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Abstract. A criteria on the vector-valued Banach function spaces X (B) is obtained so that
whenever a vector-valued singular integral operator is bounded on X (B), it can be extended to be a
bounded linear operator on the corresponding Morrey type spaces. Using this result, we define the
generalized Triebel-Lizorkin-Morrey spaces and obtain the atomic and molecular decompositions.
As a particular example of the generalized Triebel-Lizorkin—-Morrey spaces, we introduce and study
the variable Triebel-Lizorkin—Morrey spaces.

1. Introduction

The main result of this paper is the boundedness of vector-valued singular inte-
gral operators on weighted vector-valued Morrey spaces (see Definition 2.5). More
precisely, we find that whenever a vector-valued singular integral operator is bounded
on a Banach function space satisfying some mild conditions (see Definition 2.6), then
this singular integral operator can be extended to be a bounded operator on the cor-
responding weighted vector-valued Morrey spaces. We call this result as the lifting
principle for the weighted vector-valued Morrey spaces. The introduction of the lift-
ing principle is motivated by the boundedness of the maximal operator on the Morrey
spaces in [12]| and the boundedness of singular integral operator on the Morrey spaces
in [56]. For the statement and the proof of the lifting principle, see Theorem 3.1.

The notion of Morrey spaces is introduced in [54] to study the solutions of quasi-
linear elliptic differential equations by using their gradients. In [51, 52, 72|, a family
of function spaces arising from combining the Littlewood—Paley characterization and
Morrey spaces is used to study the solutions of some non-linear differential equations,
in particular, the Navier—Stokes system in Morrey spaces [29, 40, 51|. The above re-
sult also inspires a substantial amount of researches on function spaces. For instance,
using the ideas from the definition of Triebel-Lizorkin spaces [24, 73| and the bound-
edness of the maximal operator on Morrey spaces |12, 71|, Sawano, Tanaka, Tang,
Wang and Xu [66, 71, 74| prove that the Triebel-Lizorkin—Morrey spaces (in [71, 74],
they are called as the Morrey type Besov—Triebel spaces) are well-defined and possess
the atomic and molecular decompositions. Actually, it gives an affirmative answer to
a conjecture proposed by Mazzucato in [52].
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In this paper, we consider an extended version of Morrey spaces, we called it the
weighted vector-valued Morrey spaces (see Definition 2.5). The formulation of the
weighted vector-valued Morrey spaces consists of four components. The first one is
a general Banach function space. It plays the role of the Lebesgue spaces LP in the
definition of Morrey spaces. The introduction of the weighted vector-valued Morrey
spaces by using a general Banach function space is motivated by the results obtained
in [32]. In [32], we find that the study of Triebel-Lizorkin spaces can be generalized
by replacing the Lebesgue spaces LP and the sequence spaces [¢ by rearrangement-
invariant Banach function spaces (r.-i.B.f.s.) and sequence spaces with UMD property
(see |9, 10]), respectively.

To generalize the results in [32] to the weighted vector-valued Morrey spaces,
two main features of r.-i.B.f.s. X are essential. The first one is the Hélder equality
|E| = ||xellx||xellx where E is a Lebesgue measurable set with |E| < oo and X' is
the associated space of X (see [7, Chapter 2, Theorem 5.2]). The second one is the
notion of Boyd’s indices (see |7, Chapter 3, Definition 5.12]).

Even though the Boyd indices are not necessarily well-defined and the Holder
equality does not necessarily hold on a general Banach space, we obtain some useful
extensions for these two properties of r.-i.B.f.s. We introduce the notion of tempered
Banach function space in Definition 2.6 so that a generalized reverse Hélder inequality
is obtained for the family B = {B(xq,r): 29 € R™, r > 0} (see Proposition 2.4).

The main application of the notion of Boyd’s indices is on the mapping property
of the dilation operator (D;f)(xz) = f(tz), t > 0. For tempered B.f.s, we just
have a similar mapping property for the characteristic function of B € B only (see
Proposition 2.5). This is definitely weaker than the result for r.-i.B.f.s. but this
weaker result is already strong enough to establish the lifting principle.

The second component for the weighted vector-valued Morrey spaces is a family
of sequence spaces (see Definition 2.2). The family of sequence spaces {lz(””)}xem
given in [20] prompts the introduction of the family of sequence spaces used in this
paper.

The underlying measure for defining the weighted vector-valued Morrey spaces
is the weighted Lebesgue measures given by the Muckenhoupt A, weight functions.
In order to identify the correct family of Banach function spaces associated with an
A,-weighted Lebesgue measure, we are led to the notion of p-convexity. We find that
when w € A,, the family of p-convex Banach function spaces shares some important
features of the weighted Lebesgue spaces LP(w) that are crucial on extending the
boundedness of singular integral operators for B.f.s. to the corresponding weighted
vector-valued Morrey spaces.

The final component is a “Morrey weight function”. In the Morrey spaces, it is
given by \B]%_%, B eB,1<p<qg<oo. As the underlying measure is a weighted
Lebesgue measure, we introduce the corresponding Morrey weight functions adapted
to weighted Lebesgue measures in Definition 2.4.

We apply the lifting principle to study the “generalized Triebel-Lizorkin—-Morrey
spaces” defined via the Littlewood—Paley function (see Definition 5.2). We find that
whenever the generalized Triebel-Lizorkin—-Morrey spaces are well defined relies on
the boundedness of a particular singular integral operator. Furthermore, we also
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show that once that particular singular integral operator is bounded, then the gener-
alized Triebel-Lizorkin-Morrey spaces admit the atomic and molecular decomposi-
tions. This extends a line of researches on the atomic and molecular decompositions
of several families of function spaces such as the Triebel-Lizorkin spaces |24, 73|, the

Triebel-Lizorkin-Morrey spaces [52, 66, 74|, the Littlewood—Paley spaces [32|, the
Q

Triebel-Lizorkin spaces F'
p(-)q

duced in |20, 75].

In order to demonstrate the use of the above results, we consider variable Morrey
spaces and variable Triebel-Lizorkin—-Morrey spaces. The variable exponent analysis
recently gains a lot of attentions [4, 5, 14, 15, 17, 18, 19, 20, 21, 36, 41, 44, 49, 50, 57,
75| because the boundedness of several important linear operators in analysis, espe-
cially, the Hardy—Littlewood maximal operator, can be established for the variable
Lebesgue spaces [14, 17, 19]. In addition, it provides a theoretical background on the
studies of electrorheological fluid dynamics [1, 2, 61, 63, 64] and imaging processing
[11].

The variable exponent Morrey spaces is introduced in [4, 41]. An extension of
Triebel-Lizorkin spaces with the Lebesgue spaces replaced by the variable Lebesgue
spaces is given in [20, 75]. In this paper, we obtain a similar extension for Morrey
spaces and Triebel-Lizorkin-Morrey spaces and this extension is achieved by using
the lifting principle.

Section 2 presents some definitions introduced in this paper, including the notion
of tempered Banach function spaces and the weighted vector-valued Morrey spaces.
The main result is stated and proved in Section 3. For the rest of this paper, they are
applications of the lifting principle. In Section 4, we have the application of the lifting
principle on the Littlewood—Paley characterization of function spaces. Section 5 gives
a general study on the generalized Triebel-Lizorkin—-Morrey spaces. Section 6 delivers
the results for an important example of the generalized Triebel-Lizorkin—Morrey
spaces, the variable Triebel-Lizorkin—-Morrey spaces.

(»(R") and the variable Triebel-Lizorkin spaces intro-

2. Preliminarily results

We give some definitions and preliminarily results in this section.

Let S'(R") denote the class of tempered distributions and S(R™) denote the
class of Schwartz functions. Moreover, So(R") = {f € S(R"): [g. 2" f(x)dz =
0,Vy € N"}. For any « € R" and r > 0, let B(z,7) ={y € R": |[v —y| < r} and
B = {B(xg,r): zo € R, r > 0}.

We adopt the definition of quasi-Banach function spaces from |7, 58|.

Definition 2.1. Let w be a measure on R". A quasi-Banach lattice X C
M(w, C) is said to be a quasi-Banach function space (¢-B.f.s.) if
) || - llx is a quasi-norm,

(2) |f(2)] < |g(2)] a.e. on (R",w) and g € X then f € X and || f[|x < [|g]lx,
E3§ 0<f;i 7 fimplies |[fillx T [Iflx,
4

for any w-measurable set E with w(FE) < oo, xgp € X.

If | -||x is a norm, & is a Banach space and for any w-measurable set E with
w(E) < o0, [, fdw < Cgl|f|lx for some C > 0, then X is called a Banach function
space (B.f.s.).
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The following definition is inspired by the family of sequence spaces {lg(x)}xeRn
introduced in [20, p. 1737|.

Definition 2.2. A family of Banach lattices B = {B(z)}.crn is called a family
of variable Banach sequence spaces (v.B.s.) if B(x) C {{a;}icz: a; € C} and there
exists a constant C' > 0 independent of x € R"™ such that for any k € Z,

1) aul < Cll{abezllow), Vo € R

For any v.B.s. B = {B(z)}.er~, denote the class of B-valued w-measurable func-
tions by M(w, B). More precisely,

M(w,B) = {f ={fiticz: fi(z) and || f(2)| ) are w-measurable}.

