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Abstract. Let f be a sense-preserving harmonic mapping in the unit disk. We give a sufficient
condition in terms of the pre-Schwarzian derivative of f to ensure that it can be extended to a
quasiconformal map in the complex plane.

Introduction

A well-known criterion due to Becker [5] states that if a locally univalent analytic
function ¢ in the unit disk D satisfies

¢"(2)
¢'(2)
then ¢ is, indeed, univalent in D. Becker and Pommerenke [6] proved later that the
constant 1 is sharp.

The quotient P¢ = ¢" /¢’ is called the pre-Schwarzian derivative of ¢, a function

that is well-defined in the unit disk for every locally univalent function ¢ in D.
In that paper [5], the author also proves that if

(2) sup [Po(z)| (1 —|2|*) <k <1,

(1 - ‘Z|2> < 17

(1) sup
z€D

then not only ¢ is univalent but it has a continuous extension ¢ to D and ¢(dD)
is a quasicircle. Indeed, using Lowner’s chains, Becker shows that ¢ has a K-
quasiconformal extension to the whole complex plane C, where K = (1+k)/(1—k).
Moreover, Ahlfors [3] gives an explicit quasiconformal extension. Namely, the func-

tion _
<1
¢(2)+u(z), ld>1,
where, for z € D\ {0}, u(z) = ¢/(2)(1—|z|*)/z. This mapping ® is K-quasiconformal
(with K as above) in the complex plane whenever (2) holds and coincides with ¢ in
D.
Let now f be a locally univalent harmonic mapping defined in the unit disk and
f = h+7 its canonical representation, where h and g are analytic in D and ¢g(0) = 0.
The (second) complex dilatation of f is w = ¢’/h/. Since f is locally univalent, by
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Lewy’s Theorem (see [12]), the Jacobian J; = |W/|* — |¢/|* of f does not vanish in
the unit disk. Hence, either J; > 0 or J; < 0 in D. Any harmonic function f with
Jy > 0 is called sense-preserving. If J; < 0, f is said to be sense-reversing. Note
that f is sense-preserving if and only if f = g + h is sense-reversing.

Throughout this paper we will consider sense-preserving harmonic mappings. It
is easy to check that, in this case, f = h4g with J; = |I/|*(1—|w|?) > 0. Equivalently,
the analytic part h of f is locally univalent and the second complex dilatation w is
an analytic function in D with ||w||c = sup,ep |w(2)] < 1. Note that w = 0 if and
only if f is analytic.

In a recent preprint [9], we have introduced a definition of the pre-Schwarzian
derivative Py of locally univalent harmonic mappings f = h + g in the unit disk. If
f is sense-preserving, then

Py — h_” B ww'
W (1= lwl?)
in D. Using this definition for the pre-Schwarzian derivative of f, we proved (see |9,
Theorem 9]) that if f = h + 7 is a sense-preserving harmonic mapping in the unit
disk with second complex dilatation w and

W)~ |2
- w@F

for all |z| < 1, then f is univalent in D. The constant 1 is sharp.

The second term in (3) is the modulus of the hyperbolic derivative w* of w defined
by

1

(3) [Pr(2)I(1 = [2*) +

= CR =P
1 — |w(z)]?

As we mentioned before, if ¢ is analytic, then it is a sense-preserving harmonic
mapping with dilatation w = 0. Hence, (3) generalizes Becker’s criterion of univalence
(1) to sense-preserving harmonic mappings.

The purpose of this paper is to show that analogous results to those due to
Becker and Ahlfors that we have mentioned before also hold for the family of sense-
preserving harmonic mappings in the unit disk. Concretely, we prove the following
theorems.

z € D.

Theorem 1. Let f = h+7g be a sense-preserving harmonic mapping in the unit
disk with second complex dilatation w. Assume that

(4) |Pr(2)(1 = |2*)| + lw*(z)| < k <1, z€D.

Then, the harmonic mapping f has a continuous and injective extension f to D.
Moreover, the function

[T, A<,
®) Fie) {fe)wex 2o 1

is a homeomorphic extension of f to the whole complex plane onto itself. The function
U that appears in (5) is defined by

U(Z) _ h/(z)(lz_ ’2‘2) + g/(Z)(lz— ’2‘2)7 D \ {O}
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An extra condition on the second complex dilatation w of the mapping f is needed
in the following theorem. We will justify in Section 3 below why this condition cannot
be omitted.

