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Abstract. In the present work we extend a local Tb theorem for square functions of Christ [3]
and Hofmann [17] to the multilinear setting. We also present a new BM O type interpolation result

for square functions associated to multilinear operators. These square function bounds are applied
to prove a multilinear local Tbh theorem for singular integral operators.

1. Introduction

Consider the family of multilinear of operators {©;}¢~o given by
(1.1) O f1s-- - fm)(2) :/ Oc(, y1, - - - s Ym) Hfl(yl)dyl
" i=1

where 6,: R(™*D)" — C and the square functions associated to {O:}i=0

(12) S g = ([0 AP

where f; for i = 1,...,m are initially functions in C§°(R") (smooth with compact
support). The purpose of this work is to find appropriate cancellation conditions on
0; and indices p, p1, . .., pm that guarantee LP boundedness of the square functions S
of the form

m
(1.3) 1SCfs- - fallee S TT Il

i=1

given that 6; satisfies some size and regularity estimates. In particular, we assume
that 6; is a multilinear standard Calderéon-Zygmund kernel, i.e. it satisfies for all
xaylv"'aymax/7y/17"'ay;n S Rn)

t—mn

6377 ryrt oy dm 5 m )
S V(R T e

(1.4)
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(15) |0t(x7y17 s 7ym) - 9t<x7y17 cee 7y£7 cee 7ym>| 5 timn(tiwyi - y;’)77
(16) |Qt(x7y17 S 7ym) - 0t<x,7 Yiy ooy ym)| 5 t_mn(t_1|x - xll)’Y’

for some N > n and 0 < v < 1. It follows from a scaling argument that if (1.3)
holds, then the indices p, py, ..., pm satisfies the Holder type relationship

1 1
1.7 Z = —.
( ) p ;pi

So throughout this work we assume that all indices p, p1, ..., p, satisfy (1.7).

There is a rich history of the study of square functions in harmonic analysis. In
[24], Semmes studied the linear version (m = 1) of the operators (1.1). He proved
that if 6, satisfies (1.4), (1.5), and there exists a para-accretive function b such that
©,(b) = 0 for all t > 0, then the bound (1.3) is satisfied with p = p; = 2. (For the
definition of para-accretive see e.g. 7], [3], [24] or [15].) In fact the perspective of
Semmes was a Besov type square function given in the multilinear setting by

(15) RS AN CYRAIAS

When m =1 and p = p; = 2 as in (24), the study of this Besov type square function
(1.8) coincides with the study of (1.2). The Besov type square function point of
view was carried to the multilinear setting by Maldonado in [21] and Maldonado—
Naibo in [22]|, where the authors prove bounds of (1.8) on products of Besov and
Lebesgue spaces under kernel conditions essentially equivalent to (1.4) and (1.5),
and ©4(1, fo,..., fm) =0 for t > 0.

In [12], Grafakos—Oliveira proved the bound (1.3) for p =2 and 1 < p; < o for

i=1,...,m assuming (1.4), (1.5) and that there exist para-accretive functions b; for
1 =1,...,m on R" such that the cancelation condition
(1.9) ©:(b1,...,bm) =0

holds. In [15], under similar size, regularity and cancellation conditions, Hart showed
(in the discrete bilinear setting, but is easily extended to the m-linear setting) that
(1.3) holds for 1 < p,p; < oo for i = 1,...,m, and under stronger size and regularity
conditions for 1 < p; < oo and 1 < p < co. In [15] and [11], Hart and Grafakos—Liu-
Maldonado—Yang prove bounds of the square functions (1.2) and (1.8) on products of
various spaces of smooth functions assuming (1.4), (1.5) and a variety of cancellation
conditions.

The essence of T1 and Tb theorems is to determine the L? boundedness of an
operator by verifying its behaviour in some particular test functions. In [3|, Christ
introduced the notion of a local Th theorem in the context of singular integrals, and
applied this to estimates for the Cauchy integral on Lipschitz curves. He changed
the existence of a (globally defined) para-accretive test function where the operator
vanishes, for the existence of a family of (locally defined) test functions when some
additional information about the behavior of the operator is known. More recently,
in [17] Hofmann gave an analogous result for square functions based on some previ-
ous work by Auscher-McIntosh—Hofmann-Lacey—Tchamitchian on the Kato square
root problem in [1]| (see also related work [19] by Hofmann—McIntosh and [18]| by
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Hofmann-Lacey—McIntosh). These kind of Th theorems for square functions have
proven to be very useful in many applications in complex function theory and in
PDE, as they can be viewed as singular integrals taking values in a Hilbert space.

The principal result in this article is an extension of Hofmann’s result to multi-
linear square functions, which we state now.

Theorem 1.1. Let ©, and S be defined as in (1.1) and (1.2) where 6, satisfies
(1.4)—(1.6). Suppose there exist g;,q > 1 for i = 1,...,m with % =y o and
functions b’é indexed by dyadic cubes () C R" for i = 1,...,m such that for every

dyadic cube @)

(1.10) /R b6,

“ < Bil@),

(1.11) /Hb
(1.12) |R|/Hbz ﬁ |R|/ ) dx

for all dyadic subcubes R C (), and

) a2

Then S satisfies (1.3) for all 1 < p; < oo and 2 < p < oo satisfying (1.7).

If {bg} satisfies (1.10) and (1.11), we say that {bg} is a pseudo-accretive system.
This definition of pseudo-accretive system is analogous to the one defined by Christ
in [3] in the linear case when restricted to the Euclidean setting. More precisely,
Christ defined a pseudo-accretive system to be a collection of functions {bg} indexed
by all balls B = B(x,r) C R" satisfying (1.10) and (1.11) with m =1, ¢ = ¢; = o©
and dyadic cubes () replaced with balls B. We say that {b Yfori=1,...,mis
an m-compatible, or just compatible, collection of pseudo-accretive Systems 1f they
satisfy (1.10)—(1.12). The proof of Theorem 1.1 follows along the lines of the linear
version in [17], with modifications to address difficulties that arise in the setting of
multilinear operators.

