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THE BEURLING OPERATOR
FOR THE HYPERBOLIC PLANE

Hakan Hedenmalm
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Abstract. We find a Beurling operator for the hyperbolic plane, and obtain an L? norm
identity for it, as well as two-sided LP estimates.

1. Introduction and statement of main results

1.1. Outline of the paper. We first mention the classical Cauchy and Beurling
operators C and B in the setting of the plane. We then introduce their hyperbolic
plane analogues C',C! and B!, B!. For instance, the hyperbolic Cauchy operator
C! finds the L?-minimal solution to the &-problem. The mapping properties of
CT, C! rely on the well-known Hardy inequality for the upper half plane. We find a
sharp two-sided estimate for the the norm of B![f] in weighted LP-spaces, which is
analogous to the well-known two-sided estimate for B[f]. In the Hilbert space case
p = 2, the estimate becomes a norm isometry. The way the proof is set up, we need
some results of Liouville type for the hyperbolic plane. In the final section, we try
to explain the assertion of the main theorem in geometric terms.

1.2. The Beurling transform. The (Ahlfors—)Beurling transform (or oper-
ator) B: L*(C) — L2(C) is formally the operator B = 88 . Here, we use the

notation
1/ 0 .0 ~ __1 0 .0
o= 5 (3 ~i3y) O3l i)

and put A, := 8.0.; as above, we frequently suppress the subscript z. This way
of defining B leaves some ambiguity, as there are many possible ways to define o "
The standard choice is to use the Cauchy transform C for 9 °,

Clf](z) = ) ;f(—w@)u dA(w), ze€C,
where
dA(z) :== da;dy7 z =+ 1y,

is normalized area measure. Unfortunately, the integral defining C[f] is not well-
defined for all f € L*(C), but at least when f is compactly supported, there is no
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problem. Differentiating the Cauchy transform, we get
f(w)
B(f|(z) .= —pv | ——— dA(w), z¢€C,
1) = = [ 0 ddw)
where “pv” stands for the principal value. It is easy to show, using Fourier analysis
or Green’s formula, that B acts isometrically on L?(C):

(L1) IBUAIs ) = 11220 / A,

where the rightmost identity defines the norm in L?(C). It is well-known that B acts
boundedly on LP(C) for 1 < p < +o0; let B(p) denote its norm, that is, the best
constant such that

Bl ey < B flleriwy, | € LP(C),

holds. It is easy to show that there is an estimate from below as well:

1
W“JCHLI’(@) <|Blflllzr@) < B fllzrw), [fe€L(C).

A well-known conjecture due to Iwaniec (see [9], [3], [7], [4]) claims that

(1.2)

1
B(p):max{p—l,—l}, 1 <p<+o0.
p_

An easy duality argument shows that with p’ = p/(p — 1) (dual exponent),
B(p)=B({), 1<p<+oo.

We mention that there is a formulation of (1.2) which does not use singular integrals:

(1.3) 09|l ey < 1109 r@) < Bp)|0g]| Loy, g € CZ(C),

|
B(p)
where C2°(C) is the space of compactly supported test functions.

1.3. The hyperbolic plane. Let H denote the hyperbolic plane; we shall use
the model
H= <®+, dS]H>,
where
(D+:{z€(lf]: Imz>0}
is the upper half plane, and

| dz|
d =—
su(?) Im 2
is the Poincaré metric. The corresponding hyperbolic area element is given by
dA(z)
dA = .
u(?) (Im 2)?

1.4. The function spaces. For 0 < p < 400 and real ¢, we introduce the
space LP(C) of (equivalence classes of) area-Lebesgue measurable functions subject
to the integrability condition

HfHLp (©4) /@ |f(2)|P(Im 2)?dA(z) = /@ |f(2)[P(Im 2)7 2 dAg(2) < +oc.

