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Abstract. We give a new proof of the following result by a uniform method: If a nonconstant
meromorphic function f shares two distinct finite values CM with its derivative f(*), then f is an
entire function that satisfies f*) = f.

1. Introduction

Let f and g be two functions meromorphic on the plane C and a a complex value.
Then it is said that f and g share the value a CM if f(z) —a and g(z) —a (1/f(z) and
1/g(z) for a = 00) have the same zeros, counting multiplicity. If the multiplicities are
ignored, then we say f and g share the value a IM. See [15]. Using his well-known
theory, Nevanlinna [13] proved in 1929 the Five-Value Theorem: If two nonconstant
meromorphic functions f and g share five values IM, then f = g. In 1976, Rubel and
Yang [14] studied the unicity relation between an entire function and its derivative
and proved that if a nonconstant entire function f and its derivative f’ share two
values a,b CM, then f' = f. Later on, many interesting results [1-5,7,10-12] on
this subject have been done. The following well-known theorem is one representative
result.

Theorem 1. Let k > 1 be an integer. If a nonconstant meromorphic function f
and its derivative f*) share two finite values CM, then f is an entire function that
satisfies f*) = f.

This result for the case k& = 1 was proved by Gundersen [7] and Mues and
Steinmetz [12] independently, while for the case of higher-order derivatives, it is due
to Frank and Ohlenroth [4] for the case that the shared values are nonzero and Frank
and Weissenborn [5] for the case that one of the shared values is zero.

We remark that these proofs for Theorem 1 are all based on Nevanlinna’s the-
ory but the methods are different for different cases. For the case of higher-order
derivatives, besides Nevanlinna’s two fundamental theorems and the lemma of loga-
rithmic derivatives, the proofs require essentially some deep results in Nevanlinna’s
theory. The papers [4, 5] used a result of Frank and Weissenborn [6] on estimating
the number of poles by the number of zeros of derivatives while the paper [11] relied
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on a result of Hayman and Miles [9] on the growth relation between a transcendental
function and its derivatives.

In this paper, we give a new proof of the above well-known result by a uniform
method. In our proof, combined with some careful calculation on the coefficients
of Laurent series, only the Nevanlinna’s first fundamental theorem and the lemma
of logarithmic derivatives are used. The auxiliary functions we construct are also
convoluted, but the way of construction seems more natural. Our method can also
be used to treat the case of sharing small functions.

Throughout this paper, we use the standard notions of Nevanlinna’s theory [8, 16]
such as T'(r, f), m(r, f), N(r, f), etc. In particular, The notion S(r, f) is defined to
be any function in r that satisfies S(r, f) = o(T(r, f)) as r — oo, possibly outside a
set of r of finite linear measure. A function a is said to be small with respect to f if

T(r,a) = S(r, f).

2. Auxiliary results

The preliminary results that we require are only the well-known Nevanlinna’s
first fundamental theorem, the lemma of logarithmic derivatives [8, 16] with a simple
fact.

Nevanlinna’s first fundamental theorem (NFT1). Let f be a nonconstant
meromorphic function on the plane C and a € C a constant. Then

T (r, ﬁ) _T(r, f) + O(1).

Lemma of logarithmic derivatives (LLD). Let f be a nonconstant mero-
morphic function on the plane C. Then for every positive integer k

(k)
m <r, fT) =S(r, f).

Lemma 3. Let A, B,C, D be nonzero constants. If each zero of e** — B is a
zero of e“* — D, then there exists a nonzero integer k such that C' = kA.

Proof. Let z; be a zero of e4* — B. Then z = 2z + %’ri is also a zero of e?* — B.
Thus by the condition, e“2=%) = 1. Tt follows that C(z, — 2;) = 2kmi for some
ke Z\{0}. And so C = kA.

3. Proof of Theorem 1

In this section, we give the new proof of Theorem 1. It contains two main steps.
In the first step, we prove that f have few poles, while in the second step, we finish
the proof. In the sequel, we say the two distinct shared values are a and b.

Step 1. We prove that N(r, f) = S(r, f) by reduction to absurdity. So we
assume henceforth in this step that

(1) N(r, f) #5(r, f).

