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Abstract. Fix r € (0,1/3]. We discuss a class of self-similar sets {K,,},>1 with complete
overlaps, where K, = (rK,,)U (rK, +r"(1 —r))U (rK, +1—r). We prove that for any ny,ns > 1,
K,,, and K,, are Lipschitz equivalent.

1. Introduction

Suppose {h;: R™ — R™}%_ are contractive similitudes. We say that a compact
set A = hy(A)U---Uhg(A) is a self-similar set with overlaps, if there are i # j such

Self-similar sets with overlaps have very complicated structures. For example,
the open set condition (OSC), which means the overlaps are little, was introduced by
Moran [18] and studied by Hutchinson [10]. Schief [24], Bandt and Graf [1] showed the
relation between the open set condition and the positive Hausdorff measure. Falconer
[6] proved some “generic” results on Hausdorff dimension of self-similar sets without
the assumption about the open set condition. Omne useful notion “transversality”
to study self-similar sets (or measures) with overlaps can be found e.g. in Keane,
Smorodinsky and Solomyak [11], Pollicott and Simon [19], Simon and Solomyak [25]
and Solomyak [26]. Feng and Lau [9], Lau and Ngai [14] studied the weak separation
condition. Please refer to Bandt and Hung [2], Sumi [27| for some recent work.

For self-similar set E\ = FE)\/3 U (E\/3 + A/3) U (E\/3 + 2/3), a conjecture of
Furstenberg says that dimy £y = 1 for any A irrational. Swiatek and Veerman [28]
proved that dimy Fy > 0.767 for every A irrational. Kenyon [12], Rao and Wen [23|
obtained that H!(E\) > 0 if and only if A = p/q € Q with p = ¢ # 0 (mod 3). The
key idea of 23] is “graph-directed struture” introduced by Mauldin and Williams [17].

In particular, Rao and Wen [23] studied the self-similar sets with “complete over-
laps”.
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Definition 1. We say that a self-similar set A = hy(A)U- - -Uhy(A) has complete

overlaps, if there are words iyig - -+ i,, € {1, -+ ,k}"", j1jo - Jn, € {1,- -+, k}"* with
i1 # j1 such that
(1'1) hiy o hiy 0---0 hi(nl)(x> = hjl © hj2 ©-+0 hj(n2>(x)'

Here (1.1) implies h;, o hj, 0---0 hi(nl)(A) = hj ohj0---0 hj(n2)(A)-

Remark 1. The cases according to “complete ovelaps” and “OSC” are quite
different. For example, suppose hy, - - - , hy have the same ratio ov. Then (1.1) implies

_log(k"—1) —log k/loga. However OSC implies

ny = ne = n and dimg A < log a7

dimyg A = —log k/ log .
Remark 2. It is shown in [23] that for A € Q, dimy £, < 1 if and only if E,

has complete overlaps, Fs/3» has complete overlaps and dimpy E5/3» = logs %g for
all n > 1.

The other interesting topic on self-similar sets is their Lipschitz equivalence. Here
two compact subsets X7, X5 of Euclidean spaces are said to be Lipschitz equivalent,
if there is a bijection f: X; — X5 and a constant C' > 0 such that for all z,y € X,

Cla —yl < |f(x) = f(y)] < Cla—yl.

If compact sets X; and X, are Lipschitz equivalent, then dimy X; = dimyg X5. How-
ever, it is worth pointing out that Cooper and Pignataro [3], Falconer and Marsh [§],
David and Semmes[4] and Wen and Xi [30] showed that two self-similar sets need not
be Lipschitz equivalent although they have the same Hausdorff dimension.

For self-similar sets without overlaps, Cooper and Pignataro [3], Falconer and
Marsh [8], David and Semmes [4] and Xi [32] posed some algebraic conditions upon
the ratios of similitudes for two given self-similar sets without overlaps to be Lips-
chitz equivalent. The quasi-Lipschitz equivalence, which is weaker than the Lipschitz
equivalence, was studied for self-conformal sets and Ahlfors-David regular sets in Xi
[31] and Wang and Xi [29], respectively. The Lipschitz embedding of fractals can be
found in Llorente and Mattila [15], Mattila and Saaranen [16] and Deng and Wen et
al. [5]. Please also refer to Rao, Ruan and Yang [21| and Rao, Ruan and Wang [22].

