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Abstract. Let 1 < p < oo and let X be a metric measure space with a doubling measure and
a (1, p)-Poincaré inequality. Let 2 be a bounded domain in X. For a function f on 992 we denote
by Pqf the p-Dirichlet solution of f over Q. It is well known that if Q is p-regular and f € C(99),
then Pqf is p-harmonic in € and continuous in . We characterize the family of domains 2 such
that improved continuity of boundary functions f ensures improved continuity of Pq f. We specify
such improved continuity if X is Ahlfors regular and X \ Q is uniformly p-fat.

1. Introduction

Let X = (X,d, 1) be a complete connected metric measure space endowed with
a metric d and a positive complete Borel measure p such that 0 < pu(U) < oo for all
non-empty bounded open sets U.

By the symbol C' we denote an absolute positive constant whose value is unim-
portant and may change from line to line. Let B(x,r) = {y € X: d(x,y) < r} denote
the open ball centered at x with radius r. We assume that p is doubling, i.e., there
is a constant C' > 1 such that u(B(x,2r)) < Cu(B(z,r)) for every x € X and r > 0.
Let 1 < p < co. We assume that X admits a (1, p)-Poincaré inequality.

We denote by Cap, the p-capacity defined on X (Definition 2.5). Let Q© C X be
a bounded domain with Cap,(X \€2) > 0. For a function f on 92 we donate by Pq f
the p-Perron solution of f over 2. A point £ € 02 is said to be a p-reqular point
(with respect to the p-Dirichlet problem) if

Jim Pof(e) = £(6)

for every f € C'(092). If every boundary point is a p-regular point, then €2 is called p-
reqular. It is well known that if Q is p-regular and f € C'(99), then Pqo [ is p-harmonic
in 2 and continuous in €2. It is natural to raise the following question:

Question 1.1. Does improved continuity of a boundary function f guarantee
improved continuity of Pq f?

Aikawa and Shanmugalingam |[3| studied this question in the context of Holder
continuity. Aikawa [2| investigated this question in the context of general modulus of
continuity for the classical setting, i.e., for harmonic functions in a Euclidean domain.
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The purpose of this paper is to study this question in the context of general modulus
of continuity in a metric measure space.

Let M be the family of all positive nondecreasing concave functions ¢ on (0, co)
with ¢(0) = lim;_o ¢ (t) = 0. We say that f is ¢-Hélder continuous if | f(x) — f(y)| <
CY(d(x,y)). The modulus of continuity of a uniformly continuous function on any
geodesic space is comparable to a certain concave function. See [5, Chapter 2 §6| and
Propositions 2.13 and 2.14. The author would like to thank Kuroda for drawing his
attention to [5|. Therefore, we have only to check ¢-Holder continuity for ¢ € M to
study Question 1.1 in the context of modulus of continuity.

As a typical example of 1 € M we consider 1,4 defined by

t*(—logt)™? for 0 <t < t,
te(—logty)™? for t > tg.

waﬁ(t) = {

where either 0 < o < 1 and § € Ror a = 0 and # > 0; and ¢y is so small that
Yap € M. In particular, we write ¢, = 1,0, and we say that f is a-Hélder continuous
if f is @,-continuous.

Let ¢ € M and £ C X. We consider the family A, (E) of all bounded continuous
functions f on E with norm

|f(x) = f(y)]
| fllw.e =sup|f(z)| + sup —F——+ < 0.
PE T ek ryer U(d(z,y))
TFY
We define the operator norm
P,
HPQHLZJ _ sup || Qf”l/hQ'
reny09) N fllv.00
11,0070

Observe that y-Holder continuity of a boundary function f ensures ¢)-Holder conti-
nuity of Pqf if and only if ||Pqlly < oco.

Aikawa [2] characterized the family of Euclidean domains 2 such that || Pgl|, < o0
for ¢ € M in context of harmonic functions. We consider the same problem in the
context of p-harmonic functions in a metric measure space. It is known that there
exists ap € (0, 1] such that every p-harmonic function in any domain €2 is locally
ap-Hélder continuous in Q (see [10]). Hence, ||Pqlly < oo can hold only for ¢ € M,
in some sense, bigger than the function ¢, (t) = t*°.

Let ¢, p € M. We say that ¢ = 1 if there are 1y > 0 and C' > 0 such that

os) _ as)
o) = YU

Let M, be the family of all 1) € M with t* =< 1(t). For example, if either 0 < o <
and € Ror o =0 and 8 > 0, then .5 € My. But if @« = ap and § < 0, then
Yaop & Mo. Hence we see that My & M. Our results will be given for ¢ € M.
Let U be an open set in X and let E be a Borel set in 0U. We denote by
wy(z, E,U) the p-harmonic measure evaluated at « of £ in U. Note that the p-
harmonic measure is not a measure, i.e., the p-harmonic measure is not additive. We
define two decay properties for p-harmonic measures. We say that €2 enjoys the Local
Harmonic Measure Decay property with ¢ (abbreviated to the LHMD(%)) property)

for 0 < s<r <.
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if there are positive constants C'; and ry depending only €2 and ¢ such that

Y(d(z,a))
(r)
whenever a € 02 and 0 < r < rg. We say that € enjoys the Global Harmonic

Measure Decay property with ¢ (abbreviated to the GHMD(v)) property) if there are
positive constants Cy and ry depending only §2 and 1 such that

Y(d(z, a))
W(r)
whenever a € 9Q and 0 < r < rg. By the comparison principle (see |9, Theorem 7.2])

it is easy to see that (1.1) implies (1.2).
Without loss of generality, we may assume that € is a bounded p-regular domain
(see |3, Proposition 2.1]). For a € 0N we define a test function 7,4 on 092 by

Tan (&) = ¥(d(a,§)) for £ € Q.

