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Abstract. We study mixed norm spaces ¥ (R"™) that arise in connection with embeddings of
Sobolev spaces W (R"). We prove embeddings of # (R") into Lorentz type spaces defined in terms
of iterative rearrangements. Basing on these results, we introduce the scale of mixed norm spaces
¥P(R™). We prove that ¥ C #P and we discuss some questions related to this embedding.

1. Introduction

Let W, (R") (1 < p < 00) be the Sobolev space of all functions f € LP(R") for
which all first-order weak derivatives 0f/0x; = Dy f exist and belong to LP(R™).
The classical Sobolev theorem asserts that for any function f in W, (R") (1 < p < n)

n
. mp
o <ed IDuflp @ =—
k=1 p

n

(1.1)

Sobolev proved this inequality in 1938 for p > 1. For p = 1 inequality (1.1) was proved
independently by Gagliardo (1958) and Nirenberg (1959). The core of Gagliardo’s
approach [7] is the following:

Lemma 1.1. Let n > 2. Assume that g, € L'(R"™!) (k =1,...,n) are nonneg-
ative functions on R"~'. Then

(1'2) / Hgk’ i,k 1/(n—1) dx< H/ dxk>1/(n_1).

As usual, for any vector x € R™ and any £k = 1,...,n we denote by Z; the
(n — 1)-dimensional vector obtained from = by removal of its kth coordinate. We
write © = (xy, T).

Assume now that f € W} (R"). Then for any k = 1,...,n and almost all z € R",

/ Dy f(u,2y) d / Dy f(u,2y) d

It follows that for almost all z € R"®

(1.3) F@)l < 5 / Duf(u i) du = gu(@n), k=1,....n.
R
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Thus,

n 1/n
F@)l < (Hgkm)) .

Using this estimate and applying Lemma 1.1, we obtain

1 n 1/n
(14) I llgian < 5 (TTIDASIR) ™

This implies inequality (1.1) for p = 1. However, a more general statement can be
derived from (1.2). Let

Y(RY) = L, (RDEZR), 1<k <n,
be the space of measurable functions on R™ with the finite mixed norm

(1.5) 1 fll%. = Iellor@n—1)y, where ¢p(2x) = ess sup,, g |f(2)].

We observe that || f||, has a clear geometric interpretation: it is the n-dimensional
measure of the essential projection of the set

{(z,y) e R" x[0;00): 0 <y < |f(2)[}

into the hyperplane z;, = 0 (see Theorem 3.1 below).
Throughout this paper, we denote also

(1.6) YR = (%R, Iflly =Y I fln
k=1 k=1
Note that by (1.3), for any function f € W}'(R")
1
(1.7) £l = SIDeflly <k <n).

Gagliardo’s lemma immediately implies the following theorem:
Theorem 1.2. Let n > 2. If f € ¥ (R™), then f € L™ (R") and

Il < (TT151) "
k=1

As usual, for any 1 < p < oo we denote p’ = p/(p —1). By (1.7), Theorem 1.2
implies (1.4).

It is well known that the left-hand side in (1.1) can be replaced by a stronger
Lorentz norm || f||,«,. Recall that the Lorentz space L??(R™) (0 < ¢, p < 00) is
defined as the class of all measurable functions f on R" such that

o= ([ [P0 §) " <o,

0
where f* denotes the nonincreasing rearrangement of f. Note that the quasi-norm
| - [l is a norm if and only if 1 < p < ¢ < oo (see [12]). For a fixed ¢, the Lorentz
spaces L% increase as the secondary index p increases (see [2, p. 217]).

The following strengthening of (1.1) holds:

- * np
vr SeX Dy, 1<p<n, g =
k=1

(1.8) If
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(see [15], [16] for p > 1, [17]| for p = 1). In this paper we consider (1.8) only in the
case p = 1. There are numerous proofs of (1.8) in this limiting case; most of them
are related to rearrangements, properties of level sets, and geometric inequalities. A
very interesting approach given by Fournier [6] was based on the following refinement
of Theorem 1.2.