For self-similar sets with overlaps, an interesting result is on the {1,3,5}-{1,4,5}
Problem which was posed by David and Semmes [4]. Let H, = (H,/5) U (Hy/5 +
2/5) U (Hy/5 + 4/5) be the {1,3,5} self-similar set, and Hy = (H2/5) U (H2/5 +
3/5)U(Hy/5+44/5) the {1,4,5} self-similar set. The problem asks about the Lipschitz
equivalence of H; and H,. Rao, Ruan and Xi [20] proved that H; and H, are Lipschitz
equivalent. Furthermore, Xi and Ruan [33] proved that for given 7,749,735 € (0,1)
with ry + ro + r3 < 1, self-similar sets J; and Jy are Lipschitz equivalent if and only
if logr/logre € Q, where

Jl = (T1J1> U <T2J1 + 1-— To — 7"3) U (7"3<]1 + 1-— 7“3),

14+7r —re—13

J2: (T1J2>U<T2J2+ >U<T3J2+1—7’3).

2
Xi and Xiong [34] generalized the result on the {1,3,5}-{1,4,5} Problem to the higher
dimensional spaces. Given integers n > 2 and m > 1, for A, B C {0,1,--- ,(n—1)}"™,

let E4 = Ugea EAn+a and Eg = Upep Effb be self-similar sets in R™. Suppose that

E 4 and Ep are totally disconnected. Then it is proved in [34]| that F4 and Ep are
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Lipschitz equivalent if and only if A and B have the same cardinality. Please also
refer to Wen and Xi [30], Xi and Xiong [35] and Zhu et al. [36].

We notice that for the self-similar sets considered in [20], [30], [33]-[36], the open
set condition holds, which means two pieces of self-similar sets touch a little. In this
paper, we will consider a quite different case according to complete overlaps.

Fix r € (0,1/3]. For any integer n > 1, let K, be a self-similar set satisfying

K,=(K,)UrK,+rm1-r)U@rK,+1-—r).
The main result of the paper is stated as follows.

Theorem 1. For any ny,ne > 1, K,,, and K, are Lipschitz equivalent.

Remark 3. K, has complete overlaps. In fact, K,, is generated by
(1.2) Si(z) =rx, Sy(x)=rz+r"(1—r), Ssz)=rz+(1—-r).

Let Siyigoiy = Siy 0 S, 0+ 0.8, and [1]* be the word composed of ¢ digits 1. Then
Spyns(x) = Soppn () = r"Ha +r*(1—r).

Remark 4. For r = 1/3, K,, = Ey/3» and it is shown in [23| that {K,}, have
the same Hausdorff dimension. In fact, the technique in [23| can deal with dimension
for any self-similar set A = U¥_,(A/n + b;) where n € N and b; € Q for all i. In this
paper, fix any ratio r(< 1/3) rational or irrational, for the special fractals {K,},,
we prove that {K,}, belong to the same Lipschitz equivalent class, which implies
{K,}» have the same dimension.

Remark 5. For 7 € (0,1/3], let K = (r'?2K)U (rK + 1 —r) be a self-similar
set without overlaps. Proposition 5 in Section 6 says that K, and K are Lipschitz
equivalent for any n.

We organize the paper as follows. Section 2 is the preliminaries, including the
counting function L(m) (Lemma 1), the graph-directed sets (Lemma 2) and their
corresponding criterion for Lipschitz equivalence (Lemma 3). In Section 3, for K,
we construct the graph-directed sets with ratio » and adjacency matrix M, defined
in (3.1). In Section 4, for K; we construct some graph-directed sets with ratio r
and the same adjacency matrix M,. Then it follows from Lemma 3 that K; and
K, are Lipschitz equivalent, hence Theorem 1 is proved. In Section 5, we obtain the
Perron—Frobenius eigenvector of the matrix M,, in terms of the counting function
L(m) and the Fibonacci sequence. Section 6 shows that K, is Lipschitz equivalent
to a self-similar set K (in Remark 4) without overlaps.

2. Preliminaries
Fix r € (0,1/3] and integer n > 1. Let E, F be the self-similar sets satisfying
(2.1) E=rEU(E+r(1—r)U(rE+1—r),
(2.2) F=rFU@F+r"1-r)U(@rF+1-r).