Then we have the following theorem.

(1.1) wp(xz, 2N IB(a,r),2N B(a,r)) < Cy for x € QN B(a,r),

(1.2) wy(z, 02\ B(a,r),) < Cy for x € QN B(a,r),

Theorem 1.2. Let ) € M, and let €2 be a bounded p-regular domain. Consider
the following conditions:

(i) [[Pofly < oco.
(ii) There is a constant C' such that
PaTay(x) < CY(d(z,a)) forx € Q,

whenever a € 0f).
(iii) €2 satisfies the GHMD(3)) property.
(iv) Q satisfies the LHMD(3)) property:.
Then we have
(i) <= (ii) = (iil) <= (iv).

The remaining implications in Theorem 1.2 are of interest. Theorem 4.1 in Sec-
tion 4 will give the equivalence (iii) <= (iv) under additional assumptions on X and
1 € Mgy. As was observed in |3, Remark 2.4], the implication (iv) = (i) does not
hold. However, we prove that a condition slightly stronger than (iv) implies (i).

Theorem 1.3. Let 1,9y € Mg. Let 1y = 11 /1p. Suppose that lim,_ (1) = 0
and there are constants 0 < C3 < 1 and ro > 0 such that v is increasing on (0,rg)
and

v(r)  a(p) }
1.3 su : = (5 < 00.
( ) 0<p<7]";)§r0{ w(P) ¢2 (T) ’
If Q satisfies the LHMD (1)) property, then ||Pql, < oo.

Condition (1.3) looks rather complicated. We have a simple condition.

Corollary 1.4. Let ¥,9; € My. Let by = /1. Suppose that there are
constants 0 < Cy < 1 and 9 > 0 such that ¢ is increasing on (0,7y) and

: a(r)
1.4 f
(14) 0<1?§”0 Vo (Cyr)
If ) satisfies the LHMD (v, ) property, then ||Pqlly < oo.

>1
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Theorem 1.3 and Corollary 1.4 are main results of this paper. They give several
corollaries for ¢,3.

Corollary 1.5. Let €2 be a bounded p-regular domain. Consider the following
conditions:

(i) 0<a<ad <ayandf,[ €R.
(i) 0=a<d <apand f>0,0 € R.
(i) a=ad'=0and 0 < B < (.

Assume that either (i), (ii), or (iil) holds. If §2 satisfies the LHMD (13 ) property,
then ||PQ||¢Q5 < 0.

We say that £ C X is uniformly p-fat or satisfies the p-capacity density condition
if there are constants C' > 0 and ro > 0 such that

Cap,(E N B(a,r), B(a,2r))
Cap,(B(a,r), B(a,2r)) —

(1.5)

whenever @ € F and 0 < r < ry. The uniform p-fatness of the complement of a
domain €2 is closely related to the condition ||Pql[y,, < oo. For a > 0 we obtain the
following corollary.

Corollary 1.6. Let Q be a bounded p-regular domain. If X \ Q is uniformly
p-fat, then there is a constant 0 < a; < ag such that [|Pqly,, < oo for 0 < a < o
and 3 € R. Conversely, if | Pgl|y,, < 0o for some 0 < a < ag and 3 € R, then X\ Q
is uniformly p-fat, provided that there is a constant () > p such that X is Ahlfors
Q-regular, i.e.,

C™49 < pu(B(x,r)) < Cr@
for every x € X and r > 0.

Aikawa and Shanmugalingam [3| showed the case § = 0 of Corollary 1.6. For
a = 0 we obtain the following corollary.

Corollary 1.7. If X \ Q is uniformly p-fat, then || Pq||y,, < oo for every 3 > 0.

The plan of this paper is as follows. In the next section we shall define notions
of p-harmonicity, p-Dirichlet problem, p-capacity, and p-harmonic measure, and we
shall observe some properties for M. In Section 3 we shall show Theorem 1.2. In
Section 4 we shall prove that Q satisfies the LHMD(¢)) property if and only if 2
satisfies the GHMD(%)) property under certain additional assumptions. The proof of
Theorem 1.3 and Corollary 1.4 will be given in Section 5. Finally, we shall give the
proof of Corollaries 1.5, 1.6, and 1.7.

2. Preliminaries

In this section we introduce notions of p-harmonicity, p-Dirichlet problem, p-
capacity, and p-harmonic measure; for details we refer to [3], and we observe some
properties for M.