It is a Banach space for 1 < p < 4+o00. We realize that L% (C,) has the interpretation
of L?(H), the L? space over the hyperbolic plane.
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1.5. Some notation. We shall at times need conjugate symbol operators, as
defined by

T[f] = conj (T[f]),
and we apply this notational convention to all the operators considered here. More-

over, if F is a collection of complex-valued functions, we write conj (F) for the col-
lection of complex conjugates of the functions in F.

1.6. Hardy’s inequality for the upper half plane. By Hardy’s inequality
for the upper half space,

[ e <y [ (105 185 aAC)

for f € C>*(C,). The constant is sharp (see, e.g., [6], [11]). If we use that for
a,be C,

(lal” + o> < A(p)(lal” + [o]"),  A(p) = max{1,27 172},

we get

/ |f<z>|p(dfﬂ<2p/2<1—1/p>—m<p> [ (orer+aser) aa),
4 4

Imz)p =
which in terms of norms reads
(15) 17125 ) < 20— 1/0) PAG) (107 iy + 105 e ). € CF(T).
Next, since by (1.2),
18flle(cs) < B 0flrrey), fe€CE(Ty),
we obtain from (1.5) that
(16) 1712 e, < 2720~ L/p) PAW) (1+ BGP) 1818y ] € O ().

It is not obvious whether the constant appearing on the right hand side of (1.6) is
optimal for general p. However, in case p = 2, (1.6) reads

(1'7) ||f||L32(<D+) <4 ||5f||L2(®+)7 VS OEO(C+)7
and the constant is sharp.

1.7. The Cauchy operators associated with the upper half plane. For
functions f defined on C,, we introduce the Cauchy-type operators

e = [ [ - ] aaw - [ OB qaw)

Z— W @+(z—w)(z—w)
z € C4, and
Cf](z) == /@ [Z _1 — _1 w}f(w) dA(w) = _21/@ e I_mj)é@i)w) dA(w),

z € C4, for all locally integrable functions f for which the integrals make sense
(almost everywhere on C, ). The operator C! appears in the context of the unit disk
in Subsection 4.8.3 of the book [2| by Astala, Iwaniec, Martin. The identity

( 1 1 ) ( 1 1 > ( 1 1 ) ( 1 1 )
- — |+ | == = — = + | =— - -
z—w  zZ2—W Z—w Z—w z—w  Z—w Z—w z2—W
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entails the operator identity

(1.8) cl+Cl=Cl+C.

Moreover, with respect to the inner product of L?(C, ), we have that
(1.9) (ChH*=-C! (Ch*=-C!, (ch*=-C! (Ch) =-Ch

To understand the action of C', we note that

F(z) — C'[BF](2) :F(z)—/ (2 L )8F(w) dA(w)

(1.10) :/(D+ aw{q(j;l_z wl_Z)F(w)}dA(w)
:% R(wl—z_w1—2>F(w>dw’ z € Cy,

provided F' and 8F are smooth and taper off relatively quickly to 0 at infinity (the
middle integral is to be interpreted in the sense of distribution theory). As a first
application of (1.10), we find that

(111) Claf = /. feCr(o,)
The L?(C, )-closure of 8C>®(C,) equals L?(C, ) © conj(A%(Cy,)) (this fact is known

as Havin’s lemma). A second application of (1.10) shows that
(1.12) Cllgl =0, g€ conj(A%(C.)),

which means that we have determined the action of C! on all of L?(C,). It now
follows from (1.11) and (1.12) combined with (1.7) that

(1.13) IC g2,y < 4llgllzaqesy, g € LA(Cy).
Expressed differently, the operator
(1.14) Cl: LA(C,) — LA4(Cy)

is bounded and has norm 4. A similar argument based on (1.6) shows that
Cl: LP(Cy) — LE(Cy), 1<p< oo,
with a norm bound which depends on p. Let C'(p) be the norm of this operator.

