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Abstract. We investigate the extrapolation properties of operator ideals A whose components
A(E, F) are closed subspaces of L(E, F'). In particular, results apply to weakly compact operators,
Banach—Saks operators, Rosenthal operators and Asplund operators.

1. Introduction

Interpolation theory and extrapolation theory are complementary subjects, with
applications in the study of boundedness of important operators and to the research
on function spaces. See, for example, the books by Stein [26], Bergh and Lofstrom
[3], Triebel [28, 29], Milman [21] and Edmunds and Triebel [12]|. Interpolation theory
has also found deep applications in operator theory, as can be seen in the monographs
by Triebel [28] and Pietsch [25], or in the paper by Heinrich [16]. But the connection
of extrapolation theory with operator theory has not yet been fully studied.

As far as we know, Triebel [30] used by the first time extrapolation ideas to study
the degree of compactness of certain limiting Sobolev embeddings. Abstract results
in this direction have been established by Kiihn and Schonbek [19] and Cobos and
Kiihn [9]. On the other hand, Kryczka [20] and Nikolova and Zachariades [24] have
investigated the extrapolation properties of weakly compact operators. The case of
compact operators has been considered by Cobos and Kiihn [§].

Weakly compact operators and compact operators are example of closed operator
ideals. So, it is natural to study if there are general results which are valid for this
kind of operator ideals. This is the aim of the paper. Our results apply to the two
operator ideals mentioned before but also to several others, among them Banach—
Saks operators, Rosenthal operators and Asplund operators, also referred to as dual
Radon—Nikodym operators or decomposing operators. Moreover, for the case of
weakly compact operators, we can improve some results of [24].

The paper is organized as follows. In Section 2 we review some general facts on
closed operator ideals, as well as the basic constructions of extrapolation theory. In
Section 3, we prove results for the special case when we only extrapolate either the
source spaces of the operator, or the target spaces. Finally, in Section 4, we consider
the general case when extrapolation takes place both in the source spaces and in the
target spaces. For these last results, we require that the ideal satisfies the so-called
Y ,-condition. Hence, they do not apply to compact operators.
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2. Preliminaries

Subsequently, letters X, Y, E, F' stand for Banach spaces. As usual, we write Ux
for the closed unit ball of X and £(X,Y") for the space of all bounded linear operators
from X into Y, endowed with the operator norm. An operator ideal A is a class of
bounded linear operators such that each component AN L(X,Y) = A(X,Y) is a
linear subspace of £(X,Y’) which contains the finite rank operators, and it satisfies
that STR € A(X,Y) whenever R € L(X,FE), T € A(E,F) and S € L(F,Y).

The operator ideal A is said to be closed if the components A(X,Y") are closed
subspaces of £(X,Y). Many classical ideals are closed. For example, compact oper-
ators K and weakly compact operators WW have this property.

An ideal A is called injective if for every isomorphic embedding j € L(Y, F') and
every T' € L(X,Y) it follows from jT' € A(X, F) that T' € A(X,Y). The ideal A is
said to be surjective if for every surjection @) € L(E,X) and every T € L(X,Y) it
follows from 7TQ) € A(FE,Y) that T € A(X,Y). Both ideals K and W are injective
and surjective. Strictly singular operators form an ideal which is closed and injective
but it is not surjective. On the other hand, the ideal of strictly cosingular operators
is closed and surjective but it is not injective. We refer to [25] and [11]| for more
details.

Let A be an injective closed operator ideal. The following characterization holds
(see [18], [31]): An operator T' € L(X,Y") belongs to A if and only if given any 6 > 0,
there is a Banach space F' and an operator R € A(X, F') such that

(2.1) ITally < dlzllx + | Rallr, @€ X.

For a surjective closed operator ideal A, it turns out that the necessary and sufficient
condition for T € L(X,Y’) to belong to A is that for any § > 0, there is a Banach
space E and an operator S € A(E,Y’) such that

(2.2) T(Ux) C 60Uy + S(Ug),

(see [1]). More details on these characterizations can be found in [7] and [14], where
the ideal measures that they define are studied and their interpolation properties are
shown (see also |27] for the case of the ideal W).

In what follows, let © be an interval © C [0, 1], let Yy, Y) be Banach spaces and
let Y,,n € ©, be an ordered family of Banach spaces, that is to say

Yo=Yy =Y, =Y, forany 0 <n with 0,1 € ©.

Here < means continuous embedding. We suppose that embedding operators are
uniformly bounded.

