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Abstract. We consider meromorphic solutions of non-linear differential equation of the form
P+ Qa(z, f) = pr(2)e™ ) + pa(2)e2),

where Qq(z, f) is a differential polynomial in f of degree d < n — 2 with rational functions as its

coefficients, pi1,ps are rational functions and «;, as are polynomials. More precisely and mainly

we have shown the conditions concerning o} /o, that will ensure the existence and forms of the

possible meromorphic solutions of the above equation. These results have extended and improved

some known results obtained most recently.

1. Introduction and main results

In studying differential equations in the complex plane C, it’s always an inter-
esting and quite difficult problem to prove the existence or uniqueness of the entire
or meromorphic solution of a given differential equation, particularly for a non-linear
ones. Since 1970’s , Nevanlinna’s value distribution theory (particularly Clunie type
of lemmas relating equations involving differential polynomials) have been used or
utilized by the second author of the paper and his co-workers (see, e.g., [9, 11, 12, 13])
to tackle the non-linear differential equations of the form

f"+ Pa(z, f) = h,

where Py(z, f) denotes a polynomial in f and its derivatives with a total degree
d < n — 1, with small functions of f as the coefficients, and h is a given entire or
meromorphic function. Moreover, Py(z, f) is called an algebraic differential poly-
nomial in f, if all its coefficients are polynomials in z. We assume that the reader
is familiar with the standard notations in the Nevanlinna theory (see|2, 4]) and its
associated standard notations, such as

T(r, f), m(r, ), N(r,f), N(r,f),---.
We denote by S(r, f) any quantity satisfying
S(r,f)=0o{T(r, )}, asr — oo,
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possibly outside of a set E with finite linear measure, not necessarily the same at
each occurrence.

Recently, it is shown in [13]| that the equation 4f3(z) 4+ 3f”(2) = —sin3z has
exactly three nonconstant entire solutions, namely fi(z) = sinz, fo(2) = %g cosz —
% sin z, f3(z) = —‘/73 CoS 2 — % sin z. More recently, the following two results have been
obtained:

Theorem A. [9] Let n > 4 be an integer and Py(z, f) denote an algebraic
differential polynomial in f(z) of degree d < n — 3 with small functions of f as the
coefficients. If p1(z),pa(2) are two nonzero polynomials and oy, ay are two nonzero
constants such that 3—; is not rational, then the equation

fM(2) + Pa(z, f) = p1(2)e™* 4 pa(2)e*?*
does not have any transcendental entire solution.

Theorem B. [8] Let n > 2 be an integer, Py(z, f) be an algebraic differential
polynomial in f(z) of degree d < n — 2 with small functions of f as the coefficients,
and pi,ps, aq, s be nonzero constants such that oy # «g. If f is a transcendental
meromorphic solution of the following equation

(1) ["(2) + Palz, f) = pre™” + pe™?,
and satisfying N(r, f) = S(r, f), then one of the following holds:
(1) f(z)=cotarer;

(2) f(2) =co+ e ;
(3) f(z) =cren + e, and ay + ay = 0,
where ¢y is a small function of f(z) and ¢y, co are constants satisfying ¢} = py, ¢ = ps.

Now we shall extend the above results by considering that h is a meromorphic
function of finite (integer) order and improve the results of Theorems A and B, as
well as that of [5, 6] and [15].

Theorem 1. Let n > 3 and Qq(z, f) be a differential polynomial in f of degree
d with rational functions as its coefficients. Suppose that py, ps are rational functions
and o, ag are polynomials. If d < n — 2, the following differential equation

(2) 4 Qalz, f) = pi(2)e™® + py(2)e™),

admits a meromorphic function f with finitely many poles. Then Z—:l is a rational
2

number. Furthermore, only one of the following four cases holds:
(1) f(2) = q(2)eP® and Z—:l = 1, where q(z) is a rational function and P(z) is a
polynomial with nP’(zi = o) = a;
(2) f(2) = q(2)eP® and either Z_:; = &
function, k is an integer with 1 < k <
nP'(z) = o} or nP'(z) = a;