Theorem 2. Let the sense-preserving harmonic mapping f satisfy (4). If, in

addition, ||w||s < 1, then f(0D) is a quasicircle and f can be extended to a quasicon-
formal map in C. Indeed, the function defined by (5) is an explicit K-quasiconformal
extension of f whenever

1- 00

1l

1+ |wlls

The constant K equals

R+ (1= E)|w]le
(6) O bl

1. Background

1.1. Quasiconformal maps. A complex valued function f on a domain Q C C
is absolutely continuous on lines (ACL) in € if for every rectangle of the form R =
{r+iy:a<z<b c<y<d}with RCQ\ {oco, f!(c0)}, the map f is absolutely
continuous on almost every horizontal and vertical line in R.

Let K be a real positive number with K > 1. A sense-preserving homeomorphism
f: Q — Cis called quasiconformal (or K-quasiconformal) if fis ACL in Q and | fz| <
k|f.| almost everywhere in 2, where k = (K — 1)/(K + 1). The 1-quasiconformal
mappings are the conformal mappings.

The complex dilatation of f is the ratio uy = fz/f.. If f is sense-preserving, then
0 < |us| < 1. Hence, a sense-preserving ACL homeomorphism f is quasiconformal
if and only if pf is bounded away from 1 in the given region. The second complex
dilatation w; of f is defined by wy = fz/f.. Since |wy| = ||, we conclude that f is
quasiconformal if and only if |ws| < k < 1.

Let now f be a harmonic mapping defined in a simply connected domain €2 C C.
It is not difficult to check that f has the representation (unique up to an additive
constant) f = h + g for two analytic functions h and ¢ in €.

For harmonic mappings f in the unit disk, it is convenient to choose the additive
constant in such a way that ¢(0) = 0. In this case, the representation f = h+ 7
is unique and it is called the canonical representation of f. Such function f is
quasiconformal if it is absolutely continuous on lines in D and |w¢| = |¢'/P/| < k < 1.

We refer the reader to the books by Lehto and Virtanen [11], Ahlfors [1], and
Astala, Iwaniec, and Martin [4], and to the book by Duren [7] for the general theory
of quasiconformal mappings and harmonic mappings in the plane, respectively.

1.2. Quasicircles. A Jordan curve I is a quasicircle if there exists a constant
M such that

min{diam I'y,diam Iy} < M |w; — ws|, for wy,wy € T,

where I'y and I'y are the components of " \ {wy, wo}.
Ahlfors [2] proved that I' is a quasicircle if and only if there exists a real positive
constant C' such that for all wy, wy, w3, wy € T,

|(w17 Wa, W3, ’U)4)‘ S C>
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where (w1, wsy, w3, wy) is the cross ratio defined by

W1, — W3 W2 — Wy

(7) (U)l,wQ, w37w4) - Wy — wy Wy — U)3.

A quasidisk is a domain bounded by a quasicircle. In the case when f is a
quasiconformal function in the unit disk, f(D) is a quasidisk if and only if f has a
quasiconformal extension to C (see [2]| or [11, Theorem 8.3 on p. 9§|).

1.3. Pre-Schwarzian derivatives of harmonic mappings. Let f = h+7g be
a locally univalent harmonic mapping in the unit disk with second complex dilatation
w=¢'/I. The pre-Schwarzian derivative Py of f is defined in D by

0
Py = &10g|‘]f|,

where J; = [I/|> — |¢'|* is the Jacobian of the function f.

Notice that if f is analytic (this is, if w = 0), then Py coincides with the classical
definition of pre-Schwarzian derivative of analytic mappings. It is also easy to check
that Py = P;. Hence, there is no loss of generality if we assume that f = h +7 is
sense-preserving. In this case, the pre-Schwarzian derivative of the function f = h+3g
equals

0 n"’ ww'

8 Pr=—log (|F*- (1 = |w]*) = — — ———.
(8) y =55 los (I - (1= wl*) = & 1= P

A straightforward computation shows that given any ¢ € D and any sense-
preserving harmonic mapping f in the unit disk with canonical decomposition f =
h+73, the function f, = f+af is also a sense-preserving harmonic mapping. Let f, =
ha + g be the canonical decomposition of f, and w, its second complex dilatation.
Then,

he =h+ag, ¢g,=g¢g+ah, and w,=p,ow,

where ¢, is the automorphism of the unit disk defined by

a—+ z
9 o = , € D.
(9) Pul) = T 2

The Jacobian Jy, of f, equals (1 — |a|?)J;. Hence, Py = Py, .
As in the classical (analytic) case, the Schwarzian derivative Sy of f is

0 1 9

1= 5,0 = 5P
The reader can find the main properties and several results related to the pre-
Schwarzian and Schwarzian derivatives of locally univalent harmonic mappings de-

fined in this section in [9].