The following extrapolation spaces are considered in [17, 13, 15, 6, 5| and [§]
among other papers. Subsequently, given positive functions f, g defined on an interval
I, we write f(t) ~ g(t) if there are constants c;,co > 0 such that ¢; f(t) < g(t) <
cof(t) for all t € I.

Definition 2.1. Let 1 < ¢ < oo and let 0 < 6 < 1 such that for some ¢ > 0, we
have (6,0 +¢) C O. Let ¢ be a positive, continuous and monotone function on (0, )
such that ¢(t) ~ ¢(2t) and

(2.3) (/Oggo(t)q %)w < 00
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(where, as usual, the integral should be replaced by the supremum if ¢ = oo). The
space Yy(logY)? =Y  consists of all those y € Ny, ;. Yy Which have a finite

norm
: L\
||yHY9(logY)$7q = 0 (gO(t)HyHYQ_H) 7 :

Let J € N with 277 < ¢ and write

(2.4) op=0+2"" k>J
Then || - [ly, 105 vz, IS equivalent to
oo 1/q
Il = (;w—")uynm)

(see [8]). We also notice that
(2.5) Yo(logY)s, — Y, forany 6 <n<6+e,

and that spaces Yy(log Y):;q do not depend on the choice of € > 0. Furthermore, a
change in the value of J € N with 277 < ¢ yields an equivalent norm to |- ||y, (logV)%.4-

Definition 2.2. Let 1 < ¢ < o0, 1/g+1/¢ =1 and let 0 < § < 1 such that for
some € > 0, we have (0 —e,0) C ©. Let ¢ be a positive, continuous and monotone

function on (0, e) such that i(t) ~ ¥(2t) and

(2.6) (/Osw(t)q’ %)W < 0.

The space Yp(log Y); g = Yy, 18 formed by all those y € Y; which can be represented
as y = [, w(t)dt/t (convergence in Y1) with w(t) € Yy_, and

27) ([ womton, ™) <o

We provide Yy(logY'),, , with the norm || - Hye(logy);’q defined by the infimum of the
values (2.7) over all possible representations of y of the above type.

Let J € N with 277 < e. Write
(2.8) MNe=0-27F k>
Then y € Yy(logV), , if and only if there exist y, € Y),, n > J, such that y =
> Yn (convergence in Y;) and

0o 1/q
(2.9) (Zw@”)Hynqu) < 0.

n=J
Moreover,
o0 1/q oS
HyHYejw,q = IIlf (Z(¢(2—n>”yn”%\n)q> Y= Zyn
n=J n=J
is an equivalent norm to || - Hyg(logy); (see [8]).
»q
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Again Yy(logY),, , does not depend on the choice of € > 0 and this time we have
(2.10) Y, = Yy(logY), , forany 0 —e <n <0,
For b > 0, if ¢(t) = t* and ¥(t) = t7°, we denote the extrapolation spaces by
Yo(logY),, =Yy, and Yp(logY), =Yy, ., respectively.

3. Extrapolation either on the source spaces or on the domain spaces

We start with a result regarding extrapolation on the source spaces of the oper-
ator.

Theorem 3.1. Let A be an injective closed operator ideal, let X be a Banach
space and let {Y, },ceo,0,q,c and o as in Definition 2.1. Let J € N such that 27/ < ¢
and let o,, be the numbers defined in (2.4). Suppose that T: X — ﬂe<n<9+aY;7 is a
linear operator satisfying that

00 _n 1 .
(3.1) (Zn:J(@(z )HT”XX%)[]) <o if 1 <q< oo,
lim,, o0 90(2*”)||T||X7Yan =0 if q=o0.
IfT € A(X,Y,) forany § <n <0 +¢, then T € A(X, Yy, ).

Proof. We shall work with the characterization of operators belonging to A given
by (2.1) and with the discrete norm || - [+ of Y, .- Take any 6 > 0. Using (3.1)
P54 e

we can find N € N, N > J such that

00 1/q
(3.2) ( > (@(2_")HT\|X,YM)"> <

n=N-+1

N

Since T' € A(X,Y,,) for k = J,..., N, there are Banach spaces F}, and operators
Ry € A(X, Fy) such that

(3.3) 1Tz, < Wﬂxﬂx +Bezlp, v e X
Let F = @,_, Fy, with the norm
N 1/q
155 2n)lle = (Z(SD(?k)!\Zk!|Fk)q) :
k=J

and let R: X — F be the operator defined by
Rx = (RJ[E, e ,RNZL‘).

