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Abstract. We characterize the class of weights related to the boundedness of maximal op-
erators associated to a Young function 1 in the context of variable Lebesgue spaces. Fractional
versions of these results are also obtained by means of a weighted Hedberg type inequality. These
results are new even in the classical Lebesgue spaces. We also deal with Wiener’s type inequalities
for the mentioned operators in the variable context. As applications of the strong type results for
the maximal operators, we derive weighted boundedness properties for a large class of operators
controlled by them.

1. Introduction and preliminaries

The variable exponent Lebesgue spaces arise when we deal with a great number
of applications in partial differential equations. In fact, they seem to be the natural
context in order to describe the behaviour of certain classes of fluids, called elec-
trorheological fluids, which have the ability to significantly modify its mechanical
properties when an electric field is applied (see for example [47]). Other applications
that find in these spaces an adequate development framework for their theory are the
processes of image restoration [6] and partial differential equations (see for instance
[1] and [24]).

The boundedness of many operators in harmonic analysis that appear in con-
nection with the study of regularity properties of the solutions of partial differential
equations were widely considered in the variable context by different authors, see for
instance [9], [11], [14], [15], [16], [30], [31], [32], [38], [39] and [40] for the Hardy—
Littlewood maximal function M, [5], [21], [22] and [28] for the fractional maximal
function M, [18] and [33] for Calderon—Zygmund operators and their commutators,
and [1], [10], [24] and [28] for potential type operators (see [13| for other classical
operators).
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It is well known that many of the operators mentioned above are controlled, in
some sense, by maximal operators. Sometimes this control is given in the norm of
the spaces where they act. A typical inequality that describes this fact on weighted
Lebesgue spaces is the following

(1.1) /Rn T f(x)|Pw(x)de < C - IMrf(x)Pw(z)de, 0<p<oo,

where w is a weight, 7T is certain integral operator and M is the maximal operator
referred to above. Thus, it is clear that the operator 7 inherits the continuity prop-
erties of M+ in the corresponding space. For example, if T is a Calderéon—Zygmund
operator, (1.1) holds by taking My = M. This result was proved by Coifman in [7|
in the unweighted context and by Coifman and Fefferman in [8] for w € A.. When
T is the fractional integral operator, then (1.1) holds with My = M, by taking
w € A (see [36]). On the other hand, when we deal with commutators of singu-
lar or fractional integrals in inequalities in the spirit of (1.1) the maximals involved
are iterations of the Hardy—Littlewood maximal function and compositions of them
with fractional maximals, respectively (see for example [2], [19], [42], [43]). It is
well known that this type of operators are equivalent to certain maximal operators
associated to a Young function of Llog L type (see for example [2], [3], [42], [43]).
For more general Young functions, the maximal operators involved control operators
of convolution type with kernels satisfying certain Hérmander conditions associated
to the Young functions that define the maximals (see [34] and [35], and [4] for the
fractional case).

Inequalities of Fefferman—Stein type were also considered by many authors (see
2, [3], [27], [34], [41], [44]).

In this article, we are interested in the study of the continuity properties of
the maximal operator mentioned above, that is, a maximal associated to a Young
function n, M,, in the context of variable Lebesgue spaces with weights. We first
characterize the weights involved in the case that the Young function defining the
maximal operator is of L log L type and the weights obtained are of the type defined in
[9]. In that article, the authors succeed in giving the class of weights that characterizes

the boundedness of M in L") (R™) (see below for the definition of this space). When 7
satisfies certain Dini type condition we obtain a sufficient result for the boundedness

of M, in Lf,)(')(R"). As we said before, these results allow us to derive weighted

estimates in Lﬁ(')(R") for a large class of operators controlled by M,. We show
that this class contains, for example, singular and fractional integral operators with
kernels satisfying certain Hormander type condition and their commutators, which
have, as particular cases, Calderén—Zygmund and fractional integral operators.

Another type of inequality we shall deal with are generalizations of Wiener’s
inequality in the variable context. In this way, the main results were obtained by
Cruz-Uribe and Fiorenza in [11], where they proved that if B is any ball and € > 0,
the inequality

(1.2) /BMf(fE)dx§2IBI+C/ |f(@)[" log(e + | f(2) )" da

n
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holds for every bounded exponent p: R™ — [1,00), where ¢(z) = max{e (e +1 —
p(z)),0}. Note that when p = 1 then ¢ = 1 and (1.2) is Wiener’s inequality. By re-
quiring additional properties on the exponent, they improved their local integrability
results.

Since the maximal operator M, is greater than a constant times M, it seems to
be interesting to study the local integrability of this maximal operator. Thus, in this
direction we obtain Wiener’s type results by following the ideas in [11].

On the other hand, fractional versions of all of the results described above were
obtained. A useful tool in order to have the fractional case is a weighted pointwise
control inequality between the fractional maximal operator M, , and M, where n and
1 are certain Young functions. This type of inequality is an extension of Hedberg’s
inequality (see |25]). Another extensions can be found in [5], [21] and [22].

We now introduce some notation and preliminary results.

Let p: R™ — [1,00) be a measurable function. Given a measurable set £ C R",
we will write pp = essinf,ep p(x) and pf; = esssup,.p p(z), and for simplicity,
Pre = P~ and pg. = pT. By P(R") we will denote the set of measurable functions
p:R" = [1,00) and by P*(R"™) the set of p € P(R") such that p* < co.

Given p € P*(R"), we say that a measurable function f belongs to LP()(R") if

for some A > 0
p(x)
/ (@) dr < 0.

In this case, we define the Luxemburg norm in L?)(R") by

p(x)
||fr|p<.>=inf{x>o: [ (@) dxgl}.

For more information about LP() spaces, see [12], [17] and [29].

It is well known that (LPO(R™), || - ||,()) is a Banach space. This space is a par-
ticular case of Musielak-Orlicz space by taking ®(x,t) = t?®) (for more information
about Musielak-Orlicz spaces, see [16] or [37]).

The following conditions on the exponent arise related with the boundedness of
the Hardy-Littlewood maximal operator (see, for example, [14] or [15]). We will say
that p € P8(R") if p € P*(R") and if it satisfies the following inequalities

C n
(1.3) Ip(z) = p(y)| < ogle T 1/t —a]) Vz,y € R,
and
(1.4) Ip(z) — p(y)| < Tog(e + [2]) Yyl > |zl.

Conditions (1.3) and (1.4) are usually called the local log-Ho6lder condition and
the decay log-Holder condition, respectively. It is well known that for 1 < p~ < p* <
00, both conditions are sufficient for the Hardy-Littlewood maximal operator to be
bounded on variable Lebesgue spaces (see [14]). Moreover, in [45], Pick and Ruzicka
gave an example of a space LP¢) with p ¢ P'°8(R™) where M is not bounded.

