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Abstract. Let X be a Polish space. We prove that the generic compact set K C X (in
the sense of Baire category) is either finite or there is a continuous gauge function h such that
0 < H"(K) < oo, where H" denotes the h-Hausdorff measure. This answers a question of Cabrelli,
Darji, and Molter. Moreover, for every weak contraction f: K — X we have H" (K N f(K)) = 0.
This is a measure theoretic analogue of a result of Elekes.

1. Introduction

Hausdorff dimension is one of the most important concepts to measure the size
of a metric space, but there are some cases when a finer notion of dimension is
needed. An important example is the trail of the n-dimensional (n > 2) Brownian
motion defined on [0,1]. Tt has Hausdorff dimension 2 almost surely, but its H?
measure is 0 with probability 1. It is well-known that there is a gauge function h
such that the h-Hausdorff measure of the trail is positive and finite almost surely,
where h(z) = 2% loglog(1/z) if n > 3 and h(z) = z?log(1/z) logloglog(1/x) if n = 2.
Thus the exact dimension is logarithmically smaller than 2.

Davies [3]| constructed a Cantor set K C R that is either null or non-o-finite for
every translation invariant Borel measure on R. This implies that there is no gauge
function h such that 0 < H"(K) < oo, where H" denotes the h-Hausdorff measure.
Cabrelli, Darji, and Molter [2] dealt with the problem that for ‘how many’ compact
sets K C R exist a translation invariant Borel measure p or a gauge function h
such that 0 < u(K) < oo or 0 < H"(K) < oo, respectively. They proved that the
generic compact set K C R (see Definition 4.1) admits a translation invariant Borel
measure g such that 0 < u(K) < oco. They defined a compact set K C R to be
H-visible if there is a gauge function h such that 0 < H"(K) < oco. They showed
that the set of H-visible compact sets is dense in the space of all non-empty compact
subsets of R endowed with the Hausdorff metric. They posed the problem whether
the generic compact set K C R is H-visible. We answer this question affirmatively
by the following more general result.
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Theorem 1.1. Let X be a Polish space. The generic compact set K C X is
either finite or there is a continuous gauge function h such that 0 < H"(K) < oc.

We remark here that for every fixed gauge function h the generic compact set
K C X has zero H" measure.

If X is a perfect Polish space then the set of finite compact subsets of X form a
meager set in the metric space of all non-empty compact subsets of X endowed with
the Hausdorff metric. Therefore Theorem 1.1 implies the following result.

Corollary 1.2. Let X be a perfect Polish space. For the generic compact set
K C X there is a continuous gauge function h such that 0 < H"(K) < cc.

Elekes [4] studied metric spaces X which are not complete but possess the Banach
Fixed Point Theorem, that is, every contraction f: X — X has a fixed point. He
proved the following theorem which is interesting in its own right.

Theorem 1.3. [Elekes| For the generic compact set K C R for any contraction
f: K — R the set f(K) does not contain a non-empty relatively open subset of K.

The first author of the present paper [1| constructed metric spaces X such that
every weak contraction f: X — X is constant, where he used measure theoretic
methods. Based on [1], we prove the (somewhat stronger) measure theoretic analogue
of Theorem 1.3.

Theorem 4.2. [Main Theorem| Let X be a Polish space. The generic compact
set K C X is either finite or there is a continuous gauge function h such that 0 <
H"K) < oo, and for every weak contraction f: K — X we have H" (K N f(K)) = 0.

In Section 2 we recall some notions from metric spaces which we use in this paper.
In Section 3 we introduce the notion of balanced compact sets. It is shown in [1]
that for every balanced compact set there is a continuous gauge function A such that
0 < H"(K) < oo and that H" (K N f(K)) = 0 for every weak contraction f: K — X.
In Section 4 we prove that in a perfect Polish space the generic compact set is a
balanced compact set, and we conclude the proof of Theorem 4.2 and Theorem 1.1.

2. Preliminaries

Let (X,d) be a metric space, and let A, B C X be arbitrary sets. We denote
by cl A and diam A the closure and the diameter of A, respectively. We use the
convention diam () = 0. The distance of the sets A and B is defined by dist(A4, B) =
inf{d(z,y): v € A, y € B}. Let B(z,r) ={y € X:d(z,y) <r}and U(z,r) ={y €
X:d(z,y) <r}foral x € X and r > 0. More generally, consider B(A,r) = {z €
X: dist(A, {z}) <r}.

