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Abstract. Given a sense-preserving injective harmonic mapping F' in the unit disk D and a €
C we consider a simple deformation C 3 a — F, := H +aG of F, where H and G are holomorphic
mappings in D determined by F = H + G and G(0) = 0. We introduce a natural generalization
of convexity called a-convexity. Then we study the bi-Lipschitz behaviour of mappings F, under
the assumption that F is a quasiconformal harmonic mapping of D onto an a-convex domain
F(D). As an application we show that if F' is a quasiconformal harmonic self-mapping of D, then
H is a bi-Lipschitz mapping. Consequently, a sense-preserving harmonic self-mapping F' of D is
quasiconformal iff H is Lipschitz with the Jacobian of F' separated from zero by a positive constant
in D.

Introduction

Set D(R) := {z € C: |z| < R} for every R > 0. Throughout the paper we
always assume that F' is a sense-preserving injective harmonic mapping of the unit
disk D := D(1) onto a domain € in C. Then F is represented uniquely by

(0.1) F(z)=H(z)+G(z), zeD,

where H and G are holomorphic mappings in D and G(0) = 0. Moreover, from the
classical Lewy’s theorem it follows that the Jacobian J[F] does not vanish on D; cf.
[7]. Since F' is sense-preserving,

(0.2) [H'(2)]" = |G'(2)]* = [0F ()" — |0F (2)|* = J[F](2) > 0, =z €D,

where 9 := 1(0, — i0,) and 0 = 1(9, + 10,) are the so-called formal derivatives
operators. Therefore the complex dilatation

(0.3) () = gig i _ sz((?)

z €D,
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is well defined and

(0.4) |1rl| roo = esssup [urp(2)] = sup |pr(2)] <1, 0<R<I
z€D(R) 2€D(R)

Since G’/H" is a holomorphic mapping, we conclude from the maximum principle
that
(0.5) lprllre <1, 0<R<1L.
Recently Kalaj studied the following transformation
(0.6) C>aw F,:= H+aG;
cf. [5]. He proved that:

Theorem A. [5, Thm. 2.1] Suppose F(D) is a convex domain in C and a € C.
If |a] < 1, then F, is an injective close-to-convex harmonic mapping. Furthermore,
if la| < 1, then the mapping F, is (1 + |a|)/(1 — |a|)-quasiconformal.

Since H = Fj, Kalaj’s result shows that the transformation (0.6) provides a
simple harmonic deformation of the conformal close-to-convex mapping H which
leads to F' via close-to-convex harmonic mappings F,. Therefore the mapping
(0.7) D x HD) > (t,2) — F(t,z) := F,o H(2) = 2+ tG o H'(2)
is a holomorphic motion of the set H(D), because:

(i) F(0,2) = z for z € H(D);

(i) D 3t~ F(t,2) is a holomorphic function for each z € H(D);

(iii) H(D) 3 z — F(t, 2) is an injective mapping for each ¢t € D.
This points out a possibility of usage of the theory of holomorphic motions for study-
ing harmonic mappings. On the other hand side, Clunie and Sheil-Small considered
in [3], similarly to (0.6), a holomorphic deformation C 3 a — H + aG.

The above facts have motivated us to study the bi-Lipschitz property of the
transformation (0.6). We start with the following observation.

Proposition 0.1. For every L > 0, if
(0.8) |F(w) — F(2)| < Llw—z|, w,z€D,
then for every a € C,
(0.9) |Fa(w) = Fo(2)] < (1 +|alllppllroo) Llw — 2|, w,z €D.
Proof. Since F' is differentiable at an arbitrarily fixed point (, € D, we have

(0.10)  F(¢) — F(G) = 9F(C)(C — Go) + IF (C)(C — Go) +0(¢ —G), C€D.
Then for each 0 € R, we conclude from (0.8) that

|0F (Go)e" + OF (Go)e ™| = E\F(rew +G) — F(Go)| + 1{o(rei‘))\
(0.11) " ) r
<L+ ;‘o(rew)| — L asr—0.

On the other hand side OF(¢y) = |0F((y)e® and OF((y) = |[0F(¢y)|e® for some
a, € R. Thus for 6 := (8 — «)/2 we obtain

(0.12) |OF (Go)| + [0F (Go)| < L, ¢ € D.
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Given z,w € D, z # w, we define [0;1] 3 s — v(s) := z + s(w — 2). Since v([0;1]) is
a line segment laying in D we conclude from (0.4) and (0.12) that for any a € C,

|Fy(w) — Fol2)] 1 ' dF,(v(5)) ' 5
- | [ ] < [ (oR6 )+ R G

jw — 2|

1
S/O [OF(y(s)I(1 + lalllprll100) ds = (1 + lalllprllrc0) L,

which yields (0.9). O

According to Proposition 0.1 the transformation (0.6) preserves the Lipschitz
property of the mapping F. In this paper we say that a mapping is co-Lipschitz
provided it is injective and its inverse mapping is Lipschitz. In what follows we study
under what conditions the mapping F|, is co-Lipschitz provided so is the mapping
F. This is a more sophisticated task. In Section 3 we show Theorem 3.4 which
asserts that F} is co-Lipschitz for every a in a definite disk provided € is an a-convex
domain with v € [0;1) (cf. Section 1) and F is co-Lipschitz and quasiconformal with
171,00 < cOS 5.