Notice that £ = K; and F = K,,.
Therefore for proving Theorem 1, we only need to prove the following proposition
(in Section 4).

Proposition 1. E and F' are Lipschitz equivalent.
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Given any integer m € [0,2" — 1], let
m = xoxy- - Tpq (ry=0o0r1),
be the dyadic representation of m, that is m = 2" 'xg +2" 22, +--- + x,_;. Then
we define the counting function
n—1
(2.3) L(m) = L{zozy - @01) = ) i,
i.e., the number of digits 1 in xgz; - - - x,_1. We have the following lemma.
Lemma 1. Suppose m = xgxy---x,_1 € ZN[0,2" — 1|. Then
L(2m) = L(m) and L(2m + 1) = L(m) + 1 when m < 271
L(2(m —2""1)) = L(m)—1 and L(2(m —2"*) + 1) = L(m) when m > 2""1.
Proof. When m = zy---x,_1 € [0,2"1), we have 2y = 0,

L(2m) = L(zy---x,-10) = L(0zy - - - 2,_1) = L(m),

and L(2m + 1) = L(xy -+ xp-11) = L(0zy - - - xp—1) + 1 = L(m) + 1.
When m € g+ -z, = [2"7,2" — 1], we have zy = 1,

L2(m —2"")) = L(z1--2,10) = L(1xy - - - 2,,1) — 1 = L(m) — 1,
and L(2(m —2"1)+1)=L(z,- -2, 11) = L(lxy - - 2,_1) = L(m). O

Recall the notion of “graph-directed structure” [17] as follows.

Let (V,€) be a directed graph, where V' = {0,---,(m — 1)} and £ are vertex
set and edge set respectively. Denote by &; ; the set of edges from vertex i to vertex
j. For this graph, we consider the adjacency matriz A = (a;;)o<ij<m-1 defined by
a;; = #E&;j. Let p(A) be the spectral radius of A. The graph is said to be transitive,
if for any vertexes ¢ and j, there exists a directed path starting at ¢ and ending at j.

To simplify the structure, we assume there exists 7 € (0, 1) such that every edge
e € £ is equipped with a contracting similitude S,: R™ — R" with ratio 7. By [17],

there exists a unique family of non-empty compact sets I'g,I'y,--- ,I',,_1 such that
for any 1,

m—1
(2'4) I = U U Se(rj)'

j=0 ee&,j

Here {I'y,T'1, -+ ,['_1} are called graph-directed sets on (V, &) with ratio 7. Fur-
thermore, we say that {I';}7,' are dust-like graph-directed sets on (V, &), if the right
hand of (2.4) is a disjoint union for each 0 <i <m — 1.

By [17], we have the following lemma.

Lemma 2. Suppose that {I'; 7;_01 are dust-like graph-directed sets on a transitive
graph with ratio 7 and adjacency matrix A. Then for every i,

dimy I'; = —log p(A)/ log 7.
Theorem 2.1 of [20] yields the following lemma for Lipschitz equivalence.

Lemma 3. Suppose {I';}1"5" and {T;}7," are dust-like graph-directed sets with
the same ratio and the same adjacency matrix. Then T; and T, are Lipschitz equiv-
alent for any i.
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For example, for {1,3,5} set H; and {1,4,5} set Hy mentioned above, we ob-
tained

'y = Hjy, F6:H2,
I''=H U(H +2), I = HyU (Hy + 1),
Io=HU(H +2)U(H+4), T=HyU(Hy+ 1)U (Hy+ 2).

It is pointed out in [20] that {T';}2_, and {T';}2_, have the same ratio 1/5 and adja-

[
1 10
cency matrix | 1 1 1 |, whichimplies that I'y(= H;) and I';(= Hz) are Lipschitz
11 2
equivalent.
3. Graph-directed structure
Given m = xoxy -+ T,1 € {0,1,2,-+- ,2" — 1}, set
n—1
Am = U (F—{—Zrt(l—?“)(itxt)),
ioil---in_le{o,l}" t=0

where F' is defined in (2.2). In particular, Ay = F.
Let M,, = (9i;)o<ij<2n—1 be a 2" x 2" integer matrix, where

(

1, ifi<2rl j=2i
1, ifi<2ml, j=2i+1,

gi; =<1, ifi>2m 1l j=2>i—2"1),
2, ifi>2n1 =23 — 2" 1) 41,
0

, otherwise.