One can easily check that R € A(X, F'). For any z € X, we obtain by (3.2) and (3.3)
that

N 1/q 0o 1/q
ITally; < (Zw(z—"nmunnv) T ( > <¢<2-">||Tx||yan>q)

n=J n=N+1

N 5 q 1 l/q N l/q 5
g(z@ N) ||qu+(z<¢<z-">|mkx|m>q> + Dl

n=J n=J

< 0ljzllx + (|7l
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Hence, (2.1) implies that T' € A(X, Y, ). O

Next we consider the case where extrapolation takes place in domain spaces.
Subsequently, given a Banach space Y and A > 0, we designate by AY the space Y
normed by || - |[xy = Al - ||y

Theorem 3.2. Let A be a surjective closed operator ideal, let X be a Banach
space and let {Y;},co,0,q,c and ¢ as in Definition 2.2. Take J € N with 277 < ¢
and let )\, be the numbers given by (2.8). Assume that T:Y; — X is a bounded
linear operator such that

00 _n n1/q .
- (STl 2D < 00 i 1< <o
limy,—oo [| 7]y, < /2(27") =0 if q=1.
IfT € A(Y,,X) for any 6 —e <n <0, then T' € A(Y,, ., X).

Proof. The relevant characterization for operators of A is now (2.2). Take any
§ >0 and let J € N with 277 < e. By (3.4), there exists N € N, N > J, such that

[e’e) 1/‘1/
(3.5) ( > <|\T!|ykn,x/w<2">>q’> <

n=N-+1

»-bloﬁ

For J < k < N, take positive numbers 9, with Z],::J O = 0/2. Since T €

A(WQT*)YM,X), there exist Banach spaces Fj and operators Ry € A(FEy, X) such
that

T2 g

Put £ = @5 ; Ek, endowed with the norm

1(zrs s zn)lle = sup ||zl
J<kLN

and let S: ' — X be the operator defined by

N

R(ZJ, ce ,ZN) = ZRk(Zk)

k=J
It is not hard to check that R € A(E, X). Now take any y € Uy . We can find a

representation y = » > ;y, (convergence in Y7) with y, € Y, and

00 1/q
<Z(¢(2_")Hynllnn)q) <2.

n=J

For J < k < N, since Hkaw(Q_k)/Q)yAk < 1, by (3.6) there is 2z, € Ug, such that
| Tyx — Rzl x < 0k. Put z=(zy,...,2x). Then z € Ug. Using Holder’s inequality
and (3.5), we derive

1Ty — RZHX<HZTyk ZRkaHX"’H Z Tyl x

n=N-+1
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N oo
<S 0+ S Il xllvalys,
5 -~ 1/¢ 0o 1/q
<24 ( > <||THYM,X/w<2">>q> ( > <w<2”>||yn||yM>Q>
n=N+1 n=N+1
o 0
< — — . 2 =
2 * 4 0
Consequently,
T(UY@ q) CéUx + R(Ug)
which completes the proof. O

Writing down Theorems 3.1 and 3.2 for A = K, the ideal of compact operators, we
recover results of Cobos and Kiihn [8, Thms. 4.1 and 4.2|. Our theorems can be also
applied to weakly compact operators, Banach—Saks operators, Rosenthal operators
or Asplund operators. We can also apply Theorem 3.1 to strictly singular operators
and Theorem 3.2 to strictly cosingular operators.

4. Extrapolation on the source spaces and on the domain spaces

For the results of this section we shall require that the ideal A satisfies the so-
called 3,-condition that we recall next. Given any sequence of Banach spaces (E,)
and any sequence of positive numbers (p,,), we denote by ¢,(u, E;,) the vector valued
¢,~space formed by all sequences = = (z,,) with z, € E,, and

1/q

n

We write Qr: (1 En) — ppEy for the projection Qg(x,) = xy, and Py: upEy —
ly(pnEy) for the embedding Pz = (6%x) where 6% is the Kronecker delta.

Definition 4.1. Let 1 < ¢ < oo. An operator ideal A is said to satisfy
the ¥,-condition if for any sequences of Banach spaces (E,), (F,) and any opera-
tor T € L({,(E,),l,(F,)), it follows from Q,TP, € A(E,,F;) for any n,k that
T € A(ty(E), by o).

As it has been pointed out by Heinrich [16], every ideal which satisfies the X,-
condition is closed. Tt is also proved in [16] that weakly compact operators, Banach—
Saks operators, Rosenthal operators and Asplund operators satisfy the ¥ ,-condition
for any 1 < ¢ < oo. On the other hand, it is easy to see that compact operators does
not satisfy the ¥,-condition for any q. We refer to [4] and [14] for more information
on this condition and its extension to Banach lattices of sequences.