Theorem 1.3. Let n > 2. If f € ¥ (R"), then f € L"*'(R") and

- /
(19) £lea < o (TL 10 )
k=1

By virtue of (1.7), inequality (1.9) immediately implies (1.8) for p = 1. Thus,
embedding

(1.10) WHR™ c L"'(R™)
can be split into two successive steps
(1.11) WHR™ c ¥(R") and ¥(R") C L"(RM).

Note that similar splitting for embedding W, (R") C L?*(R") in the whole range
1 < p < n was obtained in [9]. Different extensions of Theorem 1.3 and their
applications have been studied in the works [3], [9], [14].

The motivation for this paper was twofold. On the one hand, it was motivated
by Theorems 1.2 and 1.3. These theorems show that the integrability properties of
functions of several variables can be controlled by the behaviour of the L*-norms of
their linear sections. Following this idea, we obtain stronger versions of inequality
(1.9) expressed in terms of iterative rearrangements (see Sections 2 and 4 below). We
observe that these results were also inspired by embeddings of Sobolev spaces into
modified Lorentz spaces proved in [8].

On the other hand, smoothness or integrability properties of functions reflect on
the behaviour of their linear sections. In particular, inequality (1.7) shows that for
any f € W}(R™) the L>®-norms of zj-sections f;, (zx) = f(zx,2r) are integrable
functions of &, in R"!'. It is also natural to study other norms of linear sections.
For example, let us consider L'-norms. Assume that f € W} (R") and set

:/R]f(x)]dxk (k=1,...,n).

If n =2, then ¢, € L*(R) (k = 1,2) (it follows from (1.7)). Let n > 3. It is easily
seen that gpk e WHR™) (k=1,...,n). Applying inequality (1.8), we obtain that
o € L= YR V). Thus,

(1.12) Wl (R") (n] {(RY[L, (R)].

These observations (together with embeddings proved in Section 4) led us to the
definition of the scale of mixed norm spaces

(1.13) YR =) Ly (R™HLE(R)]

k=1
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1<p<(mn-1),r,=p/(n—1)). For p =1 we have ¥ (R") = ¥ (R") (see
Section 5) and thus the space 7 is included to the scale. We prove that

(1.14) YR C¥YPR"Y), 1<p<(n—1), n>2

By virtue of the first embedding in (1.11), for n > 3 and p = (n — 1)’ (1.14) implies
(1.12). We obtain also some results concerning endpoints in the estimates of #*-
norms (see Remark 5.4 and Theorem 5.7 below).

In this paper we do not study relations between spaces 7P with different values
of p. We notice only that this problem is not immediate. In particular, the spaces
#?([0,1]?) do not form a monotone scale.

We observe also that the scales of spaces of the type (1.13) provide a flexible
control of the growth of linear sections of functions. As in the works [3], [6], [9],
[14], embeddings of these spaces can be applied to obtain optimal results in various
problems.

Acknowledgements. The authors are grateful to the referee for his/her useful
remarks.

2. Iterative rearrangements

For a measurable set £ C R*, we denote by mes,E the Lebesgue measure of E
in R*. Let f be a measurable function on R™. Recall that nonincreasing rearrange-
ment of f is a nonnegative and nonincreasing function f* on R, = (0, 400) which is
equimeasurable with |f| (see [2, p. 37]). We assume in addition that the rearrange-
ment is left continuous on R, (then it is defined uniquely). By Sp(R"™) we denote
the class of all measurable and almost everywhere finite functions f on R”, for which

mes,{x € R": |f(z)] >y} <oo forall y>0.

It is easy to see that f € So(R™) if and only if f*(t) — 0 as t — +oc.