Given two functions f and g, by < and 2 we will mean that there exists a positive
constant ¢ such that f < cg and cf > g, respectively. When both inequalities hold,
that is, f < g < f, we will write it as f = g.
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As we said in the introduction, we are interested in maximal operators associated
to Young functions. We will say that n: [0,00) — [0,00) is a Young function if
it is increasing, convex, 7(0) = 0 and 7n(t) — oo when t — oo. For simplicity,
we will consider normalized Young functions, that is, n(1) = 1. We also deal with
submultiplicative Young functions, which means that n(st) < n(s)n(t) for every s,t >
0. If n is a submultiplicative Young function, it follows that 7'(t) = n(t)/t.

Given a Young function 7, we define the Orlicz space L"(R") as the set of all
measurable functions for which there exists a positive number A such that

/n” (If(;)l) dr < 1.

This definition induces the Luxemburg norm for this space, defined by

I =int s 0: [ (L) ao <1},

and (L"(R™),| - |l,) is a Banach space (see for instance [46]). Related with this norm,
the Luxemburg average of a function f over a ball B is defined by

(1.5) ||f]|n,B:inf{>\>0: |—;|/Bn<&f)|) dygl}.

We will also need the following facts. Each Young function n has an associated
complementary Young function 7 satisfying ¢t < n=(¢t)n~1(t) < 2t for every t > 0.
The following generalization of Holder’s inequality

/ Fal < 1 1ullgll
R?’L

holds and it is easy to check that we also have

1
5 / 191 < 1 lnsllgllns.

Moreover, there is a further generalization of the inequality above. If 1, ¢ and ¢ are
Young functions satisfying = (¢)¢~1(t) < n~1(t), then

1£9lln.s < flls.8l9llw.5-

Associated to the average in (1.5), we define the generalized maximal operator
M, by

M, f(x) = sup |[fllyp, =e€R"
B>z
When 0 < o < n, the fractional version of the operator above is given by

Mo f(x) = Sup [BI*" (| fllnz, = €R™
o

Notice that when n(t) = ¢, M, and M,, are the Hardy-Littlewood and the
fractional maximal operators, respectively.

In the following definition we introduce the class of weights related with the
boundedness of the fractional maximal operator in variable Lebesgue spaces. By a
weight we understand a non-negative and locally integrable function.



Generalized maximal functions and related operators on weighted Musielak—Orlicz spaces 27

1.6. Definition. Let 0 < a < n and p,q € P*(R") such that 1/¢(z) = 1/p(x) —
a/n, pt < n/a. We say that a weight w € Ay () 4 if there exists a positive constant
C such that for every ball B, the inequality

lwxsllgollw™ xsllye < CIBI'»
holds.

When o = 0, we obtain the Ay class given by Cruz-Uribe, Diening and Hésto
in [9] that characterizes the boundedness of the Hardy-Littlewood maximal operator

on Lﬁ(')(R"), that is, the measurable functions f such that fw € LP0)(R™).

2. Main results

In this section we state boundedness results for the maximal operators defined
in section §1 on weighted variable Lebesgue spaces. As far as we know, our results
are new even when p is a constant exponent. We first consider 7 to be a Llog L type
function.

2.1. Theorem. Let w be a weight, p € P°¢(R") with p~ > 1, and let  be the
Young function defined by n(t) = t°(1 + log™ t)Y with 1 < 8 < p~ and v > 0. Then,
M, is bounded on LI\ (R™) if and only if w® € A,

B

Observe that when § = 1 and v = k € N, this is the expected result since it is
well known that M, is equivalent to M*™ = M o .- o M iterated k + 1 times (see
[42]).

The following result gives the class of weights that characterizes the boundedness
of the fractional maximal operator M, on weighted variable Lebesgue spaces and
extends the corresponding results given in [36] in the classical context. This result
allows us to prove the corresponding result for the generalized maximal operator M, ,
(Theorem 2.3).

2.2. Theorem. Let 0 < o < n, w a weight and p € P'8(R") with 1 < p~ <
pt < nj/a. Let q be the function defined by 1/q(x) = 1/p(z) — a/n. Then, M, is
bounded from qu(')(R") into LZ,(')(R”) if and only if w € Ap()q()-

Thus, the fractional version of Theorem 2.1 is given in the next result.

2.3. Theorem. Let 0 < o < n, w a weight, p E Plog(Rn) such that 1 < p~ <
pt <n/a and 1/q(x) = 1/p(x) — a/n. Let n(t ) t?(1 + log™ t)'Y with1 < 8 < p~
and v > 0. Then, M,, is bounded from A (R™) into L (R™) if and only if

wP € Ay .
BB

The next theorems involve a wider class of maximal operators associated to Young
functions which satisfy certain Dini type condition, given in the following definition.

2.4. Definition. Let 1 < ¢ < co. We say that a Young function 7 satisfies the
B, condition if there exists a positive constant ¢ such that

777_d_
te t
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2.5. Theorem. Let w be a weight, p € P°$(R") and 1 < B < p~. Let n be a
Young function such that n € B, for every p > B. If w’ € A , then M, is bounded

on LEO(R™).
2.6. Theorem. Let 0 < o < n, w a weight, p € P°¢(R") with 1 <p~ < pt <

n/a, 1/q( )=1/p(x) —a/n and 1 < < p~. Let n be a Young function such that
n'tits e B o for every p > B(n—a)/(n—apB), and let ¢ be a Young function such

that ¢~ (¢ )tn < n=L(t) for every t > 0. If w” € Ay
LEO(R™) into LY (R™).

2.7. Remark. Let us observe that Theorems 2.5 and 2.6 include the sufficiency
results of Theorems 2.1 and 2.3, respectively. In fact, if 0 < a < n, then B(1 +
pa/(n—a)) < pn/(n—a) for every p > B(n—a)/(n—af) and thus, n'*7"« € B,
where n(t) = t#(1 +log™ t)” with 1 < 8 < p~ and v > 0.

As we said in the introduction, the maximal operators M,, are not of strong type
(1,1) for a large class of Young functions n. Moreover, they are not of weak type (1, 1).
Nevertheless, for certain class of functions we can obtain local integrability properties
in the spirit of Wiener’s inequality. The remainder of this section is devoted to this
type of results in the context of Musielak—Orlicz spaces.

Given p € P*(R”), a non—negative and bounded function ¢, and a Young function

n, we denote by n(LPC )(log L)?O(R™) the Musielak-Orlicz space corresponding to
the function ®(t, ) = n(t*®)log(e + t)7@) and we write

. f(x
1 £1l5(Lr0) t0g Ly m7) = | fll@(z,ymr) = inf {>\ > 0: / D (:c # de <1¢.

For a given Musielak-Orlicz function ® and a non-negative function v we denote

I/ lo(z. @), o = inf {A > 0: / o <g; |f(;€)|) v(z)dr < 1}.

The next theorem is a generalization of Wiener’s result proved in [48], for the
case of the maximal operator M,,.

»() a0y, then M, , is bounded from
58

2.8. Theorem. Let p € P*(R"), w a weight and n a Young function. Then, for
every € > 0, there exists a positive constant C' = C(e, p) such that for each ball B

/Mf 1) dr < w(B >+c/ 0 (1 @) ") log(e + | £(2) )@ Muw(x) dr,

where q(z) = max{e (e + 1 — p(x)),0}.
Particularly, if we consider certain class of Young functions 7, we improved the

result above in the following way.