By (1.9), and the fact that with respect to the inner product of L*(C, ), the spaces
LF,(C,) and Lﬁi(@g are dual to one another (here, p’ = p/(p — 1)), we have that

Ch: LE(Cy) — LP(Cy), 1< p < +oo,

is bounded as well; we denote its norm by C'(p). The duality argument actually
gives that
Clp) =C'0), P =p/p-1).
As noted previously, for p = 2, we have C1(2) = C1(2) = 4.
We specialize for a moment to p = 2 and look for an interpretation of the operator
C!. By duality, the information on the null space of C' supplied by (1.12) leads to
information on the range of C!:

C': L3(Cy) — L*(C4) 6 A%(Cy).
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The operator C! therefore furnishes the least norm solution to the &-problem: u =
C![f] has smallest norm in L?(C,) among all solutions to

ou=f(z), zeC,.
1.8. Double singularity Cauchy-type integral operators. We introduce
the operators D, D!, as given by

Dlpl(e)i= [ =i dAlw), zec.,

and

Vgl(z) = g(w) o).
DY) = || ity M) 2eCs

We readily check that
(1.15) C' = —2iMD'!, C!=2D'M,

where M[f](2) = (Im 2) f(2). The analogous operators in the setting of the unit disk
D in place of C, appeared recently in [5]. The boundedness of the operators C! and
C! in the corresponding contexts entails that

D': [P(Cy) — LP(Cy), D': LX(Cy) — LP(Cy),

act boundedly for 1 < p < +o00. Moreover, the norms of these operators may be
expressed in terms of C'T(p), C!(p). In [5], the operators D' and D! appeared in the
analysis of conformal maps. We may bring the analysis one step further and consider,
for a conformal mapping ¢ : C, — €2, where Q2 C C, the operators

lal(2) — ¢'(2)g(w) o).
DU = [ G e M) <€

and

Lial(2) — ¢ (w)g(w) N
DL~ |, G e M 2e e

The instance p(z) = z gives us the operators D', D! already mentioned. The more
general operators Dl” Di, deserve attention as well (cf. [5]).

1.9. The sum of two Cauchy-type operators. The identity (1.8) suggests
that we should study the operator

Com =C'+Cl=C!+C.
The mapping properties of C! and C! show that Cgyy, maps boundedly (1 < p < +00)
Csum: L§(®+) - Lp((D-‘r)v Csum: Lp((D-‘r) - pr((]j-i-)

Interpolation theory allows us to combine these statements to get that Cs,, maps
boundedly (1 < p < 4+00)

Coum: Li(Cy) — Ly, (C4), 0<qg<p.

The calculation

(z—lw - z—lw) ! (z—lw - z—lw) :8Im“m“’\<zi{ez£§<r)w>|2

shows that

Coumn = SMEM,
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where E is the integral operator

o Re(z — w) w o).
B = | (g S A, = e o

We read off from the mapping property of Cg,y, that E acts boundedly (1 < p < 400)
E: Lg_p(®+) — L§(®+)7 0 S q S p-

For p = 2 we even have that E: L2 ,(C,) — LZ(C,) is norm contraction for 0 <
q<2

2. The Beurling transform for the hyperbolic plane
2.1. The Beurling-type operators. We introduce the Beurling-type operators

BAI(2) = 00!1) = pv | | o = o ) i), e

o - (z-w)

and

BIUAG = [ |~ o] 0 ), e,

o, (z—w)? (z—w
for functions f such that the above expressions make sense. With respect to the
inner product of L?*(C, ), we have the adjoint calculation formulas
(BYHY =B', BH =B, BH*=B! BHY =B
In analogy with (1.8), we have the operator identity
B!+ B! - B + B

If we extend f to C by declaring it to vanish off C, we have

B'[f](z) = B[f](z) - B[f](2), z€Cy,

and

B'[f](z) = B[f](z) - B[f](2), z€C..
In view of (1.2), we see that B! and B! act boundedly on LP(C, ) for 1 < p < +o00,
with norm bound

(2.1) B e,y < 2B@) 1 fllzoesy, S € LP(Ty).