Let B be a v.B.s. and w be a measure on R". Suppose that X is a q-B.f.s. on
(R™, w), define

X(B) = {f € M(w,B): ||[lf (z)lls@)llx < oo}
and write

1 ey = (LS ()3 Nl -

We recall the well known definition of doubling measure from [13]. A measure w
on R" is said to be doubling if there exists a constant C' > 0 such that

w(B(z,2r)) < Cw(B(z,r)), YxeR" r>0.

We state the definition of Muckenhoupt weight functions.

Definition 2.3. For 1 < p < oo, a locally integrable function w: R™ — [0, 00)
is said to be an A, weight if

p

s (g <@0) (g [0 % ae) " <o

where p/ = z%' A locally integrable function w: R" — [0,00) is said to be an A,
weight if

ﬁ/ w(y)dy < Cw(x), ae. .z € B
B

for some constant C' > 0. We define Ay, = U,>14,.

For any w € A, and any Lebesgue measurable set E, write w(E) = [, w(z) dz.
We have the following characterizations of A,, and A, weights.

Theorem 2.1. A locally integrable function w: R" — [0, 00) belongs to Ay if
and only if there exist an d,, > 0 and a constant Cy > 0 such that for any B € B and
all measurable subsets E of B, we have

w(E) [E[\™
22) 5= (m)

Proposition 2.2. If w € A,, then there exists a constant C' > 0 such that for
anyr € R", r>0and A > 1

w(B(z, Ar)) < CNPw(B(z,r)).
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For the proof of the preceding results, the reader is referred to [30, Theorem
9.3.3(d) and Proposition 9.1.5(9)].

We recall the notion of p-th power (%—convexiﬁcation). For any 0 < p < oo and
any B.f.s. X', define the p-th power of X', AP by

fexr — |f|'?ex,

and X7 is equipped with the quasi-norm || f||x» = ||| f|*/?||%. The reader is referred to
[58, Section 2.2] for a complete discussion on the notion of p-power of quasi-Banach
function space. For 0 < p < 1, X? is a B.f:s. (see [27, Proposition 1.11]) while for
1 <p<oo,itisaq-B.fs. (see [58, Chapter 2, Proposition 2.22|).

We need the notion of p-convexity to identify the appropriate B.f.s. on (R
with w € A,,.

Let 0 < p < c0. A g-B.f.s. X is said to be p-convex if there exists a constant

C > 0 such that y
n n D
[oue| <e( i)
i=1 X i=1
for any {fi}1-, C X.

The notion of p-convexity 1 < p < oo for Banach lattices was introduced in [45].
For the extension of the notion of p-convexity to quasi-Banach space, the reader is
referred to [16, p. 156]. The following proposition gives a procedure to obtain an
equivalent norm for a p-convex g-B.f.s.

n)w)

Proposition 2.3. Let 1 < p < oco. If the q-B.f.s. X is p-convex, then
(23) o (f) =D fillaw: IFI DIl freXP i=1,2,...,n, n €N}
i=1 i=1

is a lattice norm and is equivalent to || - ||x». Hence, X admits

n(f) = (m(1F1P) "

as an equivalent lattice norm.

The proof of the above proposition is given by [48, Volume II, p. 54] and |58,
Proposition 2.23]. We find that whenever X’ is p-convex, we can consider X as the
%—th power of the B.f:s. generated by the norm 7). Therefore, it gives an access
to incorporate the Holder inequality and the norm 7, into the estimate of singular
integral operators. For detail, the reader is referred to the proof of Theorem 3.1.

The final component for constructing the weighted vector-valued Morrey spaces
is the family of Morrey weight functions given in the following definition.

Definition 2.4. Let 0 < ¢ < oo and w be a measure on R". A Lebesgue
measurable function u(z,7): R™ x (0,00) — (0,00) is said to be a Morrey weight
function if there exist a 0 < A\ < % and constants C7,Cy > 0 so that for any x € R",
u(z,r) > Cy,r > 1,

(2.4) u(z, 2r) - <w(B(x,27’)))/\’ 0

u(z,r) w(B(z,7))
(2.5) oyl < Z((z?) <Cy 0<r<t<or

We denote the class of Morrey weight functions by W, .
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If w = 1, then we write W,,, by W,. In particular, W, contains the weighted
function u(z,r) = r @ where 0 < A\(x) < n given in [4, Section 4] for the study of
the variable Morrey spaces on bounded open sets of R™. Moreover, the above weight
function is also used in [35] to study the weighted Hardy—Morrey spaces.

We are now ready to define one of the main families of function spaces considered
in this paper, the weighted vector-valued Morrey spaces.

Definition 2.5. Let ¢ > 0, w be a doubling measure and B be a v.B.s. Suppose
that X' is a ¢-B.f.s. on (R™",w) and v € W,,,. The weighted vector-valued Morrey
space M, (B) is the collection of all f € M(w, B) satisfying

1
||f||M§,u(B) = ZE;}}%» u(z, R) ||XB(z,R)f||X(B) < 0.

Let B(z) = C, Vo € R". We write M ,(C) = MJ,. In case X = L’(w),
1 < p < oo, we write ./\/lff w by MP . Furthermore, when w = 1, we further simplify
the notation of M?%, by M?.

If w is a weight function, u(z,r) = w(B(z,r))", 0 < K < 1 and X = LP(w), then
/\/lf . 1s the weighted Morrey spaces considered in [43]. When w = 1 and X is a
r-i.B.fs., Mffu is the Morrey-type spaces associated with r.-i.B.f.s. defined in [32].
The weighted vector-valued Morrey spaces also include the variable exponent Morrey
spaces given in [41, Definition 1.2] when u(z,7) = 7*® 0 < A\(z) < n and X is the
variable Lebesgue space LPO)(R™).

In [20, Lemma 6.3, Theorem 3.11 and Lemma 7.1] and [24, Theorem 3.3], a special
technique, so called the “r-trick”, is used to study the function spaces in [20, 24]. In
fact, the notion of p-th power is an extension of the r-trick from Lebesgue spaces to
B.f.s. The reader is referred to Section 5 for the details.

For any ¢-B.f.s. X', we denote the associate space (the Kéthe dual) of X by X"

(see [58, p.35]). We introduce an important notion used in this paper.

Definition 2.6. Let w be a doubling measure on R". A ¢-B.f.s. X on (R",w)
is called tempered if the Hardy-Littlewood maximal operator with respect to w

1
(M 1)(w) = sup —rs /B )l

is bounded on (X”)? for some ¢ > 1. We define the supreme of those ¢ > 1 such that
the maximal operator is bounded on (X’)? to be €’ and let the exponent of X, ey,
be the conjugate of ¢,. That is, i + =1

X

When & is a rearrangement-invariant (r.-i.) g-B.f.s., the exponent of X" is the up-
per Boyd index of X (see [55, Theorem 5| for quasi-Banach spaces and |7, Chapter 3,
Definition 5.12 and Theorem 5.17| for Banach spaces). So, the notion of exponent can
be considered as an extension of the notion of Boyd’s indices to non-rearrangement-
invariant ¢-B.f.s. The reader is also referred to [34] for a generalization of the Boyd
indices to B.f.s and some of its applications such as the Fefferman—Stein vector-valued
maximal inequalities and the Littlewood—Paley characterization of B.f.s.

Since the boundedness of M, on (X”)? is equivalent to the boundedness of

0o =g (it [ e
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on X’. Using Jensen’s inequality, we have M/ f < MZ f when 1 < r < ¢. As
1ML, Al = 1 Mo (| £1)]] (2eryr» ML, is bounded on &” when 1 < 7 < €/. In particular,
M,, is bounded on X’. This fact is used to obtain the following proposition.

Proposition 2.4. Let w be a doubling measure. If X is a tempered B.f.s. on
(R™, w), then we have a constant C' > 0 so that for any B € B,

w(B) < [[xsllxlxslla < Cw(B).

Proof. The first inequality follows from the definition of associate space. For the
second inequality, we consider the projection operator Pg(g), B = B(xo,r), xo0 € R"
and r > 0, defined by

Pao)) = (7 [ 912) xalo)

As w is a doubling measure, Pg is uniformly dominated by the maximal operator
M,,. Precisely, there exists a constant C' > 0 such that for any B = B(xg,r),
Pg(f) < CM,(f). Hence, supg || Pgllx—x < C|| My, || xr—x where || - || x'— s denote
the operator norm of mapping on X’.

The uniformly boundedness of Pp and |7, Chapter 1, Theorem 2.9] ensure that

Ielilixalle =sup{| [ gaoflallv o 2. Il <1} < o). ©
B

Proposition 2.5. Let w be a doubling measure. If X is a tempered B.f.s. on
(R™,w), then for any 1 < q < €y, there exists a constant C' > 0 such that for any
xo € R™ and r > 0, we have

(2.6) X B@o,2im) | 27 <C (W(B($072j7“))>q vj €N
IXBory 2~ w(B(xo,7)) )
and
1—1
X Bao.2im || ¥ w(B(zo,277))

Proof. Since w is a doubling measure, for any B = B(zg,r) € B and j € N, we
have a constant C' > 0 such that

w(B(zo,7))
w(B(xg,277))
when x € B(xg,2’r), j € N. Thus,

w( (1’0,7’))
LBl@or) e < Ol M, e < C
w(B(xO,QJr)) ”XB( 0,2 )”(X) = H (XB)H(X) = HXBH(X)

< M. (xs)(2)

Inequality (2.6) follows from the above inequalities. Finally, Proposition 2.4 and (2.6)
vield (2.7). 0

The results in Propositions 2.4 and 2.5 for r.-i.q-B.f.s. are given in [33].