S

1.4. Hyperbolic derivative of self-maps of the unit disk. Let w be a
self-map of the unit disk, this is, an analytic function in D with w(D) C D. As we
mentioned before, the hyperbolic derivative of such a function w is

(10) w*(z) = wll(z—)(|1¢uzz’)72| ), z € D.

Using the Schwarz—Pick lemma, we see that |w*| < 1 in D and that if there
exists zp € D with |w*(z)| = 1, then w maps the unit disk conformally onto itself
and |w*| =1 in D.
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Given two self-maps w and ¢ of the unit disk, the chain rule for the hyperbolic
derivative holds:

(pow) (2) = ¢"(w(2)) - w(2)-
In particular, if ¢ is a conformal self-map of D onto D, then |(¢ ow)*| = |w*| in the
unit disk.
The exact value of the upper bound of the modulus of hyperbolic derivative of

the so-called lens-maps £, will be of particular importance for our purposes. For
0 < a < 1, the mapping /¢, is the self-map of the unit disk defined by

0(z)*—1
11 lal2) = 707
(11) (=) l(z)*+1
where ¢(z) = (1 + 2)/(1 — z). Note that ||{s]|cc = 1 for all 0 < a < 1. In [10], it is
explicitly checked that

(12) sup [, (2)] = a.

zeD

2. Proof of Theorem 1

As we mentioned in Section 1.3, we have that for all a € D, P;, = Py, where
fa = f4af. Itis easy to check that f, = ho+gq with h, = h+ag and g, = g+ah. The
second complex dilatation w, of f, equals w, = ¢, ow (¢, being the automorphism of
the unit disk defined by (9)). Hence, by the chain rule for the hyperbolic derivative,
we get |w!| = |w*| in the unit disk, where w! and w* are the hyperbolic derivatives
of w, and w, respectively, defined by (10).

2.1. Step 1. We first prove that for all a € D, the functions h, = h + ag have
a continuous and injective extension to the whole complex plane. To do so, we bear
in mind the last paragraph and use (4) to obtain that for all z € D,

k> | P (2)(1 = |2])] + |wi(z)]

_ | M'(2) +ag"(z)  walz)w,(2)
() +ag(z) 1 fwa(2)P
Making use of the triangle inequality, we get from (13):

ha(z) h'(z) +ag"(z) — wa(2)wa(2)
a(2) W(z) +ag'(z) 1 —|wa(2)]?

wa(2)uwy (2)

T— (| LD

<P (2)(1 = |2)] + wi(2)] < k,

(13) (1= [2]%) + |wi(2)] -

1=z < (1= 12

>

which implies, by the classical result due to Becker for analytic functions, that for
each a € D, the function h, is univalent and can be extended to a continuous and
injective mapping h, in the closed unit disk. Moreover (see [3]), the function

14 H.() = {h (2) 2 <1,

)+l o1,
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(where, for z € D\ {0}, ua(2) = h,(2)(1—|2|?)/Z) is K-quasiconformal in the complex
plane with K = (1+k)/(1 — k). Hence, in particular, H, is continuous and injective
in C.

Take a complex number A = ¢ € D and define

H)(z) = llrn H,.(z), zeC.

According to [11, Theorem 5.3|, the functions H) are either constant functions,
functions from C onto two points, or K-quasiconformal functions in the complex
plane. But using Hurwitz’s theorem, we see that for each A\ € 9D, the function
h + A\g is either a constant or univalent in D. Such a function A 4+ Ag cannot be
constant for any |A| = 1 because it would imply that |h'| = |¢| in the unit disk and
this is a contradiction with the condition |¢’(0)| < |#’(0)| that holds for any sense-
preserving harmonic mapping. Therefore, we conclude that h + A\g are univalent
for all A € dD. Since H), coincides with h + Ag in D, we obtain that H) is a K-
quasiconformal function in the complex plane for each [A| = 1. Thus H, is continuous
and one-to-one in C for all |[A| =1 (hence for all |A] < 1).