2.9. Theorem. Let p € P*(R"), w a weight and n a Young function such that
n € B, for each ¢ > 1. Then, for every € > 0, there exists a positive constant

C = C(¢,p) such that for each ball B

/ M, f(z)w(x)de < w(B)+C [ ()P (| f(2)]) log(e + | f())]* Muw(x) dz,

where q(z) = max{e (e + 1 — p(z)),0}.
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2.10. Corollary. Let p € P*(R"), w a weight and n a Young function. Then,

for every € > 0, there exists a positive constant C = C'(e, p) such that for each ball
B with w(B) <1

My fllryw < CFllyre)og £)16) (R7), Muw
where q(z) = max{e (e + 1 — p(z)),0}.
By requiring additional properties on the exponent p, we obtained more integra-

bility for the maximal operator M,,.

2.11. Theorem. Let p € P°¢(R") and w a weight. Let n be a submultiplicative
Young function such that n € B,- if p~ > 1, orn € B, for every 1 < q < oo if
p~ = 1. Then, given 0 < € < 1, there exist functions r,q € P'°¢(R") such that for
every ball B and every function f with f{|f\>1} n(|f(2)P®) de < 1

n

/BMnf(x)r(m)w(x) dr < w(B) + C/ 0(|f (2) ") log(e + | f () )" Muw(x) do

and such that the following properties hold,
(i) r(x) = p(x) whenever p(-) takes values outside the range (1,1 + €), and
1 <r(x) <p(zx) if p(-) takes values on (1,1 +¢€),
(i) 0 <q(z) <1,q(x)=11ifp(x) =1 and q(x) =0 if p(x) > 1 +e.
As a consequence we obtain the following result.
2.12. Corollary. Let p and n be as in the hypothesis of Theorem 2.11. Given

a ball B, let w be a weight such that w(B) < 1. Then, given 0 < ¢ < 1, there exist
functions r, ¢ € P°5(R™) having the properties (i) and (ii) of Theorem 2.11 such that

| My fll e yw < CllF e gog £)a @2), M-
2.13. Remark. Note that by requiring n € B, for every ¢ > 1 in Theorem 2.11
and Corollary 2.12, we can obtain better results by applying Theorem 2.9:

/B M, f(x)" P w(z) de

<w(B)+C / £ ()P [ (| f (2)]) log(e + | £ () )] " Mw(x) da

and
||M77fHLT(')(B),w < CHfHLP(‘)(n’(L)logL)‘Z(‘)(B),Mw‘

For example, if n(t) = t(1 + log* t)*, k € N U {0}, it is known that M, ~ M**!. By
considering p~ > 1 and w = 1, Theorem 2.9 contains the boundedness of M**! in
LPM)(B) as a particular case.

2.14. Remark. The unweighted case for the Hardy-Littlewood maximal oper-
ator of Theorems 2.8 and 2.11 and Corollaries 2.10 and 2.12 were proved in [11].
These results are particular cases of our results when 7(t) =t and w = 1.

The following estimates are the fractional versions of Theorem 2.8 and Corol-
lary 2.10. Since the fractional maximal operator M, in not of strong type (1,n/(n —
«)) and from the fact that M,, 2 M, it follows that the operator M, is not of
strong type (1,n/(n — «)) either. In view of this, we were interested in studying the
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local integrability in L+ for the generalized fractional maximal operator M, , with
weights.

2.15. Theorem. Let 0 < «a < n and let w be a weight. Let p € P*(R"), let n be
a Young function and let ¢ be another Young function satisfying ¢~ (t)t*/™ < n~(t).
Then, for every € > 0, there exists a positive constant C' = C'(€, p) such that for every

ball B
. 1—a/n
(/ M, f(x)r—aw(z) d:z:)
B

<c(w@)+ [ v (0P ogte + 1F@) @ Mut)de)

whenever f € LPO(R™) with || f||,) < 1. Here r(z) = max{e '(e+ 1 — s(z)),0} and
U(t) = (' =om).
2.16. Corollary. Let 0 < a < n. Let p,n and ¢ as in Theorem 2.15. Then, for

every € > 0, there exists a positive constant C' = C(e, p) such that for every ball B
with w(B) <1

HMa,anL#(BW < Ol fllp (20 t0g L)) (RA ), M

whenever f € LPO(R™) with || f||,) < 1. Here r(z) = max{e (e + 1 — s(x)),0} and
U(t) = ot =/,

3. Applications of weighted strong type inequalities

3.1. Singular integral operators. As we said before, the generalized maximal
operators M, control a large class of operators such as singular integrals and their
commutators. In several cases this control is given by an inequality of the type

(3.1) M(Tf)(x) < CsM, f(x),
where

M f(x) —supmf][|f —a|dy~sup][|f —mpfldy
Baz @
and, for § > 0, M f = M*(|f]%)s
Let T be a singular mtegral operator of convolution type with kernel K, that is,
T is bounded on L*(R™) and

Tf(z)=p.v. | Kx-y)fly)dy,
Rn
where K is a measurable function defined away from 0. In order to describe the
behaviour of 7" in the variable Lebesgue spaces we assume some smoothness condition
on K. We first consider the so-called Hormander condition: we say that K satisfies
the L'-Hormander condition if there exist ¢ > 1 and C; > 0 such that

/ K(z—y)— K(z)|dz < Cy, y€R™
|z|>clyl

This is the weakest condition we will be dealing with and we refer to it as H; con-
dition. The classical Lipschitz condition is denoted by H} . We say that K € HZ if
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there exist #, C' > 0 and ¢ > 1 such that

|y
|K(z—y)— K(z)| < CW’ 2| > clyl.

It is easy to note that HY C H;. Among these classes, we can consider the L'-
Hérmander conditions, 1 < r < oo or, more generally, the L#- Hérmander condition
associated to a Young function A. Given a Young function A we write

||fHA7|SL‘|~S = ||fX{|:c|~s}HA,B(O,2s)

where |z| ~ s means s < |z| < 2s. We say that the kernel K satisfies the L*-
Hormander condition or simply K € H 4 if there exist ¢ > 1 and C4 > 0 such that
for any y € R™ and R > cly|,

o

Z C"R)"|K(- —y) — K()|l.ajz|~amr < Ca.

m=1
When A(t) = ¢, we obtain the L"-Hormander conditions and we denote K € H,.
All the conditions above satisfy the following relations

H: C Hyn C Hy C Hy,

for any Young function A. Particularly, if 1 < r < s < oo, then Hy, C H, (for more
information about this conditions, see [34]).

Related with the pointwise estimate (3.1), in [35] the authors proved the following
result.

3.2. Theorem. Let T be a singular integral operator with kernel K € H 4. Then
for any 0 < 0 < 1, there exists a positive constant Cs such that

MA(T f)(x) < CsMzf (),

where A is the complementary Young function associated to A.

As a consequence of the theorem above and Theorem 2.5 we get the following

result related to the boundedness of the operator 7' in L (R™). By L (R"™) we will
denote the set of bounded functions with compact support.