The analogous bound holds for B! as well.

We shall obtain a more interesting result. For 1 < p < +o00, B} acts boundedly
on L2(C,), while B! acts boundedly on L”,(C,). It should be pointed out here
that the functions in Lb(C,), extended to vanish on C\ C,, need not be locally
area-integrable near the real line, and therefore it is not clear how, e.g., the operator
B could be defined on L2(C, ). But B! is well-defined due to the cancellation in the
symbol.

The spaces L2(C,) and Lf’;,(@g are dual to one another with respect to the
inner product of L?(C, ) (here p’ = p/(p—1) is the dual exponent). By interpolation
theory, then, it follows from the above that

B: LI(C.) — LX(C,), Bl: I2,(T) — I2,(C.),

act boundedly for 0 < ¢ < p. This range surely is not best possible, but an under-
standing of when the Beurling operator B is bounded in the weighted context (cf.,
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e.g., [12]) combined with the approach presented here should lead to the optimal
range.

As will be explained later on, the operators B! and B! are modifications of the
Beurling operator B to the setting of the hyperbolic plane. So it is natural to ask to
what extent (1.2) has a hyperbolic analogue. A perhaps naive first try which comes
to mind is what are the best constants B} (p), Bi(p) so that

(2.2) B{®) £l 2wy < IBHAN 2wy < Bs®) 1f iz, f € LA(TY),
It turns out that
B'[f] =0, f € conj(4:(Cy,)),

so that B} (p) = 0 necessarily. While BJ(p) exists boundedly for all 1 < p < +o00, the
exact value appears to be unknown. For p = 2 (the Hilbert space case) the methods
of this paper give that B%(2) < 5, and they also supply a bound from below; cf.
Remark 5.2. If we want a non-trivial two-sided estimate, we need to compare the
norm of B![f] with the norm of an expression which vanishes on conj (A2(C,.)). The
expression that will work is V[f], where

V := f + 4iEM.

3. Commutator identities

3.1. The commutator of differentiation and multiplication. The commu-
tator of the differentiation operators 8,8 and the multiplication operator M™ (n is
an integer) is given by

(3.1) (8, M"] = dM" — M"9 = —% ML, OM" — M" = % ML

These relations constitute a key step in the proof of the main theorem.

3.2. The commutators of hyperbolic Beurling operators. The various
commutators which can be formed using the operators B', BT, B!, B! can be reduced
to one of the following three:

[BL7BT]7 [Blng]v [BL7BL]'
We first consider the commutator
B!,B'] =B'B' - B'B'.

To simplify our work, we introduce the compressed Beurling operator B, which acts
contractively on L?(C, ). It is given by

B.[f](z) := —pv/(E %dfl(w), z € Cy.

Moreover, we let Py denote the orthogonal projection L*(C,) — A?(C,), which is
given explicitly by

Po[f](2) = — / dA(w), =€ T,

Cy (z —w)?
In terms of these operators, we have

B'=B, -P,, B'=B,-P,,
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and so

B'B! = (B, — Po)(B; — Py) = B — B, P, — PoB, + PyP,,
while

B'B' = (B, — Py)(B; — Pg) = B — B,Py — P(B, + PyP,.

Next, A%(C) and conj(A?(C,)) are orthogonal to one another in L?(C, ), and there-
fore PoP, = PoPy = 0, where 0 stands for the zero operator. For perhaps less obvi-
ous reasons (cf. [5]), we also have PgB, = B, Py = 0. So, the commutator simplifies
significantly:

(3.2) B!,B'] =B'B' - B'B! = B, P, + P(B,.
Put Q; := —2i9Py, which is given explicitly by
4if (w)
QIfie) =~ [ Fhpgiam). sec,

Then QM has an interpretation as the orthogonal projection to the holomorphic
functions in the L? space over C, with weight Imz. We also see that Q} = Q.
Next, a calculation shows that

/ dA(€) ~ 2ilmw
e (

z,we Cq,

E-w)(€-2)?  (F-w)?

and differentiation with respect to w on both sides yields

pv/ dA(E) : =8w{ 21 Tm w }: L dilmw cweC,.
oy (

E—wpE—2) Fmwp T Gowr  Gowp
This leads to the operator identities

(3.3) P,B, = -P,+QM, B,P,=-P,+MQ,,
and so

(3.4) B!, B'] = =Py — Py + QM + MQ,.