The function h: [0,00) — [0,00) is defined to be a gauge function if it is non-
decreasing, right-continuous, and h(x) = 0 iff z = 0. For A C X and § > 0 consider

HA(A) = inf {Z h(diam A;) : A C | J Ay, Vi diam 4; < 5} :
=1 =1

H'(A) = lim HE(A).

6—0+

We call H" the h-Hausdorff measure. For more information on these concepts see

l6].
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Let X be a complete metric space. A set is somewhere dense if it is dense in a
non-empty open set, otherwise it is called nowhere dense. We say that M C X is
meager if it is a countable union of nowhere dense sets, and a set is co-meager if its
complement is meager. Baire’s Category Theorem implies that a set is co-meager if
and only if it contains a dense G set. We say that the generic element z € X has
property P if {x € X: x has property P} is co-meager. A metric space X is perfect
if it has no isolated points. A metric space X is Polish if it is complete and separable.

Given two metric spaces (X, dx) and (Y,dy), a function f: X — Y is called a
weak contraction if dy (f(x1), f(z2)) < dx(x1,x2) for every z1, 29 € X, 21 # .

Let N<“ stand for the set of finite sequences of natural numbers. Let us denote
the set of positive odd numbers by 2N + 1.

3. The definition of balanced compact sets

Following [1] we define balanced compact sets.

Definition 3.1. If a, (n € N) are positive integers then let us consider, for
every n € NT,

T, =[[{L.2,....a} and I=[]JZ.
k=1 n=1

We say that a map ®: 2N + 1 — Z is an index function according to the sequence
(an) if it is surjective and ®(n) € |J,_, Z for every odd n.

Definition 3.2. Let X be a Polish space. A compact set K C X is balanced if
it is of the form

(3.1) K = ﬂ (U U Ciy i )

i1=1 in

where the a,, are positive integers and C;, ;, € X are non-empty closed sets with
the following properties. There are positive reals b, and there is an index function
®: 2N + 1 — 7 according to the sequence (a,) such that for all n € Nt and
(11, 0n) (J1s -5 Jn) €I,

(i) a1 > 2 and a,41 > nay -+ - ay,
(11) 11 n41 g 07,1 7
(iii) diam C;, ;, < by,
(IV) dlSt( i1 le Jn ) > an lf (ila Ce 7@,1) 7£ (jl, PN 7]n)

(v) If nis odd, C,. 4, € Comy and Cj,_j, € Cony, then for all s,t € {1,...,an41},
s #t, we have

An+1
dist (Cil...ins’ Czlznt) > diam U Oj1---jnjn+1
Jn+1=1
Remark 3.3. Property (v) and the notion of an index function ® are not needed
for the proof of Theorem 1.1, only for Theorem 4.2.

Note that we cannot require property (v) for every positive integer. The proof
of Lemma 4.11 only works if we restrict this property to odd numbers.

Remark 3.4. In a countable Polish space X there is no balanced compact set
K C X, since every balanced compact set has cardinality 2%°.
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4. The Main Theorem

Definition 4.1. If X is a Polish space then let (I(X),dy) be the set of non-
empty compact subsets of X endowed with the Hausdorff metric; that is, for each
Ky, Ky € K(X),

dy(Ky, Ko) =min{r: K; C B(Ky,r) and Ky C B(Ky,r)}.

It is well-known that (C(X), dy) is a Polish space, see e.g. [5], hence we can use Baire
category arguments. Let By (K,r) C K(X) denote the closed ball around K with
radius 7.

The main goal of this paper is to prove the following theorem.

Theorem 4.2. [Main Theorem| Let X be a Polish space. The generic compact
set K C X is either finite or there is a continuous gauge function h such that 0 <
H"(K) < oo, and for every weak contraction f: K — X we have H" (K N f(K)) = 0.

Remark 4.3. If X is a Polish space and h is a fixed gauge function then it is
easy to see that for the generic compact set K C X we have H"(K) = 0. If X
is uncountable then infinite compact sets form a second category subset in K(X),
therefore the gauge function A must depend on K in the Main Theorem.