(3) f satisfies the first order linear differential equation f’ = (lp—é + %0/2) [+

n p2

= %, where q(z) is a rational

and P(z) is a polynomial with

O

H
R

and z—:l = "=l or f satisfies the first order linear differential equation f' =
2

n
100 4 Lo f+1v and A — n_where Y is a rational function;
n p1 n 1 ot n—17 ’
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(4) f(z) = 71(2)eP®) + 45(2)e A1) and —i = —1, where 71,9 are rational func-
tions and f31(z) is a polynomial with nf3] = o} or nf] = of.

Remark. The four cases in the theorem exist. For instance, f = e* + z + 1
solves the following non-linear differential equation f2 — 2(z + 1)2f” — (z + 1)2f =
e% + 3(z + 1)e?*. This example shows the case (3) in the theorem certainly exists.

Corollary 1. Let n > 3 and Qq4(z, f) be a differential polynomial in f of degree
d with rational functions as its coefficients. Suppose that py, ps are rational functions
and «q,ag are constants. If d < n — 2, the following differential equation

(3) "+ Qalz, f) = pir(2)e™ + pa(2)e™?,

admits a meromorphic function f with finitely many poles. Then 3—; is a rational
number. Furthermore, only one of the following four cases holds:

(1) @ =1 and f(z) = q(z)e%, where q(z)" = p1(2)+p2(2) is a rational function;

a2

(2) & = 7 for some 1 < k < d and f(z) = q(2)e™n , where q(z)" = pi(2) or

a2

A =% for some 1 <k <d and f(z) = q(2)e" %, where q(2)" = pa(2);

a2
(3) o = =1 and f satisﬁes the first order linear differential equation [ =

(iiz + a2> [+ or & — —= and [ satisfies the first order linear differential
2

equation f' = (izi + ) f + 1, where ¢ is a rational function;
(4) an + a2 = 0 and f(z ) @ (2)e™s + qu(z)e” "%, where ¢(2)" = pi(z) and
%2(2)" = pa(2)
Theorem 2. Letn > 3 and Qq4(z, f) be a differential polynomial in f of degree d
with rational functions as its coefficients. Suppose that R, pi, po are rational functions
and aq, g are polynomials. If d < n — 2 and the following differential equation

(4) T+ R+ Qulz, f) = pr(2)e™® 4 py(z)e2®),

admits a meromorphic function f with finitely many poles. Then =

(0%

=~

is a rational

N~

number. Furthermore, only one of the following four cases holds:

(1) f(2) = —@ + q(2)ef"® and z—jl = 1, where ¢(z) is a rational function with
and P(z) is a polynomial with ;LP’(Z) = o) = al;

(2) f(z) = —M‘HI( )eP’®) and either a—i —kord = %, where q(z) is a rational
function, k is an integer with 1 < k < d and P(z) is a polynomial with
nP'(z) = o} or nP'(z) = a;

(3) f satisfies the first order linear differential equation f' = (1 P2 4 042) f+v

n p2

and 3—:1 = ”T_l or f satisfies the first order linear differential equation f' =
2

(1 ooy a1> f+1v and al = " where 1 is a rational function;

np1 n—1’
4) f(z) = —@%—’yl( )eﬁl(z)+’yg( )e=P1() and 21 = —1, where 1, 7, are rational
2
functions and (;(z) is a polynomial with nff] = o) or nf3]; = aj.