Since the shared values a and b are distinct, we can assume that |a| < [b], so that

b #0.
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By (1), f has poles in C. Since f and f*) share the values a and b CM, the
following two auxiliary functions

f-a

(2) h:= 70—

and g¢:= FO =)

take on nonzero finite values at the zeros of f(*) —a (or f —a) and the zeros of f*) —b
(or f —b), respectively. Thus h and ¢ are entire functions and have the same zeros
which are just the poles of f and each of which has exact multiplicity k. It follows
that h/g has no zeros and poles and thus there exists an entire function a such that

(f —a)(f® 1)
(FO =~ )7~ b)

1 1 (b—a)?
=1+ (b—a) (f_b_f(k)—a)_(f_b)<f(k)_a).

We claim that e*, and hence « can not be constant. Indeed, if e® is constant, then
e* = 1 since the value of the right side of (3) at a pole of f is 1. Thus by (3),
h = ¢ and hence f*) = f which contradicts the fact that f has poles. Thus e®
and hence « is nonconstant. By NFT1 and LLD, it follows easily from (3) that
T(r,e*) = O(T(r,f)) and hence T(r,a/) = m(r,a/) = m(r,(e*) /e*) = S(r, f).
Further, by (3), it is not difficult to see that each pole of f with multiplicity p > 2 is
a zero of e* — 1 with multiplicity p and hence a zero of o/ with multiplicity p—1 > %p.
Thus Np(r, f) < 2N(r,1/a') = S(r, f), where N(r, f) is the counting function of
multiple poles of f, counting multiplicity. Thus by (1), the counting function N (r, f)
of simple poles of f satisfies

07

h
€ = — =
9

(3)

(4) Nu(r, f) = N(r, f) = Na(r, ) # S0, f).

Since ¢ is an entire function and all zeros of g have the same multiplicity &, there
exists an entire function G, all of whose zeros are simple, such that

(5) g=G".

Next, before we give the detailed proof, we show the outline of our proof. First by
computing out %, %7 (and % for £ = 1,2) at simple poles of f using the Laurent
series, we obtain some small functions ¢y, 1 (and wy, for k = 1, 2), see (23), (54)—(55)
and (72) below. Then by eliminating the higher-order derivatives G”, G and G,
we obtain some relations like AG' = BG with A and B being small, see (25), (57)
and (61) below. Some analysis then shows that the small functions A and B must
be vanishing, and then by some further analysis, we arrive at some contradictions.

Now we continue the proof. Let z, be a simple pole of f. Then e**0) = 1 and

a/(z9) # 0. Near zy, f has the following expansion

6)  F()= 7 ot (e 2) +as(z —20) +0[z )] (a0 #0),
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where a; are constants. Thus

(7) =t e+ 2as( = 20) £ O[22
0 e s 20y + Ol = ).
O =2 o = R Ol )

By a computation, the function e* can be expanded as

¢ =1+ /()= — 20) + 5 (20)3(20) (2 — 20)°

L) (B(0)) + B )z — 20)°

(10) 6
+ ﬂa'(%)[(ﬁ(%))?’ +306(20) ' (20) + 8" (20)](2 — 20)*
+ O[(z — 20)Y],

where

(11) g =a + Ooéz_,’/'

Next we consider three cases.
Case 1. We assume k > 3. Then by (3) with (6) and (9)—(10), near 2,

Lo -1l 1 b—a
N (f =0)(f¥ —a)

f—=0 b—a fk —q
+Ol[(z — 20)"?

B e — 1 (Z _ ZO)k-{—l
T h—a | (—1)Fkla

(1) (ea 1 (e zo)kH) L, Ole = 20

+
_ —1)kE! e?—1 | (z—zp)Ft!
b—a ( 1) k’.CLO b—a + (fl)gk!ao

v — 2 — zg)FtT .
_ < L ((_1)k]2!; ) (1+0[(z — 20)*+1)).