The integral mean of v over a measurable set E' is denoted by

5.
— ud,u:][ud,u:u .
w(E) Jg E "
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Definition 2.1. We say that a Borel function g on X is an upper gradient of a
real-valued function u on X if

(2.1) ju(z) — uy)] < / gds

for any x,y € X and all compact rectifiable curves v joining x and y. If (2.1) fails
only for a curve family with zero p-modulus (see |7, Definition 2.1]), then g is said to
be a p-weak upper gradient of u. We say that g is a minimal p-weak upper gradient
of u if ¢ < ¢’ p-almost everywhere for another p-weak upper gradients ¢’ of u. We
denote by g, a minimal p-weak upper gradient of u.

Definition 2.2. Let u € LP(X). We define the seminorm
lllvee ey = llullzp + 0k flgllzp,

where the infimum is taken over all p-weak upper gradients g of u. The Newtonian
space on X is the quotient space
N'?(X) = {u € LP(X): [[uf yrocx) < 00}/ ~,
where u ~ v if and only if ||u — v||y1r(x) = 0.
Remark 2.3. The Newtonian space N'*(X) with the norm || - [[yir(x) is a
Banach space. Every function v € N%(X) has the minimal p-weak upper gradient
Gu-

Definition 2.4. We say that X admits a (1, p)-Poincaré inequality if there are
constants k > 1 and C' > 1 such that for all balls B(z,r) C X, all measurable
functions u on X, and all p-weak upper gradients g of u we have

1/p
(2.2) ][ U — up(em|dp < Cr <][ q° du) .
B(x,r) B(w,kr)

A consequence of the (1,p)-Poincaré inequality is the following p-Sobolev in-
equality (see [10, Lemma 2.1]): if 0 < v < 1 and pu({z € B(z,R): |u(z)| > 0}) <
yp(B(x, R)), then there exists a positive constant C,, depending only on vy such that

1/p 1/p
(23) (£ wran) scr(f  qa)
B(x,R) B(z,kR)

If X admits a (1, p)-Poincaré inequality, then X admits a (1, ¢)-Poincaré inequal-
ity for every ¢ > p by Holder’s inequality. Keith and Zhong [8] showed that if X
is proper (that is, closed and bounded subsets of X are compact) and X admits
a (1,p)-Poincaré inequality, then there exists ¢ < p such that X admits a (1,¢)-
Poincaré inequality. Because X is a complete metric space equipped with a doubling
measure, X is proper. Therefore we can use their result.

Definition 2.5. The p-capacity of a subset £ C X is defined by
Capp<E) = H;f HuH;;J\flyp(X)a
where the infimum is taken over all u € N'?(X) such that « > 1 on E.

We say that a property holds p-quasieverywhere (p-q.e.) if the set of points for
which the property fails to hold has p-capacity zero. We let

NyP(Q) = {u € N*(X): u=0 p-qe. on X \ Q}.
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We say that u € NLP(Q) if for every € Q there is r, such that f|pg.,..) €
N'?(B(x,r,)). This is clearly equivalent to saying that f € N'(V) for every rela-
tively compact subset V' of 2. We now introduce the notion of p-harmonicity.

Definition 2.6. We call a function u € N?(Q) a p-harmonic function in Q if u
is continuous and

(2.4 [ srans [ gtoan
U U

for all relatively compact subsets U of  and all functions ¢ € N,*(U). A function
u € NLP(Q) is said to be a p-superminimizer in Q if (2.4) holds for all relatively
compact subsets U of {2 and all nonnegative functions ¢ € NO1 P(U). We call a
function u € N2P(Q) a p-subminimizer in Q if (2.4) holds for all relatively compact
subsets U of Q and all nonpositive functions ¢ € N,?(U).

Let u and v be p-harmonic functions and let a, 5 € R. Then au+( is p-harmonic.
But in general u + v is not p-harmonic. Kinnunen and Shanmugalingam [10, Theo-
rem 5.2| showed the following local Holder continuity of p-harmonic functions. Here,
we denote by oscg u the oscillation supg u — infp u.

Theorem 2.7. Suppose a function w is p-harmonic on B(x,2kR). Then there
are constants 0 < ag < 1 and C > 1 such that

ap
0sc USC(L) osc u for0<r<R.

B(xz,kr) R B(z,xR)
The constants oy and C' are independent of u, x, and R.

Next we define p-Dirichlet solutions over Q. For a function f € N'?(Q) we
denote by Hq f the Dirichlet solution of f over €, i.e., Hof is a function on Q that
is p-harmonic in Q with f — Hof € Ny?(Q). For E C X we denote by Lip(E) the
family of all Lipschitz continuous functions on E. For every f € Lip(0f)) there is a
function Ef € Lip(Q) such that f = Ef on 9. Therefore we can define Hqf by
the function HqoFE f; this is independent of the extension Ff. We say that a lower
semicontinuous function u on €2 is a p-superharmonic function in € if

(i) —oo < u < o0
(i) w is not identically oo in ;
(ili) Hov < win ' for every relatively compact subset €' of Q and all functions
v € Lip(0€') such that v < w on 9€2'.