Corollary 2. Letn > 3 and Qq4(z, f) be a differential polynomial in f of degree d
with rational functions as its coefficients. Suppose that R, p1, ps are rational functions
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and o, ag are constants. If d < n — 2, the following differential equation

(5) f*+ R(2) "7+ Qulz, f) = pi(2)e™* + pa(2)e™,

admits a meromorphic function f with finitely many poles. Then 2 is a rational
number. Furthermore, only one of the following four cases holds:

(1) &t =1and f(z) = % +q(z)e"n , where q(2)" = py(z) + pa(2) is a rational
function;

(2) ot =} forsomel <k < dand f(z) = @—i—q(z)e%, where q(z)" = p1(z) or
a = E for some 1 <k < d and f(z) = @ +q(z)en , where q(2)" = pa(2);

(3) a = ”T_l and [ satisfies the first order linear differential equation f' =
(%z—g + %ag) [+ or gt = -5 and f satisfies the first order linear differential

1m

nor T %041> f + 1, where 1) is a rational function;

equation f' = (
R(z)

(4) acx tag=0and f(z) = —=> + qi(z)en + qa(2)en, where u(2)" = pa(2)
and qa(2)" = p2(2).

Let R(z) = ggz; # 0 be a rational function, where P(z),Q(z) are co-prime

polynomials. We define the degree of R at oo deg., R = deg P — deg Q. If R(z) =0,
we define deg, R = —oo. Thus, if R(z) is a non-zero polynomial, then deg. R =

deg R. It is easy to check that deg_ % = —1 if R(z) is a non-constant rational
R'(2)
R(2)

two nonzero rational functions, then deg,, % = deg Ry — deg, Rs.

function. Hence, lim = 0 if R(z) is a nonzero rational function. If Ry, Ry are
Z—r00

2. Lemmas

Lemma 1. [4, p. 51| Let f be a transcendental entire function, and 0 < § < %.
Suppose that at the point z with |z| = r the inequality

(6) 1F(2)] > M(r, fur, )71

holds. Then there exists a set F' in R™ of finite logarithmic measure, i.e., [, 1/tdt <
400 such that

m vir, HI\"
) ) = (P2 s omnso
holds whenever m is a fixed nonnegative integer and r & F.
Lemma 2. [14] Let f(z) be a nonconstant meromorphic function. Then

m (7", f7/> = O(logr), 7 — 00,

if f is of finite order, and

m (r, f%) = O(log(rT(r, f))), r— o0,

possibly outside a set E of r with finite linear measure if f(z) is of infinite order.

The following can be easily derived from the proof of the Clunie lemma, see e.g.
[1, 4].
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Lemma 3. Let f(z) be meromorphic and transcendental function in the plane
and satisfy

M (2)P(f) = Q(f),
where P(f),Q(f) are differential polynomials in f(z) with rational functions as the
coefficients and the degree of Q(f) is at most n, then
m(r, P(f)) = O(logr), r— oo,
if f is of finite order, and
m(r, P(f)) = O(log(rT(r, f))), r— oo,
possibly outside a set E of r with finite linear measure if f(z) is of infinite order.

Lemma 4. [14], [3, Lemma 5.1| Let a;(z) be entire funciton of finite order < p.
Let g;(z) be entire and gi(z) — g;(2), J # k, be a transcendental entire function or
polynomial of degree greater than p. Then

3 aj(2)et) = ag(2)
j=1
holds only when
ap(z) = a1(z) = - =ay(z) = 0.
The following lemma is crucial to the proofs of our results.

Lemma 5. Let q1, ¢, q3,a be rational functions and gsa # 0. If the differential
equation

(8) @ (2) 2+ @)+ a(2) f? = al2),
admits a transcendental meromorphic solution, then

(i) any meromorphic solution of (8) must be of finite order, and
(i) the following identity holds:

a/
q3(q5 — 46]1613)5 + (g5 — 4q103) — g3(g5 — 4q1g3)" + (45 — 4q143) g5 = O,
and any transcendental meromorphic solution f of the equation (8) satisfies
the following linear second order differential equation

a q/ ¢ 1 a
" - _3 _ _1s ! _ ! _ -
= (2@ 2 2 f 7 41 —q1 a f-

Furthermore, if q¢3 — 4q1q3 # 0 and deg, q» > deg., g3, then the differential
equation (8) has no transcendental meromorphic solution.