On one hand, the above estimate plays a decisive role on the establishment of
the main result for the boundedness of singular integral operators on the weighted
vector-valued Morrey spaces. On the other hand, it also justifies the introduction of
the notion of exponent. Even though inequalities (2.6)—(2.7) are no longer valid for
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a general f € X, the estimate of the characteristic function of B(x,r) based on the
characteristic function of B(z,27r) is sufficient to obtain our main result.

The subsequent proposition shows that Mwu contains the collection of simple
functions if w belongs to A,,. Thus, in the followmg sections, we only pay our at-
tention to those weighted vector-valued Morrey spaces associated with A, -weighted
Lebesgue measures.

Proposition 2.6. Let 1 < p < oo and w € A,,. If X? is a tempered B.f.s. and
U € Wherpw, then xp € /\/lfu for any w-measurable bounded set E.

Proof. Let E be a w-measurable bounded set with £ C B(0,R), R > 0. For
any 2o € R" and k € Z, write D, = B(x,27%). When k € N, D, N E # ) only if
Dy C B(0, R+ 2). Thus, Theorem 2.1, mequahty (2.7) and the deﬁmtlon of Wpep w
offer a ¢ > 0 satisfying 1 < ¢ < €y, and A< = (1 — —) so that
ES ES 1 1
ol _ ok - ool (w(B(mo,z—'f»)p“ )
w(zo, 27%) 7 u(xo,27F) T w(we,1) \ w(B(zo,1))

for some constant C' independent of k£ and xy. If £ < 0, then

< O||XB(0,R+2)||X

Ixpwnellx _ lIxellx
< <C
w(zo,27%) = w(wg,27%) ~
for some C' > 0 independent of k. As u satisfies (2.5), the above inequalities assure
that xp € M7, O

We show the applications of Proposition 2.6 in Lemma 4.1 for the Littlewood—
Paley characterization of function spaces and in Lemma 5.3 for the convergence of
the 1 transform.

3. The lifting principle

The study of linear operators on Morrey spaces using interpolation is obtained
in [59, 60, 68, 69, 70]. Using the idea from the boundedness of the Hardy-Littlewood
maximal operator on Morrey spaces [12|, the boundedness of the singular integral
operators on Morrey spaces is obtained in [53, 56].

The investigation of the vector-valued singular integral operators is started in
[6]. The reader is referred to [8, 9, 10, 28, 62| for the development of the theory of
vector-valued singular integral operators.

One of the main results of this paper is the boundedness of singular integral
operators on weighted vector-valued Morrey spaces. We begin with the definition of
v.B.s.-valued singular integral operators.

Definition 3.1. Let w € Ay, By = {Bi(z)} and By = {B2(z)} be v.Bs. A
linear operator T: M(w Bl) M(w, By) is called a v.B.s.-valued singular integral
operator if there exists K( ): Bi(y) — Ba(z) such that

/ny y)dy, Yz € R"\supp f,
and
||K($,y)”31 )—Ba(z < O|I—y| ", V({L‘,y) €R2n\{($7$)2 IER”}
for some C' > 0. We call K(x, y) the kernel of T
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In order to simplify the presentation, we introduce the following notations.

Definition 3.2. Let 1 <p < co. We say that (w, u, X') belongs to the class M,
ifwe A,, Xisap-convex B.fs. on (R",w), AP is a tempered B.f.s. and u € Wye,p w-

According to Proposition 2.3, when X is p-convex for some 1 < p < oo, XP
possesses an equivalent norm ny,. Thus, (XP, 7)) is a Banach function space. The
associated space of AP is nontrivial (see |7, Chapter 1, Theorem 2.2|) and, hence, the
notion of tempered Banach function space for AP is well-defined.

Let p > 1 and w € A,. By the openness property of the A, class, A, = Ui«,<pA,,
we have a r < p such that w € A,. Therefore, for any v € W,,, we have
(w,u, L*(w)) € M,.

The following is our main result. It is inspired by the results in [56, Theorems 1
and 2| and some similar results are obtained in [65]. It shows that any v.B.s.-valued
singular integral operator which is bounded on the B.f.s. can be defined and, more-
over, is bounded on the corresponding weighted vector-valued Morrey spaces.

Theorem 3.1. (The Lifting Principle) Let 0 < s < 1 and 1 < p < oo. If
(w,u,X) € M, and By = {Bi(z)} and By = {By(x)} are v.B.s., then a bounded
v.B.s.-valued singular integral operator T: X*(B;) — X*(B,) can be extended to be
a bounded operator from M .(B1) to M7 .(Ba).

Proof. Let f € MﬁZS(Bl). For any zp € R" and r > 0, define fi = fXpB(,,2r)

and fo = f(1 — XBo2n) = [ — fi- As T is bounded from X*(B;) to X*(B), we
assert that

(X B(zom) ) (T fi)llxs ) < Cl f1

Since u satisfies (2.5), taking supreme over zo € R™ and r > 0, we find that

xs ) < Clu(zo, 27’))s||f||ijls(31)~

||Tf1||M§;s(Bg) < C||f||M§;s(Bl)-

Therefore, it remains to consider f,. For any = € B(xg,r), we have

Tfy(w) = / K (. 9) faly) dy

because z € R* \ suppfo. That is,

IT fo(@) |y < C / 1))

—= dy.
R\ B(z0,2r) |z — y|

Write By, = B(z¢,2%r) and define Sy, = By \ By when k > 1. For any x € B(xo, ),
we have

lz —y| ™ < C27FT Wy €Sy,

for some constant C' > 0. Hence, we assert that

1

C oo
(31) Il < 75 3527 [ s g5t

Write £ = 6. As s < p, the Holder inequality yields

1
o7

(32) Sk||f<y>||31<y>@w<y> dy < ( / 1000 dy)é ( [t dy) 9

k
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where 0" is the conjugate of . The Holder inequality on the lattice norm 7y, (see [7],
Chapter 1, Theorem 2.4) gives

(3.3) /S 1F Wz @) dy < [[xs.OIF Oz, o, Ixsilla,

where 7, is the associate norm for ny, (see |7, Chapter 1, Definition 2.1]). Since n
is an equivalent norm of | - [|x», 7, is also equivalent to || - [|(xs). Thus,

B4 ([ I d) < Clxs OOl

By multiplying X p(z,,») on both sides of (3.1), and, then, applying the norm || - ||x
on both sides of the resulting inequality, we obtain

X BG0.r) NT 2 ()l 3o [l 22

o0

< &3 e s OOl ol

k=1

1
XSk H(g)(p)/'

XS

1
o7

X5 || X B(xo, 7“)| Xs

Xsell () (/S w(y) " dy)?.
k

For any A\ < 1/pexr, there exists a 1 < ¢ < €y, satisfying \ < %(1 — é) Thus,
the belonging w € A, C Ay and inequality (2.7) yield

2(1-1)
1/6 LU(B(ZC(), )) P 4 :
v, < C (— It o s I

||XB (zo 7“)’

- (B(wo, 2Fr))
w(Blao.r) (B
50( (Blao, 2r >>) (Be)
(32) ﬁc(%) er|( /B ()" dy)
Thus

1

(u(zo, 7))
Z0,T) 1

< ci (%) o s s OO
<o (i ;f?;J ) R W

knsd., —2)+N)
(3.6) < CZQ Pt Hf“Mf;(Bl)

X BG0m (T fa(-)

~—

\_/\—/\_/

where we used (2.2) for the last inequality.

As 0 < X < %(1 — %) and the constant C' > 0 on the above inequalities is
independent of zy and r, the lifting principle is established by taking supreme over
xo € R™ and r > 0 on the above inequalities. O

In order to show that the generalized Triebel-Lizorkin—-Morrey spaces are well-
defined, we need to apply the lifting principle to a family of singular integral operators
on X° 0 < s < 1. This is the reason why we consider the function spaces X,
0 < s < 1, in the lifting principle instead of X'. Especially, when X is a Lebesgue
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space, the above technique becomes the r-trick. The reader is referred to Section 5
for the details.

Here are some straightforward applications of the preceding theorem. The fol-
lowing result is an application of Theorem 3.1 to [48, Volume II, Theorem 1.f.14] (see
also [45]).

Corollary 3.2. Let (w,u,X) € M,. Suppose that T: X — X is a bounded
singular integral operator. Then, there is a constant C' > 0 such that for any

{fio C M:}/u
oo 1/2 00 1/2
H(;ITMQ) < (;W) HM

Similarly, we have the subsequent vector-valued inequalities on Morrey spaces.

X
MF .

Corollary 3.3. Let 1 < p,r < oo and u € W,. If {T}},en are a family convolu-
tion operators with their kernels { K;(x) };en satisfying the Hérmander condition

/ sup | K;(x —y) — Ki(z)|dx < C
|z[>2]y|

)

for some constant C' > 0, then we have

00 1/r 00 1/r
H (Z mfm) < CH (Z |fz-|7“>
i=0 M i=0

The lifting principle gives us an access to investigate the weighted vector-valued
Morrey space through the results from the corresponding vector-valued Banach func-
tion spaces. For the rest of this paper, we use the lifting principle to introduce
and study some new Morrey type spaces related to several Banach function spaces
appeared in [4, 5, 20, 24, 25, 26, 32, 35, 41, 42, 43, 44, 47, 52, 56, 66, 67, 71, 73, 74, 75|.