If —u is p-superharmonic, then we say that u is p-subharmonic.
The following comparison principle is very useful in nonlinear potential theory
(see |9, Theorem 7.2|).

Theorem 2.8. Let u be a p-superharmonic function on €2 and let v be a p-
subharmonic function on ). If

(2.5) limsup v(z) < liminf u(x)
Qsr—€ Qox—¢

for every & € OS2, and if both sides of (2.5) are not simultaneously oo or —oo, then
v < in €.

Definition 2.9. Let f be a function on 0€2. Let Uy be the set of all p-superharmonic
functions v on © bounded below such that lim infos, ¢ u(z) > f(€) for each £ € OS2
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The upper Perron solution of f is defined by
Paof(x) = inf u(x) for z € Q.
uEZ/{f

Similarly, we define the lower Perron solution of f by

Pof(x) = sup s(x) forx e,

SGEf

where Ly = —U_; is the set of all p-subharmonic functions s on €2 bounded above
such that limsupg,, ¢ s(z) < f(§) for each § € 9. If Paf = Pqof, then we write
Paof = Paf, and we say that f is resolutive. We call Pqf the Perron solution of f.

A. Bjorn, J. Bjorn and Shanmugalingam [4, Theorem 6.1] showed that if f €

C(09), then f is resolutive. Moreover, if f € N'P(X), then f is resolutive and
Paf = Haf, by [4, Theorem 5.1|. We define the p-harmonic measure as follows.

Definition 2.10. Let U be an open subset of X and let ' be a Borel set in 0U.
The p-harmonic measure evaluated at x of F in U is defined by

wy(z, B,U) = Pyxp(r) forzelU.

The p-harmonic measure is not additive because of the non-linear nature of p-
harmonic functions. Therefore the p-harmonic measure is not a measure.

Definition 2.11. Let £ C U C X. We define the relative p-capacity of E in U
by

Cap,(E,U) =inf/95du,
v Ju

where the infimum is taken over all u € Ny”(U) such that u > 1 on E.

Finally, we observe some properties for M. The following proposition shows an
elementary property for M (see |2, Lemma 2.2]).

Proposition 2.12. Let v € M. If¢ > 1 and 0 < s <t < ¢s, then ¥(s) <
U(t) < ci(s).

In Section 1 we have assumed that ¢» € M is concave. The relevance of concavity
of ¢ € M follows from the following propositions.

Proposition 2.13. Let ¢ be a nondecreasing subadditive function on (0, ), i.e.,
if t1,ty > 0, then @(ty + t2) < p(t1) + ¢(t2). Suppose that lim;_o p(t) = ¢(0) = 0.
Then there is a function ) € M satisfying

SU(1) < (1) S w(t) fort >0

Proposition 2.14. Let (A,d4) be a geodesic space and let f be a uniformly
continuous function on A. Then

o(t) = p(f,t) = ) ?u[; |f(z) = f(y)| fort>0.
Ax,:;/éJASt

is a subadditive function on (0, c0).
See [2, Section 5], |5, Chapter 2 §6], and [11, Section 3] for these accounts.
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3. Proof of Theorem 1.2

To prove Theorem 1.2 we recall the following geometric property (see |6, Propo-
sition 4.4]).

Lemma 3.1. The space X is quasiconvex, i.e., there exists a constant Cs > 1

such that every pair of points x, y € X can be joined by a curve of length at most
Csd(z,y). Hence if v € E G X, then

dist(z, X \ F) < dist(z,0F) < Csdist(z, X \ F).

Proof of Theorem 1.2.  Since the LHMD(¢)) property implies the GHMD (%))
property, it is sufficient to show that Condition (ii) implies Condition (iii) and that
Condition (i) is equivalent to Condition (ii).

(ii) = (iii). Suppose (ii) holds. Let a € 92 and r > 0. Then

U(r)xom\s(arn (&) < Tau(§) for & € 0%
The comparison principle yields
Y(r)wy(x, 002\ B(a,r),Q) < Poray(xz) forz e Q.
Hence, (ii) implies that
Y(r)wy(x, 00\ B(a,r),Q) < CY(d(z,a)) forz e .

Thus (iii) follows.

(i) = (ii). Suppose ||Pql|y < 0o. Since 7, € Ay (02), we have

Patawllv.e < [[Pallyll7apllo0 < oo

By definition

Patau(t) = PoaTaw(y)| < IPaTayllv.op(dlz,y)) forz,y e

Letting y — a, we see that Pat, () < [[PaTapllv.oi(d(z,a)). Thus (ii) follows with
C = [Pataullv.o-

(i) = (i). Suppose (ii) holds. Let f € Ay(0R). Since |Pqf] is bounded by the
supremum of |f| over 0€2, it is sufficient to show that

(3.1) Paf(@) = Paf(y)l < Cllfllvo0v(dz,y)) forw,y e

Let z,y € Q. Without loss of generality, we may assume that dist(z, X \ Q) >
dist(y, X \ Q). Let R = dist(z, X \ ©2)/2k. Since 0f2 is compact, we can take z* € 0Q
such that d(z, z*) = dist(z, d€2). Then Lemma 3.1 gives

(3.2) 2kR < d(z,z") < 2kC5R.
Let fo(&) = f(&) — f(z*). By definition

| fo(O] < NI fllg.00Te 0 (§)  for § € ON.
Hence, by the comparison principle and (ii), we obtain

(3-3) Pafo(2)| < Cllfllyoev(d(z,27))  for z € Q.