3.3. Theorem. Let p € P°3(R"), 1 < 3 < p~ and let A be a Young function

such that A € B,, for every p > . Let T' be a singular integral operator with kernel
K € Hy. Ifw® € A, then
i

[wT Fllpe) S Nwsllpey
for every f € L°(R™), whenever the left-hand side is finite.

In order to prove the result above, we will be using the following lemmas proved
in [29] and [26], respectively.

3.4. Lemma. Ifh € L"(R") and r* < oo, the following inequalities hold

1
sl < sup_ [ Jhgldo < 2.

lgllr )<t
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3.5. Lemma. There exists a positive constant C' such that for every weight w
and every non-negative measurable function f such that |{x: f(x) > A}| < oo for
every \ > 0, the following inequality holds

/ fwde < C | M'fMuwdz.

R’l’b
Proof of Theorem 3.3. Let 0 < § < 1 and f € L®(R™). Let us observe that w” €
Ap() implies f € LA (R™) because w € L10C (R™), that is, wP!) is a locally integrable

functlon. Now, if 7(-) = p(-)/d, by Lemma 3.4 and the fact that [T f]° € L;(;)(R"),
we have

1/5
1/6
T fl = AT S s ([ ralas)

lw=2gll,r(y<1

By the hypothesis on 7" we have that [{z € R": |T'f(z)| > A}| < oo for every
A > 0. Then by applying Lemma (3.5) with f and w replaced by [T f]° > 0 and |g]
respectively, and the generalized Holder inequality we obtain that

1/5
T flyo < sup ( Mﬁ<|Tf|6>Mgdx)
R?’L

lw=2gll,r(y <1

) _ )
< sup [t ME(T A I~ Mgl

™ =g,y <1
_ 1/6
= sup  [wMi(TfDpollw Mgl ).
[w=3g]l,s(y<1

Since w” € Ay for some 1 < 8 < p~ implies that w® € A, (see (4.4)), which
E
is equivalent to w™? € Ay, by Theorems 2.5 and 3.2 we obtain that

—5_y1/8
Ty S s o MET Dl ol S by S oSl O
WGl () S
3.6. Remark. Notice that if K € H then we can take w € A,y in Theorem 3.3
since it is well known that (3.1) holds with M = M. When K € H,, for some

(p~) < r < oo then A =t and we can take w" € Ay in the same theorem in order

to get the boundedness result for the operator 7T'. In [34] the authors present several
examples of singular integral operators with kernels satisfying the L4-Hérmander
conditions described above for certain Young functions A, including, for example,
homogeneous singular integrals and Fourier multipliers.

The higher order commutators with BMO symbols of the singular integral oper-
ators of the type described above were also considered in [34]. Given T"and b € BMO
we define the k-th order commutator, kK € N U {0}, by

T (@) = [ (o) = b)) K (o — ) f ) dy

In order to study these operators the authors define the corresponding smoothness
condition depending on a Young function A and the order of the commutators.

Let A be a Young function and £ € N. We say that the kernel K satisfies
the LA*-Hormander condition or that K € H 4, if there exist ¢ > 1 and C' > 0,
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depending on A and k such that for every y € R™ and R > cly|

[e.e]

Y @MR) MK (- = y) = K ()| ajajomr < C.

m=1

In [34] the authors also proved the following result.

3.7. Theorem. Let A and B be Young functions such that A='(t)B~(t)(log t)*
<t fort>ty>1. IfT is a singular integral operator with kernel K € Hg N H 4,
for any b€ BMO, 0 < <e <1 andk € N, there exists C' = Cs. such that

k—1
M(TSf)(x) < C Y IBllpyioMe(T} £)(x) + ClbllEao Mz f (@)
§=0
Then, we have the following result for T}

3.8. Theorem. Letp € P°5(R"),1 < 3 < p~. Let A and B be Young functions
such that A= (t)B~(t)(logt)* <t fort >ty > 1,k € N and A € B,, for every p > 3.
Let b € BMO and T} be the k-th order commutator of the singular integral operator
T with kernel K € Hg N Hay,. If wP € A%, then

[T Flloey S Mbllsasollw s llae
for every f € L°(R™), whenever the left-hand side is finite.
3.9. Remark. When k = 0, Theorems 3.7 and 3.8 are Theorems 3.2 and 3.3.

Proof. We use an induction argument. The result holds for the case £k = 0
which is nothing but Theorem 3.3, and suppose it is true for every 0 < j < k — 1.
Without loss of generality we can consider ||b|pymo = 1. Let f € L*(R"),0<d <1
and r(-) = p(-)/0. Thus, proceeding as in the proof of Theorem 3.3 and applying
Theorem 3.7 we obtain

1/8
W fllpey S sup ( Mﬁ(|Tzf“f|5)Mgdx)
Rn

lw=8g],r( <1
5 /6
= sup [wM(T Dl llw gl
llw=2gll,r () <1
k—1 ’
S D NwM(TY f)llpey + lwM g f |y
=0
From the hypothesis on w we have that w® € A,. for 0 < € < 1 and thus, by

applying the boundedness result for the Hardnyittlevxérood maximal operator proved
in [9], the inductive hypothesis and Theorem 2.5 we obtain that

k-1
I fllocy S D T Fllocy + 1w g flloey S o f oy U

i=0

3.2. Fractional integral operators. In [4] the authors consider fractional
operators of the type

Tof(z) = . Ko(x —y)fy)dy, 0<a<n,
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where the kernel K, satisfies a size type condition and a fractional Héormander con-
dition. The size condition is called S,: we say that K, € S, if there exists C' > 0
such that

/ |Ko(x)| de < Cs®.
|z|~s

The smoothness condition is defined as follows. We say that K, € H, 4 if there
exist ¢ > 1 and C' > 0 such that for every y € R"™ and R > c|y|

[e.e]

Y @R Kol = y) = Kol ajenzmp < C.

m=1
The following result was proved in [4].

3.10. Theorem. Let T, be a fractional operator with kernel K, € S, N H, 4.
Then, for any 0 < § < 1, there exists a positive constant Cys such that

(3.11) Mj(Tof)(@) < C5M, 5/ ().

Then, the corresponding boundedness result for 7}, in weighted variable Lebesgue
spaces is the following.

3.12. Theorem. Let 0 < o < n, p € P(R") with 1 < p~ < p* < n/a,
1/q(x) = 1/p(x) — a/n and 1 < B < p~. Let A be a Young function satisfying

po

Altaza ¢ B i for every p > B(n—a)/(n—af) and let ¢ be a Young function such

that ¢~ (t)tn < A~Y(t) for every t > 0. Let T, be a fractional operator with kernel
KeS,n Ha,A- Ifw’ e Ay o), then

58

[wTafllge) S llwfllp)
for every f € L°(R") such that |[{x € R": |T,,f(x)| > A\}| < oo for each A > 0 and
whenever the left-hand side is finite.