The first author of the paper proved the following theorem [1, Thm. 5.1].

Theorem 4.4. Let X be a Polish space, and let K C X be a balanced compact
set. Then there exists a continuous gauge function h such that 0 < H"(K) < oo,
and for every weak contraction f: K — X we have H" (K N f(K)) = 0.

If h is a gauge function then finite sets have zero H" measure, so Theorem 4.4 also
holds for compact sets K C X that can be written as a union of a balanced compact
set and a finite set. Therefore the following theorem implies our Main Theorem.

Theorem 4.5. If X is a Polish space then the generic compact set K C X is
either finite or it can be written as the union of a balanced compact set and a finite
set.

To prove Theorem 4.5 first we give definitions and prove two key lemmas.

Definition 4.6. Let us fix an onto map ¥: 2N + 1 — N<¥ such that ¥(n) has
at most n coordinates for every odd n.

For n € Nt and sequence (ay, as,. .., as,_1), we define the function
2n—1
O = Poyayan, {2k —1: 1<k <n}— | T,
m=1
by setting

U2k —1) ifW2k—1)e ¥ T,
lely otherwise.

O(2k — 1) :{

Remark 4.7. If (a,),en+ is a sequence of positive integers then the above defi-
nition implies that the functions ®,, ., , have a common extension ®: 2N+1 — 7,
and @ is an index function according to the sequence (a,).

Let X be a Polish space.
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Definition 4.8. Let n € N*. We call the pair of (ay,...,as,) and
{(Gayeyin), Uspay) : (i) € Iy 1 < k< 2n}

a balanced scheme of size n if the numbers a; are positive integers, the sets U;
are non-empty open subsets of X, and there exist positive reals b, for which

) ap >2and a, > (k—1)ag -+ -ag_q for all 2 < k < 2n,
2) U, 4, CUy 4, forall (iy,...,4) € Iy and 2 < k < 2n,

3) diamU;, ;, < by for all (iy,...,i) € I and 1 < k < 2n,

4) dlSt( R Ujlu-]'/c) > 2by, if (il,. R ) # (jl,. .. 7.]k> €7, and 1 <k <2n.

5) Let & = &y, 4, - Ik <2nis odd Ui..i, € Usmy and Uy, j, g Us(r), then for
all s,t € {1,...,ar41}, s # t, we have

(1
(
(
(
(

Ap+1
dist (Ui1---ik57 Ui1---ikt) > diam U Ujl---jkjk+1

Je+1=1
Let (0,0) be the balanced scheme of size 0.

Definition 4.9. If n € Nt and 7 is a balanced scheme of size n as in Defini-
tion 4.8, then we define a non-empty open subset of IC(X),

Z,{() {KGK KCU UU” dons 21,...,i2n)€IQnKﬁUll 12”#@}.

i1=1 ton=1

For 7 = (0,0) we define U(m) = K(X).

Assume n € N, and let 7 and 7’ be balanced schemes of size n and n + 1,
respectively. We say that 7’ is consistent with 7 if ax(7') = ax(mw) and Uy, 4, (7') =
Ui i (m) for all k € {1,...,2n} and (iy,...,ix) € Zy.

Remark 4.10. Let 7 and 7’ be balanced schemes of size n and n+1, respectively.
If 7’ is consistent with 7 then U(7") C U(w), and we may assume by (7’) = by () for
every k € {1,...,2n}.

Lemma 4.11. Assume n € N. Let X be a non-empty perfect Polish space, let
7 be a balanced scheme of size n, and let V C U(m) be a non-empty open subset of
KC(X). There exists a balanced scheme 7' of size n+ 1 such that 7’ is consistent with

mand U(r") C V.

Proof. Let ai(7') = ag(m) = ai, bp(n’") = bp(n) = by, Uy 4, (7)) = Uy 4 (1) =
Ui ..., for every k < 2n and (iy,...,9) € Zx. Then n" will satisfy properties (1)-
(5) for all k& < 2n, since the map ®q,. q,,,, extends @, 4, , by Definition 4.6.
Therefore it is enough to construct ay(n') = ag, bi(7') = by, and U;, ;, (7') = Uy, 4,
for k € {2n +1,2n + 2} and (i1, ..., i) € Zx.