Proof. Let f be a transcendental meromorphic solution of the equation (8). If
zo is a pole of f, which is not a zero and pole of ¢, ¢ and g3, then z; is a pole of a.
Therefore, f has only finitely many poles. Thus there is a polynomial P(z) such that
f(2)P(z) = g(2) is a transcendental entire function. Let |g(z9)| = M (r,g), |z0] = .
Then, by Lemma 1, we have
f'(z0) _ g'(20)  Plz) _v(rg)

o) = 9]~ Plaw) =~ (Ho), r¢F
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where F' is a set of a finite logarithmic measure. Then, from the equation (8), we
have

05(20) (< 91+ o<1>>) T ane) 72 (14 0(1)) + 41 (20) =

<A (7] tial) < (| o)

Hence, ¢ has finite order, so does f. We rewrite the equation (8) as

(9) I ¢ QZf/+@(L/)2'

It follows for sufficiently large r that

¢1(20)23
93(2’0)

a af f

F_a Ef a
1

According to Lemma 2 and the above equation , it follows that m(r, ?) = O(logr)

and T'(r, f) = N(T, %) + O(logr). Hence, f has infinitely many zeros. Further, a zero
of f is simple if it is not a zero of a(z) and a pole of ¢, go,q3. Differentiating (8)
yields

(10) 0 f*+ Qo+ &) +aff”+(+a)(f) +26f " =d
Assume 2z is a zero of f which is not the pole of q1, g2, g3 and a, also is not the zero of
a. Then from (8) and (10), we have g3(z0) f'(20)? = a(20) and (g2(20)+q5(20)) f' (20)*+
2q3(20)f'(20) f"(20) = d'(20), which implies that zq is a zero of (a'qz — ags — ag}) f' —
2aqs f". Let
(a'qs — ags — aqy) f" — 2aqs "

7 :
Then R(z) has only finitely many poles and it follows from Lemma 2 that m(r, R) =
O(logr). Hence R(z) is a rational function. It follows that

R(z) =

/ /
— ags — R
2aqs 2aqs

By substituting the above equation into (10), we obtain

!/

R a'qz — aqe — adgh R a
(12) (g~ 22 ) poy (2gy gy 4 BOBZ0RZ0B) T C oy
2aqs 2aqs a a

It follows from (8) and (12) that
(13) A()f + B =0,
where

R / / 2 / R
A(z) =q, — © q1z and B(z) =2q, + ¢, — R0 G5+ G2q3 i3
2aqs a

2a 2q3 a

Noting A(z), B(z) are rational functions and f has infinitely many simple zeros, we
have B(z) = 0, and hence A(z) = 0. By eliminating R from the above two equations,
we can get, as asserted

a/
C]3(Q§ - 46]1613)5 + qz(qg —4q1q3) — Q3(q§ —4qigs) + (q§ —4q1q3)¢5 = 0,

a q/ ¢ 1 a
n_ (% 493 @ Y2 r_ = ro 94
= (2a 2 2) ] T \aTag) )

and
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Finally, if g3 — 4¢1q3 # 0, then the above equation can be written as

43 % — 40193 a g3
If deg,, 2 > 0, then the left side of the equation (14) goes to infinity or a non-

zero number as z — oco. However, the right side of the equation (14) goes to zero
as z — oo. This contradiction yields the conclusion that the equation (8) has no
transcendental meromorphic solution. This completes the proof of the lemma. 0

Lemma 6. Let n > 2 be an integer and Py(z, f) denote an algebraic differential
polynomial in f(z) of degree d < n — 1 with small functions of f as the coefficients.
If p1(2), p2(2) are small functions of f and o,y are two nonconstant polynomials.
If f is a meromorphic solution of the equation

F(2) + Pa(z, f) = pr(2)e™ ) 4 py(2)e)
and N(r, f) = S(r, f), then f is of finite order.