We also prove that if the square function S defined in (1.2) is bounded as in (1.3),
then S is also bounded from L°(R™) x -+ x L°(R™) into BMO, where L% is the
set of L*® functions with compact support. Note that L2° is not a Banach space and
S is not a linear operator, so this bound does not mean that S is continuous from
L x ---x L* into BMO. This is simply an estimate for fi,..., f,, € L°

m
ISCfr - fa)llBro S 1—I||fz||Loo
where the constant is independent of fi,..., f,, (and in particular the support f;
for + = 1,...,m). This means that we cannot use this bound to approximate

S(f1,---, fm) for fi,..., frn € L, but the estimate is still useful for interpolation.
This will be discussed more in depth in section 4.
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This permits us to prove the following generalization of the multilinear 7'(1)
theorem of Grafakos—Torres [14] as a sort of multilinear version of the local Th
theorem of Christ in [3].

Theorem 1.2. Let T' be a continuous m linear operator from . X --- x .% into
" with standard Calderéon—Zygmund kernel K. Suppose that T € W BP and there

exist 2 < g < oo and 1 < q; < oo with % = Zﬁli and an m-compatible collection

of functions {bb} indexed by dyadic cubes Q and i = 1,...,m such that

‘@) i) 2
(1.14) Z;(A K&TG%&V“,BMQQMZ;> dr < |Q|

(1.15) T(1,...,1),...,7**(1,...,1) € BMO.

Then T is bounded from LP* x --- x LP™ into LP for all 1 < p; < oo such that (1.7)
holds. Here P, is an approximation to the identity and (); a Littlewood—Paley—Stein
projection operator both with C§° convolution kernels.

To state (1.14) more precisely, we mean the following: For any ¢, ¢ € C§° such
that ¢(0) = 1 and zZ(O) =0, (1.14) holds for P,f = ¢ f and Q,f = 1, x f where the
constant is independent of the dyadic cube ), but may depend on ¢ and i where
¢i(z) = =o(2) and ¢y (x) = %(%). The definition of standard Calder6n—Zygmund
kernel and the weak boundedness property (W BP) for an m linear operator T  are
given in section 5.

The article is organized in the following way: In the next section we collect some
results that will be useful in the proofs of the results stated above. In section 3,
we prove the Theorem 1.1 for p = 2. In section 4, we precisely state and prove the
BMO endpoint estimate claimed above and complete the proof of Theorem 1.1 for
all 2 < p < oo. In section 5, we prove the Theorem 1.2.

2. Preliminary results

In what follows A < B means A < C'B for some positive constant C. From this
point on we will always work with smooth and compactly supported functions, since
the general result follows from density unless otherwise stated.

Define for ¢ > 0 the linear and multilinear dyadic average operators

1
Aif(r) = ——— x)dr,

A(fiyos fn)(@) = HAtfi<:v>,

where Q(z,t) is the smallest dyadic cube containing = with side length ¢(Q) > t.
Define the linear and multilinear smooth approximation to the identity operators

Pf(r) = / oulx — y) () dy,

Pi(f1,.... [m)(x) = Hﬂfz‘(x)7

where ¢ € C5°(R") has integral 1.
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Definition 2.1. A positive measure du(z,t) on R?™ = {(z,t): » € R, t > 0}
is called a Carleson measure if

(2.1) Jde = sup L au(r(@) < o,

Q|

where the supremum is taken over all cubes @@ C R™, |@| denotes the Lebesgue
measure of the cube @, B(Q) = @ x (0,4(Q)] denotes the box over @, and £(Q) is
the side length of Q.

We now state a multilinear version of the 7T'(1) theorem for square functions due
to [15], [11] and [12].

Proposition 2.2. [15, 11, 12| Suppose that the kernel 0;(x, 1, ..., yn) satisfies
(1.4) and (1.5). If ©4(1,...,1) = 0 for t > 0, then the square function defined in
(1.2) satisfies the bound (1.3) for all 1 < p, p; < 00, i = 1,...,m satisfying (1.7).

Remark 2.3. Under extra size conditions on the kernel 0;(x, y1, ..., ym), i.e. if
we require N > mn in (1.4) and (1.6), we can apply the vector-valued Calderon—
Zygmund theory developed in [15] to extend the theorem above to the complete
quasi-Banach case, that is, with 1/m < p < 1.

The following result relates Carleson measures and a special kind of multilinear
operator that will be useful for us. An important tool in the proof of the above
theorems is the following multilinear version of a theorem of Christ and Journé [4].

Proposition 2.4. Assume O; and S are defined as in (1.1) and (1.2) where 0,
satisfies (1.4)—(1.6). If ©, satisfies the Carleson measure estimate

“Q ,dt dz
(2.2 L[ e nmEE < je

for all cubes Q C R™, then (1.3) holds whenp =2 and 1 < p; < oo fori=1,...,m
satistfying (1.7).

Proof. We decompose ©; = ©, — Mg,1,..1)P; + Mo,
operator defined as pointwise multiplication by b. It is clear that ©, — Mg,
satisfies (1.4), (1.5) and ©(1,...,1) — Me,1,..1yP:(1,...,1) = 0. Then by Proposi-
tion 2.2, it follows that the square function associated to ©, — Meg,(1,...1)P; is bounded
for all 1 < p,p1,...,pm < co. Using this bound and that |©.(1,..., 1)(33)’2% is a
Carleson measure (by assumption)

1Py, where M, is the
..... nPy

,,,,,

15w Fdllaz < || ([ 18 fo) = Mot Pufie Sl P )

+H</n |, fi(x) @t(l,.,,71)(x)|2dl‘dt>w

S [Tz
1=1

The final inequality uses the well-known Carleson measure estimate: If du(z,t) is a
Carleson measure, then P: f +— P,f(xr) is bounded from L¢(R™) into L4(R"™ du)
for 1 < g < oc. O

Pi
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The next result allows us to compare the multilinear dyadic averaging operators
A, and the multilinear smooth approximation to the identity operators P;. This
comparison principle will be important in the proof of Theorem 1.1. This is a par-
ticular case of a multilinear version of a result of Duoandikoetxea—Rubio de Francia
in [8].