As finite compact sets form a dense subset in (X)) and X is perfect, it is easy to
see that there is a finite set Ky € V with the following property. There is an integer
N > 2 such that N > 2n(a; - - - ag,) and #(KoNU;,.4,,) = N for every (i, ..., i2,) €
Ton. Set agny1 = N, then (1) holds for k = 2n + 1. For (iy,...,is,) € Ly, let

Ko MU ign = {@iyignsr 1 <ldopgr < aonga } -

For (i1,...,i2041) € L1 consider the non-empty open sets

Ui1...i2n+1 = U<x’i1...i2n+17 b2n+1/2)7
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where by, 41 > 0 is sufficiently small. Then the sets U, _;,, , satisfy properties (2)-
(4), and By (Ko, bant1) € V. (Notice that we did not require property (5) to hold for
even numbers, and indeed, we could not satisfy it here for an arbitrary V.)

Let agnio = (2n 4 1)(ay - - - agni1), so (1) holds for k = 2n + 2. First consider
those (i1,...,42,41) for Wthh Uiy.isnsn © Us(2n+1), where @ = @, 4, .. Then
by the perfectness of X we can fix distinct points i, iy.0 € Ui ignsy (f2n42 €

{1, Ce ,a2n+2}).
Let 0 be the minimum distance between the points x;,. 4,, , we have defined so

far. Now consider those (iy,...,42,41) for which U;, 4,.., € Us@ny1). For each of
them, fix distinct points @i, ,..» € Uiy isnir (f2nt2 € {1,..., a2p42}) such that
a2n+42 5
diam U {xll 12n+2} < 5
i2n+2=1
For (iy,...,92,42) € Zo,io consider the non-empty open sets

Uil---i2n+2 = U(xh---izm-z’ b2n+2/2)7

where by,12 > 0 is sufficiently small. Then the sets U;, .., satisfy properties (2)-

(5). Therefore 7’ is a balanced scheme of size n + 1, and 7’ is consistent with .
Finally, we need to prove that U(7’) C V. We show that for every K € U(n'),

(4.1) dy (K, Ko) < bopy1.

Let K € U(n'). By the definition of U(7") we have K C (UJi'_, -~ Ui 2y Uiy igus

and K NU;, .., 7# 0 for all (i1, ..., 99041) € Zony1. The set K has the above prop-

erties by its definition, too. As diam U, ,,,, < banqq for all (i1, ..., d2u41) € Zonya,
(4.1) follows. Equation (4.1) implies U(7") C By (Ko, ban11), therefore By (Ko, bapi1)
C VyieldsU(n') C V. O

Lemma 4.12. Assumen € N. Let X be a non-empty perfect Polish space, and
let ™ be a balanced scheme of size n. Then there are balanced schemes 7; (j € N) of
size n+ 1 such that each m; is consistent with m, the sets U(m;) (j € N) are pairwise
disjoint, and | J;Z,U(;) is dense in U(r).

Proof. Let U; CU(m) (¢ € N) be non-empty disjoint open sets such that | J;~,U;
is dense in U (7). For all i € N let B; be a countable basis of U;, and let B = |J;=, B
We may assume () ¢ B and let us consider an enumeration B = {V,, : n € N}. Let
j € N and assume that 7 and n(k) € N (k < j) are already defined such that
U(Ty) C Vo for k < j. Consider

n(j) =min{n € N: V, N (Up;U (1)) = 0} .

The definition of B and the induction hypothesis easily imply that J,_;U(mx) can
intersect at most j open sets U;, so n(j) < oo exists. Lemma 4.11 implies that there is
a balanced scheme 7; of size n+1 such that 7; is consistent with 7 and U(m;) C V,;

The construction yields that U;’;OL{ (m;) intersects each V;, thus it is dense in
each U;, therefore it is dense in U(m), and the union is clearly a disjoint union. [

Now we are ready to prove Theorem 4.5 that implies our Main Theorem.