Let us consider two cases.
Case 1: d(z,y) < d(x,2*)/(2kC5). Let r = d(x,y). Then r < R. Since Pqfp is

p-harmonic, Theorem 2.7 gives

0SC )ngo < C(L) osc  Pafo.

B(x,kr R B(z,xR)
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We obtain from (3.2) that
d(z,z") < d(z,z) +d(z,2") < (1+2C5)kR for z € B(z,kR).
By Proposition 2.12 we have
B(d(z, %)) < B((1 1 2C5)8R) < (14205 mb(R).
Thus by (3.3) we obtain

osc Pafo <2 sup |Pafol < Ol fllvo00t(R).
B(z,xR) B(z,xR)

Hence

B4 [Pof(e) = Paf ()] = Pasilo) - Pafa(i)] < () If ()

Since 1 € My, there is a constant C' > 0 such that

(;) " < ngii for 0 < s < r < 2k diam(Q).

Hence by (3.4), we have

Paf(x) = Paf )] < Cl fllpoei(d(z,y)).
Case 2: d(z,y) > d(z,2*)/(2kC5). We have
d(y,z") < d(z,y) + d(z,z") < (1 + 2kCs)d(z,y).
It follows from Proposition 2.12 and (3.3) that

Paf(x) = Paf(y)| = [Pafo(z) — Pafoly)| < [Pafo(x)| + [Pafo(y)
< O fllpoo(@(d(x, 7)) + ¢¥(d(y, 7))
< C| flly00¢(d(z,y)).

Combining the above two cases, we obtain (3.1). Thus (i) follows. O

4. Equivalence between GHMD(v) and LHMD (v))

If Y = ¢q, then the GHMD(v)) property and the LHMD(¢)) property are equiv-
alent for Euclidean domains (see [1]) and for a metric measure space (see [3]). If
Y # q, it is not known whether this equivalence holds or not. In this section we
show that the equivalence holds under certain additional assumptions.

Let S(z,7) = {y € X: d(x,y) = r} be the sphere with center at x and radius
r and let A(z,r, R) be the annulus B(z, R) \ B(z,r) with center at x and radii r
and R. We say that X is linearly locally connected (abbreviated to LLC) if there are
constants Cs > 1 and 7y > 0 such that for every a € X and 0 < r < rg each pair of
points x, y € S(a,r) can be connected by a curve lying in A(a,r/Cs, Cer).

Theorem 4.1. Let Q) be a bounded regular domain. Assume that X is LLC and
there is a constant C' > 0 such that
p
,
ol =
()

p(B(a,7))

(4.1) u(Bla, R))

IN
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whenever a € 00 and 0 < r < R < diam(X). Let ¢» € M. Suppose that there exist
constants 0 < C' < 1 and ry > 0 such that

o U(r)
o e

Then 2 satisfies the LHMD(3) property if and only if Q satisfies the GHMD(3))
property.

Theorem 4.1 is new, even for the classical setting, i.e., for harmonic functions in
Euclidean domains.

The proof is decomposed mainly into two steps. First, we show that the GHMD(¢))
property implies that the uniform perfectness of the boundary (Lemma 4.3). Second,

with the aid of the uniform perfectness and a chain property, we will complete proof
of Theorem 4.1. See [3, Lemmas 5.1 and 5.2] for Holder continuity.

Definition 4.2. Let E be a subset of X. We say that F is uniformly perfect it
there are constants 0 < C7 < 1 and rq > 0 such that A(z,Cyr,r) N E # 0 for every
r € Fandall 0 <r <rg.

Lemma 4.3. Let 2 be a bounded regular domain. Assume that X is LLC and
p satisfies (4.1). Let v € M. Suppose that 1) satisfies (4.2). If Q satisfies the
GHMD () property, then 02 is uniformly perfect.

For the proof we state the following lemma, which is proved in the same way as
[3, Lemma 5.3].

Lemma 4.4. Assume that u satisfies (4.1). If 0 < 2r < R < diam(2)/2, then

1—
BB o 0B
1(B(a, R)) r

Proof of Lemma 4.3. Let a € 00 and 0 < p; < py < diam(2)/2. Suppose
A(a, p1, p2) does not intersect 9€2. Then it is sufficient to show that the ratio p;/ps
is bounded below by a positive constant C' depending only on 2 and .

Without loss of generality, we may assume that p; < py/(2C2). By the LLC
property we see that A(a,Cgp1, p2/Cs) C Q. For simplicity, we let r = Cgp; and
R = p?/CG- Then

(4.3) A(a,r,R) C Q.

(4.2) > 1.

