogradient vector field for ¢ on M, let ®(u) g(w)

IR
then for any u € M we have

(2.5) {‘D(W S T
(' (u), D(w)) > 1.

We consider the following initial value problem

T = —P(a(t),

Since @ is locally Lipschitz continuous, for any ug € M, there exists a unique local
solution of (2.6). Moreover, ¢ decreases along o(t). In fact, we have

%s@(a(t)) = (¢'(e(1)), % o(t)) = ={¢'(a (1), 2(o(t))) < —1.

To guarantee that o(t) exists on [0, +00), by Lemma 2.3 it is enough to show

that
[2(u)llx < a+blulx, a,b>0,
which is a direct result of
(2.7) €' (w)llxr(a +bllullx) =2, a,b> 0.
For o € CY(X,R) and ¢ € R, we set
¢ ={ueX|p(u)<c;
and
Sos ={u € X: ||lu—0|| <20, Yv €S},

where S C X.

Lemma 2.6. (Deformation Lemma) Let X be a real Banach space, ¢ € C'(X,
R), S C X, ceR, ¢ > 0 such that

_ 8e

(2.8) (Vu € ¢ (Je — 26, ¢+ 2€]) N Sas): (1 + JJul|x)||¢" (u)||x > 5
Then there exists n € C([0,1] x X, X)) such that

(i) n(t,u) =w ift =0 orifu & o ([c — 2¢, ¢+ 2¢]) N Sos,



The existence of a nontrivial solution to a nonlinear elliptic problem of linking type 469

(ii) n(L, 7N S) C ™,
(iii) n(t,-) is a homeomorphism of X, Vt € [0, 1],
(iv) @(n(t,u)) is nonincreasing, Vu € X.
Remark 2.7. Lemma 2.6 extends Lemma 2.3 of [18], where the assumption was
that Vu € o~ ([c — €,¢ + €]) N Sas): [|¢'(u)||xr > 5. However, we don’t need all the
conclusions as Lemma 2.3 of [18] states.

Proof. The proof is similar to that of Lemma 2.3 of [18]. By the preced-
ing Lemma 2.5, there exists a pseudogradient vector field g for ¢’ on M = {u €
X: ¢'(u) # 0}. Then by the definition of pseudogradient vector field, we know that

(2.9) gl < 2[l¢'(w)]|
and
(2.10) (@' (u), g(u)) > |l¢"(w)|[*

Let us define
A2 o e—26,c4+2e))NSys, BEp c—e c+e),
W¥(u) £ dist(u, X\ A)(dist(u, X\ A) + dist(u, B))_l,

so that 1 is locally Lipschitz continuous, ¥» = 1 on B and v = 0 on X\A. Let us
also define the locally continuous vector field

(2.11) fu) = {(;¢(U)||¢/(U)|| o i i ;4(’\14.
Then by (2.8), (2.9) and (2.11), we have

212 ) < POS@I 2 60+ )
[l (u)] [l (w)l 8¢
on X. For each u € X, now we consider the following initial value problem

(2.13) {# — f(o(t.u)).

o(0,u) = u.

Since f is locally Lipschitz continuous, for each initial value u € X, (2.13) pos-
sesses a unique solution o(-,u) which is defined on RT = {R: ¢ > 0} by virtue of
Lemma 2.2, Lemma 2.3 and (2.12). Moreover, for every fixed ¢, o(t,-): X — X is an
homeomorphism. Let us define  on [0, 1] x X by n(t,u) = o(8¢t, u).

Obviously, n(0,u) = ¢(0,u) = u. If u & = ([c — 2¢, c + 2¢]) N Sas, then by (2.11)
and (2.13) we see that n(t,u) = u. So, (i) holds.

For t > 0, by (2.10), (2.11) and (2.13) we have

© elot,u)) = (¢! o(tw), = olt,u) = (ot ), F(o(t,0))

L)
- ||<,0’(0(t,u))||2<80( (ta ))ag( (t’ ))>§ ¢( (t: ))SO

Hence 7(-,u) is nonincreasing, Yu € X, ie., (iv) is true. We fix t € [0, 1], since
o(t,-): X — X is an homeomorphism, n(¢,-): X — X is an homeomorphism.