It is worth noting here the paper [2] by Chuaqui and Hernandez. They studied the
relationship between the injectivity of the mappings F' and H under the assumption
that Q is a linearly connected domain. Corollary 2.2 can be treated as a counterpart
of [2, Thm. 2]. Theorem 3.4 looks also quite related to |2, Thm. 3]. We would like
to express our sincere thanks to the referee who pointed out the paper [2] and gave
us the suggestion to improve the original Corollary 2.2 into the present one.

In the paper [12] Pavlovi¢ showed that in the case where F(D) = D, F is
quasiconformal iff F' is bi-Lipschitz. As an application of Theorem 4.1 we show
that H is a bi-Lipschitz mapping provided F'is quasiconformal. In consequence, we
obtain another necessary and sufficient condition for quasiconformality of F'. Namely,
if (D) = D, then F is quasiconformal iff H is Lipschitz with the Jacobian J[F] of
F' separated from zero by a positive constant in D; cf. Corollary 4.4.

1. Bounded turning property

We start with the following deviation measure of a regular arc from the line
segments with the same endpoints.

Definition 1.1. Given a > 0 we call a continuously differentiable function
v:[0;1] — C an a-bounded turning arc (a-bta for short) provided there exist a
continuous function : [0; 1] — R and 6y € R satisfying the following properties

(1.1) V' (s) = exp(if(s))[7/(s) #0, 0<s <1,
(1.2) 10(s) — 60| < % 0<s<1,
(1.3) Y(1) = 7(0) = [v(1) = 7(0)[ exp(ifo).

Note that every 0-bta v is a parameterization of a line segment in C, i.e. v([0; 1])
is a line segment in C. Using the bounded turning arcs we introduce the following
generalization of a convex set in the complex plane.

Definition 1.2. Given o > 0 a set 2 C C is said to be a-convex if for all
21,29 € §), 21 # 29, there exists an a-bta v such that v(0) = z;, 7(1) = 2 and
7([0;1]) C €.
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Note that a 0-convex set 2 C C is a convex set. Therefore the parameter «
measures the deviation of a set {2 from the convexity.

Lemma 1.3. For every « € [0;1) each a-bta vy is a rectifiable arc and its length
|v|1 satisfies the following inequalities

QT
(1.4) 7)1 cos - < (1) =7 (0)] < |7

Proof. Fix o € [0;1) and an a-bta v with endpoints z; := (0) and 25 := 7(1). By
Definition 1.1 there exist a continuous function 6: [0;1] — R and 6, € R satisfying
the properties (1.1), (1.2) and (1.3). Then from (1.3) it follows that

|22 = 21| = [7(1) = 7(0)] = (v(1) = ~(0))e™™.
Hence and by (1.1) and (1.2) we have
22— a1l = Re (3(1) = 7(0)e ) = Re [ (s)e ™ s
= /0 |7/ (s)| Re @) =%) 5 = /o |7 (s)] cos(B(s) — 6y) ds

1 1
> / |7 (s)| cos O s = cos%/ 17/ (s)| ds = |y cos 0‘_”7

which proves the first inequality in (1.4). On the other hand side

1 1
|zp — 21| = ‘/ 7'(s) dS‘ < / 1V (s)|ds = |7v|1,
0 0

which shows the second inequality in (1.4). O

2. Auxiliary properties of harmonic mappings
In this section we study the mappings H and G associated with the mapping F’
by the equality (0.1).

Lemma 2.1. Given a € [0;1) suppose that €2 := F(D) is an a-convex domain.
Then for every pair of zy,zo € D, z1 # 29, there exists R € (0;1) such that

1 k G(z) —G(z) _1—cos k k
2.1 — -—— <R < .
(2.1) cosg 11—k~ eF(22>—F<21)_ cos G 1—k2+1+k
as well as
1 — cos & —
(2.9) I cos F  k < Re H(z) — H(%) < 1k
1+ k cos g 1—k? F(z) — F(z1) cosg 11—k

for every k satisfying ||pr||reo < k < 1. Moreover, the following inequalities hold

H(z) = H(21)| _ |, G(2)—-G(x) k + k*sin
(23) i Flza) = Flz) | ™ Bz = Py | = (T= k) cos
G(ZQ) — G(Zl) k
(24) ‘F(ZQ) " ()| S T Reos
H(Zg) — H(Zl) 1
(25) ’ F(z) — F(z) = (1 —Fk)cos <
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Proof. Take arbitrary points z1,2, € D such that z; # z;. Since () is an a-
convex domain, there exists an a-bta v such that v(0) = F(z;), 7(1) = F(z2) and
~([0;1]) € Q. By Definition 1.1 there exist a continuous function 6: [0;1] — R and
0y € R satisfying the properties (1.1), (1.2) and (1.3). Then o := F~! o~ is an arc
in D joining z; with z,. Since o([0;1]) is a compact subset of D, ¢([0;1]) C D(R)
for certain R € (0;1). Hence and by (0.5),