Proof of Theorem 4.5. First assume that X is perfect, we prove that the generic
compact set K C X is balanced. We may assume that X # 0. Let Gy = K(X).
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Lemma 4.12 implies that there are balanced schemes 7; (j € N) of size 1 such that
the disjoint union

(o]
G, = U Z/{(Wh)
Jj1=0
is a dense open set in K(X). Assume by induction that the balanced schemes j, ;.
of size n and the dense open set G, are already defined. Lemma 4.12 implies that for
every ji,...,Jjn € N there exist balanced schemes 7, ;. ., (Jny1 € N) of size n + 1
such that 7j,_j,,, is consistent with 7;, _;, and the disjoint union Uj"  _o U(7). j,,1)
is dense in U(7;,.. j,). Then the disjoint union

gn+1 = U U u(ﬂjl---jnH)

j1=0 Jnt+1=0
is dense in G,,, and the induction hypothesis yields that G, ., is a dense open set in

K(X). Consider
n=0

As a countable intersection of dense open sets G is co-meager in K(X). Let K € G
be arbitrary fixed, it is enough to prove that K is balanced. Since the nth level open
sets U(mj,. j,) are pairwise disjoint, there is a (unique) sequence (j,)nen+ such that
K € U(mj, ;) for all n. € NT. As the balanced scheme 7, ; ., is consistent with
T, .., for every n € NT, there are positive integers a, and non-empty open sets
Ui, ., witnessing this fact. By Remark 4.7, the functions ®,,4,. 4,, , have a common
extension ®: 2N +1 — Z, and ® is an index function according to the sequence (a,).
For n € N* and (iy,...,i,) € Z, let us define

Czlzn =cl Uil---’%z’
Since K € U(r;j, . ;,) for every n, Definition 4.9 implies that

[e.e] al Qan
K- (U U c)
n=1 \ii=1  i,=1
From Definition 4.8 it follows that the positive integers a,, and the non-empty closed
sets Cy,. 4, satisfy properties (i)—(v) of Definition 3.2. Therefore K is balanced.
Now let X be an arbitrary non-empty Polish space. Then there is a perfect set
X* C X such that U = X \ X* is countable open, see [5, (6.4) Thm.]. Let S be the
set of isolated points of X. Then S is open, and S C U. We claim that S is dense
in U, thus U C cl S. Indeed, assume to the contrary that there is a non-empty open
set V' C U such that V' NS = (). By shrinking V', we may suppose that cl1V C U.
Then clV C U is a non-empty perfect set, so it has cardinality 2% by [5, (6.3) Cor.],
which is a contradiction.
For a set A C X let us denote by K(A) the metric space of non-empty compact
subsets of A, similarly as in Definition 4.1.
Since S is open, compact non-empty subsets of S form a dense open subset of
K(clS). As S is the set of isolated points, every compact subset of S is finite.
The first part of the proof implies that there is a dense G5 set F* C K(X*) such
that every K* € F* is balanced.
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Let F C K(X) be the the set of those non-empty compact subsets K C X for
which K NeclS C S and K N X* € F*U{0}. Clearly, every K € F is a union of ()
or a balanced compact set in X* and finitely many points in S. We claim that F is
a dense Gy subset of I(X). Let us define the continuous map

R: K(X) —» K(X")U{0}, R(K)=KnX",
where the distance of () to points of (X*) is defined to be 1.

We show that the map R is open. Let K € K(X) and C* € K(X*) U {0}
be arbitrary, and set K* = K N X*. It is enough to construct C' € K(X) such
that C N X* = C* and dy(K,C) < dyg(K*,C*). If K C X* or K* = C*, then
C = C* or C' = K works, respectively. Thus we may assume that K \ X* # () and
dy(K*,C*) > 0. The compactness of K implies that there are finitely many open
sets V; such that K\ X* C|J", Vi, ViN (K \ X*) # 0, and diam V; < dy(K*,C*) for
all i € {1,...,m}. Let us choose z; € V; \ X* for all ¢ € {1,...,m} arbitrarily, and
consider C' = C* U J:Z {z;}. It is easy to see that C' € K(X) fulfills the required
properties.

Since R is open, R™(F* U {0}) is dense G5 in K(X). We clearly have
F=RYFU{d})nK(X\clS)uUS9).
As (X \ clS)U S is dense open in X, K((X \ cl.S)US) is dense open in K(X). Thus
F is dense G in (X)), which concludes the proof. O
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