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Abstract. We show that X⊗̂Y , the projective tensor product of Banach spaces X and Y ,
has the (bounded) compact approximation property if and only if both X and Y have the same
property. We also show that X⊗̂Y has the weakly compact approximation property (W.A.P.) if
both X and Y has the W.A.P. and either (i) every bounded linear operator from X (resp. from
Y ) to Y ∗ (resp. to X∗) is completely continuous, or (ii) one of X and Y has the Dunford–Pettis
property. As a consequence, we show that if K is scattered and Y has the W.A.P., then C(K)∗⊗̂Y

has the W.A.P.

A Banach space X is said to have the weakly compact approximation property
(W.A.P. for short) if there is a finite constant C ≥ 1 so that for every weakly compact
subset D of X and every ε > 0 there is a weakly compact operator T : X → X
satisfying ‖T‖ ≤ C and ‖T (x) − x‖ < ε for all x ∈ D. This weakly compact
approximation property was introduced by Astala and Tylli in [1] and systematically
studied by Odell and Tylli in [7] from the perspective of Banach space theory. Some
applications of this property can be found in [1, 10]. All reflexive Banach spaces
clearly have the W.A.P. There are few examples of non-reflexive Banach spaces with
(or without) the W.A.P. For instance, the classical Banach space `1 has the W.A.P.
while the classical Banach spaces c0, C[0, 1], L1[0, 1] and the Hardy space H1 fail to
have the W.A.P. (see [1, 9]). The quasi-reflexive James’ space J and its dual J∗

have the W.A.P. while the related James’ tree space JT fails to have the W.A.P.
(see [7]). Saksman and Tylli [9] showed that the projective tensor product `p⊗̂`q

has the W.A.P. whenever 1 < p, q < ∞ (note that `p⊗̂`q is not reflexive whenever
1 < p ≤ q′, here 1/q + 1/q′ = 1). In this paper we show that the projective tensor
product X⊗̂Y of Banach spaces X and Y inherits the W.A.P. from both X and Y if
either (i) every bounded linear operator from X (resp. from Y ) to Y ∗ (resp. to X∗) is
completely continuous, or (ii) one of X and Y has the Dunford–Pettis property. As a
consequence, we give new examples of non-reflexive Banach spaces with the W.A.P.

Diestel, Fourie and Swart in [4] mentioned that the (bounded) approximation
property is inherited by the projective tensor product X⊗̂Y from both X and Y .
In this paper we show that the (bounded) compact approximation property is also
inherited by X⊗̂Y from both X and Y .

For a Banach space X, let X∗ denote its dual space and BX denote its closed unit
ball. For vector spaces X and Y , let X⊗Y denote the algebraic tensor product of X
and Y , and for A ⊆ X and B ⊆ Y , let A⊗B denote the set {x⊗ y : x ∈ A, y ∈ B}.
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Moreover, if X and Y are Banach spaces, let X⊗̂Y denote the projective tensor
product of X and Y , that is, the completion of X ⊗ Y in the projective tensor norm

‖u‖∧ = inf
{ n∑

i=1

‖xi‖ · ‖yi‖ : u =
n∑

i=1

xi ⊗ yi

}
, u ∈ X ⊗ Y,

where the infimum is taken over all possible representations of u. Grothendieck [6]
showed that an element u ∈ X⊗̂Y if and only if, for every ε > 0, there are xn ∈ X
and yn ∈ Y with

∑∞
n=1 ‖xn‖ · ‖yn‖ < ∞ such that

u =
∞∑

n=1

xn ⊗ yn (converges absolutely in X⊗̂Y )

and

‖u‖∧ ≤
∞∑

n=1

‖xn‖ · ‖yn‖ ≤ ‖u‖∧ + ε.

From this representation, it is easy to see that

BX⊗̂Y = co(BX ⊗BY ).

For Banach spaces X1, X2, Y1, Y2, and bounded linear operators T1 : X1 → Y1 and
T2 : X2 → Y2, one can define a bounded linear operator T1 ⊗ T2 : (X1 ⊗X2, ‖ · ‖∧) →
(Y1 ⊗ Y2, ‖ · ‖∧) by

(T1 ⊗ T2)(x1 ⊗ x2) = T1(x1)⊗ T2(x2), x1 ∈ X1, x2 ∈ X2.

Then ‖T1⊗T2‖ ≤ ‖T1‖ · ‖T2‖. Thus T1⊗T2 can be extended from X1⊗̂X2 to Y1⊗̂Y2,
still denoted by T1 ⊗ T2.

Recall that for Banach spaces X and Y , a bounded linear operator T : X → Y
is called completely continuous if T maps weakly convergent sequences in X to norm
convergent sequences in Y . A Banach space X is said to have the Dunford–Pettis
property if, for every Banach space Y , every weakly compact operator from X to Y
is completely continuous.