(2.6) lur(o(s)] < [lprpllre <1, 0<s<1.
Applying Lemma 1.3 we also have
(2.7) Al cos 5 < [F(20) = F(1)] < .
Since for every z € D,
1= O(F "o F)(2) = OF (F(=))H'(2) + OF ' (F(2))G (2
0=0(F'oF)(2) =0F Y F(2))G'(z) + OF Y (F(2))H'(2),

we easily see that

py_ 0P TG
. O EC) = G T TR - P
OF\(F(z) = -0 _ G'2)

IFGE) HEP -GG
Using now (1.1) and (2.8) we obtain

G(z /G’ dz-/ G'(o ())%U(s)ds
:AG F Y ((8)(5) + OF " (4(s))7/(5)] ds
= [ GlolsOF  (Plos)1(5) + 08 (Flo(s)) 7T ds
[ oo [ O o GGy S
‘AG [ Flee) e e
_ [ QTR - (G o)
- ww@wwaumw )l
! jir(o(5)) LD 0 pip(o(s)) P
- EpREE)E s
Hence
o Gz) — )
(2:9) e (o () Gaggr e — lup(o(s)) PO
- [ lar (@ )P (sl ds

By (1.2), we obtain

(2.10) Ree!®=0() > cos % >0, 0<s<1L
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Combining this with (2.9), (2.6) and (2.7) we get

Rele (G (z) — G(=1))]

U (o () E () (—i(0o+6(s)) 2 . ar
S/0 |1p(0(8) Gt ))1—(\/@()(’ ))|\2MF( a(s))]? cos 4 ()] ds
[l
+/01 (lur(o 8)1)| y;ﬁ((()))y)?'?)ms{é_ﬂ o/ (s)] ds
i Ll e sl

1 —cos & 17| R0 el Ryoo
< [F(z) — F(21)] 2. =+ ’ ,
cos G 1—|lprlhe 14 lprlre

which together with (1.3) yields the second inequality in (2.1). On the other hand
side, we conclude from (2.9), (2.6) and (2.7) that

Rele ™G~ ) 2 | T sl

L= lur(e(3)P

_ " _lur(e(s))] SR 177 Y

- /ol—m CO IR Ly e
F(z) = Fe)| el

S S e .

which together with (1.3) yields the first inequality in (2.1).
From (0.1) it follows that F(z) — F(21) = H(z) — H(21) + G(22) — G(z1), and
hence

H(z) = H(zx) _ | p G2 =G(z)
B F ) P R )
Im H(z) —H(z) _ Im G(z) — G(z)

F(z) - F(z) F(z) — F(z1)

This together with (2.1) yields the inequalities (2.2) and the equality in (2.3). From
(2.9) we conclude that

Im[e (G (2) — G(21))]

/1 Im[pur(o(s)) gjgzgg O] _ | (0 (s)) |2 Im @O)—00)
0 1—|pr(o(s))?

By (1.2) we have

7 (s) ds.
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Thus applying (2.6) and (2.7) we get

[ Tmle _iHO(G(Zz) — G(21))]]

Hup(o(s)] + |pr(o(s))?| Im @@=
5 [/ (s)| ds
1 —|pr(o(s))]
k+k28m— k + k2 sin &=
AL R F 2
< P < 1P )~ el e

which together with (1.3) yields the inequality in (2.3). Applying (2.9) once again
we see that

- prlo ()] + ()P
G GG < [ 1_W SO @l

S IR () - F)

|7|1 m7

which leads to (2.4). Using (1.1) and the formulas (2.8) we have

H(z)— H(z) = [ H(z)dz = H’(a(s))i o(s)ds
o 0 ds

= /0 H'(a(s))[0F " (7(s))Y'(s) + OF " (v(s))7'(s)] ds

= [ B F () () + OF (o) 76 s
T ey CEED ]
/ Ho(0) 57 g™ - )" ()l ds

:/ [H'(0(s))]*e") — H'(0(5))G'(0(5))
0 |H'((0(5)))]2 = |G"((0(s)))]
(o)) ST e

1 lf(s)
G'(o(s)) /
=t P
Hence and by (2.6) and (2.7) we see that

H(z) — H(z) S/0 1+ |pr(o(s))] Y (s)]ds :/O I/ (s)] s

[\)v

1= |pr(a(s))? 1= [pup(a(s))l
Rt < |F(22) — F(z1)] i 1
~ = lprllre ~ cos 1= [lprllroe’
which leads to (2.5), and the proof is complete. O

Corollary 2. 2 Given « € [0; 1) suppose that Q2 := F(D) is an a-convex domain.
If || pp|1,00 < cos @, then H is an injective mapping. In particular, H is an injective
mapping prov1ded Q is a convex domain.