’ /
Thus (%)Z = % However, by (6), we have <ﬁ>zo = i It follows that
b—a

ag = iy Hence by (9) with j =k, (10) and (12), with the notion

(13) o (ED ey (=1

b—a o(z)
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we get that

(Z*ZO)’H’I

=g =t = T (14 0[(z — 20))

B _ b 1 Gz
f b b—a + (71)2k!a0

_ (z — ZO)kH O
(14) T ocle® — 1) + (2 — zp)kt! (1+0l o))

_ (2 — z)*
(—1)kEK!
1

(15) L B - 28'(20) (= — 20) + O[(= — zofﬂ |

1
[1 — 55(2’0)(2 —20)
12
On the other hand, we have

Gk = [G'(zo) + %G"(zo)(z ) 4 2 G(20) (2 — 20)+ O[(= 20)3]1 (2 — 20"

6
(].6) = [G/<Zo)]k {1 + SGQ(Z — Zo)
# 56+ M (602 - 20 0l - 0} e -
where
o G9(z) B
(17) G, = ) Jj=2,3.
Now comparing the coefficients of (15) and (16) yields that
, 1
(18) G (20))" = m,
k:G”( o) 1

(19> (ZO) §ﬁ<20)7

EG"(z0) k(= 1) G"( DV L e
oy RO D (G L (s - 28o).
By (19) and (20), we have
(1) G (z0) + 0(20)G () = 0,
(22) 6"aa) + (S BGaP + o)) 6(an) =0,
These computations show that the possible poles of the functions

" 1 l " k=3 22 1

(23) o = G ahe and Yy 1= ¢+ (@5 +30) G

G G

come from the multiple poles of f, the poles of # and the poles of %W + %ﬁ’ ,
and hence come from the zeros of . Thus we have N(r, ¢r) + N(r,¢x) = S(r, f).
Further, by LLD, we know that m(r, ¢x) + m(r, %) = S(r, f), so that

(24) T(r,én) +T(r,bx) = S(r, f).
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By the definition of the function ¢ in (23), we have G” = —%ﬂG’ + ¢r.G, and hence
G" = —1B8G" — LBG' + ¢,G + oG’ = (¢ — 18 + 56°) G' + (¢}, — 181) G. 1t
with the definition of the function ¢ in (23) yields that

k+1 1
(25) Ok +—50" ) G = n + 2Bdk — ¢l | G.

4k k
If ¢y + %52 # 0, then by (25), (24), NFT1 and the fact that G is an entire function

with only simple zeros, we get

) Vi + 1001 — ¢
Minf) <N (ng) =N <7” ot T k)

(26) )
<N (Tal/)k+ Eﬁ% —f/%g) +T <T7¢k +

E+1
4k?

w>+mn:smﬂ.

This contradicts (8). Thus ¢, + 213? = 0, and hence

k2
B E+1 ,
Now let
g/ G/
28 ==—=k—.
(28) 7= o

Then & = 1y and & = 19/ + L~2. Thus by (27) and the definition of the function

¢k in (23), we get
1 1 k+1
29 "+ =+ = Z o3 =0.
(29) v+t B =0
Next we show that (29) is impossible. Suppose that zy is a simple pole of f. Let
ca'e”
c(e® — 1) + (2 — zo)k+1

Then by the facts that c(e® — 1) + (z — 20)*"! = (=1)*k!(2 — 29) + O[(z — 2)?] and
that ca/e® = (=1)Fk! + O(z — z),

H =

' — (o) +a")]e*  cae[ea’e + (k +1)(2 — 2)"]
cle® — 1)+ (z — zg)kt! [c(e® — 1) + (2 — 20)*F1]?
= BH — H* — bl (z— 2)* 2+ O[(z — 20)* 1.

(—1)kk!
Thus by (14), near 2

_g— Z—Zok
7= g z—z cler—1)+ (2 — z)rH! + Ol /]
k+1 k+1 B
(30) R —H—m(z—zo)k + O[(z — 2)"]
(31) = L H Ol 20
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By (30), we have

s (k+ 1)? 9 H 2(k +1)? g
v = [CETAE + H* —2(k+ 1)2 0 (C1)R (z — z)F
+ %(z — 20)" 7 H +0|(z — 20)" ]

_ (k+1)? ) H 2(k+ 1)k ) L

(32 = 2k D)t — () 0l — )
; k+1 , (B+1)(k—1) k—2 k—1

v _—m—}[ ey (2 —20)" "+ O[(z — 20)"]

3 = I - & T_ligfkj 2 (= )2+ O[(x — 20)*7Y).