Letting py be larger if necessary, we may assume that S(a, CgR) has a point b € 0.
Let K = B(a,r) \ §2. Observe from (4.3) that K = B(a, R) \ 2. By Lemma 4.4,

Cap, (K, QU K) Ca‘pp(‘B(a?T)’B(a’R)) o E o —p
B S by sO(ey)

Let ug be the p-capacitary potential for the condenser (K,Q U K), i.e., ux is p-
harmonic on Q, uxg =1 p-q.e. on K, ug =0 p-q.e. on X \ (QU K) and

(4.4)

Capp(K,QUK):/ gn . dp.
X

We prove that ux < 1/3 p-q.e. on B(b, BR) for some 0 < # < 1. Since r < R/2
and A(a,r, R)NoQ = 0, it follows from the comparison principle and the GHMD (%))
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property that

Y(d(z, b))
4. < (Oy—————=  f QNB 2).
(4.5) ug(x) < Cy W(R2) orx € QN B(b,R/2)
Since v satisfies (4.2), there is a constant 0 < Cg < 1 such that

0<7‘<dliI;m(Q)/2 P(Cyr)
Therefore, we have
WCTR/2)
W(C3R/2)

for every positive integer j. Now multiplying the above inequalities over j = 1,2, ..., N,

we get
Y(R/2) N
— > GV
W(CER/2)
We can find a positive integer N such that
G o1
SN — 3
Let 8 = C{ /2. By the monotonicity of ¥, if z € B(b, BR), then
w(d(z, b)) < P(BR) < ¢(R/2)/(3C3).
Hence, by (4.5) we obtain

ug(z) < % for x € QN B(b, BR)

Since ug = 0 p-q.e. on B(b, R/2) \ 2, we have ux < 1/3 p-q.e. on B(b, fR).
Next we prove that ux > 2/3 p-q.e. on B(a,R). It follows from (4.3) and the
comparison principle that

ug(r) =1 —wy(z,00\ B(a, R),2) for z € .
By the GHMD(%)), we have

wp(z, 00\ B(a, R), ) < Cy for x € QN B(a, R)

Hence (4.2) implies
ug () > for x € QN B(a, BR)
Since ug = 1 p-q.e. on B(a, SR) \ Q C B(a, R) \ 2, we obtain ux > 2/3 p-q.e. on

B(a, BR).
Let v = max{ug,1/3} —1/3 > 0. Then

p({x € B(a,2CsR): v(x) = 0}) S w(B(b, BR)) N
,U,(B(CL, 2C6R>> N LL(B(CL, 206R)) B

where v > 0 depends only on 3. Hence the p-Sobolev inequality (2.3) and the
doubling property of y imply

1/p 1/p
(/ VP du) < CR(/ qv du) .
B(a,2CsR) B(a,2kCs)

Wl o
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By the doubling property of u we have

/ wmz/ (1/3) dp > Cu(B(a, B)).
B(a,2CsR) (a,8R)

Hence, we obtain
Cap,(K.QUK) = [ gt au> [ g0 dp
X B(a,2kCsR)

> CRp/ vPdu > CR™Pu(B(a, R)).
B(a,2CsR)

This, together with (4.4), implies that /R is bounded below and therefore so is
p1/p2. Thus the lemma is proved. U

To prove Theorem 4.1 we state two lemmas in [3].

Lemma 4.5. Let 0 < R < diam(f2)/6x and let u be a p-subminimizer on
B(z,2kR). Suppose 0 < u <1 on B(z,2kR) and

p({z € B(z,R): u(z) > 1 —s})
u(B(z R))
for some 0 < s < 1. Then there exists a constant t > 0 such that
u>1—t on B(z.R/2).
The constant t is independent of u, z, and R.

Lemma 4.6. Let 0 < R < diam(Q)/6k. Let B(z1,R/2) N B(z2, R/2) # 0
Suppose u is a p-subminimizer on B(zy,2kR) with 0 < u < 1 in B(z3,2kR). If u <
1—¢; on B(z1, R/2) for some €1 > 0, then there is a positive constant eo = €9(e1) < 1
such that u < 1 — ey on B(zy, R/2).

Proof of Theorem 4.1. 1t is sufficient to show that if 2 satisfies the GHMD(v))
property, then Q satisfies the LHMD(v) property. Since 2 is uniformly perfect by
Lemma 4.3, there are constants 0 < C7 < 1 and r¢ > 0 such that A(z, C7r,r)NOQ # ()
for every z € 002 and all 0 < r < r¢. Let a € 992 and 0 < r < ry. Then we can find
p such that S(a,p) NI # ) and Crr < p < r.

Let ¢ be a small positive number to be determined later. By the LLC prop-
erty and the doubling property of y we can find finitely many points zy,..., 2y €
A(a, p/Cs, Cgp) such that the union UY, B(z;, cr) is a covering of S(a, p) that forms a
chain, that is, for every k,l € {1,..., N} there is a subcollection of balls B;,, ..., B,

., By,
such that B, = B;,, B = B;,, and B;, N B;,,, # 0 for i € {1,...,m —1}. Observe
that

<v<l1

—A4ker, Cop+4ker) C Ala, (2—4,%0) (Cs+4rc)r).