In the projective tensor product X⊗̂Y , if A and B are, respectively, weakly
compact subsets of X and Y then A ⊗ B may not be a weakly compact subset of
X⊗̂Y . Indeed, if both X and Y are reflexive then BX and BY are weakly compact.
Since BX⊗̂Y = co(BX ⊗ BY ), BX ⊗ BY is weakly compact in X⊗̂Y only in the case
that X⊗̂Y is reflexive, which requires that every bounded linear operator from X to
Y ∗ is compact. Diestel and Puglisi in [5, Proposition 2.5] showed that if either X or
Y has the Dunford–Pettis property then A⊗B is a weakly compact subset of X⊗̂Y
whenever A and B are, respectively, weakly compact subsets of X and Y . Using the
same idea we have the following.

Proposition 1. Let X and Y be Banach spaces such that every bounded linear
operator T : X → Y ∗ (respectively, T : Y → X∗) is completely continuous. If A and
B are, respectively, weakly compact subsets of X and Y then A ⊗ B is a weakly
compact subset of X⊗̂Y .

Proof. By the Eberleiň–Smuliàn theorem, it suffices to show that A ⊗ B is
weakly sequentially compact. Take a sequence (xn ⊗ yn)n in A⊗ B. Then there are
a subsequence (xnk

)k of (xn)n and a subsequence (ynk
)k of (yn)n such that

weak-lim
k

xnk
= x0 ∈ A and weak-lim

k
ynk

= y0 ∈ B.
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Next we show that xnk
⊗ ynk

→ x0 ⊗ y0 weakly in X⊗̂Y .
Take any φ ∈ (X⊗̂Y )∗. Since (X⊗̂Y )∗ = L(X,Y ∗), the space of all bounded

linear operators from X to Y ∗, let T ∈ L(X,Y ∗) be corresponding to φ. That is,

〈x⊗ y, φ〉 = 〈T (x), y〉, ∀x ∈ X, ∀y ∈ Y.

Thus

|〈xnk
⊗ ynk

− x0 ⊗ y0, φ〉 = |〈T (xnk
), ynk

〉 − 〈T (x0), y0〉|
≤ |〈T (xnk

)− T (x0), ynk
〉|+ |〈T (x0), ynk

− y0〉|
≤ M · ‖T (xnk

)− T (x0)‖+ |〈T (x0), ynk
− y0〉|,

where M = sup{‖y‖ : y ∈ B} < ∞. By hypothesis, T is completely continuous and
hence, T (xnk

) → T (x0) norm in Y ∗. Note that ynk
→ y0 weakly in Y . Therefore,

xnk
⊗ ynk

→ x0 ⊗ y0 weakly in X⊗̂Y . ¤
Saksman and Tylli [9] showed that the W.A.P. is inherited by the projective

tensor product `p⊗̂`q (1 < p, q < ∞). Next we give a sufficient condition for the
inheritance of the W.A.P. by the projective tensor product X⊗̂Y .

Theorem 2. (i) If X and Y are Banach spaces such that every bounded linear
operator T : X → Y ∗ (respectively, T : Y → X∗) is completely continuous, then
X⊗̂Y has the W.A.P. if and only if both X and Y have the W.A.P. (ii) If X and
Y are Banach spaces such that either X or Y has the Dunford–Pettis property, then
X⊗̂Y has the W.A.P. if and only if both X and Y have the W.A.P.

Proof. Take any weakly compact subset D of X⊗̂Y and any ε > 0. By [5,
Theorem 3.1], there exist weakly compact subsets Ai of X and weakly compact
subsets Bi of Y such that D ⊆ ⋃n

i=1 co(Ai ⊗Bi). Let A =
⋃n

i=1 Ai and B =
⋃n

i=1 Bi.
Then A and B are, respectively, weakly compact subsets of X and Y . Moreover, it
is easy to see that D ⊆ co(A⊗B). Let

M1 = sup{‖x‖ : x ∈ A} and M2 = sup{‖y‖ : y ∈ B}.
Since X has the W.A.P., there are C1 > 0 and a weakly compact operator T1 : X → X
such that

‖T1‖ ≤ C1 and ‖T1(x)− x‖ ≤ ε

4M2

, ∀ x ∈ A.

Since Y has the W.A.P., there are C2 > 0 and a weakly compact operator T2 : Y → Y
such that

‖T2‖ ≤ C2 and ‖T2(y)− y‖ ≤ ε

4M1C1

, ∀ y ∈ B.

Thus for every x⊗ y ∈ A⊗B, one has

‖(T1 ⊗ T2)(x⊗ y)− (x⊗ y)‖ = ‖T1(x)⊗ T2(y)− x⊗ y‖
≤ ‖T1(x)⊗ (T2(y)− y)‖+ ‖(T1(x)− x)⊗ y‖
≤ C1M1 · ε

4M1C1

+ M2 · ε

4M2

= ε/2.