Substituting (31)—(33) into (29), we can get

(34 (H 2 —1 0 %ﬁ) - ﬁ(z — )+ Oz — 20"

Since near zy,
1 1
pr— 55 = E[(ﬁ(%))? — 20'(20)](2 — 20) + O[(2 — 20)°]
by (34) and (35), we see that k& > 4, and for k > 4, (3(29))? — 20'(20) = 0 while for
k=4, [(8(20))* — 20'(20)]> = 96. Since Ni(r, f) # S(r, f) and T(r,3) = S(r, f), it

follows that 3> — 23’ =0 for k > 4 and (3* — 23')? = 96 for k = 4.
For the former case, by 5% — 23" = 0, we get

(35)  H-—

2
f=-
z+c
for some constant ¢. Since 8 = o + 2—/,, = (C;,,e;)/, we get
O/ea — d
(z+¢)?

for some constant d. This is impossible.

Thus k£ = 4 and (3? — 203')?> = 96. A similar argument shows that o/ and (3 are
constants satisfying (a/)* = 8* = 96. Thus by (23) and (27), G satisfies the equation
G" + %ﬂG’ + %QQG = 0. Solving this equation yields that

(36) G(2) = Cre™ ' R

821‘52(016%1',62 + 02)7

pz + 026_

where C and Cy are constants. Since ' is a nonzero constant, f has no multiple
poles, so that N(r,1/G) = Niy(r, f) # S(r, f). Thus the constants C; and Cy are
nonzero. We claim that

(37) erifr = 22— e3fr= D,
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for some constant D. In fact, let z; be a zero of ez + g—f, then by (36), G(z1) =0
and hence z; is a simple pole of f, so that by (18), [G'(z1)]* = 5;. By (36), we have

1—2¢

, _1-2ig. 1422 _142ig, !
e = )

1—2

. 5 1420 \*
(38) :g‘ie—%ﬁZ(e—%zﬂZ)?( O Be2i + g ’cg) ,

By letting z = z; in (38), we see that

. -\ 4
(39) e3P — 2431 (1) <—1_21 ”2@) |

8 b+ 8
This proves the claim (37). However, by Lemma 3, (37) is impossible.

Case 2. We now assume that £ = 2. The process of the proof is similar to that
of Case 1. Near the simple pole zy of f, by (3) with (6), (8) and (10), we have

Lo_e=1 1 b-a
f=b b—a f"—a (f=0)(f"—a)
~d(20) o' (20)8(20) 2
— m(z — 20) + m(z — 2p)
(a0 (Gl (e + ol + 5 ) 2 = 20+ Ol = )]

However, by (6), we have

1 Z— 2

f=b a0+ (a1 —b)(z — 20) + az(z — 20)? 4+ O[(z — 20)?]
(41) = i(z—zo) _ o _b(z—20)2 — ((a2 - (a1 =) ) (z — 2)?

ao (ao)? ap)? (ap)?

+ O[(z — 20)*].

Thus by (40) and (41), we see that

(12) Lo
a1 —b  d(2)B(20)

(43) @)? ~ 20-a)

a (=0 () 0 e gy L
(44) (aO)Q (a0)3 6(b— a) [(ﬂ( 0)) +ﬁ< 0)] 2%'
It follows from (42)—(44) that

b—a 1 Qg 2 /
(45) ap = m, a; =b— 5%5(2‘0)7 Ay = ﬁ ([5(20)] - 20 (ZO) - 6) .
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Thus by (6), (8) and (45),

2 f_b
G" = 9= f// -
_ ao+ (a1 —b)(2 — 20) + a2z — 20)* + as(z — 20)° + O|(2 — 20)"] (2 — 2)?
2a0 + (2a3 — b)(z — 20)? + O[(z — 20)] 0
1) = 3[1+ Bt )+ B 4 - )

+ Oz =) 2 = 20

1 1 9 , 2
= 5 [1- 39G0G = 200+ 15 (Bl = 28:0) - ) (2~ 0
ba (20)
P2 -a)

On the other hand, we have

l\DI»—

(z —20)* + O|(2z — z0)4]] (z — 20)%

G* = {G/(zo) + %G”(zo)(z —29) + éG’”(zO)(z — 29)?

+ Gl = )+ Ofle = )] (2 o)

o G (z0) G"(z0) (G (0 :
= [E Gl [“G(zo (2‘%”(3@( >+ oG ()P )< =)

(4) 20 " 20 " 20 ,

By comparing the coefficients of (46) and (47), we get

o) =5,
(a9 ey = —300)

G/”(Zo) [GI/(ZO>]2 1 , /
3G/ (z) | A[G(z)2 12 ([8(20)]* = 28'(20) — 6) ,

GW(z)  G"(2%)G"(20)  ba'(2)
(50) 12(;/(20)Jr 6[G"(z0)]2  2(b—a)

It follows that

(49)

1
(51) G + 55(}’ =0,
1

(52) G" — E(52 -84 —24)G'| =0,

20
1

(53) GW — G (63 — 833" — 245’ + ﬂb@ ) G| =0.