We present the Littlewood-Paley characterization of Morrey type space in the
subsequent section. We use the lifting principle to introduce and study a generaliza-
tion of Triebel-Lizorkin—-Morrey space in Section 5. Finally, we apply the results in
Section 5 to study the Morrey space with variable exponent in Sections 6.

M,

4. Littlewood—Paley characterization

As the first “non-straightforward” application of the lifting principle, we consider
the Littlewood—Paley characterization of function spaces. In this section, we extract
the conditions imposed on the B.f.s. X so that the corresponding weighted vector-
valued Morrey spaces ./\/lff ., Dossess the Littlewood—Paley characterization.

We begin with the definition of Littlewood—Paley characterization. For any ¢ €
So(R™) satisfying

(11) swppp C{EER™1/2<]¢[<2), and [§(&) = C, 3/5< ¢l <5/3

for some C > 0, define ¢;(x) = 27"p(2/z), j € Z.

Definition 4.1. For any B.f.s. X satisfying So(R") — X — S'(R")/P where
P is the class of polynomials on R", we say that X possesses the Littlewood-Paley
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characterization if we have the Banach space isomorphism X = F 12, Where

Fa={ £ e SRYP: ISy, = (S 1F * 0] < ]

JEZ
and || - ||F02 is an equivalent norm of || - || x
12,x
Define G, by
Go(f) ={f *¢;}jez, VfeSR")/P.

Note that a necessary condition for X possessing the Littlewood—Paley characteri-
zation is the boundedness of the operator G,: X — X(I?). In addition, a sufficient
condition for A having the Littlewood—Paley characterization is the boundedness of
the operators G, and its adjoint G} : X'(I*) — X. Let ¢,1 € So(R") satisfy (4.1) and

djez G(279E)h(279€) =1, € # 0 where ¢ and 1) are the Fourier transforms of ¢ and
1, respectively. Using the Littlewood-Paley analysis [31], the adjoint operator of G,
(with respect to the Lebesgue measure) is defined by

Go({fitjez) = ij * ;.

JEZ

We need to impose a stronger condition on the B.f.s. & in order to overcome a
technical obstacle on establishing the Littlewood—Paley characterization of /\/lff u

Definition 4.2. We say that a B.f.s. X on (R",w) is of polynomial growth if
there exist a § > 0 and a constant C' > 0 so that for any o € R™ and r > 1, we
have [[Xageqn v < Cw(B(ro, 1)’

We write (w,u, X) € P, if X is of polynomial growth and (w,u, X') € M,,.

For example, according to (2.6), if X is a tempered B.f.s., then X" is of polynomial
growth. Furthermore, as long as the maximal operator is bounded on X7 for some
0 < q < o0, X is of polynomial growth. The proof of this assertion follows from the
proof of Proposition 2.5. For brevity, we leave the proof to the reader.

Lemma 4.1. Let 1 < p < co. If (w,u,X) € P, then S(R") — M, —
S'(R™)/P.
Proof. From the proof of Proposition 2.6, for any r» > 0, we have

IxBonlmz, <C sup (Ixseyllx [xBonlx) < Cu(B0,2+7))°.

z]<1+r

Since w € A,, for M > npB + 1, we have a constant Cj; > 0 such that for any
p € S(R"),

lellaz, <D 27" xpo2llmy, <C Y 27M20H0m8 < oo
JEN JEN
Thus, S(R") — MZ .
From (3.2)—(3.4), we find that for any ¢ € S'(R") and 0 < o < 1, there exists a
constant C' > 0 such that

[ s@eterds| <032 s, s [

k=0 Sk

where Sy = B(0,2) and S;, = B(0,2%1) \ B(0,2%), k € N.

o=

w(y) dy>
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Then, (3.5)-(3.6) guarantee that f € S’'(R"™) with order zero where we use the
notion of order for Schwartz distribution introduced in [31]. Furthermore, according

to [31, Theorem 3.1], M¥ NP only contains constant function. So, it suffices to
show that F' = 1 does not belong to MX because Mf . 1s a lattice. We prove by

contradiction. Assuming that F' € M . Accordlng to the definition of W, o, We
have a 0 < A < pc%xpsothat

u(0,25) _ (w(B(0,2%)\"
< | == Vk € N.
u(0,1) = <w<B<o,1>> -
Thus, we have a ¢ satisfying 1 < ¢ < €, and 0 < A < %(1 — %) For any k € N,
inequality (2.7) guarantees that
111
w(BO2DV ol Iveoz e o
(B0, 1)) w(0,2) =7 (0,26 < TS
Subsequently,
kN p(1-7) k B\ A
W(BO2) VPV _ (0.2 _  (w(B(0.24)
w(B(0,1)) - w(0,1) T \w(B(0,1))

Since w(B(O 2’“)) — 00 as k — 00, the above inequality contradicts the fact that
0< A< (1 — —) Thus, we conclude that ME, NP ={0}. O

We now state the result for the Littlewood-Paley characterization of M,

Theorem 4.2. Let 1 < p < oo and (w,u, X) € P,. If G, is bounded from X to
X (1?) and G}, is bounded from X (I?) to X, then M}, possesses the Littlewood-Paley
characterization.

Proof. The kernel of the operator G,, K(x,y) = {¢,(x —y)},cz satisfies for any
m € N, there exists a C' > 0 such that

22jn

42 (Tt y>|2)é < o(z e y‘)zm)é < O~y

JEZ

forallz,y € R", xz # v. Thus Theorem 3.1 and the boundedness of G, on X establish
the embedding M, — F} M2 and the inequality ||f||F0 » <N fllmx. -

w,u
wu

Similarly, as the kernel of G also satisfies (4.2), Theorem 3.1 asserts that

1G2(L ) ez e, < cH(ZW)W

jE€Z ME .,
Hence, letting f; = f * ¢;, we have
HZJC*%*Q/’JHMX <C||f||F0 .
JEZ Misu
In view of the Littlewood-Paley analysis [31] and the fact that M, NP = {0},
the embedding F2 ME, Mfu holds. OJ

For the sake of illustrating the use of Theorem 4.2, we consider two examples.
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In the first example, we consider the case w = 1. The boundedness of the operator
G X(I*) — X can be obtained from the boundedness of G,: X" — X’(I?) via the
Lorentz—Luxemburg theorem (see |7, Chapter 1, Theorem 2.7|). More precisely, we
have the following corollary. For simplicity, we leave the proof of the subsequent
corollary to the reader.

Corollary 4.3. Let (|-|,u, X) € Py. If G, is bounded from X to X(I*) and from
X' to X'(1%), then M possesses the Littlewood—Paley characterization.

Let (|-],u,X) € Py and (|- |,v,X’) € Py. If both X and X’ possess the Little-
wood-Paley characterization, then M7 and M also possess the Littlewood-Paley
characterization. In particular, if X is r.-i. with Boyd’s indices strictly bigger than
one and strictly less than infinity, then M:;' and M:¥ " possess the Littlewood-Paley
characterization (see |32, Theorem 5.6|).

We consider the Morrey spaces generated by weighted Lebesgue spaces LP(w)
associated with A, weights as the second example.

Corollary 4.4. Let 1 <p < oo andw € Ay. If u € Wy, then M?,  possesses
the Littlewood—Paley characterization.

Proof. Obviously, we have (w,u, LP(w)) € P, for some 0 < r < p. The bounded-
ness of G, from LP(w) to LP(w)(I?) follows from the proof of [47, Theorem 3.1]. For
the boundedness of G, we find that

1G,({fi}iez) e (w)
= s | [ @) do

||gHLp/<W>§1 jEZ

— s / S (@) ((gw) * ) (@) da

ol <t 22

/

< s kel [ (Sl o)) ot o)

IlgHLp’(w)Sl jGZ

where p’ is the conjugate of p. In view of the fact that wr € A, we obtain

( [ (X lta) *%)@)P)gw(x)—‘?dx)”l' <Clgwl, .

jez
by using the boundedness of G, from L¥ (W™ ) to L¥ (w™ 7 )(12). Finally, as
llgw]”’ = / g]P W’ W do = / 9|7 w de,
L7 (" 7)

we obtain the boundedness of G} : LP(w)(I*) — LP(w) and, hence, our desired result
follows from Theorem 4.2. U

Notice that the weighted Morrey spaces given in [43, Definition 2.1| are particular
cases of M? . Thus, they also admit the Littlewood-Paley characterization.
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5. Generalized Triebel-Lizorkin—Morrey spaces

The second application of the lifting principle is a study of a family of function
spaces defined via the Littlewood—Paley function. We call them the generalized
Triebel-Lizorkin—Morrey spaces.

The conjecture from [52| inspires a new direction of researches for function spaces.
More precisely, the study of Triebel-Lizorkin spaces can be combined with Morrey
spaces to produce the Triebel-Lizorkin—-Morrey spaces [52, 66, 71, 74] which are
generalizations of Triebel-Lizorkin spaces and Morrey spaces. In this section, we
further extend these generalizations by introducing the generalized Triebel-Lizorkin—
Morrey spaces.

We apply the lifting principle to show that if X satisfies some vector-valued
inequalities, then the generalized Triebel-Lizorkin—-Morrey spaces are well-defined.
We extend our analysis by considering the quasi-Banach function space AP, 1 < p <
oo. To show that the generalized Triebel-Lizorkin—Morrey spaces associated with
AP is well-defined, it requires the validity of a family of vector-valued inequalities on
X?® for 0 < s < 1. At the end of this section, we obtain the atomic and molecular
decompositions for the generalized Triebel-Lizorkin-Morrey spaces.