Let u € TN S. If there is a t € [0,8¢] such that p(o(t,u)) < ¢ — ¢, then
o(o(8e,u)) < p(o(t,u)) < c— € and (ii) is satisfied. If there exist u € ¢“™*N .S and
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o(t,u) € ¢ ¢, then o(t,u) € o~ ([c — €, c+¢€]), Vt € ]0,8¢]. So, ¥(o(t,u)) =1, Vt €
[0, 8¢].
We obtain from (2.10), (2.11) and (2.13) that

8e > (a(0,u)) — p(o(8¢,u)) = _/ “dp(o(t,u))

dt
. dt

_ /0 (ot w)), f(o(tu))) di

- " o(t,u _M ot u
= A (@' (a(t,u)), ' (o(t, )2 g(o(t,u)))dt
1 8e )
So (ii) is also true. .

The following proposition gives a general minimax principle under the (C'). con-
dition which generalizes Theorem 2.8 of [18] and its proof is similar to Theorem 2.8
of [18].

Proposition 2.8. Let X be a Banach space and M a metric space. Let My be
a closed subspace of M and I’y C C(My, X). Define

Di={yeC(M,X): v|m €To}
If p € C'(X,R) satisfies

(2.14) 00 > ¢ := inf sup ¢(y(u)) > a:= sup sup ¢(yo(u)),
vl weM ~vo€To ue My

then, for every € € (0,%3%), 6 > 0 and v € I such that
(2.15) suppoy <c+e,
M

there exists u € X such that
a) ¢ —2e < p(u) < c+ 2,
b) dist(u,y(M)) < 26,
c) (1+ [lullx)lle' (W)lx < 5
Proof. Suppose that Je € (0,55%), V6 >0, Vy € I and S}\l/[pQOO’y < ¢+, for any

ue X, c—2e< pu) <c+2e dist(u,y(M)) < 2§ but (1 + |lullx)|¢ (w)|x > %.
We apply Lemma 2.6 with S := ~(M). We assume that

(2.16) c—2€>a.

We see that there is a n € C([0,1] x X, X), we define f(u) = n(1,v(u)). For
every u € My, then v € TI'y. By (2.16) we obtain ¢(y0(u)) < a < ¢ — 2¢. Hence,
Yo(u) € o7 ([c — 2¢, ¢ + 2¢]) N Sys. Then by (ii) of the Lemma 2.6, we get

Bu) = n(1,v(uw)) = vo(u),
so that § € I'. We obtain, from (2.15), v(u) € y(M) Nt = SN . Then by (ii)
of the Lemma 2.6, we get that

¢ < sup e(B(u)) = Sup e(n(1,7(u)) <c—e

This is impossible. O
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Corollary 2.9. Under the assumptions of Proposition 2.8, there exists a se-
quence {u,} C X satisfying
p(un) = ¢, (L4 [Jun|lx)1€ (un) | x — 0.
In particular, if ¢ satisfies the (C'). condition, then c is a critical value of .

As an application of Proposition 2.8, we have the following result:

Proposition 2.10. (Linking Theorem under the (C), condition) Let X =Y & Z
be a Banach space with dimY < oco. Let p > r > 0 and let z € Z be a fixed element
such that ||z|| = r. Define

M ={u=y+Xz:||ul]| <p, A\ >0, ye Y},
My :={u=y+Arz:y e, |lull =p, A=0or ul| <p, A=0},
N, :={ue Z: |u|| =r}.

Let ¢ € CY(X,R) be such that

b :=inf = )
1]{[1Tg0>a n%%)xgp

Then ¢ > b and there exists a (C').-sequence of ¢ where

c:=inf maxp(y(w), T':={y€CM,X): Y = I}

In particular, if p satisfies the (C). condition, then c is a critical value of .

Remark 2.11. Proposition 2.10 extends Theorem 2.12 of [18|, where the con-
clusion was that there was a (PS).-sequence for ¢ and some ¢ > b.

Proof. The proof is similar to that of Theorem 2.12 of [18]. In order to apply
Proposition 2.8, we first show that: ¢ > b.