Let Xo — X, — X and Yy — Y, — Y} be ordered families with n € © C [0, 1].
We suppose that in each family embedding operators are uniformly bounded. Let
1 < ¢ < oo and assume that 6, and ¢ are as in Definition 2.1 or #,¢ and v are as
in Definition 2.2. By T' € L({X,,},co, {Y,}1co) we mean that T is a linear operator
whose restrictions

T:-X,—Y, T:Xy—Y and T:X,—Y,
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are bounded with sup, g [|T|x,.y, < oo. Then it is easy to check that restrictions

(4.1) T: X(;ip’q — Yef%q and T': X(;%q — Y};wq

are also bounded. Next we show sufficient conditions for restrictions (4.1) to belong
to an operator ideal A with the X -property.

Theorem 4.2. Let 1 < g < oo and let A be an injective operator ideal which
satisfies the ¥ -condition. Suppose that {X,},co, {Y,nco are ordered families with
uniformly bounded embeddings and let 6, and ¢ be as in Definition 2.1. If T' €

L{X,} e, {Yy,}yeo) and

(4.2) T e A(X,,Y,) for any n <71 with n,7 € (0,0 +¢)
then
T: Xy, Yy, belongs to A.

Proof. Take any 6 < n < 6+ ¢. By (2.5) and (4.2), for any 7 € (1,0 + ¢), we
have that

(4.3) T: Xy,,— Y- belongs to A

Choose J € N with 27/ < € and let o be the numbers defined by (2.4). We consider
on YyT, . the discrete norm || - ||y+ . The map j: Y7, — (4(0(27")Y;,) defined by
b 25 P>

Jjy = (y,y,...) is an isometric embedding. For any k > N, it follows from (4.3) that
QuiT € AXS, . p(27M)Y,,).

0,00’
Since A satisfies the X,-condition, we obtain that jT' € A(Xy, ., 0 (0(27")Y5,))-

Finally, using that A is injective, we conclude that T' € A(X,, ., Y, ,)- O

Theorem 4.3. Let 1 < g < oo and let A be a surjective operator ideal which
satisfies the ¥ -condition. Suppose that {X,},co,{Y,},co are ordered families with
uniformly bounded embeddings and let 6,¢ and v be as in Definition 2.2. If T €

L{{ Xy} e, {Yy}nee) and
(4.4) T e A(X,,Y;) for any n <71 with n,7 € (0 —¢,0),
then
T: Xgyq— Yo, belongsto A

Proof. Using (2.10) and (4.4), we get that
(4.5) T:X,—Y,,, belongsto A forany n € (6 —¢,0).
Let again J € N with 277 < ¢, let A, be the numbers defined by (2.8) and consider the
metric surjection 7: £,(¥(27")X),) — Y, ., defined by 7(z,) = > - ; x, (conver-
gence in X1). Forany k > N,(4.5) implies that T7Qy: ¢(27%) X, — Yy, , belongs to
A. Since A satisfies the 3,-condition, it follows that Tm € A(L,(¥(27")X,), Yy 4..)-
Then, surjectivity of A yields that 7" € A(X,, ., Y5,..)- O

Often scales are constructed by interpolation. Next we show that if this is the
case, then we can use the known results on interpolation of closed operator ideals
(see [16], |7] and [4]) with the effect that assumptions on 7" in the previous results
can be weakened. Let X, X;,Yp,Y; be Banach spaces with Xy — X;, Yy — Y; and

embeddings having norm less than or equal to 1. For 0 <n <1, let X,, = [Xo, X1],,
Y, = [Yo,Y1], be the complex interpolation spaces generated by the given couples
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(see [3], [28]). Then {X,}o<y<1, {¥,}o<y<1 are ordered families, with embedding
operators having norms < 1. Given any linear operator T' € L(X1,Y7) N L(Xo, Yo),
the interpolation property of the complex method yields that 7" € £(X,,Y,,) for any
0 <n < 1, with supy_, ., |T]|x,,y, < oo. We also recall the reiteration formula for
the complex method (see [3] and [10]): If 0 < ng,m, e < 1 and n = (1 — p)no + um
then we have with equality of norms

[[X07X1]no7 [XOvXI]m]u = [XOlein-

Corollary 4.4. Let 1 < q¢ < oo and let A be an injective and surjective oper-
ator ideal which satisfies the ¥,-condition. Let 0 < 0 < 1, 0 < e < 1 and let ¢
be a positive continuous and monotone function on (0,¢e) with p(t) ~ ¢(2t) and
(fy (t)?dt/t)"7 < oo. Suppose that Xo,X1,Yy,Y) are Banach spaces such that
Xo — Xi, Yy — Y; with embeddings having norm < 1. Let X, = [X,, Xi], and
YTI = [YOle]n It