Proof. Clearly, any meromorphic function satisfying the equation in the lemma
must be transcendental. Denote k; = deg vy, ko = degan and k = max{k;, ko}. By
Clunie Lemma and N(r, f) = S(r, f), we have

nT(r, f) = m(r, f*) + 5(r, f)
< T(r,p1(2)e® ™ + py(2)e®2 D) + m(r, Py(z, ) + S(r, f)
< Arf e dr(r, f) + S(r, f).
Thus (n — d)T(r, f) < Ar* + S(r, f) and f is of finite order. O

3. Proofs of the theorems

3.1. Proof of Theorem 1. Let f be a meromorphic solution with finitely
many poles of the equation (2). It follows from Lemma 6 that the order of f is finite.
Denote ¢g(z) = Qq(z, f). Then

(15) nf" 4+ g = () + alpr)e®® + (ph + abpo)ex .
By eliminating e*? from the equation (3) and (15), we have

(16) (P + chpa) f™ — npa f" 1+ (D + ypa)g — pog’ = As(2)e™ ),

where A;(2) = p1(ph + abpa) — po(py + &p1). If Ai(2) =0, then o, — of = i_/i — z_'z.

Thus of, — o) = 0 and the equation (16) becomes

(ph + aypa) [ — npa f" ' = — (P + ahp2)g + pag’.

It follows from Lemma 3 that

(p + ahp2) f = npa f = ¢ (2)
and
(ph + abp2) f — npaf' = a(2),
where 11 (2), 02 (2) are rational functions. If ¢5(2) # 0, then f(z) = &) is a rational

P2(2)
function, which is a contradiction. Hence,

(ph + abpa) f —npaf' = 0.
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By solving the above equation, we obtain f(2)" = COpye®2*). This is the case (1).
Now, we assume A;(z) # 0. Denote

F(z) = f(z) (P + chpa) [ — np2 f" 7 + (Pl + ahypa)g — pag')

then we have
(17) Brkt = T(r,e®)+o(1)=T(r,F)+o(1) <nT(r, f)+ S(r, f),

where k; = deg oy and B is a positive constant. By differentiating the equation (16),
we have

(P + abpa)' f* +nahpa f" 7 f" = n(n = Dpa f" 2 f% — npa f71 1

ai(z) ]

(18)
+ (ph + abpa) g + abhpeg’ — pag” = (AL + a Ar)e

By eliminating ¢®1(*) from the equation (16) and (18), we have
(1 (2) 2 + ha(2) f '+ ha(2) 2 + ha(2) f ") 772 = Qul=, f),
where
Qu(z, f) = (py + abhpa) Arg + aypaArg’ — p2Aig”

— (P + ahp2) (A} + o A1)g + p2(A] + a1 Ar)g’
is a differential polynomial of f with degree d < n — 2 and rational functions as
coefficients and

hi = (Ph + aope) (A} + ajAr) — (Ph + agps)' A,
hy = —n(a) + ab)paA; — npa Aj,

hs =n(n — 1)p2As,

hy = np2As,

are rational functions. It follows from Lemma 3 that

(19) h(2) f? + ha(2) [ f' + ha(2) [ + ha(2) f 7 = a(2),
where a(z) is a rational function. Next, we discuss two cases.

Case 1. a(z) = 0. Then the equation (19) can be rewritten as

hi(2)f? = —(ha(2) f ' + ha(2) f? + ha(2) f ).
Let 2y be a zero of f with multiplicity &, but no zero and pole of hq, hs, h3, hy. Then
2o is a zero with multiplicity 2k of left side of the above equation and a zero with at
most multiplicity 2k — 1 of right side of the above equation. This contradiction lead
to that f has at most finitely many zeros. Thus, f(z) = q(2)e’®), where ¢(z) is a
rational function and P(z) is a polynomial. Substituting f(z) = ¢(2)e”® into the
equation (2) yields