\

That means

1100 0000
0011 -+ 0000

000 0 1100

0000 0011

(3.1) Myo=119 00 000 0
00 1 2 000 0

0 0 .- 1200

00 - 00 12

on X 2n
Proposition 2. {A,, }o<m<aon—_1 are dust-like graph-directed sets with ratio r and
adjacency matrix M,,, where Ay = F.

Proof. Let m = xgxq - - - x,_1 be the dyadic representation of m. We will discuss
two cases.

Case 1. 0 < m < 2"!, that is zg = 0. We only need to check

TAQm_H U (’I"Agm +1-— 7“) = Am
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For this, we notice that
Am = Avzyooz,_, = U (F + Zrt (1 —r) (i, ) )
i1-in—1€{0,1}" 71
Applying equation (2.2), we have
A, =Ty UTy,UTs,
where

T = U rF—l—Zrtl—r ztxt>,

i1-~‘in_1€{0,1}n71

= U rE 4+ "1 —r) + irt(l — r)(it:vt)> ,

i-in—1€{0,1}" 71 t=1

15 = U rF—i—l—r—l—ant(l—r)(itxt)) .

i1-in—1€{0,1}" 71 t=1

Therefore, we have

n—2
T'UT, = U (F + Zrt 1 —7)(igg12eq1) + 7" (1 —7)(0 - 1))
=0

i1-in—1€{0,1}" 71

U U r (F + Z?‘t (1 — 1) (i1 2e1) + "1 — ) (1 - 1))

i1 —1€{0,1}" 71

= U r (F + irt(l — 1) (i1 @eg1) + 7" = 1) (i, - 1))

ZAl'"7:77.7line{oJ}n t=0

- TA.]C1"'£Em1 - TA2m+1.

In the same way, we have

T3 = U (TF +1—r+ nz:rt(l — T)(itxt))

7:1"'Z‘7fL716{()71}’,171

=r U (F + irt(l — 1) (i1 meq1) + "1 = 7) (4, - O)> +(1—r)

i1erin_1in€{0,1}" =0
= TAmlmmn,l() + (1 — T‘)
=7rAy, +(1—71).

Since rAgmi1 C [0,7], rAgy,+(1—7) C [1—r,1] and r < 1/3, we have the disjoint
union

(32) Am = TA2m+1 U (TAQm +1-— T‘).
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Case 2. m > 2" ! that is 29 = 1,

1 n—1
A = Atgyoa,, = | U (F+Y (1 —7r) (i)
10=04;...i,_1€{0,1}" 1 t=0
Let
n—1
R, = U (F+ (L= r)(io) + > r'(1 = r)(isay)).
i1in—1€{0,1}" 7 t=1
Then
Apn = RoUR.
Applying (2.2), we have
n—1
Ry = U (rF + Z (1 —7)(isxy))
i1ipn_1€{0,1}" 71 t=1
[ n—1
U U (rF+r"(1—r)+ Y (1 —7r)(i2,))
Li1in—1€{0,1}" 7! t=1
[ n—1
U U (FF+ (L =r)+ > r'(1—r) (i)
_il..Ain_le{()’l}"*l t=1

= Ry U Ry U Ry 3.
In the same way as above, we obtain
Ro1 URos =1Ag 0, 11 =T A2m11.
Applying (2.2), we also have

n—1
Ry = U (rF + (L=7) + > _ri(1—r) (i)
i1-in—1€{0,1}" 71 t=1
i n—1
U U (rF+r(1—r)+ 1 =)+ (1 —r)(iw))
| i1-in—1€{0,1}" 7! t=1
[ n—1
U U (rF+2(1—7r)+ Y r'(1—r)(iz))
| i1-in—1€{0,1}" 7! t=1

=RigURioU Ry 3.
Here R; 1 = Rp3. In the same way,
RiiURy o =1Aypmy1 + (1 —7)and Ry 3 =rAs, +2(1 —r).
Therefore
A, =RoaURy2 URy3sUR 1 UR 2 U Ry 3
(3.3) = (Roa U Ro2) U (R11UR12) U Ry3
=1rAyni1 U (Ao + (1 — 7)) U (rdg, + 2(1 —1)).
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Notice that

rAgmi1 C [0,7 + Zrt(l —r)] C

0,7+ Zrt(l — r))
t=1 t=1

=[0,2r) C [0,1—7) (since r < 1/3).