Proof. Take arbitrary points 21, 2zo € D such that z; # z;. Suppose first that
| pr|| Roo = cos & for certain R € (0;1). Since G'/H' is a holomorphic mapping, we
conclude from the maximum principle that G'/H' is a constant one, and so there
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exists ¢ € C such that G'(z) = cH'(z) as z € D. Hence
0 <[F(z2) = F(z1)| = [H(22) — H(z1) + (G(22) = G(21))]
= [H(z2) = H(z1) + c(H(22) — H(z1))| < (14 [¢])|H (22) — H(z1)].

This implies H(z3) # H(z1), and therefore H is an injective mapping.

It remains to consider the opposite case, where ||pp|/ro < cos %t for all R €
(0;1). Since €2 is an a-convex domain and 0 < a < 1, we conclude from Lemma 2.1
that the first inequality in (2.2) holds with k := ||r|| g0 for certain R € (0;1), and
S0

Re H(z) — H(z) 1 1 —cos T |prllre
F(z) = F(z1) — 1+ |lprllreo cos G 1 —|lprllFe
cos 5 — [|url| R0

= > 0.
(1= llpr I o0) cos 5

Hence H(z2) # H(z1), and therefore H is an injective mapping.

By Definition 1.2 each convex domain is a 0-convex domain. Moreover, from
(0.5) it follows that ||ur||re <1 = cos(0) for 0 < R < 1. Thus, by the first part of
the corollary, the mapping H is injective provided €2 is a convex domain. O

Remark 2.3. From Lemma 2.1 we can easily derive the following result by J.
Clunie and T. Sheil-Small [3, Corollary 5.8]: If Q := F(D) is a convex domain, then

(211) |G<ZQ) - G(Zl)| < ’H(Zg) - H(Zl)‘, 21,9 € D, 21 # Z9.
For the proof, fix 21,z € D such that z; # z5. Setting

G(z) — G(z) b= Re H(z) — H(z)

, b an :
F(z) = F(z) F(z) = F(=) F(z) -
we deduce from (0.1) that a +b =1,

a:= Re

— — — — 2

G(Zz) — G(Zl) — ¢ and 'G(Zg) — G(Zl)
F(ZQ) — F(Z1) F(ZQ) — F(Zl)

(2.12) Im =(1-0b)*+c

Since 2 is a 0-convex domain, we conclude from Lemma 2.1 that the first inequality
in (2.2) holds with k := ||pr|| r.eo for certain R € (0;1), and so b > (1+ ||ur| roo)
By (0.5), |lprllre < 1 = cos(0). Thus b > 1/2, and so (1 — b)* + ¢* < b* + %
Combining this with (2.12) and

2
:bQ+02,

H(z) — H(z)
(2.13) ‘ () — F()

we obtain (2.11).
The next lemma extends the result of Clunie and Sheil-Small.

Lemma 2.4. Given « € [0;1) suppose that Q := F(D) is an a-convex domain
and that ||pip|[1,00 < k < cos<F. Then for all 21,z € D, 21 # 2,

— G(z) 1—1{:(:08%}

— H(z) cos G- — k

(2.14) ‘ggg

< Si(k, ) := max {1, k
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Moreover, suppose additionally that o = 0 or k < tan (=a)r 1 AT <1 jn case a € (0;1).

Then
< So(k,a) =k - \/(1 — kcos G )2 + (1 + ksin &F)2

(cos &F — k)2 4+ k2(1 + ksin 4F)%

ZQ) — G(Zl)

(2.15) ’H(Z2) — H(z1)

Proof. Given « € [0;1) suppose that €2 := F(D) is an a-convex domain. Fix
21,73 € D such that z; # 2z5. Under notations from Remark 2.3 we conclude from
(2.12) and (2.13) that
Gl(z) - G(z) | _
H(ZQ) — H(Zl)

From the assumption ||pr||1,0c <k < cos % and Lemma 2.1 it follows that

(I1-b2+c> 1-2b

= 1.
b2_|_02 b2+62+

(2.16)

1-—(A+1)k 14+ Mk
2.17 ————— =0 <D< by =
( ) 0< 1—]{32 1 =V =xU2 1_k7
where A := (1 — cos &)/ cos %F. Hence

1—-2b 1—-2b; 1—2by
2.18 — < .
(2.18) w+@—mw{%+§’@+@}

It is easy to check that
1—2b _ 1-—2b bitb o

2.19 b1by — <
(2.19) b+ T b3+ 2 e -
Since by + b AE2(3 — K+ 2))
+ 02 3—k+2
biby — ——2 = — <0<
RS 21— k)(1—k) = —
we conclude from (2.18), (2.19) and (2.16) that
2
(Zl) 1 — 2b1
2.20 <1
(2.20) ‘H(z — H(z) * b3 + 2
If by <1/2, then
1 — 2b, 1 — 2b, (1—by)? 1 2
1< 1< 1= ([ =_1]) .
Swre ST w T w b

This together with (2.20) yields the estimation (2.14), because the right hand side in
(2.20) is less than 1 provided b; > 1/2.

Assume now additionally that o = 0 or £ < tan
Then

(1-a)m

7 < 1in case a € (0;1).