Let us prove that, for every v € T', (M) N N, # (). Denote by P the projection
onto Y such that PZ = {0} and by R a retraction from Y @& Rz\{z} to M,. If
v(M) N N, =0, then the map

w R(Py(u) + [[(1 = P)y(u)|rz)

is a retraction from M to M,. This is impossible since M is homeomorphic to a
finite dimensional ball. In fact, just assume, by contradiction, that R: M — M, is
a retraction and let U be the interior of My. For each t € [0, 1], we introduce the
homotopy

H(t,u) = (1= thu+tR(Py(u) + [[(1 = P)y(u)llr~"2).
It is easy to check that

Yu € My, YVt €10,1], H(t,u) =u # 0.
Hence, the topological degree deg(H (t,-),U,0) is well defined for every ¢ € [0, 1].
By the well-known properties of the topological degree, we deduce

deg(R,U,0) = deg(H(1,-),U,0) = deg(l4|r,,U,0) = 1.

We obtain, by existence of the topological degree, that
0 € R(Py(u) +[|(1 = P)y(u)llr~"2) C Mo.

A contradiction. Hence we obtain, for every v € I', that

= > inf = b.
max o(y(u)) ug?ﬁ)w(u)_ulg%w(w b
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Therefore,
= inf > inf =b
c=nf max(y(u)) 2 inf o(u) =",
ie.,c>b.
By Proposition 2.8, if we take ¢ = % and let n — oo, then we know that there
exists a (C').-sequence of . O

Proposition 2.12. (Lemma 2.14 of [18]) If Q is a bounded domain in RY,
N >3, and a(z) € L= (), then

AL = inf /[|Vu|2 — a(r)u?] dz > —oo0.
ue€H(Q),Jul2=1 /

The following result is well-known, for the reader’s convenience we will give the
proof.

Lemma 2.13. Let Q be a bounded domain in RN and a(z) € L= (Q). Then the
sequence of all eigenvalues {\;},°5 of the problem

—Au—a(z)u = I, x € Q,
uloo = 0,

satisfies
—00 <A <A< A3,

and lim \; = 4o0.

Jj—00
Proof. By Proposition 2.12, it follows that A\; > —oo. Therefore, there is a Ao
large enough such that

/[|Vu|2 — a(x)u?] dx + / ot dz > 0,
Q Q

for any u € H}(€). So we can define an equivalent inner product on Hj(£2) by
(u,v)y, = /[Vu - Vv — a(x)uv] dx + / Nouv dz, Yu,v € Hy(S).
Q Q

By the Poincaré inequality and the Riesz representation theorem, we know that
for any u € L?(12), there exists a unique w € H}(f2) such that

/uvdm = (w,v)x,, Yv € Hy(Q).
Q

For u € H}(Q), define K,: L*(2) — H}(Q) by w = K),u, then K, is a bounded
linear operator. If i: H}(2) — L*(Q) is the natural embedding operator, then
the Sobelev embedding theorem shows that ¢ is a compact operator and for any
u,v € Hy(Q2) we have
(K, 0i(u),v)y, = / uv dx.
Q

Since K, o i is a compact operator from H}(Q) to H}(Q) and (K0 i(u),u)y, > 0

for u # 0, we see that by Hilbert—Schmidt theory (see e.g. Section 4 of Chapter 4
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of [3]), it follows that the sequence of all eigenvalues {u; ;;o‘f

p1 > g > fi3 > o>y > ... >0, gy — 0 (as j — +00), and

of K), o satisfies

1
Ai=——X, (j=1,2,3,..)
J M]
is the sequence of all eigenvalues of (1.2) and the corresponding eigenfunctions satisfy
/ €i€; dr = (5” O
Q

3. The proof of the main result

In this section, we prove our main result Theorem 1.1. According to Lemma 2.13,
let
—00 <A <A K A3 < Ay < Appn S A <o

be the sequence of all eigenvalues of the problem:

{—Au —a(r)u = Iu, x€Q,

ulan = 0,
with lim A\; = 400, and let ey, ey,...,¢e,,... be all the corresponding eigenvectors
j—o0
such that

/ eie; dr = 0;;.
Q

Following the notation in the proof of Lemma 2.13, we denote an equivalent inner
product in H}(Q) as

(u,v)y, = /[Vu - Vv — a(x)uv] dx + / Nouv dz, Yu,v € Hy(S),

Q Q
where \g + A1 > 0, and

A= inf /VuQ—axUde.