Now for every u ∈ D ⊆ co(A⊗B) there is v ∈ co(A⊗B) such that

‖u− v‖ ≤ ε

2(1 + C1C2)
.
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Write v =
∑n

i=1 ti(xi ⊗ yi) where xi ⊗ yi ∈ A⊗B and
∑n

i=1 |ti| ≤ 1. Then

‖(T1 ⊗ T2)(v)− v‖ ≤
n∑

i=1

|ti| · ‖(T1 ⊗ T2)(xi ⊗ yi)− (xi ⊗ yi)‖ ≤ ε

2
,

which implies that

‖(T1 ⊗ T2)(u)− u‖ ≤ ‖(T1 ⊗ T2)(u− v)‖+ ‖(T1 ⊗ T2)(v)− v‖+ ‖v − u‖
≤ (‖T1‖ · ‖T2‖+ 1) · ‖u− v‖+

ε

2
≤ ε.

Moreover, ‖T1 ⊗ T2‖ ≤ ‖T1‖ · ‖T2‖ ≤ C1 · C2. Next we need only to show that
T1 ⊗ T2 : X⊗̂Y → X⊗̂Y is weakly compact.

Since BX⊗̂Y = co(BX ⊗BY ), one has

(T1 ⊗ T2)[BX⊗̂Y ] = (T1 ⊗ T2)[co(BX ⊗BY )]

⊆ co((T1 ⊗ T2)[BX ⊗BY ])

= co(T1[BX ]⊗ T2[BY ]).

Note that T1[BX ] and T2[BY ] are, respectively, relatively weakly compact subsets of
X and Y . By Proposition 1 and [5, Proposition 2.5], T1[BX ]⊗ T2[BY ] is a relatively
weakly compact subset of X⊗̂Y . It follows from the Krěın–Smuliàn theorem that
co(T1[BX ]⊗T2[BY ]) is a weakly compact subset of X⊗̂Y and hence, (T1⊗T2)[BX⊗̂Y ]
is a relatively weakly compact subset of X⊗̂Y . This implies that T1 ⊗ T2 : X⊗̂Y →
X⊗̂Y is weakly compact and thus X⊗̂Y has the W.A.P. ¤

Remark. By applying the construction in [2] to `1 one obtains a separable L∞-
space X so that `1 ⊂ X isometrically and X has the Schur property (also see [9]). It
follows from [1, Corollary 3] that X has the W.A.P. Saksman and Tylli in [9] asked
a question whether X⊗̂X has the W.A.P.? Note that the Schur property implies the
Dunford–Pettis property. Thus the previous Theorem 2 gives an affirmative answer
to this question.

Every reflexive Banach space clearly has the W.A.P. There are a few examples
of non-reflexive Banach spaces with the W.A.P. (see [7, 9]). If K is scattered then
C(K)∗ has the Schur property (see [8], also see [4]) and hence, has the Dunford–
Pettis property. It follows from [1, Corollary 3] that C(K)∗ also has the W.A.P.
Thus we have the following corollary that gives us new examples of non-reflexive
Banach spaces with the W.A.P.

Corollary 3. Let K be scattered and Y be a Banach space with the W.A.P.
Then C(K)∗⊗̂Y has the W.A.P. In particular, C(K)∗⊗̂C(K)∗ has the W.A.P.

Recall that a Banach space X is said to have the compact approximation property
(see [3, p. 308]) if for every compact subset K of X and every ε > 0 there is a compact
operator T : X → X such that ‖T (x) − x‖ ≤ ε for all x ∈ K. A Banach space X
is said to have the bounded compact approximation property (see [3, p. 308]) if there
exists λ ≥ 1 so that for every compact subset K of X and every ε > 0 there is a
compact operator T : X → X satisfying ‖T‖ ≤ λ and ‖T (x)− x‖ ≤ ε for all x ∈ K.
It is well known that the (bounded) approximation property implies the (bounded)
compact approximation property, but the converse is not true (see [11] or see [3, p.
309]).
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Diestel, Fourie and Swart [4] showed that if Banach spaces X and Y have the
approximation property (respectively, the bounded approximation property) then
the projective tensor product X⊗̂Y has the same property. To obtain the compact
approximation property and the bounded compact approximation property for the
projective tensor product X⊗̂Y , we need the following characterization of relatively
norm compact subsets in X⊗̂Y which is due to Grothendieck [6] (also see [5]).

Proposition 4. A subset K of X⊗̂Y is relatively norm compact if and only if
there are compact subsets A of X and B of Y such that K ⊆ co(A⊗B).

By the previous proposition and following the last part in the proof of Theorem 2,
we have the following corollary.

Corollary 5. Let X1, X2, Y1, Y2 be Banach spaces. If T1 : X1 → Y1 and T2 : X2 →
Y2 are compact, then T1 ⊗ T2 : X1⊗̂X2 → Y1⊗̂Y2 is compact.

Similar to the proof of Theorem 2 we have the following.

Theorem 6. If X and Y are Banach spaces with the compact approximation
property (respectively, the bounded compact approximation property), then X⊗̂Y
has the compact approximation property (respectively, the bounded compact approx-
imation property).
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