L1 ERoananes (ko) (i)
2 21 — k2) 201 — k2) =
Applying now the inequality in (2.3) and the first equality in (2.12) we obtain
k + k*sin 4F
(1 —k2)cos &F”

e <

and consequently,
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Combining this with the inequality (2.20) we obtain the estimation (2.15). O

Remark 2.5. It is easily seen that the functions S; and S5 defined in Lemma 2.4
have the following properties:

(i) Si(k,0) = 1 and Sy(k,0) =k - \/ {5k for k € [0;1).

(ii) If 0 < a < 1, then

1 asogkgtan%;
k,a):= 1 —kcos St —a)n
Si(k, ) ]{ZTQ as tan% < k < cos .
cos G5 — k

(iii) If 0 < @ < 1, then the function Si(-,a) is continuous in [0;cos &), strictly

increasing in (tan (174a)’7; cos &) and Sy (k,a) — 400 as k — cos 4.

(iv) The function Ss(-,0) is strictly increasing in [0;1), Sa(k,0) > k for k € (0;1)
and S5(k,0) — 1 as k — 1.

(v) If 0 < a < 1, then k < Sa(k,a) < 1 for k € (0; tan @) and Sy(k, o) — 1

(1—a)mw
-

as k — tan

3. The Lipschitz and co-Lipschitz properties of harmonic mappings

In this section we present various results dealing with Lipschitz and co-Lipschitz
properties of harmonic mappings F, := H + aG, provided the mapping F maps the
unit disk D onto an a-convex domain. Note that Fy = H. The only exception where
we have no need to require that F'(D) is an a-convex domain for any o > 0, is the
following lemma.

Lemma 3.1. If F maps the unit disk D onto a simply connected domain and
there exists a constant L > (0 such that

(3.1) %w@g—ﬂ@ngwug—ﬂa» 4,2 €D,

then L > 1 and F is a quasiconformal mapping with ||pp|l10c <1 — 1.

Proof. Fix z € D, r > 0 and § € R. Setting w := z +re we conclude from (3.1)
that

11 H(w)— H(2)

L w—z

and letting r tend to 0 we obtain

< ‘H(w)—H(z) N w—2z Glw)—G(2)

w—z w—z w—z

I

TIH'()| < |5 (2) + e T3]
Hence choosing suitably 6 we have
HH'G)| < |H ()] - 10/,
and thus .
@) < (1= 1) 1H)]

Combining this with (0.2) we deduce that L > 1, and |up(z)] <1— 1. Since z is an
arbitrary point in D, we see that [|pup|l1,00 <1 — 7, and thus F' is a quasiconformal
mapping, which proves the lemma. [l
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Theorem 3.2. Given a € [0;1) suppose that Q2 := F(D) is an a-convex domain
and ||fip||1 00 < 1. Then for every k satisfying ||jir||100 < k < 1 and for all z;, z € D,
cos & — |F(z2) — F(z1)]

F() = Flan)| < |H(z2) — Ha)l < S 25 50

or equivalently, for such k and all wy,w, € €2,

cos G- — - - [w — il
2 _ <|HoF! —~HoF™! S o ar
—|ws —wy| < [Ho (w2) © (wi)] = (1 —k)cos %

(33) (1 —k?)cos

In consequence, if ||pip|l1,00 < cos %, then the function H o ' is bi-Lipschitz.

Proof. Given a € [0;1) suppose that € is an a-convex domain and ||pp||10 <
k < 1. Fix z1, 290 € D such that z; # z5. From the first inequality in (2.2) it follows
that

(3.4)

Y

cos 4 — . H(z) — H(z1) _ |H(22)— H(z)
(=) cos 2 = Flz) = Flar) = ‘ Fz) — Fl21)

2
which yields the first inequality in (3.2). The second inequality in (3.2) follows
immediately from (2.5). The one-to-one correspondence D 3 z — w = F(z2) € Q
shows that both the double inequalities (3.2) and (3.3) are equivalent. Finally, if

|pr|l1,00 < cos %F, then the left term in (3.4) with & := |[p|[1,0 is positive. Hence
and by (3.3) we conclude that H o F~! is a bi-Lipschitz mapping, and the proof is
complete. ([l

By Lemma 3.1 and Theorem 3.2 we easily obtain the following property.

Corollary 3.3. Suppose that Q2 := F(D) is an a-convex domain for some « €
[0;1). Then F is a quasiconformal mapping iff there exists a constant L > 1 satisfying
(3.1) in Lemma 3.1.

Using the functions S and Sy given in (2.14) and (2.15), respectively, we define
a function S: {(1,0)} U {(k,a) € [0;1) x [0;1): & < cos 5} — R by the following
formulas: S(1,0) := 1,

(1—k)?2+1

(3.5) S(k,0) := S5(k,0) =k - (D

as 0 < k <1,
and for o € (0;1),

1—a)m ar.
(3.6) S(k,a) := {Sl(/f,oé) as tan% < k < cos o

So(k,a) as 0 <k < tan W.