Proof. Let r(-) = ¢q(-)/d, 0 < 6 < 1. By the hypothesis over T, we can proceed
as before, by applying Lemma 3.5 and Theorem 3.10. Moreover, since w® € A, o)

is equivalent to w? € A, for v = 2% we have that w® € A, (see (4.2) and
v o

n—af’

(4.4)). Thus, by the boundedness results obtained in [9] for M we have
1/5
[Tl s s ([ T i)
lw=2gllry<1 \JR"

1/6 _ 1/6
< sup (W MA(TLA) I e~ Mg )

lw=2gll,r(y<1

S dZITaf D ooy S lwMy zf Nl
Finally, by the properties on A, Theorem 2.6 gives the desired result. O
Given b € BMO, the k-th order commutator of T, for k£ € N U {0} is defined by

Th,f(0) = [ (be) b)) Kl = ) )y, 0<a<n

When k£ = 0, Tib = T,. We will now suppose that the kernel K, satisfies the
condition H, 4%, which means that there exist ¢ > 1 and C' > 0 such that for every
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y € R" and R > |y

[e.e]

> @R mE | Kol —y) = Kal)l| ajsinemr < C.

m=1
In [4] the authors also proved an estimate in the spirit of (3.11) for 7%, which is

a,b?
given in the following result.

3.13. Theorem. Let A and B be Young functions such that A='(£)B=1(t) <
t/(1+log* t)k. If T, is a fractional integral operator with kernel K € S, N Hyp N
Hy ap, for any b€ BMO, 0 < <e <1 andk € N, there exists C = Cs. such that

Mj(Ty,f)(z) < CZ 10l 370 M3 5.f) (x) + Cllbllparo M, 4/ (2)-

Then, with the same arguments used in this section, we obtain the next bound-
edness result for T)¥,. We omit the details of the proof.

3.14. Theorem. Let 0 < o < n, p € P(R") with 1 < p~ < p* < n/a,
1/q(x) =1/p(z) —a/n and 1 < f < p~. Let A and B be Young functions such that

A“Yt)BL(t) < t/(1+1log™t)* and A'77s € B_en for every p > B(n—a)/(n— af3)
and let ¢ be a Young function such that ¢~ (t)t% < A~L(t) for every t > 0. Let

b€ BMO and T}, be the k-th order commutator of the fractional integral operator
T, with kernel K € S, N Hyp N Hoax. If w’ € Au then

e
w3 fllaey < W8l arollw s llae)

for every f € L*(R") such that |[{z € R™: |T},f(x)| > A\}| < oo for each A\ > 0 and
whenever the left-hand side is finite.

4. Auxiliary results

In this section we give the basic tools in order to get our main results. The next
lemma gives some relations between the A, and the Ay 4.y classes.

4.1. Lemma. Let 0 < a <n, 0 < <1, and let w be a weight. Let p,q,s €
P*(R") such that 1/q(x) = 1/p(x) — a/n and s(x) = (1 — a/n)g(x) with 1 < p~ <
pt < n/a.

(4.2) For every 1 < B < p~, w® € A, ) a6) if and only if W € Aq(.)(l_g).
B n

»cz“‘

Particularly, when =1, w € Ay,
(43) Ifwe Ap(, )a()s then w® € AM

s
(44) Let 1 <r <q . Ifw € Ay, thenw‘seA(_
T 6

: 1f and only ifwis € Ag(y-

4.5. Remark. Noticing that ¢(-)/s(-) = n/(n — «), it follows that (4.2) is an
extension of the results proved in [36].

Proof of Lemma 4.1. Let us prove (4.2). Notice that 0 < % < q" (";gﬁ)
since f§ < p~ < q . Then

L) = X oy ) = 0%l

_nB _
(46) w5 xl,
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On the other hand, since q(-)n/(q(-)(n — af) —nB) = (p(-)/F)" we obtain that

—np
47 wn—aob J(n—a w " Ozﬁ n w " aB
T S I Y e i
Let us first suppose that w” € A, o. Hence, from (4.6) and (4.7),
58

w55 x| 1oy [0 x5 aomean = [wXs || 6||w Oxln
a)(5-2) I n=ap) B (p())

<|B|0 *> ~|B|.

Conversely, let us now suppose wAeR € A ((3-2): Using again (4.6) and (4.7),
e

n

we obtain that

—nf 1_a_ﬂ
ool X6yt = [0 x g_g)nwnwmn
n Q( )(n aB)—np
Tt N T <%
pry wn*& w n
XBllg0)(1-2) XB( <ﬁ—%>>'~

We proceed now with the proof of (4.3). Since 0 < § < 1 < ¢~, we have that

lw’xallao o™ xall_a = llwxally, lw™xsll o -
5 q(-)—é q(-)—9o

If w(-) = q(-)/(q(-) = 9), from the relation between p(-) and ¢(-) we have that
1/u(-) = (n —nd + ad)/n + §/p'(-). Thus, by the generalized Holder inequality
and the hypothesis on w we obtain that

letxs o llw™xsll_a < lloxslo o™ xslyo sl s
S|BPUTW BT = 8.

In order to prove (4.4), take r and § as in the hypothesis. Since 0 < 6 <1 <r <
q~, we have that

n— n(5+a5

[
(4.8) lexslapllw™xall g = sl 1™ "Xl -

Let u(-) be as in (4.3). From the fact that 1/u(-) = 1/((7"/5)(‘17) )+ (r—29)/r, (4.8)
and the hypothesis on the weight, we obtain that

x| acs [0~ x5 o < [l XBHq()Hw XBH

<|B[*|B|'""* =|B. N

The following pointwise estimate is an important tool in order to prove Theo-
rems 2.3, 2.6 and 2.15.

4.9. Theorem. Let 0 < o < n and let p € P*(R") such that p™ < n/a. Let q(-)
and s(-) be the functions defined by 1/q(z) = 1/p(x)—a/n and s(x) = 1+q(x)/p'(z),
respectively. Let n and ¢ be Young functions such that ¢ (t)t*/™ < n='(t). Then
for every measurable function f and every weight w, the following inequality

()/5()qy=a()/5() 1-a/n w )"
Mo 10)(0) S (M (7070100 (@) ([0 ay)
holds, where v(t) = ¢(t'=/").
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4.10. Remark. For the fractional maximal operator, that is, when 7n(t) = t, the
theorem above was proved in [21].

Proof of Theorem 4.9. Let g(x) = |f(z)[P@/*@y(2)~1@)/s@) and B = B(x, R),
R >0,z € R" Then

()] Jw(z) = g*@/P@=1a/ny, (1)a@)/p@)=1 g y1=a/n,

Let x € R" and a fixed ball B 5 x. By the generalized Holder inequality and the
fact that

g(S(x)/p(:v)—lJra/n)n/aw(I)(q(x)/p(x)—l)n/a - |f(a3)|p(:v)
we get

B |1£ /wll, 5 < CIBI*"|g" =l | g* PO/ Lt OO,

= clolyg "5 (o [ \f(x)\p@)a/"
st ([ epe) " 0

Particularly, when n(t) = t°(1 4 log™ t)7, with 1 < 8 < n/a and v > 0, The-
orem 49 holds with ¥(t) =~ ’ECL )(1 + log™ t)n +5. In fact, if ¢(t) = tnfiﬁ 1+

log™ ¢)7 a7 then

tl/B—a/n o B
~n (1),

(t)tn =~ tn
o) (1+ log™ t)/8

and thus ¥(t) = ¢(t'=/") = tnz—iﬁ%(l + log™ (tt=e/m))m/(n=ef) ~ ¢5=sF (1 +
log™* t)7ep.