The second commutator to be considered is
[B',B'] = B'B' - B'B'.

If we use (3.3) and follow along the lines of the preceding commutator calculation,
we find that

B!, B'] = [B;,B;] — PyB, — B, P, = [B;,B.] + 2P, - MQ; — Q;M.
We readily find that
B,B,=1-P,, B,B,=1-P,,
where I is the identity operator, so that
[B+,B.] =P, - Py,
and consequently

(3.5) B!, B']| =Py + Py — MQ, — QM.
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This commutator relation is interesting because it leads to the following norm iden-
tity:

1Bz, = 1B e
= Polf12cy) + |(Po = QM)A 2o,y = QM-
The third commutator is
[B',B'] = B'B! - B'B'.
The method employed above yields that

(3.6) B!, B!Y] = Py — MQy,
and, as a consequence, we may also derive that
(3.7) [B!,B] = P, — Q:M.

4. A hyperbolic Liouville-type theorem

4.1. A Liouville-type theorem for the hyperbolic plane. By Liouville’s
theorem, the only bounded harmonic functions in the complex plane are the con-
stants. If we ask the functions to be in LP(C) as well, the only harmonic function
is the constant 0. A hyperbolic plane analogue of this statement is offered by the
following (see [8] for details).

Theorem 4.1. (Hedenmalm, Parissis, Saksman) Suppose a function f € Lb(C,)
is harmonic in C,, where q is real and 1 < p < +o0. If ¢ < —1, then f = 0. On the
other hand, if —1 < g, there are nontrivial harmonic functions f in L’;((DJr).

Remark 4.2. (a) For 0 < p < 1 and ¢ < —2 the theorem follows from Suzuki
[13].

4.2. A biharmonic Liouville-type theorem for the hyperbolic plane. A
function f with A%f = 0 is said to be biharmonic. The biharmonic functions in C.,
all have the form f = f; + M fs, where f1, fo are both harmonic in C,.

Theorem 4.3. (Hedenmalm, Parissis, Saksman) Suppose a function f € LE(C,)
is biharmonic in C, where —oo < ¢ < —1 and 1 < p < +00. Then M~ f is harmonic
in ®+.

5. Main results

5.1. The norm estimate of the hyperbolic plane Beurling transform.
We now state our main theorem.

Theorem 5.1. (1 < p < 4+00) The operators
B LE(Cy) — LE(Cy), B! Ly(Cy) — L(Cy),

are bounded. Indeed, in terms of the operator V. = 1+4iEM, we have the norm
estimate

Bo) VI e, < 1B igien < BOIVIA e,

for all f € Lb(Cy). Here, B(p) denotes the norm of the Beurling transform on LP(C),
and the constants are best possible on both sides of the estimate.
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Proof. As we saw in Subsection 1.7, it is a consequence of the Hardy inequality
(1.6) that C![f] and C![f] are in LP(C.) provided that f € L2(C..).