Theorem 3.4. Given a € [0;1) and k > 0 suppose that Q := F(D) is an
a-convex domain and ||pip||1,0c < k < cos%t. Then for every a € D(1/S(k, ),

(1 —la|S(k,a))(cos & — k)

(1 — k?) cos

(3.7)

|F(21) — F(20)| < |Fo(21) — Fu(22)|, 21,22 € D.
In particular, F, is a quasiconformal mapping and

< 1.

. <k
(33) s o < Klal < g7
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If furthermore there exists a constant L > 0 such that
1
(39) z’Zl—ZQ| S |F(21>—F(22)|7 Zl,ZQED,

then for every a € D(1/S(k,«)) the mapping F, is co-Lipschitz and
(1 — [a[S(k, a))(cos 5F — k)
L(1 — k?) cos &

Proof. Given « € [0;1) suppose that €2 is an a-convex domain. Fix 2,29 € D
such that z; # 2z and @ € D(1/S(k, «)). From Lemma 2.4 and (3.6) it follows that

(310) |Zl — Zg| S |Fa(2’1) — Fa(22)|, 21,72 € D.

a(G(z2) — G(z))
(3.11) H(z) — H(2) ' = falstha) <t
Hence
Falen) = Fueal] = () = (e |1+ 2 =)
(3.12) ¢

> H() - He)] (1|55
> |H(=2) — H()|(1 - [alS(k. ).

Applying now Theorem 3.2 we obtain (3.7), and thus the mapping Fj, is injective.
By (0.2), we see that 0F,(z) = H'(z) # 0 as z € D. Then for every z € D,

OF,(2) aG’

OF.(2)|

(3.13) ’

il S P <k .
) — | SR < el < Hol < g —

Since Si(k,a) > 1 and Sy(k,«) > k, we have S(k,«) > k. Therefore (3.13) yields
(3.8). Thus F, is a quasiconformal mapping.
If we assume additionally that (3.9) holds, then (3.7) together with (3.9) leads to

(3.10), which means that F, is a co-Lipschitz mapping, and the proof is completed.
O

Corollary 3.5. Given « € [0;1) and positive numbers k Ll, Lz suppose that
is a bounded a-convex domain, (LyLy—1)(LyLy+1)"' < k < cos % and the function
I is bi-Lipschitz with constants Ly, Lo, i.e.

1
(314) —|ZQ—21’ S |F(22)—F<Zl)| §L2|22_Zl|, 21,29 e D.
Ly

Then for every a € D(1/S(k, «)) the mapping F, is also bi-Lipschitz and the following
inequality

(1 —a[S(k, a))(cos 5F — k)
(3.15) Li(1 — k?) cos &F

|21 — 22| < |Fa(21) — Fal22)]

< (1+ |alk)Lo|z1 — 29|, 21,22 € D,
holds. In particular, F, is a quasiconformal mapping and the estimation (3.8) holds.

Proof. Since F is differentiable at an arbitrarily fixed point (y € D, the property
(0.10) holds. Then for each # € R, we conclude from the first inequality in (3.14)
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that

|0F (Go)e” + OF (Go)e ™| = %‘F(Teie +Go) — F(Go)| + %Ioo«ei@){

On the other hand side OF(¢y) = |0F((y)e® and OF((y) = |[0F(¢y)|e” for some
a, € R. Thus for 0 := (7 + [ — a)/2 we obtain

(3.16) OF(Go)] — [IF(Go)] > Li G eD.

From the second inequality in (3.14) it follows that the inequality (0.12) holds with
L replaced by Ls. Combining this with (3.16) we obtain

PFEI+OFG]

(3.17) OF (=) — [oF(2)]

Since F' is a sense-preserving diffeomorphic mapping, we deduce from (3.17) that F'is
a L Ly-quasiconformal mapping, and consequently ||fip|/1,00 < k. Then Theorem 3.4
and Proposition 0.1 imply the condition (3.15) for every a € D(1/S(k, «)), which
means that F, is a bi-Lipschitz mapping. Moreover, Theorem 3.4 implies that F|,
is a quasiconformal mapping and the estimation (3.8) holds, which completes the
proof. 0

Remark 3.6. All the results presented so far hold in particular in the case, where
Q2 is a convex domain, i.e. €2 is a 0-convex domain. Then there is no restriction on
the maximal dilatation of F, and so these results are valid for every quasiconformal
harmonic mapping F'. Furthermore, for o = 0 the function S takes the simpler form
(3.5). Hence the inequalities (3.10) and (3.8) can be simplified as follows

L —lalk - /S
1—k)2+
(3.18) |21 — 2] < |Fu(z1) — Fu(22)],

T+ 21,29 € D,
and
(1 — k)2 + k2
) < T o 1
(3.19) l1p 1o < Klaf < (1—k2+1 <1
provided
1 1 —Fk)* 4 k2
(3.20) k>0 and |a| < —- A=F) +k

E\ a—k2+1

This extends Kalaj’s Theorem A in the case where F is a quasiconformal mapping.

In the case where F(D) is a convex domain we obtain the following Lipschitz
and co-Lipchitz properties of the mapping F, o H .