2.2. Step 2. The next step is to construct an explicit candidate for a continuous
and injective extension of f to the whole complex plane.
We define, for each z € C, the function

G(z) = Hi(z) — H(z)

(where H = Hy and H; denote the corresponding extension of hg = h and hy = h+g,
respectively, as in (14)), to obtain a continuous extension G of g to C given by

9z lel<t
G(2) = G(z) = hn(2) ~ h(=). |zl = 1.
9(z) +v(2), |2 > 1,

where

Note that for each z € C and all @ € D,
H.(z) = H(z) + aG(2).

Hence, since H, are univalent in the complex plane for all a € D, we see that H +aG
is injective in C for all such a.
We now construct the function defined by (5):

I(2),
F(2) = H(z) + G(z) = { h(2)

f()

where U is defined in D \ {0} by
W)~ 2*) | ()~ [2])

z z

U(z) =

2.3. Step 3. We are going to show that the function F' as in (5) is injective in
the complex plane. We use the arguments from [8].
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Assume, in order to get a contradiction, that F'(z;) = F\(zq) for two different
points z; and 2o in C. Then, we have

By hypothesis, H is univalent in the complex plane. Hence, H(z;) # H(z3). Denote
by 6 = arg{H(z1) — H(29)} € [0,27). Thus, we obtain from (15) that

e "(H(z1) — H(z)) =¢" (M)

is a positive real number. Therefore, after taking conjugates on the right hand side
of the last equality, we get H(2) — H(2y) = €*?(G(21) — G(22)), which contradicts
the fact that the function H — €2 G is univalent in C.

2.4. Step 4. Finally, we will check that the function F' defined by (5) is a
homeomorphism of C onto itself.

That the function F' is continuous in the complex plane follows from the fact
that both H and G are continuous in C. Moreover, a straightforward computa-
tion (that mainly uses the triangle inequality and that f is sense-preserving) gives
lim,|e0 | F'(2)| = 00. Hence, we can extend continuously (and in a one-to-one man-

ner) the function F' to the Riemann sphere C in such a way that F(co) = oo.
Therefore (see for instance [13, Theorem 5.6 on p. 167]), F' is a homeomorphism of
the Riemann sphere onto F(C), so that F(C) = C. Since F(oc) = 0o, we conclude
that F' is a homeomorphism of the complex plane onto itself.

3. Proof of Theorem 2

We would first like to remark that the hypotheses ||w||o < 1 in this theorem
cannot be removed. To do so, consider the sense-preserving harmonic mapping f =
247, where ¢’ equals the lens-map ¢, defined by (11). Note that the second complex
dilatation w of f equals ¢,. Then, on the one side, using (12) we obtain

sup (P (2)1(1 = o) + o (2)]) = sup ([Tl (2)] + £a(2)]) < 20

Therefore, by choosing any a < 1/2, we have that (4) holds (with £ = 2a < 1). On
the other side, the function f is not quasiconformal since [|{4|o = 1.

Going back to the proof, we first notice that it is enough to prove Theorem 2
for sense-preserving harmonic mappings f that have a canonical decomposition of
the form f = h + g, where both f and ¢ are analytic in D. This is because given
any positive real number 0 < r < 1, we can define the sense-preserving harmonic
function f,.(2) = f(rz) = h(rz) + g(rz). Each of these functions f, has second
complex dilatation w, = w(rz), so that ||w,||e < ||w|lee < 1.

Also, it is easy to check that if f satisfies (4), then

sup {|Py, (2)| (1 = |2]?) + |w}(2)|} < rsup|Pr(2)] (1= |2]?) + rsup|w*(z)] < rk < K,
zeD zeD zeD

so that f, satisfies (4) as well.

Now, if we check that f, can be extended to a K-quasiconformal function in the
complex plane for some constant K > 1 that does not depend on r, then we can
use [11, Theorem 5.3] and argue as in Subsection 2.1 to conclude that f can be also
extended to a K-quasiconformal function in C. Hence, from now on, we can assume
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that the functions h and g in the canonical decomposition of f are both analytic
functions in D.