d
q(z)nenP(z) + Z ak(z)ekP(z) =m (Z)eoq(z) + pz(Z)@OQ(Z),
k=0

where ai(2)(k = 0,1---d) are rational functions. If o/(z) = a)(z), then as(z) =
a1(z) + C and it follows from Lemma 4 that ai(z) = 0 for all k(1 < k£ < d) and
nP'(z) = o) (2). If o/ (z) # a4(z), it follows from Lemma 4 that ax(z) # 0 for some
k(1 < k <d) and a;(z) = 0 when j # k(0 < j < d). Furthermore either ¢(z)" =
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Bipi(2), nP(z) = a1(2)+C1, kP (2) = as(z)+C or q(2)" = Bapa(2),nP(2) = as(2)+

Cy, kP(2) = a1(2) + Cy, where By, By, 1, Cy are constants and Bie®! = Bye® = 1.
Hence, =+ = 2 or =.

Case 2. a(z) #Z 0. If f has only finitely many zeros, then by the similar argument

in Case 1, we have f(z) = q(2)e”’®, where q(z) is a rational function and P(z) is

a polynomial, and one of the following two subcases holds: (i) o} = af; (ii) either
4(2)" = Bipi(2), Z_é = 7 or q(z)" = Bapa(z), z—é =&

Now we assume that f has infinitely many zeros. By differentiating (19), we get

(20) B2 (2t ) £+ (bt 1) 24 (bt W) F £+ (2 ha) £ f ' +haf £ = d(2)

Suppose zg is a zero of f that is not the zero and pole of hy, ho, hs, hy and a(z). Then
from (19) and (20), we have

h3(Zo)f,(Zo)2 = a(z),
and
(ha(z0) + h5(20)) f'(20)% + (2h3(20) + ha(z0)) f'(20) " (20) = d/(20),

which implies that f'(zy) # 0 and z, is a simple zero of f, and further 2 is a zero of
(a’hg — ahy — ahly) f' — (2ahs + ahy) f”. Let

(a'hs — ahy — ahly) f' — (2ahs + ahy) f"

b=
f
Then we have T'(r, ) = O(logr), thus § is a rational function. It follows that
(21) " a'hs — ahy — ahly , B I6] f
2&]13 + ah4 26Lh3 + (lh4 .
By substituting the above equation into (19), we have
(22) @ (2) 2+ @) +a)(f)? = al2),
where
o4 a'hs — ahy — ahl
=h ———h =h h d =h
¢1(2) YT Qahs +ahs g2(2) 2+ ahs + ahy 4 and g3(z) 3
are rational function. Furthermore,
2 3 A 1 ! 1 .
@) P ey - L

3 (2) (2n —1) 14, 2n—1a 2n—1ip

If o) + b # 0, then deg ngzg > 0. If ¢3 — 4¢q1q3 # 0, then by Lemma 5, at this case
the equation (22) has no meromorphic solution. If g3 — 4¢;¢3 = 0, then by Lemma 5,

f satisfies the following differential equation

a q’ q2 q2 q’ a
24 ”:(———3—— -2 (2
(24) d 2a 2q3  2q3 dg3 \q1  a

It follows from the equations (21) and (24) that

B e (a4
2ahs +ahy 4¢3 \qn  a )’
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By ¢ — 4q1q3 = 0, we also have

B :E_ 1 h+a’h3—ah2—ahgh 2
2ah3 —+ ah4 h4 4h3h4 2(1]7/3 + &h4 4 '

The above two equations yield that

1 , , 3 Al 1 a 1 (p)'\ (q¢1 o
< San =yt 4(n—1)A1+ 12n—1a 42n—1) m J\a a
1(0/ ;L PBAY AT P sy, /p_’2>
12

Oy +——t+ay—+a;— —— -y —«
P2 Ay 2A1 1p2 D2 2 2]?2

n—1 2 . 3 A 1 o 1 p\?
Ty <_(2n—1)(a1+a2)_2n—1A1+2n—1a_Qn—1p2

ooy, n(n—-1)