= it [ IVuP =t
If
Y :=span{e,es,...,e,}

and

Z = {u € Hy(Q): /uvdm =0, veY},

Q

then we know that dimY < +o00, Hj(Q) =Y @& Z. From the definition of Y, Z and
Lemma 2.13, we have the following lemma.
Lemma 3.1. (Lemma 2.15 of [18])
3.1 §:= inf Vul* — *ldz > 0.
(31) it 190 — ey do

Proof. For every u € Z, we have fQ ue;dr =0 (1 <i<mn). Let

+0o0
U= E Ci€i,

i=n+1
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where ¢; = [ue;dz (i=n+1,n+2,...), hence

+oo —+00

(u,u)y, = ( Z Ci€i, Z cje]> Z Z cici(e, €5)a
i=n+1 Jj=n+1 i=n+1j=n+1
= Z Z c,c][/ (Ve; - Ve —a(z )eiej)da:—l—)\o/eiej dw}
i=n+1 j=n-+1 Q
—+00 —+00
= Z chcj)\—l—)\o/eejdx: Zc?()\i—i—)\o)
i=n+1 j=n-+1 i=n+1
—+00
Z (>‘n+1 + )\0) Z C? = ()‘n-i-l + )\0) / u2 dx.
i=n+1 Q

So for every u € Z, we have

/[|Vu|2 —a(x)u?] dr > Ay / u? de.
Q Q

Take a minimizing sequences {u, }.!>] C Z such that

|lunl| = |Vupla =1, 1-— / a(x)u? dx — 6.
Q
Without loss of generality, let
u, — u in Hy(€).
By the Sobelev’s embedding theorem, we may assume that
u, — u in L*(Q).
So we get
y=1- / a(x)u? dx > /[|Vu|2 — a(x)u?] dr > My1 / u? dx.
Q Q Q

If u=0, then 6 = 1. If u # 0, then § > A1y [, u®dz > 0.

Lemma 3.2. For every u € Y, we have

(3.2) /[|Vu|2 — a(z)u?] dz < )\n/ u? dx.
Q Q
Proof. If u € Y, then

3



The existence of a nontrivial solution to a nonlinear elliptic problem of linking type 475

where ¢; = [, ue;dx(i =1,2,...,n). Hence

n n n n
(u,u)y, = (Zciei,cheJ) = ZZcicj(ei,ej)Ao
i=1 j=1 Ao

i=1 j=1
— 2”: Zn:CiCj [/(Vei -Ve; —a(z)e;e;) dx + )\0/ ee; dxi|
i=1 j=1 & Q
— Z ZCZ‘C]‘()\Z‘ + /\0) / €;€; dx = Z 012()‘1 + )\0)
i=1 j=1 Q P

< (An+ o) Zcf = (An+ o) / u? dx.
i=1 Q
Thus for u € Y, by the definition of (-,),,, it follows that

/HVU’Q — a(z)u®] dr < )\n/ u? dr. O
Q

Q
Lemma 3.3. Under (f1), (f2), (f3) and (fs) for when p = 2, the functional I
defined by (2.1) possesses the linking geometric structure, i.e. for p > r > 0, let
z = 2y € 7 and define

llen+all

M ={u=y+pz: ||lu]| <p, p>0, yeY},
Mg ={u=y+pz:y€eY, [lul=p, p=0 or |ul| <p, p=0}
Ny :={u€ Z: |ul| =r}, c=inf max I(y(u)),

yell ue Mr

L= {7 € COM?, HY(Q)): Yy = L}

If I € CY(X,R), then

b=1inf I > a = max /.
N, Mg

Proof. We hope to find 0 < r <1 < p such that

b=1inf I > a = max /.
N, M

Using (f1) and (f2), we obtain
(3.3) (Ve > 0)(3ce > 0): |F(x,8)] < e|s]> + C|s]Y,

for any x € Q and s € R'. For every u € N,, we have that v € Z and |Jul| = r. We
deduce from Lemma 3.1, (3.3) and the Sobolev embedding theorem that

I(w) = %/QUVU\Q—a(x)u2]dx—/QF(x,u) dz

) ) —~
> Sl = | fuf de = Cluly > Gl = Celull = Clul?

o(r?)