Similarly,
(rAspmia+(1—7r)) C[1—r2(1—r1)),
(rAgm +2(1—1)) C[2(1 —71),00).
Then the above three intervals are disjoint, which implies the union (3.3) is disjoint.

This proposition follows from (3.2) and (3.3). O

Remark 6. For r = 1/3, Rao and Wen [23] pointed out the adjacency matrix
w.r.t Fis M,. Our approach to prove Proposition 2, which can deal with the case
of r irrational, is quite different from the technique in [23].

4. Proof of Proposition 1

Notice that Ay = F and {A,, }o<m<an—1 is dust-like with ratio r and adjacency
matrix M,,. To prove the Lipschitz equivalence of E and F’, we shall construct graph-
directed sets {B,}o<m<an—1 such that By = E and the corresponding adjacency
matrix is M,,.

Let B,, be the set defined by

) if L =
(4.1) By = Bugprown 1 =4 ) i (m)
r"(EU(E+1—r)) if L(m)=
where E is defined in (2.1). Notice that By = E.

Lemma 4. When m € [0,2" ') and L(m) = 2k, we get the disjoint decomposi-
tion

(4.2) By = 7Bapy1 U (rBoy +1r75(1 = 1)),

Proof. When m = zg--- 2,1 € [0,2"!), we have o = 0. Then L(2m) = 2k and
L(2m + 1) =2k + 1 by Lemma 1.
Applying equation (2.1), we have

By = Buyeyoowy, =7 "E
= " EU@ME 4 M =) U (P E TR (= 1))
= [r_k+1(E U(E+1-7)]U [T_k—HE + 7R - r)]
= 1rByg, 1 U (rByyoa, 0+ 7 (1 —17))
= 1Byt U (rBay + 171 —1)).
Here rByny1 C [0, 77" 1(2 — r)] and (rBay, +77%(1 — 7)) C [r%(1 —r),r~*], where
r R ) <R - 1)

since r < 1/3. Then the decomposition in (4.2) is disjoint, which is shown in Figure 1.
In this figure, we get the decomposition of 7~*E as two parts in shadows. O
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r'E

FNEUE+1-r)) P E+(1-7)
Figure 1. The decomposition of B, with m € [0,2""!) and L(m) = 2k.
Lemma 5. When m € [0,2"7 ') and L(m) = 2k + 1, we get the disjoint decom-
position
(43) Bm = TBQm U (TBQm+1 + Tﬁk(l - 7’))

Proof. When m = wg---w,_1 € [0,2"71), it should holds that zo = 0. Then
L(2m)=2k+1and L(2m + 1) =2(k+ 1) by Lemma 1.
Applying the equation (2.1), we have

By = Bigwyozy , = r*EU [r_k(E +1-— 7’)] = [T_k—HE
U ME+r " A —r)) U " E+r "1 —r)]U[r"E+r 51— 1))
We conclude that
(r " E4+r*1 =) Ccr*E+r1 - 7).
In fact, by (2.1), we also have
r R E TR =)
=B+ r A=) U E e F A=) U (e P E  2r R (1 = 1))
Therefore, we have
B, = [T_IH—IE U(r e 4+ (1 - r))] U [r_kE +r7R(1 - T)}
= [ HEU(E+L=—r)]U[r-r "B+ r7F (1 - 1))
= 1By e, 00U (1Byyoa, 1+ 1 (1 —7))
= 7 Bop U (rBamyy + 17771 —7)).
r(EU(E+1-r))

M EUE+1-r)) rE+rt(1-r)

Figure 2. The decomposition of B,, with m € [0,2"7!) and L(m) = 2k + 1.

Here r By, C [0,77*"1(2—7)] and (rBayi1+r *(1—7r)) C [r*(1—r),r F2-7r)],
where
r R ) <R =)
since r < 1/3. That means the decomposition in (4.3) is disjoint as shown in Figure 2.

In this figure, we get the decomposition of r*(F U (E + 1 — r)) as two parts in
shadows. O
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Lemma 6. When m € [2"71 2" — 1] and L(m) = 2k, we get the disjoint decom-
position
By, = rBy(m—on-1y U [TBQ(m_anl)_;,_l + k(1 — 7")]
U (1 Bygm—gn-1)11 + 1 F(1 = 1)).