Further, we consider rearrangements with respect to specific variables. Let f &€
So(R™) and let 1 < k < n. Fix &, € R" !, and consider the function f;, (zx) =
f(zy, 2x). By Fubini’s theorem, f;, € So(R) for almost all 2, € R"'. We denote
the rearrangement of f with respect to x; by %, f. That is, we set

%kf(tvjk) = (fik)*(t>7 t>0.

This function is defined almost everywhere on R, x R"™!. Moreover, Z.f is a
measurable function equimeasurable with f (see [8]). Let &2, denote the set of
all permutations ¢ = (ky,...,k,) of the numbers 1,2,... n. Let f € Sp(R") and
o€ Z,. The Z,-rearrangement of f is defined as the function

%Uf<t>:%kn%k1f(t)> tERi

That is, we obtain %, f from f by “rearranging” f succesively with respect to the
variables zy, , ..., y, , starting with zy,. In so doing, we replace successively the argu-
ments Xy, ..., Tk, by the arguments tx,, ..., 1, . It is easy to see that Z, f decreases
monotonically with respect to each variable. In view of the above observation, %, f
is equimeasurable with |f|.

In what follows we set

n(t) =[]t teRL
k=1
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For 0 < p,s < oo and 0 € &, the space ZP*(R") is defined as the class of all
functions f € So(R™) such that

1l pe = (/+ w0 10) ) <o
(see [4]). Set also
ZP(R") = [ LR,

ocePy,
It was proved in [18] that

(2.1) 1 Fllp.s < 22572 f || pe
for0<s<p<ooando e &, Thus, for any o € &,

(2.2) L P if 0<s<p<o

(for p < s the converse embedding holds). The key point of the proof is the following:
if a function /" defined on R’} is nonnegative and nonincreasing with respect to each
variable, then for any t € R}

(2.3) mes,{s € R} : F(s) > F(t)} > n(t).

Basing on this observation, we give an alternative proof of (2.1) with a better con-
stant.

Theorem 2.1. Let f € So(R™) and 0 € &,,. For all0 < s < p < o0,

(2.4) [ llzes < (1 fIlez=-
Proof. Set F(t) = %, f(t). We may suppose that
(2.5) mes,{t € R} : F(t) =y} =0

for all y > 0. Fix a > 1 and set
A, ={teR}: f(a" ™) <F@#) < f ()}, veZz
Let t € A,. Then by (2.3) and (2.5),
m(t) <mes,{s € R} : F(s) > f*(a™™)}
=mes;{u > 0: f*(u) > (et} = a .

Thus, we have

||f||$p5_z/ DB > Y a0 y+1/ Pl di

veZ VEZ Ay
7u+1
_ as/p 1 Zaﬂ/ s/p— 1)/ f*(u)sdu
VvEZ
71/+1
2 a7y / P () du = @ £
veZ

Since a > 1 is arbitrary, this implies inequality (2.4). O
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Remark 2.2. Observe that embedding (2.2) is strict (see [18]). Moreover, if

1
E:{(x7y):0<y§W7

and 0 < s < p < 00, then |E| < oo, but the characteristic function of the set E does

not belong to ZS’Z}(R2) U QZ{’;’fl}(Rz) (see [10, p. 55]).

In what follows we set

1% ey = / 1% f i Vi (0 € P k=1,....m).
Rn—l

0<z<1},

%
Lemma 2.3. Let f € So(R"™). Then
(26> H%Uf|‘7/k(Ri) < Hf”‘//k(R") (k =1,... 7n)

for any 0 € &, and any k=1,...,n.
Proof. Let o0 € &2,,. We have
@] < 1@k )loo = vr(@) (=1,....n)

for almost all x € R™. Hence, Z, f(t) < %Ukwk(fk), where 0, is obtained from o by
removing k. This gives

%o f(rs Moo < B r(tr), T € RETH
Integrating this inequality over Rf‘:l, and taking into account that
/ 1 R, 1 (ty) dby, = 1 Up(2r) dy = || f 1 mmys
n— R"—
+
we obtain (2.6). O