B(zj,4kcr) C A(a, Cs

%

||C2

Let ¢ > 0 be small enough so that 4xc < C7/(2Cs). Let n = C7/(2Cs). Consider

. w, (02N B(a,nr), Q) on €2,
1o on X \ Q.

Then 0 < u <1 on X and u is a p-subminimizer in X \ B(a,nr) D UYL, B(z;, 4kcr).
Fix z* € 002N S(a, p). Without loss of generality, we may assume that z* € B(zy, cr).
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Since

B(z*, (4k — 1)er) C B(z1,4ker) C X\ B(a,nr),
it follows from the comparison principle that
w(x) < wp(z, 00\ B(z", (4 — 1)er), ) for x € .
Since 2 satisfies the GHMD(v)) property and 1 satisfies (4.2), we obtain

1
u(z) < 3 for x € B(z*, fr)NQ

for some 3 > 0 independent of a and r. Since v =0 on X \ €2, we have u < 1/2 on
B(z*, pr). Hence Lemma 4.5 with R = 2¢r yields that u < 1 — & on B(zy,cr) for
some €1 > 0 independent of a and r. Since U, B(z;,cr) is a chain, we find some
ball, say B(zz, cr), intersecting B(zy, cr). Then by Lemma 4.6 we have u < 1 —&5 on
B(zs, cr) for some g5 > 0. We may repeat this argument finitely many times until, by
the finiteness of the cover and its chain property, we eventually obtain u < 1 —¢( on
Uévle(zj, cr) for some gy > 0 that is independent of @ and r. In particular, u < 1—¢g
on S(a, p). Since
wp (02N B(a,nr), Q) =1 —w,(0Q\ B(a,nr),Q) on Q,

it follows that w, (022 \ B(a,nr),) > gy on 2N .S(a, p). By the comparison principle
we have

(00 Bla,r),0) > 0,20 9B(a ). 21 Blap)) on 01 Bla. ).
0

Hence the GHMD (1)) property and Proposition 2.12 yield
Wp(.%’7 an aB(a7 7‘), an B(a’7 T)) < (A)p(.I, an 8B(a, p)a an B((J,, p))
_ Cod(w.a)) _ Ca (d(z.a)
T e W) T e Y(r)
for all z € QN B(a,p). Because p > Cir, we obtain d(x,a) > Cyr for all z €
QN B(a,r)\ B(a,p). Proposition 2.12 yields
Vd(z,a) _ 1 é(d(r.a)
P(Crr) — Cr (r)
for all x € QN B(a,r) \ B(a,p). Thus 2 satisfies the LHMD(¢) property. O

wy(z, Q2N IB(a,r),2N B(a,r)) <1<

Remark 4.7. We say that X is Ahlfors Q-regular if there exists a positive con-
stant C' such that

C™ '@ < p(B(z,r)) < Cr? for every B(xz,r).

If X is Ahlfors Q-regular with Q@ > p, then u satisfies (4.1). Moreover if X supports a
(1, p)-Poincaré inequality and X is Ahlfors Q-regular with @ > p, then X is LLC (see
[6, Proposition 4.5]). Therefore, if X is Ahlfors Q-regular with @ > p and ¢ € M,
satisfies (4.2), then ( satisfies the LHMD(v) property if and only if 2 satisfies the
GHMD(v)) property.

Remark 4.8. Let ¢ = 1¢,5. If a > 0, then ¢4 satisfies (4.2). Therefore if X is
Ahlfors Q)-regular with @) > p, then the LHMD(4,3) property and the GHMD(¢/,3)
property are equivalent. On the other hand, 3 does not satisfy (4.2), and we do
not know whether the equivalence holds or not.
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5. Proof of Theorem 1.3 and Corollary 1.4

In this section we give the proof of Theorem 1.3 and Corollary 1.4.

Proof of Theorem 1.3. Let a € 00 and u = Pqr,y. We will show (ii) in
Theorem 1.2 holds, i.e., u(z) < Cy(d(x,a)). For p > 0 we define a function f(p) by

Fo) = suwp ula)
QNS(a,p)

It is sufficient to show that

(5.1) f(p) < Cy(p)

for small p > 0. Let 0 < p < r < diam(Q2). By definition of 7,, we see that
u < P(r) + f(r)xanoBar) on 0(2 N B(a,r)). The comparison principle yields

U(LU) S w("’) + f(r)wp(x, Q N aB((L, T’), Q N B(a’a T‘))
for all x € QN B(a,r). Hence, the LHMD(%);) property implies

Ui(p) v(p) 2(p)
Y1 (r) Y(r) Pa(r) .