Proof. When m = xgzy -+ - x, € [2"1 2" — 1], it should holds that zo = 1. Then
L2(m—-2""1)=2(k—1)+1and L(2(m—2""1)+1) = 2k by Lemma 1. Therefore,
by (2.1), we have

Bm = Bwoml"'ﬂ?nfl = TikE
B T T

(4.4)

=1 UQ2UQs.
By (2.1), we also have
Q=r*"E
= [r_k+2E U@ *2E +r 21 =) U (r " P2E 4 r k(1 — 7"))] ,
where
(r "B 47 H (1 — 7)) € Q.
since

Q= (r "?E+r "1 —r)) U PE+r " A =) U (r " PPE 20T (1 = 1)
by using (2.1) again. Hence,
By, = [r*2E U (2B 4 v 2(1 = 1)) UQa U Qs
=[P EUE+L-)|UEE " E+r A —r) U E 41— 1)
= 1By,zy 10U (TBayg, 1 A7 1 = 1)U (rByyg, 1+ 7 (1= 7))
= 1 By(m_gn-1) U (1 Bagm_an-1y11 + 7" (1 = 7)) U (rBom_gn-1y01 + 17 (1 = 1)).

FEUERL-R) U E T (1-r) FE+r(1-r)
Figure 3. The decomposition of B,, with m > 2"~ and L(m) = 2k.

In the same way, the decomposition in (4.4) is disjoint, which is shown in Figure 3.
In this figure, we get the decomposition of 7~*E as three parts in shadows. 0

Lemma 7. When m € [2"!,2" — 1] and L(m) = 2k + 1, we get the disjoint
decomposition
(45) Bm = TBQ(m,Qn—1)+1U(?"BQ(m72n—1)+1 —H”*k(l—T))U(T’Bg(m,gnq)—l—%ﬁk(l—7“)).

Proof. When m = x¢---x,_1 € [2"7!,2" — 1], it should hold that zy = 1. Then
L(2(m —2"Y)) =2k and L(2(m —2"1) + 1) = 2k + 1 by Lemma 1. By (2.1), as in
Figure 4, we have

By = Beyeyoowy,, =7 FEU™(E+1—7)]= P UP,UP;,
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where
Po=r " EBU@E M E " =) U (e E 4R = 1)),
Po=0""E4+r 1 =) U@ E 4 r 1 =) 7R (1 = 1),
Py =" E £ 2r R (1 — 7).
rN(EU(E+1-7))

r Y EUE+1-r)) PP EUE+L-r)+r(1-7) r U E+2r(1-7)
Figure 4. The decomposition of B, with m > 2"~ and L(m) = 2k + 1.
Notice that P, and P, have a common part 7 *T1E + r=%(1 — 7). Therefore, we
have
By =[r"MEU@ET"E+r M (1) URUP;.
We also have
r B UM E 4R — 1)) = 1By, 1
and
Py=1By ., 1 +r (1 —7),
P3 = T’le...wn710 + 27’7k<1 — 7").
Hence
By = rBygn_gn-1)11 U (rBygn_gn-1y41 + 1 *(1 = 1)) U (r Bygn_gn-1y + 2r *(1 — r)).

In the same way, the decomposition in (4.5) is disjoint, which is shown in Figure 4.
In this figure, we get the decomposition of »*(E U (E 4+ 1 — 7)) as three parts in
shadows. O

By Lemmas 4-7, we have the following proposition.

Proposition 3. {B,,}o<m<on_1 are dust-like graph-directed sets with ratio r and
adjacency matrix M,, where By = E.

The proof of Proposition 1. It follows from Lemma 3, Proposition 2 and Propo-
sition 3 that Ay (= F) and By (= E) are Lipschitz equivalent. This completes the
proof of Proposition 1. O

5. Properties of adjacency matrix

In the section, for the adjacency matrix M, defined in (3.1), we will discuss its

Perron—Frobenius eigenvalue and Perron—Frobenius eigenvector.

_ 145
Let a = 5

(5.1) a>=a+1 and @ =2a+1.

Let {Fi}e>1 = {1,1,2,3,5,---} be the Fibonacci sequence. Set F_; = 1, Fy = 0.
We have

(52) Fk+1 = Fk + Fk—l for all k Z 0.