Proposition 2.5. Let A;, P;, A; and P; be as above. Then for all 1 < p; < oo,
1 =1,...,m, we have the bound

o d 1 m
‘ (/(; ’At(fla"'7fm)_Pt(f17"'7fm)‘27t> SEHleLPz

Note that this even holds for % <p<ooaslongasl < p; <oo.
Proof. Define for j =1,...,m

El(fi, . fu) = (H Atfi) (Adf; — Pofy) ( I1 Pth) .

i=j+1

p

Here we use the convection that HZ v Ai = [I:%,,41 P: = 1. Then we have the follow-
ing decomposition by successively adding and subtracting the term A, f;--- A, f; P,

fiv1- - Pifm

At(fla---7fm)_Pt(fla"'afm):E%(fla"'af +Atf1 (HAtfz HPtfz)

1=2

2
=Y EBl(fi,- - fm) + Ah Ao (HAtfl HBﬁ) :ZEi(fl,...,fm»
j=1 j j=1

It is a standard argument to show that sup,., |P.f(x)] < M f(z) where M is the
Hardy-Littlewood maximal function, and the same inequality holds replacing P, with

A;. Then we use the linear bound of A; — P; which was proved by Duoandikoetxea—
Rubio de Francia (8]

. dt\ ® < dt
‘(/ Bl P ) || s || (1 Pase ) e
0 Lp 0 i#j
o dt\ ? -
<||[( [T wa=rore%) | TLIMAl: < TS
0 LPJ ] =1
The square function bound for A; — P; easily follows. ([l

3. Proof of Theorem 1.1 with p = 2

We proceed by reducing our arguments to the dyadic case. Using dyadic covering
properties it is easy to see that if (2.2) holds for all dyadic cubes, then (2.2) holds
for all cubes @ with a slightly larger constant. In the following, we prove (2.2) for
dyadic cubes to conclude (1.3) for p = 2, and then proceed with other techniques in
the next section.
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3.1. Decomposition of dyadic cubes. We start with a proposition similar
to one used in [17], applied to m collections of pseudo-accretive systems {bj,} for
1=1,.

Prop051t10n 3.1. Given a m-compatible system of functions {by,} indexed by
dyadic cubes for i = 1,...,m satisfying (1.10)—(1.13), there exists a collection of
non-overlapping dyadic subcubes of @, {Qx}, and n € (0,1)

(3.1) 1@ < (- n)lQl.

where 1) does not depend on (), and for t > 1g(x) and x € Q)

: : >
(3.2) 3B,T, < E |Abg(z)|  (here WLOG we assume that By, B3 > 1),
where

g(Qk)? S Qka
3.3 =
33) (@) {O, ey
E=Q\|J@x
k

Proof. Fix a dyadic cube ) C R™ and define

117,
a:@/QlIb’Q(x)dx

which satisfies |a| > BLQ, where Bs is from (1.11). Now choose from the dyadic

children of @) the cubes that are maximal with respect to the property

1 1
b ( —
al@;] Jq H ] 2

J =1

i.e. Q; C @ is the largest dyadic cube such that the above inequality holds. By the
properties of dyadic cubes, these maximal cubes are non-overlapping. This stopping
time criterion well defines a collection of cubes since

e [ﬁ/@lﬁ[b&(m)dw] =1

If z € Qi for some k and t > 7¢(x), then using (1.12)

i, 4

B b (y) dy
3 ‘Q(matﬂ /Q(m,t) 111 ¢

> —Re| ———— b dy | = ‘

= B, CL|Q(.I, t)| Q) ]]1: Q<y) v = 2B, B3

v
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Also if € E, then again using (1.12) and by the stopping time criterion it follows
that

A 1)) =T o
i=1 Q(z,t)

1 il
|@<x,t>|/ o 1)y
Lol Z |

Re(a\@xtl/xtnb dy) = 2B,

Now we also have for i = 1, ..., m that

/Hbl d:c] < ZRe
1 1 -

<S> 1@k + B o(2)
2 k Eli=1

1 1= i
< 1Ql+ Bl E(/Q'%(“")

It follows that n|Q| < |E| where we may take n =

>
_Bg

Q= /Qki]_!b : HbQ(x) dz

dx)

CNw 1 .
d) < Yo+ BriEFin.

2
1
W S (0, 1) [
3.2. Reduction to Carleson estimates. We pause for a moment to discuss the
strategy of the remainder of the proof of Theorem 1.1 for p = 2. By Proposition 2.4
and the discussion at the beginning of this section, it is sufficient to show that the

estimate (2.2) holds for dyadic cubes. In order to show this, we prove an intermediate
estimate: For all dyadic cubes Q C R™

(@) Jdt)
(3-4) /Q</TQ($) 10:(1,..., 1)(2)] 7) dr < C|Q).

The remainder of this section is dedicated to proving (3.4), and the next section
completes the proof of Theorem 1.1 for p = 2 by proving (2.2) from the reduction in
this section.

Proposition 3.2. For all dyadic cubes () C R", (3.4) holds with 7¢ defined in
(3.3).

Proof. We have from Proposition 3.1 that [A(b), ..., b%)(z)] > 232+Bg, so it
follows that

“Q) 3
/( / |@t<1,_,_,1><x>|2@> "
Q \Uro(@) t

‘@) 1 Jdt)
ng;nt/ / (L, () Aub, - W) @) ) de
Q T

Q(z)

)
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Now we consider the operator Me, 1, 1)A¢(f1,. .., fm), which we decompose in the
following way

777777777

(A = Py) + (Mg, 1,..1)P: — ©;) + 6, = Rgl) + REQ) + Oy

-----

By Proposition 2.5, it follows that

o0 o dt\? o
L[ 1m0 e ) ae < TG S 11
" i=1

0

Using Proposition 2.2, it follows that the R?) term is controlled as desired

o0 o dt\?
L[ ey ) wsial

and by hypothesis (1.13),

q
2

Q) . 2dt
L[ et s ) ar< el
Q \Jo t

Then we may choose C' independent of ) such that (3.4) holds. O

3.3. End of the proof. Finally we use the reduction from the previous section
to complete the proof of Theorem 1.1.

Lemma 3.3. There exist N > 0 and 8 € (0,1) such that for every dyadic cube
Q

(3.5) {z € Q: golx) > N} < (1 - 5)|Q],

where

«Q) 2
(36) gQ<x>=(/0 |@t<1,...,1><x>|2?> ,

where 1g(x) is defined as in (3.3).
Proof. Fix a dyadic cube () C R", and define for N > 0