20
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Thus by the same argument used to prove (27), it follows from (51)—(53) that the
functions

G lG/ G///_i 2_8/_24G/
(54> ¢2 = +T2/67 I/JQ = 16(6 G /6 ) )
4) _ 1 3 _ / / 96b ./ ’
(55) oy G (B SﬂﬂG 240 + Lo/) G
satisfy
(56> T(Ta ¢2> + T<7”7 ¢2) + T(Tv w2) = S(Tv f)

By the definition of ¢, G"” = —%ﬂG’ + ¢»G, and then G"” = (}152 — %ﬁ’ + (;52) G+
—1B¢py + ¢,) G. This with the definition of vy shows that
(=3 5

(57) (%52 + g + ¢2) G = (% + %5% - ¢/2> G.
If 252+ 3 + ¢ # 0, then as in Case 1, we have by (57)
1 1 , 1
Ni(r, f) < N( ,5> <N <T7¢2+§ﬂ¢2—¢2> +N (ﬁm)
(58) <T (r, P2 + %ﬁ% - ¢>’2> +T (r, 13—652 + g + gbg) +0(1)
= S(r, f).

This contradicts (4). Thus &% + 2 + ¢, = 0, and hence

3 , 3

(59) P2 = _1_6ﬁ ~ 3

so that by the definition of ¢o, G" = —%BG’ — (13—662 + %) (G, and hence by differen-
tiating two times,

GW = %(ﬁ?’ + 2483 — 83"\ G'

256
Thus by (55) and (60),

(60) 3 3 3 3 3 3 9
4 2t 2 /\2 1" /
( ﬁ+§ﬁﬂ+ﬁﬁ_§(ﬂ>_§ﬂﬁ +§ﬁ+l_l)G‘

(61) (5ﬂ' +36+ 36 — 5" — %a’) G' = 2(wy — A)G,

where A is the coefficient of G in (60). Using (4) again and (61), we have

(62) B8 430435 — ' — ool =0,

1"

Since 3 = o' + %, by (62), we see that o’ has no zeros, so that o/ = €7 for some
entire function 7. Thus by (62), we have

12b
(63) 7'’ + (37'/ +3 - T ) e +7 7" +37"+37" - 7" =0.
—a
It follows that 7 is a constant and hence a = —3b. Since a # b and we have assumed

la| < |b|, this is impossible.
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Case 3. We now consider the final case k = 1. In this case, G = g. The process
of the proof is similar to that of Case 2. Near the simple pole zy of f, we have
1 e* —1 N 1 N b—a
f=b " b—a  J—a -0 -a)

_ o) (z—20) + <—a/2((zg)_ﬂf)o) - aio) (z — 2)?

(64) T ( C020) 1300072 + B (20)] - ‘L) (2 20"

6(b—a) (ao)?
C]{/(ZQ) 3 / "
+ (m[(ﬁ(zo)) + 38(20)8'(20) + 8" (20)]
(b—a)(ai —b) ax—a

_I_

) (2 — 20)* + O[(z — 20).

(ao)? (ao)?
However, by (6), we have

1 Z— 2y

f=b a0+ (a1 —b)(z — 20) + az(z — 20)? + O[(z — 20)?]
—iz—z —al—_bz—z 2 (22 —<a1_b)2 2z —z)?
(65) — —em a0 - e - ) =)

o (a0)*  (ao)?