We now state the definition of the generalized Triebel-Lizorkin-Morrey spaces.

Definition 5.1. Let 0 < ¢ < oo and B be a v.B.s. Define B? by B? =
{B(z)"}rerr-
When 1 < g < oo, B? is a family of quasi-Banach spaces.

Definition 5.2. Let 1 < p,¢,r < 00, (w,u,X) € M, and B be a v.B.s. The
generalized Triebel-Lizorkin—Morrey space Ffjﬂ (®) consists of those f € S'(R™)

w,u”

satisfying

Iz, @) = ILF * @itizollmzr, o) < o0
where ¢y € S(R") and ¢;(z) = 2/"p(2x), j > 1, ¢ € S(R™). The pair ® = (o, ¢)
satisfies

@oC{eR": (] <1}and p C{{ € R": 1/2<[f] <2}

and po + $1 = 1 on {{ € R": [{] < 1} and $(28) + (&) + 4(§/2) = L on {{ €
R":1/2 < [¢| <2}

When r = g =1, we write FEXT by Fﬁfu'

w,u”

The assumptions imposed on the pair (¢g, @) can be relaxed so that the Little-
wood—Paley analysis is valid and the family of function spaces F fj xr (®) is indepen-
dent of (pg, ). For the sake of brevity, we skip the details and refer the reader to
[24, 25, 31].

The above definition encompasses several “Triebel-Lizorkin-Morrey” type spaces.
Obviously, it covers the classical Triebel-Lizorkin space [73] and the function spaces
studied in [20, 52, 66, 71, 74, 75]. It also includes some non-Triebel-Lizorkin—-Morrey
type spaces. For instance, the family of generalized Triebel-Lizorkin—-Morrey spaces
covers the inhomogeneous version of the Littlewood—Paley spaces associated with
r.-i.q-B.f.s. introduced in [32].

In order to have a well defined definition for F fj wr = F b T(<I>), we have to

show that it is independent of the functions ¢, and ¢ used in Definition 5.2. We
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have two methods to show that F fj xr 1s well defined. Both of them rely on the
lifting principle given in Theorem 3.1. The following definition gives us a criteria on
the v.B.s. so that the linear operators used in the subsequent theorems are singular

integral operators.

Definition 5.3. We say that (w,u, X, By, Bs) belongs to V), if (w,u, X) € M,
and there exist a constant C' independent of x,y € R"™ and a bounded non-negative
function v(x,y) so that for any =,y € R™ with = # v,

(5.1) | — y| {27 0535 g0y < Cll{a}50 ]l
Write I' = sup, ,cgn (7, ).

Notice that we can take vy(x,y) = 0 if and only if there exists a Banach se-
quence space B such that B(z) = B for all x € R™. Moreover, as long as we have
(w,u, X, By, By) € V,, we also have (w,u, X, B{,B3) € V, for any 0 < ¢ < o0.

Lemma 5.1. Let 0 < s < 1,1 <p < o0 and (w,u, X, B1,B2) € V,. Suppose
that {¢;}32, C S(R") satisfy

(5.2) i (z)| < C27(1+2|z))™" ", Vje NU{0}
for some C > 0. If there is a constant B > 0 so that
(5.3) {05 * fi}520llas82) < Bl fi}520llxs(81),

then there exists a constant A > 0 such that
{5 * fi}5Zoll w82y < AlLSi 520l maxe 1)

Proof. Fix z,y € R" with = # y. Let Ui(y) = {a € Bi(y): ||al/,) < 1}. The
kernel of the operator T'({f;}32,) = {w; * f;};20, K(z,y), satisfies

(2, y) 81 )~ ()
< sup o {wi(# = y)as}5olls. @)

{a;}320€U1(y)
ez
il — y)ntr(@y) |
T+ =yl [ |,

, 1
<C  sup |z —y[ {27000 lg,w) < C .
{a;}320€U1(v) lz =yl

<C sup
{aj };?.;OEUI (y)

for some C' > 0 independent of z,y € R". With the above estimate, Theorem 3.1
offers us our desired result. ]

Definition 5.4. Let B be a v.B.s. We say that a linear operator 7" is bounded
uniformly on B if there exists a constant C' > 0 independent of x € R" so that
|Tal|g@) < Cllal|@) for all @ € B and z € R™.

Theorem 5.2. Let 1 < p < oo and (w,u, X, B,B) € V,. Suppose that the B.fs.
X satisfies (5.3) with s = 1 and By = By = B. If the shifting operators

R({aj gqio) = {aj+1}§io
L({a;}720) = {aj-1}720 with a4 =0,

are bounded uniformly on B, then the function space F f/t » is well defined.
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Proof. Let ® = (¢o, ) and ¥ = (1)0,7) be two pairs of functions satisfy the
conditions for defining the function space F’ /1\34 » in Definition 5.2. Lemma 5.1 yields

{45 * fitiZollmz ) < Aol vz )

For any f € F /{3/1 » (@), applying the above inequality with fo = ¢o * f + 1 * f and
fi=wvjis1xf+ej*xf+ @ *x f when j > 1, we have

105 % P Zollasam = 1005+ fi}ollae o < AT ol
< 3A[l{e; * f1520llmz .8

because ¢ * f; = 1;* f, j € NU{0} and R and L are bounded. The independence of
the definition of the function space F/K\ix » from the pair of functions (g, ) satisfying

the conditions in Definition 5.2 follows from the above inequality. O

We apply the above result to the weighted Lebesgue spaces. Let 1 < p,q¢ < 0o
and w € A,. If we assign X = LP(w) and By(z) = By(x) = 19 for all x € R", then
inequality (5.3) is valid for all 0 < s <1 (see [3, Theorem 5.2|). Therefore, the A,-
weighted versions of the Triebel-Lizorkin—-Morrey spaces considered in |66, 71, 74]
are well defined.

Notice that the drawback of Theorem 5.2 is the restriction ¢ = r = 1. That

. . q
is, the “function space” component and the “sequence space” component of F f/[ X
w,u”

are Banach spaces. In order to study the case 1 < ¢,r < oo, we present the second

method for showing the independence of the definition of F' fj xr On the pair (g, ).
We use the ¢-1 transform introduced by Frazier and Jawerth in (22, 23, 24, 25|.

We recall the definition of the inhomogeneous ¢-i transforms from [24, Sec-
tion 12].

Let Q@ = {Q,r: v € NU{0},k € Z"} where Q) = {(z1,...,2,) € R": k; <
2"r; < kj+1, j=1,...,n} and k = (ki,...,k,). Denote the lower-left corner of
the dyadic cube @ by z¢ = 27"k, the side-length by {(Q) and the Lebesgue measure
of @ by |Q|. Moreover, we write g(z) = 2"¢(2"x — k) when Q = Q.

For any f € &'(R"), denote the Fourier transform of f by f. Let ¢g, ¢ € S(R™)
and ¢, € Sp(R") satisfying

supp o, supp ¢ C {€ € R™: [¢] < 2},
|20(E)], [Who(€)] > ¢ >0, if |¢] < 5/3,

supp ¢,supp ¥ C {£ € R": 1/2 < |¢] < 2},
2], [()] = ¢ >0, if 3/5 < |¢] < 5/3,

~

2o(Q)to(&) + D p2W(277) =1, V¢ e R™.
v=1

For any complex-valued sequence s = {sg}geo and f € S'(R"), define S,(f) =

{{f,0@) taeo and Ty(s) = Do Sq¥q-
In order to study the -1 transform, we need to introduce the sequence space

associated with F /1\3/;1 .

w,u’”
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Deﬁnition 5.5. Let 1 < p,¢q,r < oo and (w,u, X,B,B) € V,. The sequence
space fB! wxr consists of those complex-valued sequence s = {SQ}QGQ satisfying

Iz, —H{ZBQMD@M} ol o <

where Y = |Q|/%xq and Q € Q.
When ¢ = r = 1, we write ffjxr by ff,lx .

If w = 1, we write F5',, and f ar by FE' and f57, respectively.

MY
To study the case 1 < q,r < o0, it requlres a stronger condition imposed on the
B.f.s. and the v.B.s., we call that the admassibility condition.
We introduce some notations used to formulate the admissibility condition. Let
() = (14 |z|)™™ and 1,5, (z) = 2™, (2"x), m,v € N U {0}. For any 0 < 0,

and any sequence a = {a;}32,, define

? = {22] 0)(0+e) aj}ooo and S {223 2 E)Qj};’io.

7=0

Definition 5.6. Let 0,3 > 0, X be a B.f.s. and B be a v.B.s. We say that (X, B)
is admissible with order (6, 3) if

(1) there exist M > 0 and 0 < sg < 1 so that for any 0 < s,t < s9 and m > M,
xa8h) < CIH 1l

[{75m * fi}520l

for some C' > 0; and
(2) for any € > 0, there exists C' > 0 independent of x € R™ so that

Xs (Bt)

— “—
(5.4) 150(a)||Bw) < Cllallpe and |5 s(a)|lse) < Cllallse)-

Let 1 <p,qg <oo. If ¥ = LP(R") and B(x) =17, Vo € R", then (X, B) satisfies
Condition (1) of Definition 5.6 with s =1 and M =n. Let « > 0 and 1 < s < 00.
When B(z) = [*°, Vz € R" where

1

[0 = {a = (@) llalles = (3 (@ai)? ?}
=0

{B(z)}sern fulfills Condition (2) of Definition 5.6 with 6 = 5 = «.