3. Projections and spaces 7

Let £ C R" be a measurable set and let 1 < k < n. For a point 4, € R !,
denote by E(Zy) the Zx-section of the set E,

E([i’k) = {xk € R: (l’k,ik) € E}
By Fubini’s theorem, for any 1 < k < n and almost all 7, € R"~!, the sections E(Zy)
are measurable in R, and the functions
my(Zy) = mes E(zx), k=1,...,n,

defined a.e. on R"™!, are measurable. The essential projection of E into the coordi-
nate hyperplane x;, = 0 is defined to be the set IIz(E) of all points &} € R"! such
that F(Zy) is measurable and mg(Z;) > 0. Since the function my is measurable, the
essential projection I (F) is measurable.

Let now f be a measurable function on R"”. Let 1 < k < n. By Fubini’s theorem,
for almost all 2, € R"! the sections f#, are measurable functions on R. Moreover,
the function

(3-1) wk@%k) = ’|f§3kHL°°(R) = €SS SUD,, cRr ‘f(flfk,i’k)‘

(defined a.e. on R"™!) is measurable. It suffices to prove the latter statement in the
case when f is a bounded function with the compact support. In this case we have

Ui(2r) = 1}1_{20 | farll v ()
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and the functions 2y — || fz,||»®) are measurable by Fubini’s theorem.

Thus, the definition of the space ¥ (see (1.5)) is correct. Now we shall show
that the norm in %, has a simple geometric interpretation. Let f be a non-negative
measurable function on R™ and let Uy denote the region under the graph of f,

Up ={(z,y) e R" x [0;00): 0 <y < f(x)}.

Theorem 3.1. Let f be a nonnegative measurable function on R™ and let I1;,(Uy)
be the essential projection of Uy into the hyperplane x, = 0 (1 < k < n). Then
f € 7(R") if and only if mes,I1;(Uy) < co. Moreover, in this case

[ f[l, = mes, IT;,(Uy).

Proof. We consider the case k = n and set A = II,,(Uys). The set A consists of
all points (Z,,y) such that #, € R"!, 0 < y < oo, the function f;, is measurable
on R, and

(3.2) mes {2, € R: f(z,,2,) >y} > 0.

Let a point &, € R"! be such that f;, is measurable on R. First, assume that
Yn(Zn) < oo (see (3.1)) and ¢,(Z,) < y < oo. Then (3.2) does not hold and
(Zn,y) € A. Now, let ¥, (2,) > 0 and 0 < y < ¢,(Z,). Then, by the definition of
essential supremum,

mesi{x, € R: f(x,,Z,) >y} >0
and hence (Z,,y) € A. We obtain that

Un(Z,) = mesi{y > 0: (&,,y) € A}.

Thus,
Un () dT, = mes, A.
Rn—1
On the other hand, by the definition, the latter integral is equal to ||f||s,. This
proves the theorem. 0

Fournier [6, Theorem 3.1] proved the following theorem (see (1.6)).

Theorem 3.2. Let f € ¥ (R™) (n > 2) be a nonnegative function. Then f €
So(R™). Assume that a function g defined on R"™ is equimeasurable with f and has
the property that for each y > 0 the set

{reR": g(z) >y}
is essentially a cube in R™ with edges parallel to the coordinate axes. Then |g|ly <

(halr2

The proof of this theorem employed the following Loomis-Whitney isoperimetric
inequality [11] (this inequality follows also from (1.2)).

Theorem 3.3. Let E C R"™ be a measurable set. Then

(mes, B)"! < Hmesn_lﬂk(E).
k=1
We observe that Theorems 3.1 and 3.3 combined give a shorter proof of Theo-
rem 3.2.
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4. Iterative rearrangement inequalities

As we observed in Section 1, Theorem 1.3 implies Sobolev-type inequality (1.8)
for p = 1. It was proved in [8] that the L P-norm on the left-hand side in (1.8) can
be replaced by the stronger .7 P-norm.