- s _2(a1—b)a2 (al_b)S 2z — z)* z—2)°
((a0)2 (ao)? * (ag)* ) ( o) + O[( 0)’]-

Thus as dong in Case 2, by comparing the coefficients of (64) and (65), we can
compute out the coefficients ag, a1, as and agz in proper order:

ao = b;,a - b_%(ﬁ—Q)ao
1 2 1 / /
(66) ag = Eﬁ —ﬁ—gﬁ +1—|—Oé) ap,
e 1 5 1., 1, 5 2b—3a\ ,
=[5 g7 =505 g2 (5 )]
Thus by (6), (7) and (66),
_f-b
9="73
~ap+ (a1 — b)(z — 2) + az(z — 20)* + as(z — 20)* + O[(z — 20)"] (2 - 2)
N —ag + (a2 — b)(z — 20)? + 2a3(z — 20)% + O[(z — 20)?] 0
(67) _ [1+a1a;b(2_20)+ QCLZO—Z)(Z_ZO)Z
+<3a—‘23+ (4 _(20(;2_b>> (2 = 20)* + +O[(= — 20)"]| (= = =)

= —(z—20)[1 + X (20)(z — 20)
+Y (20)(2 = 20)* + Z(20)(2 — 20)* + O[(z — 20)"]],
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where
(68) X = —%(5_2)7
(69) Y - éﬁZ_Qﬂ_%ﬁ/+2+bb_—aaa/’
Z = —2—1463 + %62 + %56’ — 96 — gﬁ’ - é@" +7
) 4
(70) B (22 - 225 B 22 - aa) N

By (67), we see that
(1) ¢'(20) = =1, ¢"(20) = =2X(20), 9" (20) = =6Y (20), ¢ (20) = —24Z(20).
As in Case 2, it follows from (71) and LLD that the functions

" _9X g " _6Yq (4)_2421
(72) o= T = =
g g g
satisfy
(73> T(?”, ¢1> + T<T7 ¢1) + T(Tv wl) = S(Tv f)

By the definition of ¢, we have ¢” = 2X ¢ + ¢1g so that ¢ = (2X' +4X%+ ¢1)g' +
(2X ¢y + ¢))g. This with the definition of ¢; shows that (2X’ +4X? —6Y + ¢;)g =
(1 —2X ¢y — ¢!)g. Then as showed above, it follows from (4) and (73) that

(74) b1 = —2X' — AX? 1 6Y, ¥ = 2X¢, + 9.

And by ¢" = 6Y ¢ + 119, we have g = (6Y' +12XY + )¢’ + (6¢1Y +})g. This
with g = 247¢' +wi g shows that (6Y'+12XY —24Z +1))g = (w1 —6¢1Y —1)g.
As above, it follows from (4) and (73) that 6Y” +12XY — 247+, = 0. It with (74)
shows that

(75) 12’ +24XY — 12X X' —8X® —2X" — 247 = 0.

Substituting (68)—(70) into (75), we get

24b — 48@0/ n 12b — 24@0/, _o.
b—a b—a

Since § = o + 2—,,/, by (76), we see that o/ has no zeros so that o’ = e for some entire
function 7. Thus = €™ + 7'. Therefore, it is not difficult to see from (76) that 7
and hence o = 3 are constants satisfying

33b — 27
(77) 3 - Ta
Since o/ = [ are constant, by (68) and (69), we have X = —1(6 —2) and Y =

1% — 2+ 2. And thus by (74), ng —2tlag 4 8 Therefore, by (72), g satisfies
the differential equation

(76)  —283% + 1563 + 143" — 104 + 240/ —

B+ 26 = 0.

2b+4

(79 g+ -2+ (G- 8) g =0

Since N(r,1/g) = Ni(r, f) # S(r, f), the characteristic equation of (78)
2b+4a

(79) N+ (8 —2)A —(—-8=0

b—
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has two distinct roots A;(# 0) and Ay, and ¢ has the form
(80) g = C1eM* + Che?,

where C and Cy are nonzero constants. By (71), g(z) = 0 = ¢/(z) = —1. Thus by
(80), we see that

(81) eMamh)z — 22— ez — O

where (5 is a constant. It now follows from Lemma 3 that there exists an integer n
such that

(82) Ao =n(A — o).
For convenience, set
b
(83) p=——
Since A; and )y are the roots of (79),
(84) M+ A=—F+2,
(85) Mg = (6p —4)3 — 8.