0 4 2
257’ —o(r) (T—2—>0asr—>0).

Then there exists 7 > 0 such that b= inf I(u) > 0.

|ul|=r,ueZ
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For every u € M, if u = y+puz, ||ul| < p, p=0,thenu =y €Y. By Lemma 3.2
and hypothesis (f5), we know that

I(u) = 1/[\vuﬁ—a(x)u?]dx—/QF(x,u) dz

<—/|u|2dx—/ (Jz,u)dasg/ [%UQ—F(@",U) dr <0.
0

It follows from (f3) that
(3.4) VN, 3Cy such that F(z,s) > Ns* — Cy
for any € Q and s €'. For u € M, u =1y + pz, ;> 0, we have by (3.4) that

I(u) :%/Q[\VU\Q—a(:v)uQ]dx—/QF(x,u) iz

2
- /(Nu2 — Cy)dz.
Q

|ul3-
2
Since M§ =Y @ RZ, we have dim(Y & RZ) < oc.
On the finite dimensional space Y & RZ, all norms are equivalent, so we have

1 2
< Sllull? + ol

1 - - 1 - .
I(u) < Sllull* + Cllull® = NC|lul® + Oy < (5 +C = NO)|Jul]* + Cw.

Fixed N with % +C — NC <0, then
I(u) — —o0 as ||ul]| = p — +o0.

Take p large enough, r small enough with p > 1 > r > 0. Then

J J
rr;sz](u) <0< ZTQ < 57“2 —o(r?) < 1]{[1f I(u).

Hence,
b:ijrvlfl(u)>a:maxl(u). O

Mg

Lemma 3.4. If (fs2), (f3) and (fs) hold, then the functional I defined by (2.1)
satisfies the (C'). condition for ¢ € R!.

Proof. Suppose that {u,} C H}(Q) is a (C). sequence for I(u), that is,
H{un) = ¢ (|1 (un) [+ (1 + [lunl]) — 0,
which shows that
(3.5) c=1I(uy) +o(1), (I'(un),un) = o(1),
where o(1) — 0 as n — 0.

(i) (uy,) is bounded in HJ(f2). For this purpose, we suppose, by contradiction,
that

(3.6) ||| — +o0,

T Then wy, € H{ () with

and let w,, =
[wnl = 1.
Passing to a subsequence, there exists a w € H} () such that
w, — w in Hy(€).
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Since (2 is bounded, by the Sobolev’s embedding theorem we may assume that

wp(r) — w(x) a.e. in £,
Wy, — W in L1(9), 2 <g< 2"

Let Qs = {z € Q: w(x) # 0}, then

(3.7)

lim w,(z) = lim unz) _ w(z) #0in Q4

n—-+0o00 n—-+o00 ||un|| -
and (3.6) implies that
(3.8) U, | — 400 a.e. in Q.
By (f3), we see that

. F(x,ua(2)) :
ngr_{loo W = 400 a.e. 1n Q?g

This means that
F(x,un(x))

(3.9) Jim sl @) = +oo ae. in Q.
By (f3), there is an Ny > 0 such that
F(z,s)
3.10 > 1
(3.10) 5|2 ’

for any » € Q and s € R* with |s| > Np. Since F(z, s) is continuous on 2 x [— Ny, Ny,
there is an M > 0 such that

(3.11) |F(x,s)| < M,

for (z,t) € Q x [Ny, No]. From (3.10) and (3.11), we see that there is a constant C,
such that for any (z,s) € Q x R!, we have

F(z,s) > C,
which shows that

> 0.
[[n |2
This means that
F(z,u,(x)) 9 C
(3.12) PO ) — - 2
|un (2)[? [
Since by (3.5) we have that
1 1
c=1I(uy) +o(1) = =||un|* = = / a(r)u? do — / F(z,uy,)dx + o(1),
2 2 Jq Q
which shows that
(3.13) l|un||® — / a(x)u? dr = 2c + 2/ F(x,u,)dz + o(1).
Q Q
Since ||w,||* = 1 and ”f# = o(1), n — oo, we have
1 1 F
(3.14) 5 - 5/9@(17)102 dz = /Q %wi dz + o(1).