Theorem 4.1. Let n > 2 and 1 < p < n. Set ¢* =np/(n—p). If f € W}(R"),
then f € £7P(R") and

(4.1) [fllzarp < CZ | Dxf |-
k=1

We obtain a similar refinement for mixed norm spaces ¥. Denote by .Zu..(R)
the class of all nonnegative functions on R’} which are nonincreasing in each variable.
For any f € #3..(R"}) and any o € &, we have that f = %, f a.c. on RI.

Our main result is the following:

Theorem 4.2. Letn > 2,1 <p,...,p, < 0o, and
1
(4.2) Y =1
=1 Pk

Assume that f € 7 (R™). Then

(4.3) / Htl/m " ) H A VAT B

RY p=1
for any o € 2,.

Proof. By virtue of Lemma 2.3, it is sufficient to prove inequality (4.3) for a
function f € #g..(R'}). Set

A= {teRﬁ: t gHt,f/p%} (j=1,...,n).

k=1
Then
(4.4) JA4, =Ry
j=1
Indeed, set

Assume that there is a point ¢ € R’} such that ¢; > 7(¢) for all j = 1,...,n. Then,
applying (4.2), we obtain

o | R ORGSO}

which is false.
Let f € Maec(RT). Observe that

(4.5) F@) < IfEG )l =95(t), tERY, j=1,....n.
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Set

-y
k#j
Then
Aj={teRl:i;e R, 0<t; <m(l))})
Applying (4.5), we have

) 7 (t5)
/ Htl/”k ! dt</ Htl/pk Li(t) / ””J Ldt; di
R}! 0

Aj k=1 k#j

=p; I@ﬁj(fj)dfj = p;ill fll-

R~

From here and (4.4),

(4.6) /Ihml ﬁ<2mwy

RY k=1

Now we derive the multiplicative inequality (4.3) from (4.6). For €1,...,e, > 0,
set

5:Hz—:k and g(t) = f(eits,...,entn), teRL.

Then g € My (R'}). Furthermore,

€

(4.7) lglls = Zlflls (k=1,....n)

and

(4.8) / Htl/pk 1 Hgl/pk/ Htl/Pk 1
RY =1 RY =1

Applying (4.6) to the function g, we have

[ 1 CLCIZES ST

RY k=1

Further, using (4.7) and (4.8), we get

(1.9) /Ipml ﬁ<H%%wam@

R% k=1
Now set e, = (pipl fll%) ", k= 1,...,n. Using (4.9) and taking into account (4.2),
we obtain (4.3). O

Corollary 4.3. Let n > 2 and 1 <p < (n—1). Setr =p'/(n —1). Assume
that f € ¥ (R"™). Then

n—1

(4.10) /'HWMW“%ﬂwquWquywwM>

RY k=1 k=1
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for any 0 € &,,.. In particular, f € £7'(R") and

(4.11) £ 1| o < mm H 1F15"

for any o € 2,.
Indeed, setting p; = -+ = p,_1 = p and p,, = r, we have that

- _n—l 11,1
klpz,_ r’_r r

Thus, the condition (4.2) in Theorem 4.2 is satisfied. Applying this theorem, we get
(4.10). Taking p = n'in (4.10), we obtain (4.11). By (2.4), || f||pwa < [ ]| ywa. Thus,
estimate (4.11) implies Theorem 1.3 (although with a worse constant coefﬁgient). We
emphasize that the norm in Z""'(R") is stronger than the norm in L™'(R™), and
therefore (4.11) gives a refinement of Theorem 1.3.

Applying Theorem 4.2 and (1.7), we obtain the following embedding for Sobolev
spaces.