Oy ={r € Q: go(z) > N}

Let @, and E be as in Proposition 3.1, without loss of generality take N,C' > 1, and
using Chebychev’s inequality it follows that

C
Q] <D 1Qkl + {z € E: go(z) > N} < (1 -n)|Q| + ~al¥l
k

where C'is chosen from (3.4) in Proposition 3.2 as discussed above. Now fix N large
enough so that <= < /2. Then (3.5) easily follows

C
Ox] < (1 =mIQl + 1@ < (1 = H)IQ|
where 3 =1 > 0. d

We can finally prove the main theorem for p = 2.
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Proof. Fix € € (0,1) and define for dyadic cube @ C R" with £(Q) > €

min(1/€,6(Q)) th %
daule) = | [ O, )P

and g = 0 if £(Q) < €. Also define

1
K(e) = SUp 1o /Q 9Q.e() dx

where the supremum is over all dyadic cubes. Fix a dyadic cube ) and define

Qve={r € Q: gg.(z) > N}.
Note that gg . is defined depending only on the cube () and €, completely independent
of Qg, To(z) and n. It follows from (1.6) that ©,(1,...,1)(z) is y-Hélder continuous

in  and hence so is gg . (with constant depending on €). Fix 0 < n < 1 small enough
so that N(1 —n) > n, and we have

o min(1/¢,6(Q)) . 'y
0.(0) - g0« 5 [ (o )

ﬁ(/ <<1+t1|;jy|> R e s )@%

< e e — ol .

Then gg ¢ is continuous, {2y, is open, and so we may make the Whitney decomposi-
tion Q; of 2y .. That is there exists a collection of cubes {@;} such that

(3.7) U Q; = e,

(3.8) Vil(Q;) < dist(Q;, ) < 4v/nl(Q,),
(Q;)
(3.9) GQ]ﬂQk#®:4_g(Qi)<4
(3.10) given a cube, there are at most 12" that touch it.

Then, if Fy. = Q\Qy.,

/ g (x) di = / @) dr+ Y / g (z) dz
Q Fn j Q;

,€

min(1/e,£(Q;)) dt dx

+ Z / / " e ><x>|2dttd‘”

ax(e,£(Q;)

min(1/€,6(Q d
< N7IQ| + K(9 Z|@3|+Z// YR e

max(€,0(Q;))

min(1/€,6(Q dt d
< NIl + K()(1 - \@|+Z//H Ve, P,

1ax(€,£(Q;))
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To control the last term, since @), is a Whitney decomposition, there exists x; € Fiy
such that

dist (25, Q;) < (4v/n + 1)€(Q;).
We have for x € Q)

|@t(1771)(x) _@t(Lvl)(‘rJ)’
S/ ‘et(maylv"'aym) _et(xjaylv"'aym”l_[dyi
mn i=1

m tn tn
< (o — xy))m / ( + )dyi
e e P A (e P
S (EH(Q)))™
So choose ¢; which depends only on the dimension such that the inequality
Ou(L, ., (@) = Oy(L,- ., 1)) < ea(tH(Q)))™"
holds for all € @);. Then

min(1/e,4(Q))
S o Loy 100
ax(e,6(Qy))

)(x)|2dtdx

dt dx

CIKQ]
<Z/ /mQ 0L, 1)(a)P
min(4(Q),1/¢) dt dx
) (1, 1)

14(Q)

min(4(Q),1/¢) x
> L/ O1(L.. . )(w) = O4(1...., 1)(ay) P2

14(Q)
—]+]I+]II.

We have that

I <61

@) gt dx
SOE3, [, S saXlelsial
J

2(Q5)
Since x; € Fy,. and g (z;) < N, it follows that

€Q) dtd
sy L] e P 3100 5 370l

For all z € Q;, |©:(1,...,1)(x) — ©(1,

L)) € atHQ) ™, so
”I<Z/ /e (@) dtdx<Z|QJ|<|Q|

Therefore K(¢) < C(1+ N?) + (1 — 8)K(¢) and hence
C(1+ N?)
— 5

K(e) <
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Therefore

1 ‘@) dt dx
— 1,...,1 2
dt dx C(1+ N?)

1 €(Q)
= sup sup —// 10:(1,...,1)()|? = sup K(e) <
0<e<1 4(Q)>e | Q| . t 0<e<1 B

Hence |©,(1, ..., 1)(z)[*22 is a Carleson measure and by Proposition 2.2 the square
function bound (1 3) holds with constant C'(1+N?)/Bforp=2and 1 < p1,...,pn, <
00. U

This proves theorem 1.1 for p = 2. In the following section we prove (1.3) holds
forall 2 < p < oocand 1 < py,...,pn < 00, but first we make some remarks on
compatible pseudo-accretive systems.

3.4. A comment on compatible pseudo-accretive systems. The purpose
of this discussion is to better understand the conditions (1.11) and (1.12) through
various examples. In the first example we construct a class of non-trivial classes of
compatible pseudo-accretive systems.

—1 for a.e.

Example 3.4.1. Suppose there exists € > 0 such that ¢ < bb(z) <€
d (1.12) hold

z € @, all dyadic cubes @ C R" and each i = 1,...,m, then (1.11) an

as well,
! /ﬁbl (x)dx ! /bi (x)dx
IRl R © N P

Notice that this is a uniform condition for b"Q. That is there is no dependence between
the functions, as long as they are each in this class of functions. This class of functions
includes many commonly used functions. For example, the following functions defined
for each dyadic cube Q C R™ satisfy € < by < € uniformly on the cube Q for some
€.