We now prove a pointwise inequality which is crucial in the proof of Theorem 2.11,
in the spirit of the results obtained for the Hardy—Littlewood maximal operator by
Diening in [15] for certain exponents p, and by Capone, Cruz-Uribe and Fiorenza in
[5] for more general exponents. In order to prove it, we will use the following lemma
which is an extension of Lemma 2.5 of [5] involving Young averages.

4.11. Lemma. Given a set A C R" with 0 < |A| < oo and two non-negative
functions r(-) and s(-), suppose that for each y € A,

C
log(e + |2(y)|)

where z: A — R™. Then, for every measurable set D and every t > 0 there exists a
positive constant Cy such that for every function f,

HF O xplina < 2 OFOxDlna + 208:(2()) 4 xDlln,a;
where Sy(x) = (e + |z|)~™

Proof. Let A = 2C4|| f*xpllna + 2||Se(2)" 4 xp|ln.a > 0. Without loss of generality,
we will suppose that |[DNA| > 0 and f(z) # 0 in almost every = € D N A; otherwise,
there is nothing to prove.

0<s(y)—r(y) <
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Let us define Dy = {x € AND: |f(z)] > Si(2(z))}. Notice first that from the
hypothesis over s(-) and r(-) we have that for every z € D,

[F@)" = [f@) @] f @)D < f2) O (Sy(2(2))) =)
(4.12) < f @) (e + |z(a) ) EED = Gy f ()P
On the other hand, for z € (AN D)\ Dy, since Si(z(z)) < 1, we have that
(4.13) (@) < (Si(2(2)))" < (Si(2(2)))"2.

Then, using both (4.12) and (4.13) we obtain

n / , <|f<x>|f<w>xD<x>) =

|f ()|
dr + — d
S <2Ct||f8XD||nA> A AmD\Dln<2IISt(Z()) AXD||777A> )
1 (Se(2(x)))
_ dr + — d
: A <2||fxD||nA) A Amp\pl”(Qnst(z( ) D||,7A> ’
1 )[F@y 11 (Se(2(x))) 4 xp(7)
- d —— d
§2A ( ||fxD||nA ) " A A"<||st<z<>>AxD||nA) ’
1 1
<_ P 7
-2 2
and thus,
IFOIOxpllna < 2CHFOFOxDlna + 20Si(2(-) 4 xpllyA- 0

4.14. Remark. Particularly, under the same hypothesis on the functions r(-)
and s(-) and by taking n(t) = t we obtain the following inequality, proved in [5].

1 20, » 2 -
A AD\f( )| d$<|A‘ AD\f( z)[*® d$+m ADSt(Z(x))Adx-
N N N

We also give the next useful lemma proved by Diening in [15]. The result relates
the local log-Holder condition and the size of the balls.

(4.15)

4.16. Lemma. An exponent p € P*(R") satisfies condition (1.3) if and only if
there exists a positive constant C' such that, for every ball B, |B|p§_p§ <C.

We are now in position to give the pointwise estimate. It should be mentioned
that a different proof of (4.18) is given in [23].

4.17. Theorem. Let p € P°8(R") and n a Young function. Let S: R" — R be
the function defined by S(z) = (e + |x|)™"

(4.18) If p~ > 1 and n) € B,-, then the inequality
(M, f())P < M(|f()PO) (@) + S(z)”

holds for every function f such that || fxqs>13llp) < 1;
(4.19) If p~ =1 and n € B, for every q > 1, then the inequality

(M f(2))" S My (| f()PO) () + S ()
holds for every function f such that f{le} n(1f(2)[P®) dw < 1.
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Proof. In order to prove (4.18) let us first consider p~ > 1 and n € B,-. Then,
it is enough to show that Hf||§(§) < M) POY (@) + S(x)P for every ball B =

B(zo, R) > z. From the facts that pz > p~ > 1 and the B, classes are increasing we
obtain that n € Bpg. Thus, an easy consequence of the definition of the Bpg class is

that n(t) < tP5 for t > ty. Particularly, this implies that || fil,.5 < 1fillp- 5

Fix B 3z and let fi = fxqg>1; and fo = f — fi. Let us first estimate ||f1||27(§)
Since || f1||py < 1 we have that

p(z) p(z)

s < (g [ 10wpea) ™ < (0 [ a0 )
_ (ﬁ/B"fl(yﬂp(y) dy)”_;_l (ﬁ/BM(y)V(y) dy)

pg—p(@)

<|B] 7 M(If()V) ().

If | B| > 1, since the exponent (p; — p(z))/ps < 0, we have |B|®s=P@)/Pz < 1. On
the other hand, if | B| < 1, from the hypothesis on p and by applying Lemma 4.16 we
have that | B|®s—P@)/Ps < |B|pB_f”B < C. In both cases, ||f1||§(g S M| f()[PO) ().

Let us now estimate ||f2H . Consider the sets £ = BN B(0, |z|) and F = B \

B(0, |z]). Wesplit f, = f’ +f2 = faxg+faxr. Then, ||.f2||nB S ||p(x +Ifs ||

In order to estimate || f ||p 5> we will use again the fact that n € B,-. From the
decay log-Hélder condition over p we have that for every y € F

I S
log(e + |y])

0<p(y) —pg <

Thus, we can apply (4.15) with 7(-) and s(-) replaced by p; and p(-) respectively,
2(y) =y and t = 1 to obtain

p(z)

x g 1 .
115 < (o [ EGrman) ™ < o [P ay

p(y —npg
S [ 1O dy g [ (el

< — [ |f(y P<y>dy+—/ e+ |y|) e dy
& [P s+ 5 [ e i)

< MO ) + ﬁ (e + [y) ™5 dy.

If R < |x|/4, it is easy to see that |y| = |z| for every y € E so

1 - - _
418) g [ (e dy S iz [ (e o) < (et Ja) 0 < S(ap

If R > |z|/4 and |z| < 1, we have that e+ |x| < e+ |y| so we proceed as in (4.18).
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Finally, if R > |z|/4 and |z| > 1, then 4"|B| > |B(0, |z|)| and thus
1 / - 1 _
7 [ (et )T dy S e (e+ ly[)™"= dy
|B| JE B0, [z])] J 5o,

Sl [ ey S el [ ey
B(0.J) B(0,/2])

Since
/ (e +lyl) " dy < / o P B dp < (e + )"
0,|z e
_— (0,]z])
ﬁ /E<‘3 +1y) T dy S (e + |2)) P < S(x)

Thus, we conclude the estimate for f£.
By noticing that |y| > |z| for all y € F, we can use Lemma 4.11 with pg, p(-),
2(y) = = and t = 1 to obtain

e s (g [t a) - < [ 1 WP ay

p(y e+ |z|)7"
S gy J, P g [ el
< MUFOPO)@) + S

Therefore, combining all the cases we get ||f||§(g SM(FO)IPO) (x)+S(x)P for every
ball B > x.
In order to prove (4.19), let us consider p~ = 1 and n € B, for all ¢ > 1. Then,

it is enough to show that ||f||nB < M, (IF()PO) (x) + S(x) for every ball B > .