3.1. Some useful lemmas. We will use the following three lemmas.

Lemma 1. Let f = h + g be a sense-preserving harmonic mapping in D with
complex dilatation w # 0. Assume that |w||« < 1 and that f satisfies (4). Then,
the analytic functions h, = h + ag are univalent in D for all 0 < |a| < 0, where

1+k oo 1
P [l < |
k+ ”wHoo ”w”oo

Moreover, h, has a continuous and injective extension h, to D.

Proof. Notice that the fact that h, is univalent in the unit disk for all |a| < 1
has been already proved in Subsection 2.1. Indeed, we showed in that subsection
that h, has a continuous and injective extension to D of the form h, = h + ag for
suitable functions h and g that coincides with h and ¢ in the unit disk, respectively.
Hence, we can extend these functions h, for any value of a in the complex plane via
the formula Ea = h+ ag. Note that if we can prove that the function h, (for any
a € C) can be extended continuously to the closed unit disk, then the extension will
coincide with ﬁa.

We are going to show that these functions h, keep the univalence property in D
for 1 < |a| < § and that the corresponding extensions h, are injective in D.

Since |a| < § < 1/||w||s and A, = K (1 + aw), we see that h, is locally univalent
in the unit disk. Therefore, we can compute the pre-Schwarzian derivative of h, to
obtain
h// h// aw/
2= _ 4 .

R, h  1+aw

(16)
Keeping in mind Formula (8) for the pre-Schwarzian derivative of f and (16), we get

h—Z:P + o' © 4+
! / 1—|w)P? 14+aw

Pt W' _— 1—|w? Pt W' W+a
= —— |w+a = :
T wp 1+ aw TP WP 1+ aw’

which implies that for all z € D,
ha(2)
h(2)

w(z)+a

(17) 1 4 aw(z)

(L= [2[*) < [Pr(2)] (1= [2*) + w"(2)]

Now, note that since f is supposed to satisfy (4), we get that its second complex
dilatation w satisfies |w*| < k in the unit disk. Moreover, we also have for all |z| < 1,

[P (1= [2*) <k = | (2)].
Then, we obtain from (17):
ha(2)
he (%)

w(z)+a

(18) 1 4 aw(z)

(1= =) < b+ o (2)] (

w(z)+a‘_1) <k

1+ aw(z)
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In view of the inequality (18), the proof of the lemma will follow from the classical
Becker’s criterion for analytic functions once we show that

w(z)+a 1
19 —_— —
1) Tl <k
for all 1 < |a| < 0. To check that (19) holds, we first note that for A = a/|al,
w(z)+a| ‘ Aw(z)+Aa | ‘ Mw(z) + |a
1+aw(z)| |14+ Xaw(z)| [1+]adw(z)|
Therefore,
Aw(z) + A\a Aw(z) + |al z 4+ |al
pl——-—| = — 1 < sup :
2D |1+ Xadw(2)|  zep |1+ |a|dw(2)| 7 <jwle | 1+ |alz

Now, using again that |a|] < ¢ < 1/||w||e, We have that the linear fractional
transformation

T(2) = z+ |al
1+ |alz
maps the disk D(0, ||w||«) of center at z = 0 and radius |w||« onto a disk D,

say. Moreover, the Taylor coefficients of T" are real numbers, hence D is symmetric
with respect to the real axes. A straightforward calculation shows that the Mobius
transformation 7" maps the interval (—||w||oo, [|w]/oo) Onto the interval

( ol + @l lal = [[wllo )

1+ afllwllee ™ 1= alflwlloe

so that
B R I
el<lwle | 1+ lalz| 1T —lalllw]le K
since
jaf < 5= 2 Ellle
kot ol
Thus (19) holds, which completes the proof. O

Lemma 2. Let f = h+{ satisfy the hypothesis of Lemma 1. Assume in addition
that both h and g are analytic functions in D. Then,

g0) = g®)| 1 _ ktllwl
W) —h(B)| = <!

=5 1+k|wle
Proof. Fix an arbitrary point 8 € D and define the function
9(a)—g(8)
Ys(a) = { M@-hGE) @ 70 e D,
w(a), a=pf,

where w is the second complex dilatation of f. o
The function 4 is continuous in |a| < 1, so that there exists oy € D such that

S = sup,ep [Vs(@)| = [¢s(0)-
If ap = S, then S < |jw||o and the result follows because 0 < 1/{|w/|oo-

sup '
a,8eD, a#p
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Assume that ag # . In order to get a contradiction, suppose that S > 1/.
Then, there exist a positive real number € < 4, |A| =1, and oy € D with

g9(en) — g(5) A

h(a) = h(B) o —¢

which implies that the function h — A(§ — £) g is not univalent in D. This is in
contradiction with the result obtained in Lemma 1. U

The third lemma is related to the analytic part h of f.