The admissibility condition also reveals the reason why we consider X* with
0 < s <1 instead of X in the lifting principle, Theorem 3.1.

The introduction of condition (1) in the preceding definition is motivated by
[20, Theorem 3.2]. For condition (2), it is related to an obstacle arising from the
definition of the ¥-transform. The -transform is defined by an infinite series while
the convergence of this series is not guaranteed. The subsequent result overcomes
this difficulty by showing that whenever (X, BB) is admissible, the series used to define
the ¢-transform converges in S'(R"™).

Lemma 5.3. Let 1 < p,q,r < 00, 0 < 0,5 and (w,u, X,B,B) € V,. If (X,B)
is admissible with order (0, 3), then the 1-transform is a well-defined mapping from

fjﬂr to S'(R").
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Proof. Let s = {sqlgea € fyar and f = Yo os0g. Take 0 < h <
min (%%, 2). For any given g € S(R") and |Q| = 27", i € N, according to [24,

Lemmas 3.6 and B.1], we assert that for any L > max(M,n +1T')/h,
|9 % b (w)] < C27#93) (1 4 | — )"

where M is the constant given in Condition (1) of Definition 5.6.
Multiplying s on both sides of the above inequality and, then, taking summation
over () € Q, we obtain

> sqllg* toz)] < €Y 278750 N 5] /(14 |2 — xg])"

QeQ p=0 U(Q)=2—+

An estimate from [24, p. 50| assures that

00 . %
65 Y lsallg o) < €240 (( S sguulTo,)" + n)
n=0

QeQ kezn
as hL > max(M,n +1T).

Write A, = (( Zkezn ’SQu,kszu,k)h * 77u,hL)
that

For any 1 < ¢, the boundedness of g/g on B is equivalent to the boundedness of

— —
Sy on Bl Thus, |5 u({A el < CI({A}ven) i) for some € > 0
independent of z € R". Using Condition (1) of Definition 5.6 and Lemma 5.1, we
obtain

==

. Inequalities (2.1) and (5.5) assure

H
> Isella s vol@l| < CUISaatAbvemlloro ey,
QEQ ij‘,u"‘

> Isallg * vo(a)]

QeQ

’ < Cl{Av}venllpmxr 5oy
MY ’

1
< OIHAY o Ry gy < Cllsllgsr,, <00

Proposition 2.6 guarantees that ZQEQ |sollg * ¢l is finite almost everywhere.
Therefore, f is a well-defined tempered distribution. O

Recall that in the lifting principle, we consider the family of function spaces X'®,
0 < s <1, instead of X. As claimed at the end of Section 3, it is related to the
r-trick. In fact, the admissibility condition is defined in order to incorporate the

r-trick to our study of F fj xr - The following theorem reveals in detail on how to

w,u”

integrate the lifting principle, the admissibility condition and the r-trick together to
show the boundedness of the ¢-1 transform.

Theorem 5.4. Let 1 <p,q,r < oo and (w,u, X,B,B) € V,,. If (X,B) is admis-
sible, then the p-transform S,: F fj xr = ffjﬂ is bounded and the 1)-transform

w,u’” w,u’”

Ty: ffjﬂr — Ffjw is also bounded. Hence, Ffjxr is well defined.

w,u” w,u”
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Proof. Take 0 < h < min(%2, %0) For any f € F MX , we have

19, =[[{ 2 160 * D0 f, | e oy

Using the idea from Peetre’s inequality (see [22, (2.11)] or [73, Sections 1.4.1 and
1.4.2] or |20, Lemma A.6]), for sufficiently large m, we find that

h\ %00
HSsof”Fﬁqjm = CH ({om * lpw * f] )h}”—OHMiiZT(Bq)

= CH{mm o * fI" )02

Mxhr (th)

Therefore, the admissibility condition and Lemma 5.1 conclude that

156 fllse,, < Cl{lgw = fI"}F2 OHMW ey = CllFllpse,,

We consider the w—transform. Suppose that s = {sg}oeo € ffjxr‘ and f =

Ty(s) = X _geco S@¥q- Using Lemma 5.3, it remains to show that f € Ffjxrr. For

any ® = (¢o, ) satisfying the conditions in Definition 5.2, we use the estimate from
[24, p. 50| and find that

v+1 h %
)

p=max(r—1,0 keZn
As (X, B) is admissible, R and L are bounded uniformly on B. Thus, Lemma 5.1
ensures that

ITos)lpm, = IS % odolger, o

w,u”

v+1 s

gOH{ S (S banlien) #m)

p=max(r—1,0) ke€Zn

< CH{ Z |5QuiIXQui } o

With the boundedness of the p-1) transform, the rest of the proof follows from some
simple modifications of the arguments from [24, Theorem 2.2|. For the sake of brevity,
we leave it to the reader. O

1
h

Mxhr (th)

HMXT ~(B9) :CHSHfﬁqXU
w,u

The following presents another application of the -1 transform. We show that

F /\Bj v and f& v are quasi-Banach spaces. We have a supporting lemma for this

result. We use the techniques developed in [32, Lemma 1.6, Theorems 1.7 and 2.5]
to obtain the following results.

Lemma 5.5. Let 1 <p,q,r < oo and (w,u, X, B,B) € V,,. There exists a p > 0
such that for any {F;}2y € M. (B9),

ZHFHMW - <oo:>ZF € M. (BY).

=0
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Proof. We find that || - Hl/ ! satisfies the triangle inequality. Since || - H(M wr )b
is a quasi-norm, Aoki-Rolewicz theorem (see |39, Theorem 1.3|) provides a p > 0 so

that
|| = o1t o)

As X is complete, the completeness of M. follows from a simple modification
of the classical Morrey space (see [46, Section 4. 4]) In view of the assumption

Yoo I Fi ||MXT () < 00 and the sub-additive of |- |47, we conclude that Yoo Fi €

w,u'r

MY - (BY) and satisfies
- :
(5.6) ZOF e <C(;|1FHMXT Bq)) : O
Theorem 5.6. Let 1 < p,q,r < oo and (w,u, X,B,B) € V,. Then fB s
a quasi-Banach space. In addition, if (X,B) is admissible, then F5’ MET, is glgo a

quasi-Banach space.

Proof. Let p be the constant given in Lemma 5.5. For any Cauchy sequence
¢ = {cig}oeo, i € NU{0}, without loss of generality, we can assume that > ., [|¢; —
ci_1||fc5q < 0o0. Write

ME"

o0

Ci(x) = { Y leio- Cz‘—LQ|>ZQ(93)} , i€N.

Ql=2-9" =0

We have > -2 || C; HMXT 5 =3 Hci—ci,lH;BqXT < 00. Thus, Lemma 5.5 assures

(B9)
that Coo = Y72 C; exists in M. (BY). As dvyadic cubes with equal Lebesgue
measure are elther disjoint or 1dentlca1 we conclude that

Coo = { > (D leia- Cz‘—LQ|)>ZQ($)}j07 i€ NU{0}

|Q|=2-in =0

is well defined. Thus, for any Q € Q, >~ |ciq — ¢i—1,¢| < 00. Indeed,

oo
Coo = lim ¢; = {Co,Q + Z(Ci»Q — Cil,Q)}
im0 QeQ

i=1

exists. In view of (5.6), we obtain

!
”C_Cleffm = HCOO_ZC
w,ul i=1

as ¢ goes to infinity.

1
P
MXT (B‘I) < C( Z HC’L Ci— 1”qu r ) - 0

=Il+1 ,ur

We now turn to the completeness of F fj . Let {F};}3°, be a Cauchy sequence
in FP . Theorem 5.4 shows that {S¢(Fi) °, is a Cauchy sequence in f2 . .

w,u” w,u”
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Therefore, lim; .o S,(F;) = s = {sg}geo exists. Define F' = Ty (s). Theorem 5.4
and the identity T\, oS, = id ensure that

|F = Fillpss, = || Ty(s) = Ty oSu(Fi)llpse, < |ls = Sp(Fi)|| e, — 0
MX MX M

as ¢ goes to infinity. Hence, F' fj - 1s a quasi-Banach space. U
We state and sketch the proof of the atomic decompositions of F' fj xr - Thereader

w,u”

is referred to [24, (4.1)—(4.3) and (12.6)—(12.7)] for the definition of inhomogeneous
smooth N-atom, N € N.

Theorem 5.7. Let 1 < p,q,r < oo, N € N and (w,u,X,B,B) € V,. If (X,B)
is admissible, then there exist a sequence s = {sg}oeo € f'fj/yr and a family of

smooth N-atoms {aq}qeg so that f =3, 4 sQaq and ||s||f3qxr’ < C|[flpsa,, for
M u” Mw,ur

some constant C > 0.