<e™

Characteristic functions: bo(z) = xo(z),
_ |x7wQ\2
Gaussian functions: bo(z) =€ “@7 |
g n+1
Poisson kernels: bo(z) = (@)

-
)

(UQ)? + |z — zof?
Example 3.4.2. Consider the pseudo-accretive systems on R for dyadic cubes
Qjr = [727% (j +1)27%) defined
1
by = Vjk = Xljzk (i+3/4)2-%) — X{(+3/4)2-5,(G+1)2)»
bosn = ik = X(G+1/02-5,G+12%) — X2~ G+1/4)25)-
It follows that bZ  satisfies (1.11) for i = 1,2 by a quick computation
1 / 1 1
blk,(x) dr = b2 (z)de = =.
’Q]v ng ‘ijk’ Qj,k » 2

It is a bit more complicated to see that bjl-vk, b?,k satisfy (1.12), but it does hold: For
R = Q. it follows that the left hand side of (1.12) is zero so the inequality holds.
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Now if R C Qj is any dyadic subcube contained in [j27%, (j+1/2)27%), then b}, = 1
on R and

2
1 1 1
— bl.mbz-xda::—/bg-xda:: —/Zxda:
T [ Bt e = o [ ) [Tz [, et

A symmetric argument holds when R C [(j41/2)27%, (j+1)27%). Therefore b},, %,
are compatible pseudo-accretive systems. This example is especially interesting be-
cause there are subcubes where 0, has mean zero, b, - b, has mean zero, but the
particular structure of these funct1ons allow for (1. 11) and (1 12) to hold.

Example 3.4.3. There exist pseudo-accretive systems that are not compatible.
To construct such a system, we consider the bilinear setting and R. Consider the
cube @ = [0,2] C R and define

bo = by () = b () = (x - %) Xoa ().

We have that b satisfy (1.11) for i = 1,2

R
[0,2]

but if we consider the dyadic subcube [0, 1]

/ b (283 (z) da
[0,1]

2

I / by () da
i=1 [0,1]

Here it is apparent that the failure of condition (1.12) is caused by the cancellation
of by and b3, in the same location.

[0,2], the functions violate (1.12)

From Examples 3.4.1 and 3.4.2, we can see that there are non-trivial compatible
pseudo-accretive system, even some with cancellation on dyadic subcubes. Exam-
ple 3.4.3 demonstrates that there are pseudo-accretive systems that aren’t compati-
ble, and furthermore the functions in Example 3.4.3 fail to satisfy the compatibility
condition (1.12) because they have cancellation behavior in the same location.

4. Extending square function bounds

In this section we prove a multilinear BM O bound and use it as an endpoint for
interpolation. More precisely, we prove the following L2° x - - - x L2 — BMO bound.

Theorem 4.1. Suppose O, satisfies (1.4)-(1.6) and the square function S asso-
ciated to ©; is bounded from LP'* x --- x LPm into L? for some 1 < p,p; < oo that
satisfy (1.7). Then for all fi,..., fm, € L

m

(4.1) [S(frsee s fm)llBMO S HHszLoo

where the constant is independent of f; (and in particular the support of f;) for
1=1,...,m
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This is essentially a square function version of a corresponding result for mul-
tilinear Calderon-Zygmund operators from Grafakos—Torres [13|: If a multilinear
Calderon—Zygmund operator T is bounded from LP* x --- x LP™ into LP for some
1 <p,p1y...,pm < 00, then T is bounded from L x --- x L into BMO. In [13],
the authors prove this using an inductive argument by reducing the m-linear case
to the m — 1 linear one. Here we present a direct multilinear proof adapted from
the classical linear version due to Spanne [25], Peetre [23] and Stein [26], but prior
to this proof we briefly discuss why we don’t conclude here that S is bounded from
L>® x -+ x L*® into BMO.

In [13], the authors also conclude that if an m-linear Calderén—Zygmund operator
T is bounded, then T is bounded from L* x --- x L* into BMO estimate. One
difficultly in this problem is that 7" is not necessarily even defined for fi,..., f,, € L*.

So one must define T for fi,..., f,, € L, and the definition for such functions must
be consistent with the given definition of 7" in the case that f; € LPi N L*>®. As it
turns out (see [13]), it is reasonable to define for fi,..., f,, € L™

T(fl, e >fm) = I%E};O T(leB(O,R)> S meB(o,R))

- K(Q Yiy .- 7ym) H fi(yi)XB(O,R) (?Jz) dy;,
i=1

lys|>1

where the limit is taken in the dual of CZ5(R"). Here CZ5(R™) is the collection of
all smooth compactly supported functions with mean zero. As expected, this well
defines T on L x --- x L* modulo a constant, which is permissible as an element
of BMO. The existence of this limit follows from the linearity and kernel estimates
of T'. Along with the LX® x --- x L®* — BMO estimate for T', the existence of this
limit implies that T" is bounded from L*> x --- x L* into BMO.

It is typically reasonable to expect the square function S defined in (1.2) to
satisfy the same boundedness properties as m linear Calderon—Zygmund operators,
but despite the estimate for S on L® x --- x L2, we are unable to make the same
boundedness conclusion on L*> x --- x L* for S as can be made for T in the last
paragraph. The reason for this essentially comes down to the fact that S is not a
linear operator. If one tries to mimic the proof from [13] replacing T" with S, the
above limit does not necessarily exist. So the problem becomes finding a suitable
definition for S on L* x --- x L*, as the classical definition does not necessarily
exist (at least using the same proof techniques). Another approach to define S on
L™ x -+ x L™ is to view ©; as an m-linear operator taking values in L?(R,, %)
In this case one may be able to define S as a weak limit of an appropriate space
of smooth functions taking values in L?(R4,4). Since we only need the previous
estimate for compactly supported functions to prove our interpolation theorem, we
will not pursue this approach here.

Proof. Assume that f; € L®° fori =1,...,m and B = B(zp, R) C R" is a ball
for some R > 0 and zg € R"™. Define

o (/oo |@t<f1’ o fm)(fL'B) o @t(leQB’ ... ,meZB)(:L‘B)P%) 2 ;
0
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Which exists since fi,..., f,n € LP for all 1 < p < oo since we have assumed that
.y fm are compactly supported. Then it follows that

/|s Fof )(x)—cB|da:§/BS(flxgg,...,meQB)(x)|dx

N

+Z/(/ (1©( leFla...,meFm)($)|+|@t(f1XF1,...,meFm)(xB)DQ%) dr

+Z/ (/ ©:(fixrs s fnx,) (@) = ©:(fixms - s fuxm,) (@) @) dx

_I+II+III,

where
A={(Fy,...,F,): F;=2Bor F; = (2B)°}\{(2B,...,2B)}.