Corollary 4.4. Let n > 2,1 < py,...,p, < o0, and >, 1/p,, = 1. If f €
W1(R™), then

n

- 1
(4.12) / [t/ 2, < IL (kP v,
R :

T k=1
for all o0 € 2,
For py = -+- = p, = n/ inequality (4.12) becomes

1/n
£ gy < H IDef 3™
This estimate coincides with (4.1) (for p = 1).

5. Mixed norm spaces 7P

In this section we introduce the scale of “intermediate” mixed norm spaces #?(R™).
First we recall some definitions. For a function f € So(R™), set

1 t
— [ rwa
t Jo
It is clear that

(1) Jim 7(0) = 1 e

For 0 < p < oo, the space L>®P?(R") consists of all f € Sy(R™) such that

flew= ([ [rr-r 0] §)" <oo

t
(see [1], [13]). Applying the equality
d 1

SF = (0 - F0) (> 0)
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and using (5.1), we obtain that L>!(R") = L>*(R") and

(5.2) [fllson = [ fllsc  for any f € So(R").
Further, let 1 < r < oo. Assume that f € L™ (R"). Applying Fubini’s theorem,

we have p p
o0 t 1 [~ t
tl/r () — = _/ tl/r RO
| e =5 [ el
This implies that

1 [~ dt 1
5.3 — [ ) = O] = = = f|lea-
(5:3) L [T - e = Al
Applying (5.2), (5.3), and the monotone convergence theorem (for both increasing
and decreasing sequences), we easily obtain that

1
(5.4) m = || fllr1 = || fllee if f € L™ (R™) for some ry > 1.
r—oo T

The spaces 7} are defined as mixed norm spaces in which the interior norm is
L>-norm (see (1.5)). That is, for a function f € 7;(R"™) almost all linear sections
fz, are essentially bounded on R. Basing on equalities (5.2) and (5.3), it is natural
to impose growth conditions on linear sections of functions in terms of L™!(R)-norms
(1 <r < o00). Then Corollary 4.3 suggests that the corresponding scale of exterior
norms should be formed by the spaces LP'(R™"!), where

1 n—1
r/+ p/ =1

These reasonings together with observations given in Introduction (see (1.12)) lead
us to the following definition.

Let n>2and 1 <p<(n—1). Set r, =p'/(n —1). For a function f € Sy(R")
and k=1,...,n, set

P (@r) = 1 @y Wiy and 1 f]lyr = 162 || zm o).

By 7;7(R") we denote the class of all functions f € Sy(R") such that ||f|[y» < oco.
As usual, we write
KR = Lg (RH[L (R)).

Set also
VPR = (V7ER), e =D |1 fllyp
k=1 k=1

In this section we study embeddings of the space ¥ into the spaces #P. Observe
that ¥,! = ¥, and the norms coincide. Indeed, if p = 1, then r, = oo, and by (5.2)

Wl = [ G ladin = [ 1l die = 1o,
Further, we note that the case n = 2 and p = oo also is included to the definition of
#P. In this case r = p’ = oo, and by (5.2),

7R = LG (R)[L,, (R)] = L (R)[Ly, (R)]

and similarly
77°(R?) = L (R)[Ly, (R)];
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moreover, the corresponding norms coincide. Further, we have that

(5.5) [l < Nl and ([ fllvpe < 1F 1

Indeed, the first inequality in (5.5) is equivalent to the obvious estimate

ess suben [ 17 aa)l < [ ess supen (o) di
R R

The second inequality in (5.5) is obtained similarly.

Theorem 5.1. Letn >2, 1<p<(n—1),andr =p/(n—1). If f € ¥ (R"),
then f € ¥P(R™), and for every j = 1,...,n it holds that

(5.6) 1l < ennl A1 TTIAILY
k#j

where c,, = 1 if n =2 and p = oo, and ¢, = (r7')"/" (pp')"~V/P" otherwise.