T e ﬁ(Xl,le)ﬂ,C(Xo,Yb) and TEA(XQ,Y&),

then
T: X Y

0.0,9 0,0,9

Proof. Take any n and 7 with # <n <7 < 6+ €. As it is pointed out in [3] and
[28], the complex interpolation space X,, is of class C(n; X). Having this is mind, it
follows from the fact that T € L£(X;,Y1) N A(Xo, Y1), sobrejectivity of A and |16,
Prop. 1.7] that T' € A(X,,,Y7). Now, consider the diagram

Y,

belongs to A.

Y,

-
By injectivity of A, the reiteration formula and [16, Prop. 1.6], we derive that T" €
A(X,,Y;). Consequently, the result follows from Theorem 4.2. O

Similarly, but using now Theorem 4.3, we obtain the following.

Corollary 4.5. Let 1 < g < oo and let A be an injective and surjective op-
erator ideal which satisfies the ¥,-condition. Let 0 < 0 < 1,0 < e < 1 and let ¢
be a positive continuous and monotone function on (0,e) with ¥(t) ~ (2t) and
(fg ()" 7 dt/t)"/7 < o0, 1/q+ 1/¢" = 1. Suppose that Xo,X1,Yp,Y: are Banach
spaces such that Xg — Xy, Yy — Y] with embeddings having norm < 1. Let
X, = [Xo, Xq], and Y, = [Yo, Y1],,. If

T e ,C(Xl,Yi)m,C(Xo,Yb) and T € A(Xo,Yi)
then

T: Xy 44— Yo, belongsto A

The special case p(t) = t* and 9 (t) = ¢t°, with b > 0, corresponds to the so-
called logarithmic spaces in [12] and [13]. As an example, let us recall that if Q is
a bounded open subset of R¢, and we put Xy = Lo (), X1 = L1(Q), then we have
that [Leo(2), L1(2)]o = L1/s(©2), and for 1 < p < oo we obtain

Xy pp = Lp(log L) () and X, = Ly(log L)y()
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(see [12, Section 2.6.2]). Here, for v € R, L,(log L), (€2) is the usual Zygmund space
(see [2]).

For logarithmic spaces the following holds.

Corollary 4.6. Let 1 < g < oo and let A be an injective and surjective operator
ideal which satisfies the ¥ ,-condition. Let b > 0 and assume that Xy, X1,Y),Y; are
Banach spaces such that Xg — X1, Yy — Y; with embeddings having norm < 1. Let
X, = [Xo, Xaly, Yoy, = [Yo, Y1, and let T € £(X1,Y1) N L(Xo, Yo).

(a) For 0 < < 1, the necessary and sufficient condition for T: Xy, = — Yy, . to

belong to A is that T € A(Xy, Y1).

(b) For 0 < @ <1, the necessary and sufficient condition for T: X,, ~— Y, . to

belong to A is that T' € A(Xy, Y1).

Proof. Sufficiently follows from Corollaries 4.4 and 4.5. Necessity is a consequence
of the factorizations

Xo = Xéfb,q - YH—,Fb,q =Y, Xo— XH_,b,q - Y9}7,q — Y. U
Writing down Corollary 4.6 for the case of weakly compact operators, we obtain
a result which improves [24, Cor. 2.3]: It is enough that T": Xy — Y; belongs to W,
instead of requiring that 7' € W(X;,Y;) for j=0or j = 1.
For the particular case when T is the identity operator we conclude the following
result.

Corollary 4.7. Let 1 < g < oo and let A be an injective and surjective operator
ideal which satisfies the ¥,-condition. Let b > 0, assume that X, X; are Banach
spaces such that the embedding Xy — X belongs to A, and let X, = [Xo, Xi],.

(a) For 0 <6 < 1, the identity operator of X, = belongs to A.

(b) For 0 < ¢ <1, the identity operator of X, = also belongs to A.

As a direct consequence of Corollary 4.7, if the embedding X, — X; is weakly
compact, we derive that for 0 <6 < 1,1 < g < oo and b > 0, spaces X;’b,q and X,
are reflexive. This result improves [24, Cor. 2.2/(ii)]: No assumption of density of
Xp in X; is required and it is enough that the embedding X, — X; belongs to W,
instead of requiring the stronger assumption that Xy or X; is reflexive.

We refer to [22, 23, 24| for other geometrical properties of logarithmic spaces.
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