Proof. Using the ideas from |25, Theorem 5.11 and Lemma 5.12], for any f €
S'(R"), we have f = >, 5sqgaq where {ag}tgeo is a family of inhomogeneous
smooth N-atoms and

so = Q" sup (25 % £)(W)]

where ® = (i, ) satisfies the conditions in Definition 5.2. Furthermore, using the
idea from Peetre’s inequality again, when m is large enough, we find that

S sove= Y. supl(e;* NWxg < Clpjm * s * 1"

Q=2m Q=2 V<€
where h is given by the proof of Theorem 5.4. The admissibility of (X, B) and
Lemma 5.1 provide the inequality |[s||jse ~— < C|[f|pse O
M r Mw,u"'

Definition 5.7. Let 0 < 0,5 < 00, 1 < p,q,7 < 00, (w,u,X,B,B) € V, and
(X, B) be admissible with order (0, 5). We call that {mg}geo is a family of smooth

molecules for F fj - 1f there exist 6 > 0 and My > J such that

[#matyde=0. N <N, jQl<1
' ma@)] < QI (1 4+ 1Q)z — 2o, || < [,

' ma(w) — Fma(y)] < QI MAPI=5in|g; —
X sup (L4+UQ) o — 2 —aq) ™, || = lqf],

|z[<|z—yl
M r
where J = max(M,n + T max(q,r,1) and N = [J —n — ¢f].
S0
For instance, when X = LP(R") and B(z) = [*®, we have J = —"— and

min(1,p,s)
N = [J —n — a] which are precisely the results given in [24].

Theorem 5.8. Let 0 < 6,0 < 00, 1 < p,q,r < o0 and (w,u,X,B,B) € V,,.
Suppose that (X, B) is admissible with order (0, 3). If f = 3 ,.o sqmq converges
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in 8'(R™) where {mg}geo is a family of smooth molecules for F5 then

(5.7) 1fllpss,, < Clisllgse,,

w,u’ w,u”
for some constant C > 0.

Proof. Let (pg,p) satisfy the conditions in Definition 5.2 and Q € Q with
|Q| = 27#". We find that |¢, * f(z)| < I, + 11, where

v—1
L=Y Y lsollmg*ep.(x),
p=0U(Q)=2"*

1,=3" 3 Isolime * ¢u(@)]

h=r Q)2+
When v < pu, according to |24, Lemmas 3.6 and B.1|, we assert that
Mg * ()] < C2F20-MU+5-05-5) (1 1 %[5 — a)

for some € > 0.
For I1,,, we obtain

11, < 2% Y 2w Ui N 5| /(1 4 2¢|x — aql)”*
p=v UQ)=2—+

> . %
<CY 2k (( > |8Qu,k|>2c2#,k)h * m,hﬂhe)
p=v kezn

where £ is slightly less than min(%%, %) so that hJ + he > max(M,n +TI'). We have
the last inequality because

2N‘|$—y| SQ#*V(ZV"%_:L_Q’+2), vyeQ
Similarly, when y < v, we have
’mQ * 901/(1')‘ < CQ%Q(N_V)(q9+%+%) (1 + QM‘Z.Q _ LL'D—J_E ‘
Thus,

v—1 1

—v £ ~ h h

]u S CZQ(“ )(q6+2)(( Z |8Qp,k|XQu,k> *77u,hJ+he> .
pn=0

keZn

The boundedness of ?9 and gg on B offer the boundedness of §>q9 and gq/g on B?
when ¢ > 1. Thus, the admissibility condition yields the convergence of the molecular
expansion and inequality (5.7). O

6. Function spaces of variable smoothness and integrability

One of the pioneer studies of the variable exponent analysis is [44]. The main
family of function spaces considered in [44] is the variable Lebesgue spaces.
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Definition 6.1. Let p(z): R — (0,00) be a Lebesgue measurable function.
The variable Lebesgue space LP()(R™) consists of all Lebesgue measurable functions

f: R™— C so that
p(z)
£l o) mny = inf ¢ A > 0: / dr <1p < oo.

We call p(x) the exponent function of LPO)(R™).

f(z)

The variable Lebesgue space is a Banach space when 1 < p(z) < oo (see [44,
Theorem 2.5]). The following is a fundamental result for variable Lebesgue spaces
given in [44, Theorem 2.6|.

Theorem 6.1. If 1 < p(x) < oo, then the associate space of LP)(R"™) is
LP'O)(R™) where p' satisfies Z% + zﬁ = 1.

We call p/(z) the conjugate function of p(z).

The monotone convergence theorem shows that LPC)(R™) fulfills condition (3) of
Definition 2.1. As yz € LPO(R") N LY O(R") when |E| < oo, LPO)(R") is a B.fs.

One of the important breakthroughs on the variable exponent analysis is the
establishment of the boundedness of the maximal operator on variable Lebesgue
spaces given in [15, 17, 57]. The following gives the condition on the exponent
functions of the variable Lebesgue spaces LP()(R™) so that the maximal operator is
bounded on LPO)(R™).

Definition 6.2. A continuous function g on R" is locally log-Hoélder continuous
if there exists ¢y > 0 such that

CZOQ n
< , Vx,y e R".
log(e + 1/|z —yl)

We denote the class of locally log-Hélder continuous function by Clog (R™).

loc
Furthermore, a continuous function is globally log-Holder continuous if g €

C1°%(R™) and there exists g € R so that

loc

lg(z) — g(y)|

6109 n
9(T) — goo| < , Vr € R".
196@) = 9l < o T T =D

The class of globally log-Holder continuous function is denoted by C'°&(R™).

For any Lebesgue measurable function p(z): R" — (0, 00), define p_ = inf,cgn

p(x) and py = sup,cgn p().
The succeeding result is now a well-known fact. For the proof of the following
theorem, the reader is referred to [15, 17, 57].

Theorem 6.2. If p € C°(R") and 1 < p_ < p,; < oo, then the Hardy—
Littlewood maximal operator

1
M f)(x) = sup ———
( )( ) r>0 |B(‘T7T>| B(z,r)
is bounded from LP*)(R™) to LP()(R™).

The above result provides an access for us to apply the results from the previous
sections to LPO)(R™). We first show that LP()(R™) is a tempered B.f.s. whenever
peC(R") and 1 < p_ < p, < 0.

[f ()l dy
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Lemma 6.3. If p € C¢(R") and 1 < p_ < p, < oo, then LPO(R") is a
tempered B.f.s. with epuc)mn) = Py, e’Lp(‘)( =p_ and (|- |,u, LPOR") € M,
provided that u € W,, .

Proof. As p € C(R") and 1 < p_ < p, < oo, we find that
pe Clog(Rn) _— p/ c Clog(Rn)

R")

and 1 <p’ <p, < oo.

We have (LPO(R"™))? = LP'O)/4(R") and p/(-)/q € C'5(R") for any 0 < ¢ <
oo. Thus, LPO(R™) is a tempered B.f.s. with e’Lp(,>(Rn) = p_. For the exponent of
LPO(R™), we assert that

e !
- LPO®Rr) P
ELr(®RP) = o 1 1= P+
Lp(~)(Rn)

The final assertion follows from the fact that the Lebesgue measure belongs to A
and LPO)(R™) is 1-convex. O

We provide two remarkable properties for the variable Lebesgue spaces based on
the results from Section 5.
Definition 6.3. Let p € L*™°. For any B € B, define py by

1 1 1

ps Bl Jpp(2)
Proposition 6.4. Let p € C'8(R") and 1 < p_ < py < oo. There exist
C1,Cy > 0 so that for any B € B,
B 1
(6.1) Ci| B[Pz < [Ix5llrormny < Cal|B|75.

Hence, LP*)(R™) is of polynomial growth with 3 = 1/p_.
Proof. By [18, Lemma 3.4], we have a constant Cy so that |xsllr0) e <
C’2|B|$. Furthermore, as LP()(R™) is a tempered B.f.s., Proposition 2.4 and the

fact that
1 N 1 1 (/ 1 N 1 p ) ]
— = = — — xXr =
P P |IBI\Jgp) p(2)

guarantee the validity of the first inequality in (6.1). O

Similarly, applying Proposition 2.5 to LP()(R™) with p € C'*6(R") and 1 < p_ <
ps < 00, we obtain the subsequent results.

Proposition 6.5. Let p € C'°¢(R™) and 1 < p_ <p, <oo. Forany1 < q<p_
and 1 < p < p_, there exist constants Cy,Cy > 0 such that for any zy, € R" and
r > 0, we have

HXB(zo,2jr) HLp’(~) (R™

C,271=5) < ) < 2%, VjeN

||XB(J2077“) ||LP’(')(R")

and

0,207 < X020 70 ) <C2%, VjeN.

= IXB@on | o ()
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Some similar inequalities are obtained in [37, Lemma 1|. We now give the defi-
nition of variable Morrey spaces.
Definition 6.4. Let p(z): R™ — (0, 00) be a Lebesgue measurable function and

v € W,,. The variable Morrey space MEY) consists of all Lebesgue measurable
functions f : R® — C so that

11l ! I fll <
y = su B 2 I Rn 00.
ME®) e nP>O u(z, R) XB(z,R)J ||l LrO)(®R")

The above definition includes the variable Morrey spaces introduced in [41] as a
special case if the bounded open set used in Definition 3.1 of [41] is replaced by R™.
We have the subsequent generalization of [14, Corollary 2.5].

Corollary 6.6. Let p € C8(R") and u € W,,. Suppose that T(f) = K x f
where K is a locally integrable function defined on R™ \ {0} with |K ()| < C,

C C

|K(x)] < B and |VK(z)| < T r#0

for some C' > 0. Then, for any 1 < q < oo, there exists a constant C' > 0 such that

H(;Wfﬂq); iz = CH(;UA‘Z);

Since (|-|,u, L’V (R")) € M; when u € W, , the preceding corollary is proved by
applying the lifting principle to the singular integral operators in [14, Corollary 2.5].
In fact, the weighted version of the above result is also valid if we apply the lifting
principle to the corresponding results in [42]. For brevity, we leave the details to the
reader.