That is A is the collection of m vectors of sets with with all combinations of compo-
nents 2B and (2B)¢ except for (2B,...,2B). Note that [A| = 2™ — 1. We can easily
estimate [ using that S is bounded from LP' x --- x LP™ into L

I <2B|7(|S(fixass - s fxzp)lle S 1B [ [ 1 fixasllin < 1B H || fill e
i=1

Then to bound 11, take Fe A, z € B, and we first look at the integrand for x € B

—mn filyi)xr (i)
©:(fixrs - fmxE,) (@ |</ t H T+t 1|xi§/|)N+V dy;

1 2N+’YtN+’y—n
1 J vl ) (T [ 5
re (L4 [z — g )V =By ) 9l >R Jya| N+

<INl (
j=1

i.F;=2B
s N Fo(N+7y—n) m—ko(N-ty—n) T1
STl | 11 N | ST TR [T e
j=1 iFy=(2B)e j=1

where ky € N is the number of terms in F such that F, = (2B)°. It is important
here that ky > 1. Now recall that |A| = 2™ — 1, and it is now trivial to bound I,

m R m
odt
1Tl [ ([ @ grosny t) o 5 1B TT 1 e
j=1 0 i=1

To bound I11, for a fixed FeAandz € B, we look at the integrand

|@t<f1XF1v R meFm)(x> - @t(f1XF17 s 7meFm)<xB)|

g - fiyi)xr (vi) filyi)xr (i)
$ fo 0 b T (S s+ i )
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mn t—n tn
<t "RY il 700 dy;
SR TIAL L. (<1+t11x—yz-|>N+v * <1+t1\x3—yz-|>N+v> y

SRl

=1

Then once more using that |A| = 2™ — 1, we can bound 177

111 < 1B T i~ (/R< R ) < 1BITLIA e
j=1 j=1

Then for f; € L, i=1,...,m, (4.1) holds with constant independent of fi,..., fi.

Corollary 4.2. If 0, satisfies (1.4)—(1.6) and (1.3) holds for p = 2 and 1 <
D1y Pm < 00, then (1.3) holds for all 2 < p < oo and 1 < py,...,py, < o0.

Proof. Define the sharp maximal function
ME ) =sw o [ 150) ~ faldy
@3z Q)

By definition we have that ||f||pmo = ||[M7 f||r~. Also it is easy to see that
|| M f||lre < ||Mf||ps, where M is the Hardy-Littlewood maximal operator. Then
using the L? bound of M and the hypothesis on S, it follows that for all fi,..., f,, €
L

IMES(fr,- o, flllez SUMS(fr, o fa)lle S T il lows
=1

and by theorem 4.1

1MPS(fr,- o fullle=e = 11S(fr, -, fn)llBaro S HHﬂHLw

Then by multilinear Marcinkiewicz interpolation, it follows that
m
10815 < TNl
i=1

for all f; € LY where 2 < p < oo and 1 < py,...,p, < oo satisfying (1.7) with
constant independent of fi,..., f,,. Since L2° is dense in L? for all 1 < g < oo,
it follows that M#S is bounded from LP' x --- x LPm into LP for all 2 < p < oo
and 1 < p1,...,pm < co0. We have also from a result of Fefferman—Stein [9] that
I fllze < ||M# fl|le when 1 < g < oo and f satisfies M2f € L7 where M? is the
dyadic maximal function (in particular, when f € L9 for 1 < g < c0). Therefore

1SCfrs- s Fllie SUMES(fry s fdllee S T AN ewis
i=1

which completes the proof. O
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5. Proof of Theorem 1.2
The way we will prove theorem 1.2 is to first assume that T satisfies
(5.1) Y1, )= =T""(1,...,1) =0

in place of (1.15), and prove that T" is bounded. Then we proceed by using a multilin-
ear version of the T1 paraproduct used in the original T1 theorem by David—Journé
[6]. The bilinear version of this paraproduct was constructed in [16].

Lemma 5.1. Given § € BMO, there exists a multilinear Calderén—-Zygmund
operator L bounded from LP* x --- x LPm into L for all 1 < p; < oo satisfying (1.7)
such that

(5.2) L(1,...,1) =3 and L*(1,...,1)=0 fori=1,...,m.

We will give a proof of this lemma at the end of this section. First we state
the definition of standard Calderéon—Zygmund kernel, and we prove the theorem 1.2
assuming lemma 5.1.

Definition 5.2. A function K: R"™"\{(z,...,z) € R"™': 2z € R"} - Cis a
standard m-linear Calderon—Zygmund kernel if for all =, 2", y1, ..., Ym, Y1, .-, Y, €
R",

1
ly: — yi|”
(lz =l + -+ |z = ym|)™

|K<I7y17"‘7ym)| 5

|K(may17"'7lym)_K('Ivyl?"'ayz/'v"'aym)l S

whenever |y; — yi| < max(|z —yil, ..., T — yml|)/2,
jz — ']
|2 =il + -+ =y

’K(x7y17"'7ym) - K(‘r/7y17"'7ym>| 5 (
whenever |z — /| < max(|z — y1],..., | — ym|)/2 for some v > 0. Given a m-

linear operator T' that is continuous from . x --- x % into ./, T has standard
Calderon—Zygmund kernel K if for all fy,..., f,, € C§° such that

m
(supp(fi) =0,
i=0
T can be written as an absolutely convergent integral

(T(fr,- - fm)s fo) Z/R(mﬂ)n K(yo,y1, - ym) [ ] fiws) dys.
i=0

We continue now to prove theorem 1.2 assuming lemma 5.1.

Proof. Denote by P, be a smooth approximation to identity operators with
smooth compactly supported kernels that satisfy

f=lmPf and 0= lim Bf
t—0 t—o00

in . for f € 7). There exist Littlewood-Paley—Stein projection operators Qﬁl) for
t = 1,2 with smooth compactly supported kernels such that t%PE = QIEQ)QED. Using
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these operators, we decompose T for f; € S, i =0,...,m,

T4 2 2 2 dt
T o)y )| = ]/0 T o PR PR
/ ‘< fl?"'afi—lafO)fi+l7' fm) Qt f7’> Cit

dt\ 2 o dt\ 2
(/ |@ fl>" fz 1af0>.fz+17' fm)’Q?) ‘(/ ‘Qrgl)ﬁP?)
0
where we define py = p’ and

O (fry s fn) = QT (P 1y, Pl )
and T* is the i*" formal transpose of T defined by the pairing for fo,..., fn € .7

<T*l<f17 fm f0>_ fl?"'7fi—17f07fi+17'"7fm)afi>-

This type of decomposition was originally done by Coifman—Meyer in [5], and then
in the bilinear setting in [16]. Since 1 < py,...,p, < oo, the second term in above

/

LPi | LPi

can be bounded by || f;||r»: using a Littlewood—Paley—Stein estimate for Q%l). We
have also assumed that 7' € W BP which we define now.