Theorem 3.7. Suppose that §2 := F(D) is a convex domain and that a € C
satisfies |a| <1 (resp. |a| < 1/S(||ptrl1,00,0)) provided ||pp||1,00 = 1 (resp. ||pr||100 <
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1). Then F, := H +aG is an injective mapping, F, o H~' is a Lipschitz mapping and

1
H(z) — H(z)| >
H () = H (=) 2 i 0)

1
Z §|Fa(zl) - Fa(22)|a z1,%2 € D.

|Fa(21) — Fa(2)]
(3.21)

Moreover, if a € C satisfies |a| < 1/S(||r|l1,00,0), then F, o H~' is a bi-Lipschitz
mapping and
1
(22)] <
1 —TalS([[r e, 0)
Proof. Suppose first that ||ur|l1.0 = 1 and |a|] < 1. Then from (2.11) it follows
that for all z1, 20 € D, 21 # 29,
[Fu(21) = Fa(z2)| = [H(z1) — H(z2) + a(G(z1) — G(2))|
(3.23) > [H(z1) = H(z)| = |a]|G(21) = G(22)]
> [H(z1) = H(z)| = |G(z1) — G(z2)] > 0,

(3.22)  |H(zn)—H Fu(21) — Fu(2)], 21,2 € D.

and similarly,
|Fa(21) = Fa(z2)| < [H(z1) — H(22)| + |a]|G(21) — G(2)]
< (L Ja[H(z1) — H(2)| < 2|H(z1) — H(2)].
Thus the mapping F, is injective and (3.21) holds. Furthermore, if |a|] < 1 =
1/5(1,0), then the first inequality in (3.23) and (2.11) yield
[Fa(z1) — Fa(22)| = (1 = [a])|H(21) — H(22)|, 21,22 € D,

which implies (3.22).

Suppose now that ||pp|l1.00 < 1and |a| < 1/5(]|pFl/1,00,0). Then by Theorem 3.4

the mapping F, is quasiconformal and (3.12) with & := ||up|/1, implies (3.22).
Modifying suitably (3.12) we conclude from Lemma 2.4 and (3.5) that

(21) = H(z
< (L+alS(lprlliee, 0)[H (21) — H(z2)
< 2|H(z) — H(z2)|, 2,22 € D,

which shows (3.21). O

Finally in the case where F'(D) is a convex domain we can give several sufficient
and necessary conditions for F' to be quasiconformal.

|Fa(Z1)—Fa(Zg)’S’H(zl)—[—[(@)’(l_i_‘a(@ Gz )))D
|

Theorem 3.8. Suppose that ) := F(D) is a convex domain. Then the following
five conditions are equivalent to each other:

(i) F is a quasiconformal mapping;
(ii) there exists a constant L, such that 1 < L; < 2 and

(324) |F(22) - F(Zl)| S LllH(ZQ) — H(Zl)|, 21,29 € ]:)7
(iii) there exists a constant Iy such that 0 <, <1 and

(3.25) |G(29) — G(21)| < l1|H(2z2) — H(z1)], 21,22 € D;
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(iv) there exists a constant Ly > 1 such that
(326) ‘H(ZQ) —H(Zl)‘ S LQ‘F(ZZ) —F<Zl)‘, 21, %2 € D,

(v) Ho F~' and F o H™! are bi-Lipschtz mappings.

Moreover, the following implications hold: (3.24) = ||prll1,00 < L1—1, (3.25) =
liepllioe < 1 and (3.26) = [uplie < 1— 2.

Proof. Since
|F(22) — F(21)| < |H(22) — H(21)| + [G(22) — G(21)], 21,22 € D,

we see that (iii) implies (ii). In the same way as in the proof of Lemma 3.1 we deduce
that (3.24) implies that for every z € D,

[H'(2)| + G (2)] < L[ H'(2)],
and so |G'(2)|/|H'(z)] < Ly — 1. Hence (ii) implies (i) and ||ppll100 < L1 —1. By

Lemma 2.4, (i) implies (iii) and it is easily seen that (3.25) yields ||,uF||1,_oo <. From
Lemma 3.1 we conclude that (iv) implies (i) and ||up||1.00 < 1—%2. Theorem 3.2 shows

that (i) implies (v). Finally, (v) clearly implies (iv), and the proof is complete. [

4. Complementary results

The results presented so far involve the a-convexity of the range domain F(D)
with the maximal dilatation K of a quasiconformal harmonic mapping F' in D. Obvi-
ously, each convex domain is a 0-convex domain. Therefore the concept of a-convexity
remarkably extends the convexity property, and so our results are applicable for a
wide family of quasiconformal harmonic mappings. However, the detailed discussion
exceeds the scope of this paper. Therefore here we confine ourselves only to the case
where F' is a quasi-conformal harmonic self-mapping of D. Then the bi-Lipschitz
behaviour of F follows from the result of Pavlovi¢; cf. [12, Thm. 1.2|. Moreover, if
F(0) = 0 and F' is a K-quasiconformal mapping, then the more precise result [11,
Thm. 3.3] asserts that for all z,w € D:

L3K
KAK+1 M;{(

where for every t > 1,

(12) et /M <<I>t<r>)1“/t dr
. t - T o r m

(4.1) |z —w| < |F(2) = Fw)| < K(MgK)¥|z —w|,

and

(4.3) L=t /M (cbl/m)““t ar
. t - T o r 1 — r2.