This yields that deg. (o} +ab)? = deg,, ja, > 0 and lim @ tal)? = {an-1y- Hence,
Z—00 1 2
we have dega; = degay. Let a1(2) = apn2™ + apm_12™ 1 + -+ + a1z + ap and
a2(2) = bp2™ + by 12™ L + oo -+ by 2 + by, where a,,b,, # 0,m > 1. Tt follows from
. o’ o _ n(n— 1 Ambm _ n(n-1) am __ 1
Zlirgo (aaiaz)Q = @n- > that Zlirglo( m+bm) = Gno 1)2 Thus p = " or .
First, we dlscuss the case §= = “=. The equation (16) can be written as
(25) (Ph + ahp2) [ — npo f* 1+ (Pl + hpa)g — pag’ = dr(2)e™™*",

where ¢1(2) = (p1(ph + ahps) — pa(p) + ypy)) e@m=1=""" T+ It follows from (17)
that T'(r, ¢1) = Cr*=t = S(r, f). Similarly, we have

(26) (P} + o)) [ —npuf 7+ (P + alp)g — pig = da(2)e

where ¢o(2) = — (p1(ph + ahpa) — po(p} + aipy)) ePm =" 70 and T(r, ¢o) = S(r,
f). It follows from (25) and (26) that

(ph + ahpa) " = npa [ + (D + agpa)g — pag
n—1
= $1(2) ((p’l + a4p) f* = npu fPN A+ (P +aip)g — plg’) "

Pa(2)
Thus
6+ o) f = = et 2lg ~
(27) ! n-1
() <(p'1 +ahp) f* = np fPH 4 (P +aip)g — p19’> "
Pa(2) fr

Since f has only finitely many poles, we have

T(Tv (p/2 + O/2p2)f - np2f/) - m(r, (p/2 + O/2p2)f - np2f/) + S(Tv f)

— % 5 log™ [(ph(re”) + ap(re”)pa(re”)) f(re'”) — npa(re®) f'(re))| Ao+

37 |, 108 |h0e) + Qhlre (eI (re®) = mn(re)  (re )| 00 + 500, ),
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where B, = {0: |f(re?)| <1}, By = {0: | f(re??)] > 1}. Now

1 1l i i W0\ £ (.0
— | tog™ |(wh(re®) + ab(repa(re ™)) f(re”) — npa(re®) £ (re™)) | a6

Eq
<1 log™ | f/(re")| d6 + O(logr) < i/ log™ +| £ df + O(log7)
T 21 Jp, ~ 21 Jp, f(re?)

1 2w N f/(,r.ei9>

_ : | = .
<o F(re?) dfd + O(logr) = S(r, f)

It follows from (27) that

- [ 108" | (re”) + ab(re Ipa(re)) £(re”) — mpalre) ()| a0

1 / / . / '
< — 10g+ (p2 + Oé2p2)g b2g (T@ZG)

1 i0
d9+%/EQlog+‘¢1('re )| d6

T JE, frt
n—1 i log™ (ph + aip) [ = np 7N+ () + alp1)g — pig (rew) a9
n 21 Jg Ga f"
=S(r f).
Hence
T(r, (P + aypa) f — npaf') = S(r, f).
Thus
(28) (Ph + ap2) f — mpaf = ¢3(2),
where T(r, ¢3) = S(r, f). It follows from (28) that
1 pt
(29) f/ - ( 2 ) f w37
np2
where 13 = 93 is a small meromorphic function of f. Differentiating (29), we obtain
np2
1 1 I
(30) ”=(—@+— )f+(—@+— )f—wé-
nps  n np

It follows from (24) and (30) that

d s @ 1py 1N, [a (g o\ (1 1 N7,
3y (LB ® h 2 | (h ), (k2 .
( >(2a 295 2g5 nps n d i \a o) \ap TR J=s
By (29) and (31), we have