Definition 5.3. For M € N, a function ¢ € C§°(R") is a normalized bump of
order M if supp(¢) C B(0,1) and for all multi-indices o € Nf} with |a| < M,

[10%¢|| =~ < 1.

An m-linear operator T': . x --- x ™ — .’ satisfies the weak boundedness prop-
erty, written T" € W BP, if there exists M € N such that for all normalized bumps
b0, ..., Om € Cg° of order M

(T@r",. . onm.ap")| < B

where ¢*f(y) = ¢ (45°).

It follows that Qt(Z) satisfy (1.4)—(1.6) for ¢ = 0,1,...,m when |z — y| < t since
T € WBP and for |x — y| 2 t using the kernel representation of 7" (for details see
[16]). It follows from Theorem 1.1 and (1.14) that (1.3) holds for all 2 < p < oo and
1 < p; < oo where S is the square function associated to @(0 defined by (1.2). Also
it follows from [15] or [11] that (1.3) holds for all 1 < p,p; < oo where S is the square
function associated to @ defined by (1.2) for i = 1,...,m. Now fix 2 < p < c©
and 1 < pi < 00 such that (1.7) holds. For example take p; = 2m and p = 2. Then
P = 5ot ,m. Using this choice of indices, it follows from (1.3) that
T is bounded from L2m ---x L?™ into L?, and hence is bounded from LP! x - - - x LPm
into L? for all 1 < py,...,p, < 0o such that (1.7) holds (see for example [13]). Here

we have used that
& dt
H(/ O )
0

m

<TTIAle
=1

Lr
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and that for j =1,... m,
1
o0 . dt\ 2
|(/ |@§”<f1,...,fj1,fo,fj+1,...,fm>\27>
0

This proves the reduction case of theorem 1.2 where we assumed (5.1) in place of
(1.15). Now assuming that lemma 5.1 holds, we prove the full theorem 1.2 where T
satisfies (1.15). Given T satisfying the hypotheses of theorem 1.2, by lemma 5.1 there
exist operators bounded m-linear Calderéon—Zygmund operators L, ..., L,, such that

S ol T il oo
p’.

LPi 17

LA(1,...,1) =T"(1,...,1) and L7(1,...,1)=0 for i # j.
Define

T(fr,. . fm) :T(fl,...,fm)—ZLi(fl,...,fm).

Then 7 satisfies for i = 1,....m

(L, 1) =T"(1,..., 1) = Y Li(1,...,m) =0.
=1

Now for any dyadic cube @ C R™ we bound T as in (1.14),

@ L\ ?
o \Jo

m @ i\’
SZ/Q(/O IQtL?(Hb}Q,--.,Hbg)|27> do
=1

¢Q) a2
+/ / ’QtT(Ptbb77Ptbg)|27 dl’
Q 0

The second term is bounded by |@| by hypothesis. If we prove that the square
function associated to each term QL (P, f1, ..., Pif,,) is bounded from L% X - - x L™
into L9, then we bound the first term as well and we can apply the reduced version
to complete the proof. So we have reduced the proof to showing that (1.3) holds for
2<p<oocand 1 <py,...,pm <00 for O(f1,..., fm) = QL (Pifr,. .., Pifm) with
its associated kernel 0,(z,y1,...,ym) and square function S as in (1.2). Since L; is
bounded, it follows that

o8

X

0u(@ g1, ym) | = Lol ) | S ez [T el S 77

=1

Also if |x — y;,| > 4t, then it follows that

/R(m+1>n ﬁ(u, Viyo - ,Um)¢t(x — U) <H %(yi — vi) dvi> du

|8t(x7y17 s 7ym>| -
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/ ((u,v1, ..y y) =X, 01, U)W (x—u (ngt —v; dvl>du
R(

m+1)n

|z — ul”

< — —v;)|dv; | d
N/R<m+1)n o |$—v|)mnﬂ|wt (H‘% u U) '

t7 _
5 / / —mTH"Yt (m+1)”du dvy - - - dv,,
[vig —Yig|<t / |z —ul|<t |.T - Uio‘

< - ,
(At =y )t

In this computation we use that |z — y;,| > 4¢ to replace |r — v;y| with |z — y;,| + ¢
For v;, such that |v;, — y;,| < t, we have

(5.3)

1
‘x_vio| > |x_yi0’ - ‘yio _Uio‘ > = x_ylb’ +1.

5|
Since |04 (z, Y1, - -, ym)| S 7™ as well, it follows that 6; satisfies (5.3) for all z,y;, €
R" and i = 1,...,m (not just for |x — y;,| > 4t). Then it follows that 0; satisfies
(1.4),

m

t—mn m m tn
syt )| € ( . ) - . |
g (1+ ¢z — gyt H(1+t Yo — y])tr/m

i=1

It follows as well that 6, satisfies (1.5) and (1.6). Consider

0.1,y gm) = Oyl = [Tl ot 07— )
<t e — o).