Next, we shall assume f € Lb(C, ) is of the form f = AF, for some I € C*(Cy).
We first claim that the collection of such f is dense in LE(C ). To this end, suppose

ge LY (CL) (p = p/(p—1) is the dual exponent) is such that
/ (Im 2)AF(2) (=) dA(=) = 0.
Cy
By Green’s formula, we get, in the sense of distribution theory,

/@ F(2) A((Im 2)g(2)) dA(z) =0,

for all F € C°(C4). It follows that
AM[g] =0,

so that M[g| € Lf;,(@g is harmonic. By Theorem 4.1, we get ¢ = 0, and the claim
follows.
In terms of the function F, we have

Cl[f] = 8F. C'[f]=dF.
This is so because of Havin’s lemma. We now see that the norm estimate of the

theorem follows once it has been established that

B(p)”'|MAF + 1 (9F + 8F)HLP(@+)

(5.1) . _
< |IM&*F|| 1o,y < B(p)||MAF + 5 (8F + 8F

Mo,
We know that for G € C*(C,),
1

(5.2) %H{?G”U’(CH < ||0G| 1r(cy) < B(p)|0G|| o (c), -

This is a consequence of (1.3), as G extends to a function in C°(C) if we declare it
to vanish on €\ €. So we find ourselves looking for a G' with 8G = M&*F. Now,
in view of the commutator identity (3.1),
Mo? = (M@ + 11,
so that
G:= (Mo +iI)[F] € C=(Cy)
is the obvious candidate. We calculate that
0G =90(M9 + iI)[F] = (MA + 10 + 19)[F]

if we use again (3.1) and recall that A = 88. The claim (5.1) is now an immediate
consequence of (5.2). The optimality of the constants will be discussed in Subsec-
tion 7.3. Except for that point, the proof is complete. O

Remark 5.2. For p = 2, we get a norm equality in Theorem 5.1. So, to analyze
the norm of B on L3(C, ), we might as well analyze the norm of V. By the triangle
inequality and Subsection 1.9, we get

VI <[ T + 4 EM]| <5,
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where the norm is as an operator on L3(C,). Next, if f € L3(C,) is real-valued,
then

VI sy = 1B,y + I6IEMI 23 e,
so by optimizing over such real-valued functions, we obtain the reverse inequality

IVl = 1+ 16]EM]]>.

6. The analysis of two operators

6.1. The operators. In the context of Theorem 5.1, with p = 2, we would like
to study the operators

B': Ly(Cy) — L3(Cy)
and
V =I+4EM : L3(C,) — L3(Cy)

with respect to range and null space (I is the identity operator). It is a curious
fact that this problem—for the second operator—is intimately connected with the
classical Whittaker (or Kummer) ordinary differential equation (see, e.g., [1], [10], or
Wolfram MathWorld, Wikipedia). In view of Theorem 5.1, the null spaces of the two
operators coincide, which is why we only characterize the null space of the second
operator.

6.2. The range of the operator B'. The range of MB! is a subspace of
L?(C,), and studying the range of MB! is equivalent to studying the range of B'.
Let h € L%(Cy) be such that M~'[h] € L*(C,) is perpendicular to the range of
MB!. From the proof of Theorem 5.1, we see that this is the same as requiring that

(M~[n], M82F>L2(C+) =0, FeCX(Cy).

By dualizing, we see that this is the same as
_5 -
<8 h’F>L2(<E+) =0, FelCxXC,),

that is,
’h =0.

This means that h is bi-analytic in €, and hence of the form h = hy; + Zhy, where
hy, hy are analytic in C,. We rewrite this decomposition in the form h = hz + Mhy,
where hg, hy are analytic; simply put hz := hy + zhy and hy := —2ihs. In particular,
h is biharmonic, and since h € L%(C,), Theorem 4.3 gives that hy = 0, so that
h = Mhy where hy € A*(C,). We conclude that the L?(C,)-closure of the range
of MB! equals L?(C,) © A%(C,), so that the L(C,)-closure of the range of B! is
equal to

M IX(,) & AX(T)]
6.3. The range of the operator V. Let h € L% (C, ) be such that M~'[h] €

L?*(C,) is perpendicular to the range of the above operator. From the proof of
Theorem 5.1, we see that this is the same as requiring that

(M™'[h], MAF + 1(8 + 3)F>L2(C+) =0, FeCx(C,).
By dualizing we see that this is the same as

(Ah+ 5@+ MW, F) o, =0, FeCX(Cy),



14 Hakan Hedenmalm

that is,
Ah+ — (3—1—(‘9) “1n] = 0.
Since 5
a+8- 2
* ox’
this amounts to the differential equation
0? 0? 0
1 — 1+ — 2i—h = 0.
(6.1) (82+82)h+ laxh 0

Lemma 6.1. A function h € L% (C,) solves the partial differential equation
(6.1) in C if and only if M™![h] € conj(A?*(C,)).