Without loss of generality, we assume that ry < diam(€2). We can find a positive
integer N such that CY < 1/(2C}). By (1.3) we have

(5.2) flp) < (r) + Cif(r) = ¢(r)+ Cif(r)

o(r) . alp) N}
5.3 M= su : =(C5 » < 0.
( ) O<p<7p<7"o{ 1/}(:0) 77Z)2 (T) ’
We can find the number 0 < r{, < 7y such that
ba(ro) _
=Cj'.
Ya(ro) 7

Let 0 < 7 < 15. Then by (5.3) we can find a sequence {p;}7_, such that r = py <
P1 <...<pn_1<7‘6§;0n<7"07

Va(py) N 1 ;
———— =0 < — forj=0,1,...,n—1,
¢2(Pj+1) ’ 204
and
w(p—mgj\/[ forj:(),l,...,n—l.
Y(p;)

Hence, by (5.2) we obtain

Y(p;)
¢(Pj+1)

1
f(pj) Sw(p]+1>+§f(pj+l> for.]:()’la?n_l
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These inequalities imply that

n—1
1 ¥ (po)
<M +M — + f(pn
¥ (po) ¥(po) JZ1 9 fp )@/)(pn)
< Mib(p0) + Ms(p0) + Flp) 2
U(pn)
(diam(0)
< (20 + By,
( AR
where f < ¢(diam(Q2)) and r, < p,, are used in the last inequality. Thus (5.1) follows,
and so (i) in Theorem 1.2 holds. Hence ||Pql|, < oo by Theorem 1.2. O
Proof of Corollary 1.4. Let us prove (1.3) with
¥2(Car)
C3 = sup < 1.
’ 0<7"<ro ¢2( )
Fix 0 < r <ry. Then
V2(Cyr)
< (Cs.
vo(r) — 7
By the monotonicity of 13 we can find a number p such that Cyr < p < r and
Pa(p)
= (Cs.
Uo(r) 7
Proposition 2.12 yields that
o) _ ) 1
Up) ~ (Car) T Cy
Hence we have ") )
Y(r)  Palp } 1
su : =057 < — < o0.
0<P<7P<To{ vip) wa(r) TG

Next we prove that lim,_g1(r) = 0. By the monotonicity of 15 the limit of
Yo(r) exists, as r — 0. If lim, o ¢9(r) # 0, then we would have

o h(r)

im =
This would contradict (1.4). Hence lim,_o1s(r) = 0. Since the assumptions of
Theorem 1.3 are satisfied, it follows that ||Pq||, < oc. O

6. Proof of Corollaries 1.5, 1.6 and 1.7

In this section we prove Corollaries 1.5, 1.6, and 1.7.

Proof of Corollary 1.5. We divide the proof into the following two cases.
Case 1: (i) or (ii) holds. Let ¢ = 1ag, Y1 = Yo g, and ¥y = 11 /1). Let 7o be a
small positive number. Then

ho(r) = r""_a(— log T)_ﬁurﬁ for 0 < r < ry.
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Hence v, is increasing on (0,79), and for some constant Cy € (0, 1)
: Ua(r)
in

0<r<rg w2(047’)
Since the assumptions of Corollary 1.4 are satisfied, we have ||Pql|y,, < oo.

Case 2: (iii) holds. Let ¢ = g, 1 = Yog, and ¢y = ¢, /1. Let ry be a small
positive number. Then

>1

Yo(r) = (logr) P *#  for 0 < r <.

Hence lim,_q99(r) = 0 and 1)y is increasing on (0, 7). Fix a constant 0 < 7 < 1 and
0<r<ry Let A=n"YPF) and p =r*. Then we have

Ya(p) —B'+B

Ya(r) !
and

U(p)
e vr) alp)
r). walp s
su : = =\ < .
o<p<P§ro{¢(P) Ua(r) 77}

Thus it follows from Theorem 1.3 that ||Pq/|y,, < oc. O

To prove Corollaries 1.6 and 1.7 we observe the following lemma (see [3, Lem-
ma 6.1]).

Lemma 6.1. A domain () satisfies the LHMD(p,,) property for some ay > 0 if
and only if X \ Q is uniformly p-fat.

Proof of Corollary 1.6. First suppose that X \ Q is uniformly p-fat. It follows
from Lemma 6.1 that there is a constant ap > 0 such that €2 satisfies the LHMD(,,)
property. Let a; = min{ag, as}. Then (2 satisfies the LHMD(yp,, ) property. Corol-
lary 1.5 yields that || Pql|y,, < 0o for 0 <a < a; and 3 € R.

Conversely, suppose that ||Pql|y,, < oo for some 0 < a < ag and 3 € R. Assume
that X is Ahlfors Q-regular with @@ > p. By Theorem 1.2 Q satisfies the GHMD (),3)
property. It follows from Remark 4.8 that 2 satisfies the LHMD(v,3) property. Let
0 < o < a. By Corollary 1.5 we obtain that ||Pqll,, < oo. Theorem 1.2 and
Theorem 4.1 imply that 2 satisfies the LHMD(¢,/) property. Lemma 6.1 yields that
X\ © is uniformly p-fat. O

Proof of Corollary 1.7. Suppose that X \  is uniformly p-fat. It follows from
Lemma 6.1 that there is a constant ap > 0 such that 2 satisfies the LHMD(p,,) prop-
erty. Let ag = min{ag, as}. Then Q satisfies the LHMD(¢p,, ) property. Corollary 1.5
yields that ||Pgl[y,, < oo for every 5 € R. O
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