This estimate is sufficient for (1.6). Then by symmetric arguments for yi,...,y, €
R™, 6, satisfies (1.4)-(1.6). Moreover, since L; is bounded it follows that L;(1,...,1) €
BMO and so
dt

0.1, @R = QL1 P
is a Carleson measure. Therefore by proposition 2.4 and corollary 4.2, it follows that
(1.3) holds for the square function S associated to ©; = Q:L;(P; ® - -- ® P;) for any
2<p<oo,1<pi,...,pm < oo satisfying (1.7) and for each i« = 1,...,m. The
second term above can be bounded since g > 2

¢(Q) . L dt 2 Y Q) ) Zdt
/Q/O QT (P, ... PYE)P | de <1Q7 /0 1©,(by, - -, bB)]

m
q
SRl [ Ivgle S 1QI-
=1

q

La

Therefore T satisfies (1.14) as well and hence is bounded for from LP' x - - - x LP™ into
LPfor all 1 <pi,...,pm < 0o satistying (1.7). It follows easily that 7" is bounded on

the same spaces since T" and L; for each i = 1,...,m are. 0

Finally we prove the paraproduct construction in lemma 5.1.
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Proof. Let P, be a smooth approximation to the identity with convolution kernel
supported in B(0,1). Also fix ¢ € C§° radial, real-valued with mean zero such that

RPN dt
| dte s =1,
0 t

where e; = (1,0,...,0) € R", and define Qtf =)y x f. It follows that

/ Q=g

in L? for all 1 < p < oo and in H', where Q3 is the composition of Q; with itself
three times. Now define L with kernel ¢(z,y1,...,yn) by the following

L(fl""7fm):/0 Lt(flw--yfm)%:/o Qs ((Q? )Hptfz> 775’

o dt
Uz, Y1, Ym) :/ gt(x7y17"‘7ym)7
0

oo m d
_ / dulr — ) Q) [T el — ) du.
0 JR" i=1

We start by analyzing L;. Define the non-negative measure dyp on R:ﬁ“ by

dp(e,t) = |Lu(1,..., 1)(= )|2dx— Q28 (x) 2 de ﬂ

where

Zt = MQgﬂ H P f;.
i=1

It follows then that du(x,t) is a Carleson measure. It is straightforward to show that

the kernels of L; satisfy (1.4)—(1.6) as well (in fact we can take N > mn + 1 since
@, € C§°, which we will use later). The smoothness in z is easy to show since we

have that L; is multiplied by
x) = /wt(a: —u)QiB(u) du

and v is smooth. So by proposition 2.4 and Corollary 4.2, we have

([ Bt |2dt) <H||fz||m

forall2 < p<ooand 1 < py,...,pm < 0. Thenforanyfo,fl,...,fmEYWith

oll < 1
L ey ), < b P f; ' d
(L, ,f>fo>|</0 /R< H f) Q1 folx) d

R dt\ 2 > dt\ 2

([P E) || 10nk)

m
< ol TTIfillzov.
i=1

dt

<

/

Lpr Lr
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Therefore L is bounded for appropriate indices p, p1,...,pm. It also follows that ¢
is a Calderon—Zygmund kernel. To see this, take d = > | | — ;| and use (1.4) to
compute

d o
dt dt
Gy ym)| S d(NH)/ A +/ s dT
0 d

Similarly when |z — 2'| < max(|x — 1], ..., | — ym|)/2, we have

- / < Y g (N+7) 4 N+'yfmnﬂ L * 7mn7'y@
.. 2) - a9, 9| S o — 2 AR
0 d

< o — ' Pd= ),

With symmetric arguments for the regularity in yi, ..., yn, it follows that the kernel
¢ is an m-linear Calderén-Zygmund kernel. So L is an m-linear Calderéon—Zygmund
operator, and is bounded from LP* x --- x LP™ into LP for all 1 < p; < oo when (1.7)
holds.

Now we show (5.2). Let n € C§° with n =1 on B(0, 1), supp(n) C B(0,2), and
nr(z) = n(z/R). Let ¢ € C§° with mean zero and N such that supp(¢) C B(0, N).
Then to compute L(1,...,1),

(L(L.....1).6) = Jim Quéle) [Pnnl@)" Q36 () o
> JR/4 JR"
R/4
5.4 im0 [ Q) [Ran(o)” Q26 do
> Jo R»

We may write this only if the two limits on the right hand side of the equation exist.
As we are taking R — oo and N is a fixed quantity determined by ¢, without loss of
generality assume that R > 2N. Note that for t < R/4 and |z| < N + t,

supp(¢¢(x — +)) C B(x,t) C B(0,N + 2t) C B(0, R).
Since ng = 1 on B(0, R), it follows that Pingr(x) = 1 for all |2] < N+t when t < R/4.
Therefore

i [ [ Quoto) [Paete)” @28 ey = [ [ @kole) By dn = (5,61,

where we have used that Calderén’s reproducing formula holds in H!. This fact is
due originally due to Folland—Stein [10] in the discrete setting and by Wilson in [27]
in the continuous setting as used here. For any ¢ > 0,

(5.5) 1Bmgllo S HledllzilInglle < R,
(5.6) 1Bing|ee < [leellzr][nrlle =1,

and for any x € R",

|Qip()] =

/ (ol — ) — ()b (y) dy
(5.7) "

< / Uy ()| dy < ¢,
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Therefore
o0 m 2 dt
Qi () [Penp(z)]™ Q; B()| dr—
> m—1 2 dt
< [ Pnrllo | Ponrl s ||Q Bl Lo | Qudl [ —
R/4 t
e dt
(5.8) ,SR”/ t~ = < R7L
R/4 t

Hence the second limit in (5.4) exists and tends to 0 as R — oo. Then (L(1,...,1), ¢)
= (8, ¢) for all ¢ € C3° with mean zero and hence L(1,...,1) = 3 as an element of
BMO. Again for any ¢ € C§° with mean zero and supp(¢) C B(0, N), we have for
1=1,...,m

)

. R/4 dt
<Lz*(1, 1), gb> = I%im / Q?ﬁ(l’)Ptqb(m)[PtnR(m)]m—thnR( ) d:E—
—Jo || < N+t
*° d
(5.9) + I%gglo /R/4 /mKNH Q7 B(x) P (x)[Pinr(x))™ ' Qunr(x )d:p_t

Once more without loss of generality take R > 2N. When |z| < N+t and t < R/4
supp(¢(z — +)) C B(z,t) C B(0, N +2t) C B(0, R)

and hence Qg(z) = Q:1(x) = 0. With this it is apparent that the first limit in
(5.9) is 0. Similar to (5.5)—(5.7), for the terms of (5.9) we have ||Pmg|l;r < R”,
1Qnr||z~ < 1, and ||Pi¢||p~ < t~ ™D, So the second term of (5.9) tends to 0
as R — oo just like the second term in computing L(1,...,1) from (5.8). Then
L*'(1,...,1) = 0, which concludes the proof of Lemma 5.2. O
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