Proof. Let N
P\ [1](€.y) = / e "h(z,y) da

denote the partial Fourier transform with respect to the x variable. Here, we use the
standard identification of C = R?, so that h(z,y) = h(z +1iy). An application of the
partial Fourier transform to the differential equation (6.1) yields

2

(= €+ g Pt ) — 26 ) =0

that is,

92
(6.2 SoRltle) - (€+ 2 )R - o
Next, we put

(6.0 = Pl (5 ),

and see that (6.2) becomes

0? 1 sgn(€) B
(6.3) @H(&t)— <Z+T)H(£’t)_0
The requirement that h € L%(C,) amounts to
+oo +oo
(6.4) / / HE)] |€|d§dt

The differential equation (6.3) is of Whittaker type. It is well-known that the general
solution to the ordinary differential equation

;;X( £ — (:11 + %)X(t) ~0

is of the form

+oo 9
X(t) = A;te'’? Bt‘t/Q/ L, 7
(1) 1te'’* 4+ By te i e Y

where A;, By are constants, while the general solution to the ordinary differential

equation
d? 1 1
ot? ®) (4 t) (t)=0
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is of the form

Lol — 16
Y (t) :A2et/2(1 —tlogt—t/ ere) + Byte /2,
0

where Ay, By are constants. It follows that H(,t) must have form

“+o00
HEH) = MO+ Bt [ el >0
) 110

and
tef —1—9

H( t) = A2(§)e—t/z(1 —tlogt — t/ 7B de) + By(E)te™2, £ <0,
0

A careful analysis of the behavior of these solutions as ¢ — 07 and ¢t — +oo shows
that (6.4) is impossible unless A (&) = B1(§) = A2(£) = 0, in which case
H(t)=0, £€>0,
and
H(¢,t) = By(§) te™"?, € <0,
The function Bs(§) must then satisfy

0
/ €] Bo(©)? dé < +oc,

—00
and the partial Fourier transform h takes the form

F1[h](&,y) = 2|¢|yBa(€) € 11— 0(£),
so that
F [M'[R]](£,y) = Bs(£) e 1)—s(€),

where B3(&) := 2[¢|Bz(§). This form of I is equivalent to the assertion that M-1[n] €
conj(A?(Cy)). This follows from the following two observations: (i) the support of
its partial Fourier transform is contained in | — 00, 0], and (¢7) the exponential factor
e Yl is the Fourier transform of the Poisson kernel. O

We now obtain the closure of the range of the operator.

Proposition 6.2. The closure of the range of V.= 1+4EM: L3(C,) — L3(C,)
equals
M[L?*(Cy) © conj(A*(Cy))].
Remark 6.3. One can show that the range of the operator is closed.

The null space of the operator. We turn to the study of the null space of
the operator V, which is the same as the null space of B. So, given f € L3(C,),
we want to know what the solutions to

(6.5) MV|[f] = M[f] + 4MEM][f] = 0
look like. Let ' € L2 (C,) be the associated function

F =C'C'f] = C'C'[f].
Then AF = f, and (6.5) takes the form

(6.6) M[AF] + =[8F + 8F] = 0.

5
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By Lemma 6.1, we find that this happens if and only if M![F] € conj(A?*(C,)).
From this, we quickly derive the following characterization of the null space.

Proposition 6.4. The null space of the operator V.= I+4EM: L3(C,) —
L*(C,) is equal to conj(A3(C)).