/ / 1 1 17 1 / / 17 1 /
Go (GG @ 1 1N 1\ w (do o, (1 1

2a 2q3 2q3 npy n npa n 43 \ 1« npy n
It follows from (23) and (32) that

1 -1 —1d —2 A 2 — 1 pt 1p, 1
0/1— n a,2+n a n Ay nT+n Pa _]2+_a,2
2n — 1 n(2n —1) 2n—1a 2n—1A; n@2n—1) ps

1 2 , , 3 Al 1 d 1 ph\ (¢f o
(33)_4(_(2n—1)<a1+&2>_2n—1A1+2n—1a_2n—1p2 n a
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If an TQy — (2n 1 as, # 0, then denote 2n S — gn;il)a’z =cp Ao, k>0,
¢, # 0. Dividing the both sides of (33) by z™*~1 and taking limits as z — 00, we
obtain an impossible equation 7 c;b,, = 0. This yields that 5=—=a} n(TQLTill) oy =0,

e % = ==L Tt follows from (29), (31) and % = ==L that
vy n—1d n-2A n?+n— 1 ph
Y3 2n—1la 2n—1A, n@2n—1)py

This equation yields that 15 is a rational function. If § = 27, by similar arguments,

/
(0%
we have =+ = -2 and
Qs n—1

(8 s,
npy n
where 1) is a rational function.

If o) + o = 0, then ap = —ay + C, where C' is constant, and the equation (2)
becomes

(34) "+ Qalz, f) = pi(2)e™® + py(z)e ),

where ps3(2) = e“py(z). We now denote Qq(z, f) by g(z). By differentiating the
equation (34), we get

(35) nf' U 4 g = (0 prad)e™® 4 (g — pyal)em .
Eliminating e*(*) and e=®1(*) respectively from the equations (34) and (35) yields
(P — ps) [ = nps [+ (P — psa)g — psg’

(36) s
= [p1(ph — psc) — pa(py + pra)]e™ ),
and
(37) (P} +pra) [ —npi "7+ () + prcd)g — ;g

= [ps(p, + pra}) — pr (v — psay)Je @
It follows from the equations (36) and (37) that
(38)  [(p5 — psa).f — s[NP} + pro) f — i f1 "% + Qaaa(2, f) = —A(2)%,
where
Qan—2(2, f) = [(py — psat) f* — npsf" 7 FI(P) + prat)g — prg]
+ (1 + pra) f" = o f7 ][0 — psa)g — pag]

is a differential polynomial of f with degree < 2n — 2, with rational functions as
coefficients, and A(z) = [p1(ps — psa)) — ps3(p} + p1cd))] is a rational function. It
follows from Lemma 3 again that

(39) (= psad) f = s fl[(py + prad) f = npu '] = B(2),
where b(z) is a rational function. Hence,

(40) (b — psa) f — npsf' = bi(2)e™),

and

(41) (Ph + picy) f — npif! = ba(z)e ),
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where by(z),by(z) are rational functions such that by (z)be(z) = b(z) and 1(z) is a
polynomial. The above two equations yield immediately that

f=n(2)e"® 4 yp(2)e M,
where
_ p1b1(2) - —p3ba(2)
- / / /2 72 - / / ;-
p1ps — PiP3 — 2p1p3cy p1ps — PiPs — 2p1pscyy
This also completes the proof of the theorem.

71

3.2. Proof of Theorem 2. Assume that f is a meromorphic solution with
only finitely many poles of the equation (4). Let g(z) = f(z) + @. Then, ¢ is a
transcendental meromorphic function with only finitely many poles and satisfies the

following differential equation

(42) "+ Qia(2, ) = pr(2)e™ ) + pa(2)e2®),
where Q* ,(z, f) is a differential equation with degree < n — 2. The conclusions of
the theorem follows immediately from Theorem 1.
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