Proof. In the case n = 2 and p = oo inequality (5.6) coincides with (5.5). Assume
that either n =2 and 1 <p <oo,orn >3 and 1 <p < (n—1)". We will prove (5.6)
for j = n.

Let Z,f(y,n) (y € R"', n € R, ) be the rearrangement of f with respect to the
nth variable. Next, for a fixed n € Ry, let F'(§,n) (£ € R;) be the rearrangement of
the function

(5.7) y Zafy.m), yeR™,

with respect to y. It follows from [4, Theorem 4.5. I] that

59 e [ [ @m b dcan
o Jo

On the other hand, let ¢ = (n,n — 1,...,1). For a fixed n € R, we take the
iterative rearrangement of the function (5.7) successively with respect to the variables
Yn_1,---,Y1. We obtain the rearrangement %, f(s,n), s € R?"'. By Theorem 2.1,
for any fixed 1, we have

00 n—1 1/p=1
(5.9) /0 gl/ple(f,n) d¢ < /Ri—l (g sk) Ry f(s,m)ds.

Further, by Corollary 4.3,

n—1 1/p=1
/ / (H sk) 0", f(s,m) ds dn
R JRy

(5.10) k=1 8
< (b)Y TP A1)
k=1
Applying inequalities (5.8), (5.9), and (5.10), we obtain (5.6). O

Remark 5.2. If n > 3, then the spaces #P(R") formally can be defined for
p> (n—1), too (with r, = p’/(n — 1) < 1). However, in this case Theorem 5.1 fails
to hold. Indeed, take (n —1)/p < @ < n — 2 and set

F@) =Y 1& ™ xon(z), = eR",
k=1
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A straightforward computation shows that f € ¥ (R") and for any r > 0
|’fHL’;j(R"*1)[L;j(R)] =00 (j=1,...,n).

Applying (5.6) and the theorem on the arithmetic and geometric means, we easily
obtain the following:

Corollary 5.3. Let eithern=2and1 <p<oo,orn>3andl<p< (n—1).
Setr=r,=p/(n—1). If f € ¥(R"), then f € ¥?(R") and
(5.11) b < ol flli 2D I f s (B=1,...,n).

ik
We shall show below that (5.11) (divided by r,) becomes equality as p — 1.
Remark 5.4. Let n =2 and f € ¥ (R?). By (5.6), we have that

(5.12) 1Flle < P IFIPIAIE (1< p < o0)
and
(5.13) 1 1lvee < 11£11s-

Observe that for f = x(1)2 we have equalities in (5.12) and (5.13). Hence, the
constants in these inequalities are optimal. However, we notice that the constant
in (5.12) tends to co as p — oo, but for p = co we have inequality (5.13) with the
constant 1. It is easy to explain this fact. Indeed, it follows directly from (5.12) that

, 1
(5.14) hmsup];Hvaf < [ £l

p—00

Besides, we show below that
|
(5.15) [ fllype < 11g£f];\|f|\7qp-

By virtue of relations (5.14) and (5.15), (5.13) follows from (5.12) as a limiting case
as p — oo.
To prove (5.15), we observe that for any y € R and any p > 0,

o
1 Gl = / S G f(s ) ds > P UEL(y),

0

where p

R = [ #fspds yeR
Thus, ’
(5.16) 11l = 1Pl

On the other hand,
| Eullps > pr'/PF;(7)

for any 7 > 0, and therefore
.1
hgg}f;Hvaf > [ Fulloo

(by virtue of (5.16), it follows also from (5.4)). It is easy to see that | f|ly~ =
lim,, o0 || Fi||oo- Thus, we obtain (5.15).

Inequalities (5.11) and (1.7) yield the following:
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Corollary 5.5. If f € WHR") (n > 2), then f € ¥P(R") for any 1 < p <
(n—1), and

1fllve < ¢S 1D,
k=1

where ¢ depends only on p and n.