7. Geometric interpretation of the main theorem

7.1. The hyperbolic plane and differential operators. Associated with
the half-plane model of the hyperbolic plane H, we have the geometrically induced

differential operators 8, o'
a' =Ma, 8' =Mad.

After all, the length scale on €, should be modified to correspond to that of the hy-
perbolic plane. There are also the “dual” geometrically induced differential operators
o', d':

' =M2OM, &' =M2OM,
with the properties that

<3Tfa 9>L2(®+) = _<f7 3l9>L2(®+)> <8Tf7 9>L2((D+) = _<fa 8l9>L2(C+);
provided at least one of f, ¢ is in the class C2°(C;) of compactly supported test
functions, and the other is, say, locally integrable on C, (the partial derivatives
are interpreted in the sense of distribution theory when necessary). The hyperbolic
Laplacian Ay is obtained as a combination of two such geometric differential oper-
ators:
Ay =8'd'=8'8' = M2A,

7.2. Hyperbolic differential operators and the hyperbolic plane Beurl-
ing operators. In analogy with the planar Beurling transform B = 3571, a natural
candidate for the “hyperbolic plane Beurling transform” is Bl(él)_l. Like in the case

of the Euclidean plane, there is the matter of the choice of (3l)*1. In contrast with
the @-problem in the plane, given a function f € L*(H) := L%(C,), there always

exists a solution u € L?(H) with o'u = f, and

2y < Al -

This follows from the Hardy inequality in a manner which was explained in Sub-

sections 1.6 and 1.7. In particular, there always exists a unique solution v = uy of
-1

minimal norm in L2 (C,). We write u; = [5L]min f for this minimal solution, and

have thus defined the linear operator [éi]r;iln.

operator [8']_] . Tt is easy to see that

8- =MC'M™2, [8']-L =MC'M 2,

min min

In a similar manner, we may define the

and hence [8']], [5i];liln both act boundedly on L” (C.) for 1 < p < +00. Moreover,
since

9'[0'-L = (M?OM " )(MC'M2) = M?2C'M 2 = M*B'M 2,

min
we see that the operator B! is indeed a Beurling-type operator associated with the
hyperbolic plane. Theorem 5.1 may now be formulated in these geometric-differential
operator terms.
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Theorem 7.1. (1 < p < 4o00) For p = 2, we have the norm identity

8'[0 — 9" L2
H mmf L2 () Hf+ m1nf+[ ]mlnf> L32(®+)7 f € —2(®+)7
while for genera] p, we have
+ mln + al min ‘ HBVL min
Hf and +10 )]y ool 5
< By Hf+ O af + 102D, . Fern @y,
LZ,(Cy)

Here, B(p) is the norm of B : LP(C) — LP(C). The indicated constants are optimal.

7.3. Explanation of the sharpness of the constants. Let introduce, for
real o > 0, the half-plane

= {z eC: Imz > —a},
supplied with the metric and area measure
(1+ )| dz]
a+Imz ’

(14 «)?dA(z)
(o + Im 2)?

dsa(z2) = dA.(z) =

Y

and write
H* = (C%, dsa)
for this model of the hyperbolic plane. For a = 0 we get the standard model of

the hyperbolic plane, while as & — 400 the model (locally) flattens out to give the
Euclidean plane in the limit. We consider the associated multiplication operator

M. [f](z) =
and the differential operators
9l =M., 8 =M,d, 8. =M20OM.! 8 =M20M."

The estimate of Theorem 7.1 for general 1 < p < 400 now takes the form (with
obvious notation)

|+ s (B + 9Lk

Imz+ «

T o f(z), zeCq,

< oiptits

LP (CY)

< BO)||f + s (92]hf + 194105)]

L (©2)

. feLl(T2).
Lgp(@(’fr) f 4p( +)

As a — +00, the geometry becomes eventually Euclidean, and the estimate becomes

1 __
%HfHLP(C) < |08 1fHLp(@) < B fllr@), f€LP(C),

which we recognize as (1.2). For this reason, the constants cannot be improved.
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