We claim that || = 0.
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If |Q.| # 0, then by the Fatou’s Lemma, (f3) and the Holder’s inequality, we get

L B un(2) 2 / :
+00 = (400)|Qx| = / liminf ——|w,(z)|" dx — limsup —— dx
(+00)l0%] = | | lmint ol @P d = | lim s o ]
F
:/ lim inf <Ln(x2))\wn(x)|2 _ ¢ 2) dx
0, n=toe N |ug(z))] [[tn]|
F
< liminf/ (Lﬂ(f))mn(x)P - %) dx
n—too Jo, N un(2)] [[ttn]|
< liminf/ (—F@?“”(f)) e c— ;) do
n—too Jo \ |up(z)] [[ttn|
F
= lim inf/ (x n (7)) dr — lim sup/ 5 d
n—too Jo o [lun? n—too Jo |[tn]|
o F(z,u,(x)) 1 /
:hm1nf/—da:§——— wdm+0
T 5272 ) .
1
< 5t Cla(z)|x +o(1) < 400,
which is a contradiction. This shows that
24| = 0.
Hence w(z) = 0 a.e. in Q.
Since I(tu,,) is continuous in ¢ € [0, 1], there exists ¢, € [0,1], n = 1,2, ..., such

that

I(thuy,) = max I(tuy,).
As (I'(uy), u,) = o(1), we see that

(I'(tpun), thun) = o(1).
By (f1), we then get for ¢ € [0, 1] that

21 (tuy) < 21(thuy,) = 21 (taun) — (I'(tptn), tatty) + o(1)

= /ﬂ[tnunf(x, tntiy) — 2F (z, tyuy,)] dz + o(1)

< /Q[unf(x, Up) — 2F (z,u,) + Ci] dx 4 o(1).

< (llunll* + 2¢ = [lunll* + o(1)) + C4|f + o(1)
<2c+ Oy +o(1)

where we use (3.5) and (3.13). On the other hand, since the functional y: Z,(Q) —

R:uw— [,a(x)u’®de is weakly continuous when u € L2 (), by (f2) and w,, — 0 in
L9(Q), we get for any R > 0, that

20(Ruwy) = |[Ruw,|? — R2/ a(2)w? dz — 2/ Flz, Rw,) de = B + o1).
Q Q

So we have
R? + 0(1) = 2I(Rw,) < 2c+ C,|Q| + o(1).
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Letting n — oo we get
R* < C,|Q| + 2c.

Letting R — oo we get a contradiction. This proves that ||u,| < C < 400 for some
constant C.

(i) {u,} has a convergent subsequence in H} (). Since ||u,| < C, passing to a
subsequence, we may assume that there exists ug € H}(Q) such that

U, — ug in Hy(S2).

By || < 400 and the Sobelev’s embedding theorem, we may assume that

(3.15) {“ —up in LI(Q), 2< ¢ <2,

Uy, — Ug a.e.in .

By (f2)(3.15) and the Lebesgue’s dominated convergent theorem, we have that

(3.16) fQ n)Up dx — fQ , Up) U dx,
Jo f(@, up)ugde — [, f( o)uo dx.

On the other hand,

tn — uo|)® = (I'(upn) — I'(ug), wn — up) + /Qa(a:)(un —up)? dx

+ [ () = Fo ), = w) de
Q
By I'(u,) — 0 and u,, — ug in H}(2), we know that

(I'(up) — I'(ug), un — ug) — 0.
By (3.16), we obtain

‘ /Q[f(x,un) — f(z,up)](un — up) dx‘ 0

Since the functional y: Z3°(Q) — R: u — Jq a(x)u? dz is weakly continuous when

u e L% (Q), we obtain
‘/ — ) dm‘ — 0.

u, — g in Hy(52).
Therefore, for any ¢ € R, I(u) satisfies the (C'), condition. O

The Proof of Theorem 1.1. Combing the results of Lemma 3.3 and Lemma 3.4,
we will complete the proof by applying Proposition 2.10.

Hence,

Remark 3.5. If \; > 0, then it suffices to use the mountain-pass theorem instead
of the linking theorem to prove the existence of nontrivial solutions of (1.1).
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