Lemma 3. Let f = h + g ba a sense-preserving harmonic mapping in the unit
disk for which (4) holds. For any positive real number r < 1, define the function
h. by h,(z) = h(rz), z € D. Then, there exists a constant M > 0 such that for all
r € (0,1] and all four different points w;, i = 1,2,3,4, in I, = h,.(0D), the modulus
of the cross ratio (wy,wsy, w3, wy) defined by (7) is bounded by M.

Proof. Using the arguments in the proof of Theorem 1, since we are assuming
that f satisfies (4), we have that the analytic part h of f can be extended continuously
to an injective function h in D with the property that h(9D) is a quasicircle.

Hence, given any four different points w;, i = 1,2, 3,4, in ' = h(0D), the modulus
of the cross ratio |(wy,ws,ws,wy)| is bounded by a constant M. This implies that
for any four different points |(;| =1, i = 1,2, 3,4, we have

h(G) = (&) T(Go) = h(Ga)
h(G1) = h(Ga)  h(G2) — h(Gs)
Now, if we fix four different points «;, i = 1,2, 3,4, on the boundary of the unit disk
and define the function

B = h(dar) = h(Aaz) h(daz) —h(dew) |
h(Aay) — h(Aay)  h(Aas) — h(has)’ ’

we conclude (using (20) and the Maximum Modulus Principle) that for all 0 < r < 1,
the inequality

<M

(20)

h(raq) — h(ras) h(ras) — h(ray)
h(rai) — h(ray) h(ras) — h(ras)
holds. Since oy, ¢ = 1,2,3,4 were arbitrary and since w € h,(0D) if and only if
w = h(ra) for some o € ID, the conclusion of the lemma follows from (21). O

<M

(21)

We now have all the tools to prove Theorem 2.

The proof of Theorem 2. Note that if w = 0 in the unit disk, Theorem 2
holds by the classical theorems due to Becker and Ahlfors that we have mentioned
in the introduction. Therefore, we will assume that w # 0 in D.

We first show that if
1 — JJwllse
1+ [lwlloo’

then the function F' defined by (5) is K-quasiconformal in the whole complex plane,
where K is the constant defined by (6). To do so, it suffices to prove (since h satisfies
(2)) that for all |z| # 1, the dilatation pur = F5/F, of F is bounded by (K —1)/(K+1).
(Notice that this is enough for our purposes since |z| = 1 is a removable set in C.)

(22) k<
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If 2] < 1, then |pp(2)] = |w(2)] < [[w]lo-
Let now w have modulus bigger than 1. Hence, w = 1/Z for some |z| < 1 and a
straightforward computation shows that

()] | PO [0~ 2P ~ 2 C)
9'(2) + Usz(2) | [229"(2)(1 = [2*) — 2W(2)
,1'(2) ——N(z) o
) B W (1= )=l . | (L= 121%) + [lo(2)lloo
IR Y L P O I R T R P,
2L 1) — 2 zel

On the one hand, using that f satisfies (4), we get

(L= 12" <k —|w"(2)],

h'(z)  w(z)w'(z)
h(z)  1—|w(z)P
which implies (by the triangle inequality)
h//( )
1—
-l <

On the other hand, we have ¢’ = (wh') = Ww'h +wh” in the unit disk. Hence, for all
z € D we obtain

(24) — W @)+ wz) W (2)] < k= (1= [[wlleo) @ (2)]-

HOT RACI L
= 1) = (w6 i+ () (- 1aP)
PO ey YA
= w(z)Py(2)(1 = |2%) + wfzﬂﬂl@'jl )
Therefore,
g”(Z) 2 2 *
i | (1 1) S WP~ 12P) + o (2)

(25) < wlloo (B = |w™(2)]) + |w™(2)]

= kllwlloo + (1 = [lw[loo)|w"(2)]
Using (24) and (25) in (23), we deduce
k= (1= f[wlleo)@" ()] + [[wlloa
1= (Kllwlloo + (T = flwlloo)w*(2)])
bt flwllos = (1 = [|lw]lo) W™ (2)]
1= kljwlloo = (1 = [lwlloo)w*(2)]
Define the function p(x): [0,k] — R by

p(z) =

|r(w)] <
(26)

bt flofloe = (A~ [lwllc)
1= Efwlloo = (T = [wlloc )2
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Bearing in mind that (22) holds, we see that p'(z) < 0 for all = € [0, k]. Thus,