, we have
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By induction, we have
(5.3) a* = aF, + F_, for all k>0.

In fact, a® = 1 = aFy + F_;, assume that a* = aF, + F,_1, by (5.1) and (5.2) we can
find

bt = a(aFk + kal) = aQFk +aF_1 = (Cl + 1)Fk + aFj_q
= a(Fy + Fyp—1) + Fy = aFypy + F.

Proposition 4. Given n > 1, the Perron—Frobenius eigenvalue of M, is w =

%5. Let V,, = (vg,v1, -+ ,van_1)T > 0 be the Perron—Frobenius eigenvector of M,
with vg = 1. Then
(5.4) Vi = (Um>(j)ﬂgm32nf1 with vy, = "™ = aFrm) + FLim)-1-

Proof. For given n > 1, by Lemma 2 and Proposition 2, we have

log wy,
(5.5) dimg (K,,) = — 2%

I

a log r
where w,, is the Perron—Frobenius (PF) eigenvalue of M,. In particular, we easily
check that dimy(K;) = —lewr - where w, = % is the PF eigenvalue of M, =

logr 2
11
1 2 )
Since K,, and K are Lipschitz equivalent, we have

Then by (5.5),
3++5

Wn =W =w=—7 (= a?).

Since the matrix M, is primitive, we notice that the eigenspace associated to the
PF eigenvalue is one dimensional. Therefore, to prove that V,, defined in (5.4) is the
unique PF eigenvector of M, with vy9 = a” = 1, we only need to check that

MV, = wV,,
i.e.,
2n—1
(5.6) ijo GmjV; = W - Uy, for every m.
We will check (5.6) for two cases.
Case 1. When 0 < m = zox; - 2p_1 < 2"!, that is 9 = 0. Then by Lemma 1,
L(2m)=L(m) and L(2m+1)= L(m)+ 1.
By the definition of M,, and (5.1), we have

o1
E i=0 ImjVj = Vam + V2mt1 = Q

= aHm) 4 P — G EM(1 4 g) = a? - M = w -y,

Case 2. When 2" ! < m = zpx1-- 2,1 < 2" — 1, that is 29 = 1. Then by
Lemma 1,

L2(m—2""1)=L(m) -1 and L(2(m—2""')+1)= L(m).

L(zm) | L(2m+1)
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By the definition of M, and (5.1), we have

2n—1
Zj:o GmjVj = Ug(m—2n—1) + 2’02(771—2”*1)4_1

_ qECm=2"Y) | o LEm=2")+)

= gFm=1 4 9L — (1 4 2q)al ™1

3 L(m)—1 L(m)

=a"-a =da’-a =W Up. O

Remark 7. Rao and Wen [23]| pointed out that w can be proved to be the PF
eigenvalue of M,, by induction. This conclusion is also a consequence of Proposition 1
(or Theorem 1) as shown in the proof of Proposition 4. Rao and Wen [23| also
obtained the recurrent structure

‘/1 = (1aa)T> e 7Vn = (anlyavnfl)Ta e

6. Lipschitz equivalent to a self-similar set without overlaps
Fix r € (0,1/3]. Let
K=@rK+1-7r)u(r'/?K)
be a self-similar set without overlaps.
In this section, we will prove the following proposition.
Proposition 5. K, and K are Lipschitz equivalent for any n.

Proof. By Theorem 1, we only need to show that K; and K are Lipschitz
equivalent.
In fact, let

Iy=K and I;=r""?K.
Then we have the following disjoint decomposition
(6.1) ly=K=K+1-r)Ur?K =(@Ty+1—r)Urly.
By using (6.1), we also have the following disjoint decomposition
Iy =r V2K = Y2[(r K + 1 —r) Ur'/2K]
(6.2) =[r(rPK) +r 21— 1) UK
= [Ty 4+ Y21 = m)]U (rTo+ 1 —r)Urly.

The above decompositions (6.1)—(6.2) show that {I'g, I'; } are dust-like graph-directed
sets with ratio r» and adjacency matrix

11

Applying Proposition 2 to the case of n = 1, we get graph-directed sets { By, B1 }
with ratio r» and adjacency matrix M;, where By = K.
It follows from Lemma 3 that K and K are Lipschitz equivalent. U
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