Given a ball B 3 z, if p; > 1, we proceed as in (4.18) because the hypothesis over
f implies Hf1||p(_) < 1. Suppose that py = 1. We split f = f; + fo as before so

1F155 < 1AlGE + 1l
First, we Wlll estlmate [ f1|| . If | B] <1, by the convexity of n we have that

E/BU (|B||f1(y)|p(y)) dy < / n (|f(y)|p(y)) dy < 1

{If1>1}
and thus ||\B]|f1\p]|773 < 1. Then, by Lemma 4.16 we obtain that

LAIZE < 1BIP@)|BIAPIEE < B fiP s = |BFE P APl
< |BPEP5 | £l < CM,(|F()P) ().

If |B| > 1, from the hypothesis over f we get

1
_— ) dy < P 4 <1.
3 L 0awhas [ (lrwr) <

LAIRE < 1 Aillns < 1P lns < My(1FCPO) @).

Hence,
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Now, we estimate || f2|| " B , spliting it as before into fF and fI". Using Lemma 4.11
with p(-), py = 1 and t = 1, we obtain

LS < 13 = foxEllns S 1 XElps+ISxE s < My(Lf P+ S x5

We will show that || Sxg|,s < S(z).

Recall that if R < |z|/4 or if R > |z|/4 and |z| < 1, we had that S(y) < S(z).
Thus, in both cases, || Sxell,s = [|S(x)xE|,s < S(z).

Now, if R > |z|/4 and |z| > 1 we know that 4”|B| > |B(0, |z|)|, |z|™ < S(z) <
S(y). Fix ¢ > 1 so0 77 € B,. Let ¢ > 1 be a constant to be determined. Then,

() il (Y0 L[ (S,

1
S |x\>"q/ ey
c || B,z (e +[y[)m

(e+|z))" ™ <1

by taking c conveniently. Therefore, ||Sxgll,5 S S(x).
Finally, since |y| > |z| for all y € F', we use Lemma 4.11 with pg, p(+), 2(y) =z
and t = 1 to get

15155 S 15Xkl s + 1SXEllns < My(LFOPO) + 1S (@)xEellns
= My (|f()IPY) + S(x). N

In the following examples we give some Young functions satisfying the conditions
of Theorem 4.17 and the corresponding pointwise inequalities.

HIfp~ >1,1 <8 <p and~y > 0 it is easy to see that the functions n(t) =
t7(1+log™ ¢)” and £(t) = °(1 + log(1 + log™ t))” belong to the B,- class. Then, by
Theorem 4.17 we obtain the following inequalities

(Mysgogy f(2))" S M F()PY) + S(2)P,
and
(M5 og(iog Ly f (@)PE < M| f()PY) + S(x)
ii) If 3 = 1 and v > 0, both functions n(t) = t(1 + log™¢)” and £(¢) = t(1 +

log(1 + log™ )7 satisfy the B, condition for every ¢ > 1. Thus, if p~ = 1 we obtain
that

(Mrgogiog 0y f(2))" S Mrogiiog 1y (|f()PY) + S(a), ifp~ =1,
and
(Mgog(iog yyr f(2)P < M(If()PD) + S(x)P, if p~ > 1.
The following weak-type inequality was established in [27] and it allows us to
prove Theorem 2.11.

4.19. Lemma. Let i be a Young function and w a weight. Then, the following
estimate holds

w({z e R": M, f(x) >2A}) S /{ﬂ»}n (&;)l) Muw(z) dz

for every \ > 0.
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5. Proofs of the main results

We shall first introduce some notation and definitions needed in the next proof.
Given p € P*(R") and a weight w, let ¢, (2, t) = (tw(x))P®. The authors in [9]
defined the following classes of functions over cubes instead of balls, but it is easy to
see that we can make such a change and all the results still hold.

5.1. Definition. Given p € P*(R") and a weight w, the function ¢p.)., € A if

the inequality
oS oz 1] < ot

BeB
holds for every family B of disjoint balls B and every f & Lﬁ')(R").

It is easy to see that ¢p()., € A implies w € A,.). Moreover, the authors in [17]
showed that the converse also holds, by additionally assuming that p € P&(R").

Proof of Theorem 2.1. Let us first suppose that w” € A, . Since p € P¢(R"),
5
so is p/B. Then, as we recently observe, we have that ¢, s € A. From the fact
,6 b
that the class A is left open (see Corollary 5.4.15 of [17]), there exists 0 < ¢ < p~ —f3
such that ¢, 5. € A. This implies that whte e A, .
B+e’ B+e

Now, for this €, we have that M,(f) S Mpy(f) = M(fﬁ“)ﬁ. Then, given
/e LR,

_1
Ml S oMl = 07D (P 5
+e
j20)
From the hypothesis on f we have that f#+¢ ¢ Li};(R”), and thus, from the fact
p(")
that M is bounded on L5 (R™) for w’*c € A,(), we get the desired result.
B+e

Conversely, if M, is bounded on A (R™), since Ma(f) S M, we have that

HwﬁM(fﬁ)Hp() = [lwMs(N)llpey S lwMy fllpey S llwfllpey = ||w5f5||p<>

The condition w® € A, follows immediately from the boundedness properties of
g
M. OJ

Proof of Theorem 2.2.  We will only prove that w € Ap.)4) is a necessary
condition for the boundedness of M,. The sufficient condition will be proved in
Theorem 2.6 in a more general way.

Let us suppose that M, is bounded from Lﬁ(')(R") into Lf,)(')(R"), for p and q as
in the hypothesis. By applying Lemma 3.4, we obtain

Jaxslao o ol < sl sw | laaf
lgllpy =t

2 [one [t
llgllpy<1 B a0
_a 1 -
:2|B|1 n  sup wXBF/ |g|w !
lgllpy <1 |BI"" Js o0
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<2ABE s [fwMa(gw ]|,

lgllpcy<t
SIBE sup lgll, < 1BI'E
lgllp(y<1
which implies that w € Ay 4()- O

Proof of Theorem 2.3. Let us first consider w® € A,.) 4. We want to show

0 4
58
that the inequality ||wMa,(f)|lq¢) S llwf|lpe) holds for every f € LEZJ(')(R"), which
is equivalent to prove that the inequality ||wMa.,(f/w)|lq) S ||f|lpe) holds for every
f e LV (R").
Let us take f € LP)(R"). By homogeneity, we can suppose || f||,¢) = 1.