Et ol K -1

< = = .
o) < p0) = T T K i1

We then conclude by (26) that for all |w| > 1 the inequality |up(w)| < (K—1)/(K+1)
holds. A straightforward computation shows that ||w|/. < (K —1)/(K + 1) as well.
Therefore, we obtain, in fact, |up(z)] < (K —1)/(K + 1) for all |z| # 1. This proves
that the function F' defined by (5) is K-quasiconformal whenever (22) holds.

To finish the proof of Theorem 2, we are to show that even if (22) does not hold
(so that we cannot ensure that the function defined by (5) is quasiconformal), the
harmonic mapping f can be extended to some quasiconformal map in the complex
plane.

By considering the dilations f, defined by f.(z) = f(rz) and using [11, Theo-
rem 5.3| one more time, we have that the result will follow once we prove that it
holds under the additional assumption that f has a canonical decomposition of the
form h + g, where h and ¢ are analytic functions in D, provided that we can show
that each of the functions f, has a K-quasiconformal extension F,. to C, where K is
a constant that does not depend on 7 (and is not necessarily equal to that constant
K defined by (6)). To do so, we are going to check that the cross ratio of any four
different points in I', = f,.(0D) is uniformly bounded by a universal positive constant
C for all r € (0,1). This will be enough for our purposes (see [2]) since, in this case,
we conclude that I', is a quasicircle so that f, admits a K-quasiconformal reflection,
where the constant K only depends on C' (hence, K is independent of r, as needed).

Note that, at this point, we know that for each A € D, the analytic function
©rx = h, + Mg, has a K-quasiconformal extension @, , to C. Hence, the Jordan
curve @, ,(0D) is a quasicircle for each |A\| < 1. As a consequence, we see that
given any four different arbitrary points w; € ®,.,(0D), i = 1,2, 3,4, the cross ratio
(w1, wa, w3, wy) defined by (7) is bounded by a constant K, (that can depend on r
and on \).

Take four different arbitrary points w;, i = 1,2,3,4 in I', = f,.(0D). The fact
that w; € T', implies that there exists |(;| = 1 such that w; = f,.(¢;) = h(¢;)+9-(G) =
h; +77;,1=1,2,3,4. Thus, we can write

hy —hs+ g1 — g3 gs_hz—h4+92 g4
hi—hs+g1 —¢gs hao—hs+9g2—gs

(27) _ hy — hs + A3(g1 — g3) . hy — hy 4 Aoa(ga — g4)

‘<w17w27w37w4)| =

hi—ha+ Ma(gr — ga) | | ha — hs + Aaz(g2 — g3)
_ @'@"1%—)\13/\13 "1%—)\24/\24
his  has 1+ Mgy 14 AasAos|’

where )\zj(gz —gj) = gz g; (SO that |/\1J| ), hij = ]’LZ —hj, and Aij = (gZ _g])/(hz —
h;), with i, j =1,2,3,4.

Using Lemma 3, we see that there exists a constant M that does not depend on
r such that for any four different points |(;| =1, i =1,2,3,4,

h13 h24

| < M.
h14 hosg| —

(28) | (B (C1); o (G2), P (G3), P (Ca)) | =
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Hence, we deduce that the first factor in (27) is uniformly bounded by that constant
M.
On the other hand, define

1+ kllwr oo
Op = ————1—
k + llwr [l oo

(where w, is the dilatation of f,) and use Lemma 2 to obtain
1+)\13A13 ‘ 1—{—)\24/\24 < <1—|— 1/57”)2
T4+ AMaAig| |14 AosAog| = \1—-1/6,

2 2
(20) (1R (1wl
1—k 1 — ||wrlloo

o (LERY (Lt el
TA\l-k 1= lwllo
Therefore, as a direct consequence of (28) and (29), we get from (27)
1+ kN> (14wl )?
|(w17w27w37w4)’ S M- (m) : <%) =C.

This proves that f,. (hence f) admits a K-quasiconformal reflection, so that f has a
quasiconformal extension to C. This ends the proof of Theorem 2.
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