Here @, denotes the Hersch-Pfluger distortion function defined for each ¢ > 0 by the
equalities

(4.4) Oy(r) = p Hur)/t), 0<r<l; @(0):=0, ®(1):=1,

where p stands for the module of the Grotzsch extremal domain D\ [0;7]; cf. [4]
and [6, pp. 53 and 63]. For many useful properties of the Hersch-Pfluger distortion




554 Dariusz Partyka and Ken-ichi Sakan

function the reader is referred to [1]. Efficient methods for the approximation of this
function are discussed in [9], [8], [13] and [14].
If we consider the maximal dilatation K := (1 + ||prll1.00)/(1 = ||ptr]l1.00) Of F

instead of k := ||r||1.00, it is more convenient to use the function S* defined on the
set {(K,a) € [1;4+00) x [0;1) : g—:‘l < cos %} by
(4.5) S*(K,a) = S(g—;i,&)

as compared to S. By (3.5) we have

K-1 [(K+1)?2+4
. . = : > 1.
(4.6) S0 = & —1pra B2t

Theorem 4.1. Given K > 1 suppose that F' is a K-quasiconformal harmonic
self-mapping of D normalized by F(0) = 0. Then for every a € D(1/5*(K,0)), F, is
a bi-Lipschitz mapping satisfying

(1—|a|S*(K,0))(K +1) L3¥

|21 — 22| < |Fu(21) — Fa(22)]

4K+1 K
(4.7) 2}? 1 KA My
< <1—|—|Q|K+1>K(MKK)K|21—2’2|, Zl,ZQGD.

In particular, F, is a K*-quasiconformal mapping with
(48) Kt < K+1+(K—=1)|a] (K+4+1)S*(K,0)+ (K —-1)
' T K+1—(K—1)|a (K+1)S*(K,0)—(K—-1)

Proof. Obviously, D is a convex domain, and hence a 0-convex domain. By the
assumption, |[ppll10o < k= (K —1)/(K+1) <1=cos(0) and k > 0. From (4.5)
we have S*(K,0) = S(k,0). Then the first inequality in (4.7) follows directly from
Theorem 3.4 and the first inequality in (4.1). The second inequality in (4.7) is a
direct conclusion from Proposition 0.1 and the second inequality in (4.1). The first
inequality in (4.8) follows immediately from that in (3.8) of Theorem 3.4. We derive
the second inequality in (4.8) from the assumption |a| < 1/5*(K,0). O

Remark 4.2. By [11, Lemma 1.3|, the following estimations hold:
F5(1-K2)/(2K)

K2+ K—-1
Applying them we weaken the inequalities (4.7) to the following more explicit forms

(1— |a]S*(K,0)(K +1)  250-K)@+1/K)/2

<Ly <1< Mg < K200-VK)2 >,

|71 — 22| S Fu(21) — Fu(22)]

49) oK KRH(K2 4 K — 1)
' K—1
< (1 + |a|K—+1)K3K+125(K’1/K)/2|z1 — 2|, 21,22 € D.

Corollary 4.3. If K > 1 and F is a K-quasiconformal harmonic self-mapping

of D, then H is a bi-Lipschitz mapping. If additionally F' is normalized by F'(0) = 0,
then

K+1 L3

(4 10) 2K K4K+1M[[{{|Zl - 22| S |H(21) - H<Z2)|

< K(MgK)X|2) — 2|, 21,2 € D.
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Proof. Suppose first that F' is a K-quasiconformal mapping normalized by F'(0) =
0. Since H = Fy, we conclude from Theorem 4.1 that H is a bi-Lipschitz mapping and
the inequalities (4.10) hold. In the case where F'(0) # 0 we can see that F on(0) =0
for certain conformal self-mapping 1 of D. Then F o7 is a bi-Lipschitz mapping, and
so is F'. 0

As an application of Corollary 4.3 we derive the following necessary and sufficient
condition for quasiconformality of a harmonic self-mapping of D.

Corollary 4.4. For every harmonic and injective self~mapping F of D, F' is
quasiconformal iff H is a Lipschitz mapping and

(4.11) inf J[F(z) > 0.

Proof. Suppose that F'is a quasiconformal mapping. Then Corollary 4.3 shows
that H is a Lipschitz mapping. On the other hand side, by [10, Thm. 3.2], the
condition (4.11) holds.

Conversely, suppose now that H is a Lipschitz mapping and the condition (4.11)
holds. Then there exist some positive constans €} and C satisfying

0<Cy < J[F)(2) = |H(2)]? - |G'(2)]* and |H'(z)| < Cy < +o0, 2 € D.

Hence for every z € D,

O GO R0, _G ) G,

OF(z)l — [H'(Z)]?~ [H'(»P — ~ [HEFHP - 6 7

and consequently F' is a quasiconformal mapping, which completes the proof. 0
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