By (82) and (84), we get My = %5 (8 — 2)?, where m = n(n + 1) > 0. Thus by
(83) and (85), we get
(86) 3% — (64 27)5 + 26 = 0,
m

—92)?2 _ —4 = 0.
(57) (52— G- 4)5 8 =0
Eliminating p by (86) and (87), we get

120 31 68 18

(88) - m + m+1s

3m+1 + 3m—+1
Thus
120m + 31 4+ v/13584m?2 + 6952m + 889
(89) B=p0s=
23m +1)

is a positive real number. It can be verified that 5, > 26 and 0 < f_ < 1. Hence
either 5> 26 or 0 < # < 1. By (78), we have

3+ 26 (6 = 1)(5 = 26)
B g
So  is a positive real number. Thus by (83) and b # 0, |a| = “TH|b| > |b|, which
contradicts the assumption that |a| < |b|.

Step 2. We now finish the proof by assuming that f*) # f. By Step 1, we have
now

(91) N(r, f) = S(r, f).
Since f and f* share a and b CM, we have obviously f*) —a # 0 and f*) —b # 0.
We claim that h and ¢ defined in (2) are nonconstant.

In fact, if h is constant, then h # 0 since f is nonconstant. Also by f*) # f.
h # 1. If f takes the value b at some point z, then by the condition, f®)(z) = b.
Thus by (2), we get h = 1, which is ruled out. So f # b, and hence f* # b. By (2)

(90) 6p
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and the assumption that h is constant, f satisfies the linear differential equation of
constant coefficients

(92) hf® — f 4 (1= h)a = 0.

By solving the linear differential equation (92), we see that f is a linear combina-
tion of finitely many exponential functions e**, A € C with constant or polynomial
coefficients. Thus f is an entire function of order at most one, so that by f # b,
f = b+ Ce?* for some nonzero constants A and C. Thus f* = CA¥e**. Since
f®) £ b, we get b =0 and hence a # 0. Thus f = Ce??. Substituting it into (92)
gives that C'(hA* — 1)e?* 4 (1 — h)a = 0. It follows that C'(hA* —1) = (1 — h)a = 0.
Since a # 0, we get h = 1. However, this is ruled out. The claim is proved.
By (2) and (91), we have

(93) N(r,1/h)+ N(r,1/g) < 2kN(r, f) = S(r, f).

Case 1. Assume that a = 0. Then by LLD, we get m(r,1/h) = S(r, f). Thus
by (93), T'(r,1/h) = m(r,1/h) + N(r,1/h) = S(r, f), and hence by NFT1, T'(r,h) =
T(r,1/h) + O(1) = S(r, f), so that by LLD,

"l ) o )

(n L5 - L) + st = st

=m|r, —— |+ olr,J)=0o(rT1).
f=b

Further, since f and f®) share the nonzero value b CM, each zero of f(z) — b of

multiplicity p must be a zero of h — 1 of multiplicity at least p. Thus by NFT1 and
the fact that T'(r, h) = S(r, f), we have

(95) N(r,fib) gN(r,hi1> <T(r,h) +O(1) = S(r, f).
It now follows from (94), (95) and NFTT1,
(96) T(r f) = m <7“, ﬁ) LN (r, ﬁ) +0(1) = S(r f).

This is a contradiction.
Case 2. Now suppose that a # 0. Then by (2), we have
I f/ f(lc+1)

It follows that

{(f —a)(f=b)  (f®—a)f® f—b

1 f/ f/ f(k) f(k+1) f(k:—i—l)
[a—b (f—a_ f—b> a(f D) (f(’“)—a_ f® )] '

f f(k+1) f(k) ]
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Thus by LLD and NFT1, we get
L < h +S(r,f)<T " +S(r, f)
VR - — r
m T’f—b =m|\r r, f) < T ,

<N (r,%) +S(r, f) < N(r, f) + S(r, f) = S(r, f).

Similarly, by considering the function g, we also have
1
(100) nz(nj,_a>==50:f)

Further, since f and f*) share the nonzero values a,b CM and f*) # f, we have by
LLD, NFT1 and (91)

(k)
N<r,ﬁ> —i—N(r,ﬁ) gN(n%%) gT(r,fT—1> +0O(1)
N (r, fO/f) +m (r, fP/f) +0(1)
EN(r,f)+ N(r,1/f) + S(r, f)
T(r, f)+ S(r, f).

(99)

(101)

IN

IAIA

By (99)-(101) and NFT1, we now have

2ﬂnﬁ:TC;1 )+TG;1 >+mn

(102) - < fia> I ( ﬁ)

LN (r, ﬁ) LN (rﬁ) +0(1)
<T(r f) + S(r, f).

This is also impossible. The proof of Theorem 1 is thus complete.
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