Remark 5.6. The results of this section have been derived from the iterative
rearrangement inequality (4.3) (see the proof of Theorem 5.1). However, these results
are expressed in terms of mixed norm spaces and therefore they give a more explicit
description of the behaviour of linear sections of functions. In particular, taking
p =n' in Corollary 5.5, we obtain:

WiR") C LL RHER), k=1,....n.
For n = 2 we have that
WH(R?) c L2 (R)[L2 (R)] N L2 (R)[LE) (R))].

This inclusion does not follow from the strong type Sobolev inequality (1.8), which
states that

Wl (R?) c L*'(R?).
Indeed, it was shown by Cwikel [5] that
L*Y(R?) ¢ L) (R)[L3] (R)].

At the same time, the results in terms of iterative rearrangements are stronger.
In particular, if f € W} (R?), then f € Z*'(R?) (see Theorem 4.1). Mixed norm
inequalities follow from here, since

LR C LY (R)LY(R)], £5,,(R%) € LY/ (R)[LZ,) (R)]
(see [4, Theorem 4.5. I]).

Finally, we return to inequality (5.11) and we shall study the limiting behaviour
of \|f|\7/jp as p — 14. We observe that for any s > 1

(5.17) %Hfus,l :%/0 p1/a=1 () dt:/o £ () du

(note that (5.4) can be also easily derived from (5.17)).
Theorem 5.7. Let n > 2 and let k € {1,...,n}. If f € So(R™) and

(5.18) fe) %R,
j#k
then
oo n—1
(5.19) Jim, > 1115 = [1f 15

Proof. We prove (5.19) for kK = n. Let {p,} be a decreasing sequence of numbers
such that p, > 1 and p, — 1. Let s, = p/,/(n—1). Then {s,} increases and s, — 0.
Set

Fu(y) = 5—1V||f<y, )

LsvsL(R), Y € Rn_l'
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By (5.17), N
)= [ @uflyu)du
Set also '

@@:A%wwme

For a fixed y € R"!, the functions u — %, f(y,u*") form an increasing sequence on
(0,1) and

ulirgo%”f(y?usu) = %nf(y’ 0+) - ||f(y7 ')HLO"(R)’ u € (07 1)'
Setting || f(y, -)||e®) = ¢(y), and applying the monotone convergence theorem, we
obtain that
lim G,(y) = ¢(y) forany y e R" .
Moreover, {G,(y)} is an increasing sequence on R"~! and thus
(5.20) lim G} (t) = ¢*(t) for any t >0

(see [2, p. 41)).
We shall prove that

o1
(5.21) Jim ][l = 11 Fll5-
We have F(t) > G*(t) and therefore
1 o o
(5.22) Sl = [ @bz [ G0
Sy 0 0

For any fixed ¢ € (1,00) the sequence {t'/P»='G*(t)} increases. Thus, by (5.20) and
the monotone convergence theorem, we have that

(5.23) lim PG (1) dt = / ©*(t) dt.
vmoee 1
The monotone convergence theorem implies also that
1 1
(5.24) lim G (t) dt = / ©*(t) dt.
V—00 0 0

Now, applying (5.22), (5.23), and (5.24), we obtain that

o 1
(5.25) WM=ngmM/HWWWWSMM—MWw
V—00 0 v—oo S, :

First, this implies (5.21) if ||f|ly, = oo. Suppose now that | f|ly, < oo. Then, by
virtue of assumption (5.18), we have that f € ¥ (R"). Thus, by inequality (5.11),

1 P
Wb < 1fllbn + - > (1 £1l;-
Y Ytk
Since p, /s, — 0 as v — o0, it follows that

. 1
(5.26) limsup — [ fllyz < [|£ll.-

V—00

Inequalities (5.25) and (5.26) combined give (5.21). This proves the theorem. O
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Corollary 5.8. If f € So(R™) (n > 2), then

. o n—1
Jim 2 £l = £l
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