The following theorem is a consequence of Corollary 4.3. It gives an extension of

the result in [20, Theorem 4.2| to MBS,

Theorem 6.7. Let p € C'5(R") andu € W), . If 1 < p_ < p, < oo, then MY
possesses the Littlewood—Paley characterization.

Proof. According to Proposition 6.4, LP*)(R") is a B.f.s. of polynomial growth.
Lemma 4.1 assures that So(R") — MEY — S'(R™)/P. In addition, [20, Theo-
rem 4.2| ensures that both LPO)(R™) and LP'C)(R") possess the Littlewood Paley
characterization. That is, the operator G, is bounded from LPO)(R™) to LPU(R™)(I?)
and from LP'O)(R") to LP')(R™)(I?). Thus, Corollary 4.3 asserts that MEY) possesses
the Littlewood—Paley characterization. 0

We adopt the Standing Assumption introduced in [20] for the study of variable
Morrey spaces.

Definition 6.5. The Lebesgue measurable functions p(z),q(z),a(z): R" —
(0, 00) satisfy the Standing Assumptions if p,q € C(R"™) with 0 < p_ < p; < o0
and 0 < ¢_ < g4 < 00, a € C5(R™) N L™ and that lim,_ . o(z) exists. We write

(p,q,a) € S if they satisfy the Standing Assumptions.
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Let g(x) € C'8(R") with 0 < ¢_ < ¢, < oco. For any family of Lebesgue
measurable functions {f, },en, define

- -
1420 = (Z | fy@,q(m))
v=0

and 140 = {lg(:p)}meRn. Moreover, let « be as in the Standing Assumptions, we define

0 o)
HfV(ZE)HlS(x),q(x) = (Z(Qlla(m)|fy($)|)q(x)>

v=0

and 1500 — {lf(w)’q(x)}meRn. Whenever 1 < ¢_ < g, < oo and « satisfies the

()40 §g 4 family of variable Banach sequence spaces.

Standing Assumptions, I,
Lemma 6.8. Let p € C(R") with 1 < p_ < p, < oo and u €EW,,. If

(,p,q) €S and 1 < q_ < q, < oo, then (|- |,u, LP)(R™), (o0 o0y e vy
Proof. When ¢(y) < ¢q(z) and a(x) < a(y), we have the embedding 2w

(24)  Therefore, (5.1) is fulfilled with y(z,y) = 0.
If g(z) < q(y), then Holder’s inequality guarantees that

{277 a, 32l < 14277} 0l e [ } o0l g

where ﬁ = T(;y) + @. Moreover, |z — y|W7W is bounded above because ¢ €
Cs(R") with 1 < ¢_ < ¢, < 1mphes 1eCle(R"). As 0 < @ < q% - i, we

have inequality (5.1) for 2" with fy(:c,y) =y =~ ﬁ.

Similarly, when a(y) < a(z), we find that |z — y|*® =2 is bounded above in
view of a € C)%(R") N L>®(R™).
In conclusion, (5.1) is valid for 10770 with

ot
q(z)  qy)

The previous lemma shows that the function space C'°8(R™) is not only related to
the boundedness of the maximal operator on LP()(R") but also offers a condition for
the study of vector-valued singular integral operators on LP()(R™) as demonstrated
in the proof of Lemma 5.1.

We give the definitions of variable Triebel-Lizorkin-Morrey spaces and the cor-
responding sequence spaces.

Definition 6 6. Let (p,q, ) € S and v € W,,. The variable Triebel-Lizorkin—
Morrey space 5 ,, consists of those f € &' (R”) satisfying

||f||5§<§~)>qw = [[1I{2"*(f * ) (@) 1720l o |y o0 < 00

where the pair ® = (i, ) satisfies the conditions in Definition 5.2.

’7($a y) = (Oz(ZE) - a(y))X{(m,y)ERQ”:a(y)<a(x)} + ( )X{(w,y)ERQW:q(:v)<q(y)}' O

When u = 1, the variable Triebel-Lizorkin—Morrey spaces reduce to the Triebel—
Lizorkin spaces F;(S)q(-) defined in [20]. In addition, the “inhomogeneous” version of

the variable Triebel-Lizorkin spaces introduced in [75] is a member of 8;((,'))(1(,) »
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On one hand, the family of variable Triebel-Lizorkin—-Morrey spaces is an exten-
sion of the Triebel-Lizorkin-Morrey spaces in [52, 66, 71, 74]. On the other hand,
it generalizes the function spaces in |20, 75| by replacing the underlying variable
Lebesgue spaces by variable Morrey spaces.

As shown in Section 5, we need an analogue family of sequence spaces for the
variable Triebel-Lizorkin—-Morrey spaces.

Definition 6.7. Let (p,¢,«) € S and uw € W, . The variable Triebel-Lizorkin—

() :
Morrey sequence space e;“(,)’q(,)’u consists of those complex-valued sequence s = {s¢ }geo

satisfying
2Va(x { Z |SQV k |XQD k }

In order to apply the results form Section 5 to the variable Triebel-Lizorkin—
Morrey spaces, we verify the admissibility of (LPC)(R™), [ )q()) in the following
lemma.

< 0.
Mp()

e

Cp()a()yu 12

Lemma 6.9. Let u € W,, and (p,q,o) € S with 1 < p_ < p; < oo and
1 <q_ <gqq <oo. Then (L?V)(RM), lﬁ‘(')’q“) is admissible with order (o, ).

Proof. According to [20, Theorem 3.2|, we have
(6.2) [1{75,m * f]}] 0||Lp() (Rm)(140)) < BI{f; :OHLp(-)(Rn)(lg(‘))
whenever m > n. Furthermore,

Hms2m * 535200 Lot gy azere0y = {272 (i2m * f) 330l oo oy s
< C||77j,m * (2]04(.)|fj‘) JO'iOHLp(»)(Rn)(lg(‘))'
We have the last inequality because [20, Lemma 6.1] gives
2Va(x)771/,2m<x - ) < CQV& nl/m( - y)? xay G Rn
Consequently, inequality (6.2) guarantees that
||{77j72m * fj};io||Lp<-)(Rn)(zg<')va(')) < O”{fj gqio||Lp(->(Rn)(lg('>*a<'))'

We find that (Lp(' (R™)* = LPO/5(R™) and (1270t = (2050 for any 0 < s,t <
oo. Thus, (L0 (R™), 15990 satisfies Condition (1) of Definition 5.6.

Finally, we show that [2"“) fulfills Condition (2) of Definition 5.6. For any
a = {a;}32,, we have

gia(z) Z 2(jfi)(a++6)aj — Z Q(jfi)(a++efa(w))Qja(r)aj
Young’s inequality assures that

rd i : j—1) (€ [e's)
I SM(Q)HI?(ZM(Z) = ||{2m(36) ZQ(J ) (o + )aj}i:0||l:?<ﬂ”)

7=0
S 0”{2](1 ’ CL]} 0||l¢1(33) — ||a||la(ac) q(x)
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for some C' > 0 independent of x because 1 < ¢ < ¢, < oo. Similarly, we obtain
H
| S a_(a)]lowaw < Cllalla@ e for some C' > 0 independent of x. Therefore, we
; :

conclude that (LPO(R™), 1677)) is admissible with order (o, a_). O
Using the results from Section 5, we obtain the following theorems.

Theorem 6.10. Let (p,q, ) € S andu € W,,. The p-transform S : 8;:((_'))7(1(_)7” —
eg((:))’q(.)’u and the 1-transform Ty : 6?((:)),(1(')7“ — 5;((.'))7(1(.)7“ are bounded. Moreover,

5;(_'),(1(_),“ and ez((_')),q(_),u are quasi-Banach spaces.

Theorem 6.11. Let (p,q,a) € S, N € N and v € W, . There exist a sequence
s = {sg}oeco € e;‘((,')),q(,)’u and a family of smooth N-atoms {ag}geo so that f =
>_0co SQaq and ||S||ea((-)) . < C|fllgecs for some C' > 0.
p(),q()u

p(),q(-)u

Theorem 6.12. Let f = > .o 8qmq where {mq}qeo is a family of smooth

a()
molecules for 8p(~),q(~),u' Then
- < O3] ac
Hngp((o),q(-),u =l Hepf‘;,q(‘),u
for some C > 0.

As shown in [20, Theorem 3.8|, the smoothness and the vanishing moment con-

ditions imposed on the smooth molecules for 5;((.'))11(.) , When u = 1 can be further

refined. More precisely, the vanishing moment conditions and the smoothness con-
ditions can be localized on each dyadic cube associated with the molecules. In fact,
that refinement on the molecular decompositions for S;Y((f))’q(,)’u is also valid. On the
other hand, the main focus of this paper is the applications of the lifting principle for
singular integral operators on the weighted vector-valued Morrey spaces. The refine-

ment relies heavily on some techniques specially adapted to the variable Lebesgue
(

spaces and 1o0a0), So, the improvement of the molecular decompositions for 5:‘((.)) ()

and the analysis of the convergence of the refined molecular expansions will appear
elsewhere.

Acknowledgement. The author would like to thank the referee for careful reading
of the paper and valuable comments.
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