1_«

tB n

—t2 " %, from Theorem 4.9, we have that
(14log™ t)B

Since 771 (t) ~

e

Moy (f/w) S (My(g))' ™,
where g(z) = | f(z)[P@)/5@)y=@)/5@) 5(2) = g(z)(1 — a/n) and
Y(t) ~ tﬁ<"—a>/<n )(1 + log ™ )7/ (n=0f),

Let 7 = 809 Since 1 < 8 < p~ we obtain that 1 < 7 < pn—a) _ o

n—ap n—ap— ’

where s(-) is the exponent defined above. From (4.2), w® € A, 4 is equivalent to
ER:

(wn-a)™ € Ayy. Also, from the fact that

/ 9(2) @ (z) ¥ d = / F(@)PDw(z) 1@ w(2)1® dr < 1,

we have that g € L E (R™) and ||gwn—a |s¢y < 1. Then, we can apply Theorem 2.1
to ¢ and g to get

_a _n_ 1-<
lw Moy (f/w)llg0) S lw(Mypg)' = [lge) = llwm== Mygl|,.)"
n 1—-<

S lwm==gllyy < 1= {[fllpe)-

Observe that, particularly, when = 1 and v = 0, the proof above gives the
sufficiency of Theorem 2.2.

Let us now suppose that for every f € eV (R™), we have that

lw Mo (F)llaey S 1w fllpc)-
Since ¥ < n(t) for every t > 0, then M, s < M, ,, and thus

1 1
IIwaBIIifT [w fllp) Z llwMaes (F)lla) = IIwﬁMaﬁ(fﬁ)ll%-

From the boundedness results of the fractional maximal operator (Theorem 2.2), we

can conclude that w” € A, . OJ
58

Proof of Theorem 2.5. As in the proof of Theorem 2.1, we know that there exists
B < r < p~ such that w" € A, . Since n € B, for all p > 3, by taking p = r we
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know that M, < M,. Then,

1
||7~UMnf||p(') S ||7~UMT’f||p(~) = HwTM(fT)HL

On the other hand, if f € L5 (R™), then f" € L (R") and by the boundedness
properties of M, we obtain that

1
lw My flloy S Nl = Mo flla)- U
Proof of Theorem 2.6. As in the proof of Theorem 2.3, we will show that

[ M (f /w)llgcy S 1 e
for every f € LPO(R™) with || ||,y = 1.
Under the assumptions over 77, Theorem 4.9 gives us the following inequality
(5.2) Moy (f/w) S (My(9))' 7,

whete g(x) = (@) PO/, (1) = ga)(1 — /) and (0) = H(P=0")
Since n't7-s € B on_ for all p> 71 :=pB(n—a)/(n—ap), we get that ¢ € B, for
all p > 7. In fact,

By changing variables twice and using that any Young function ¢ satisfy (t) <
' ()t < ¢(2t), we obtain

[ R %_/“’ ulti _u/ e du
w VP U Ty (el (w)]ie u [~ (u) nf"au =

</°° n(t)"+ e n(2t)dt</°° n(2t) e dt / *” adz
N c3 t% W(t) t c3 "pjla t '

Since by hypothesis the right side is finite for some positive constant c;, we obtain
that ¢ € B, for all p > 7.
Since 1 < 3 < p~ implies 1 < 7 < s7, from (4.2) we have that w® € A,

2() ()
5
is equivalent to wn-a € As() Besides, as in Theorem 2.3, g € LS() _(R") with

I gH _ < 1. Then, usmg (5.2) and applying Theorem 2.5 we get

w"*

lw Moy (f/w)llg0) S llwm== O‘MMH C < Jwe “glls( <1 =1flpe)- U

The next proofs correspond to Wiener’s type results.

Proof of Theorem 2.8. Fix € > 0. Following the ideas in [10], let us define the
auxiliary function p: R" — [1,00) as

(x)—{# if 1 <p(x) <1l+e,

p p(x) ifp(z) >1+e

Notice that p(z)/2 < p(z) < p(z) and p(xz) > 1 for every z € R™.
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On the other hand,

o0

/Mf d:L'<w(B)—|—/w({x€B:Mnf(x)>t})dt =w(B)+I.

1

Using (4.19) and the fact that 7 is a convex function, the integral I can be estimated
as follows

) = ]O/{zeB: o (|f(:)|) Muw(a) do de
< 17/{1,63: ‘f(x)|>t}n <<|f(ta:)|)p(x)> M) do

< / / 7@ (| f () PP) Muw(x) de dt
1 {z€B: |f(z)|>t}

|f ()]
S/’ n(f () ") Mw(z) /twmdtdm
{zeB: |f(z)|>1}

1

Let us estimate l‘f @ 4=p()

dt for different Values of p. If p(z) = 1, it is clear

that fl‘f(w” t7P@ dt = log(|f(x)]) < log(e+|f(z)])2® since q(z) = 1. If p(z) > 1+,
we have ¢(x) = 0 and, therefore,

f@ L—|f(z)P@ 1 1
—p(z) < =21 a(@)
[ e - i < - = loge+ /@)
Now, if 1 < p(z) < 1+¢€, we have q(z) = e (e +1—p(z)), 1 <p(z) <1+ 5 and
p(x) =1 = (p(x) = 1)/2.

In [10], the authors proved that, for any @ > 1, the function

a¥ — 1
Aly) = ; X0,1](y) +log a xgy=01(y)

is a log-convex function, which means that log(A) is a convex function. Moreover,
given 0 < € < 1, they obtain the following inequality

1
(5.4) Aly) < —a*(loga)*~*
€
for every 0 <y <'e. Thus, if |f(x)| > 1, by taking a = | f(z)| in (5.4) we obtain that

Aly) < 21 (@)Y log(| () )

for every 0 < y < 5
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Now, taking y = p(z) — 1, since 1 — 2p@)-1) q(z), we obtain that

€

If@l o [ f @)@ =1 | f(x)P@ — 1
P() 1 — 1-p(x)
fo = e e < e

< %If(x)lﬂ””)‘1 log(|f (x)|)*™ < C|f(2)|* "V log(e + | £ (2)]) 7.

Finally, if we split the last integral in (5.3) taking into account the three cases above
and use that 7 is a convex function, we obtain that

[ Mp@u@des [ gf@P) logle + (@) M) da
{lf1>1, p=1}

/ (| f()["“) log(e + | f () )™ Mw(x) dx
{If|>1, p>1+€}

P(w)+1
! /{f|>1, 1<p<lte} g (|f( )| ) |f( )
< / U(\f(x)\P(m))log(eJr |f(x)|>q(w)Mw(,§(}) . .
{lf1>1}

Proof of Theorem 2.9. Since n € B, for every ¢ > 1, then n(t) < t9 for every
t > to. Without loss of generality we can suppose to = 1. We define p as in the
previous proof. Then, we have

/Mf da:<w(B)+/{m€B:|f(m)>l} zmu(g;)/1 ('f(t ”) dt da.

When p(z) = 1, then ¢(z) =1 and by the convexity of  we obtain that

[ﬁ o (M) - ﬁﬁ RGN ‘/W ) do

< |f @) (1 (@)]) log(e + |f()])-

In the other two cases, since p(x) > 1, we use that n € Bp(,)

V@|ﬂ@0 ﬂxcﬂ>gm @ [T e
[ (W as [T (O i gy [T o

Finally, we estlmate the last integral as we did in the proof above, and we use
the fact that n'(|f(x)])?® > 1 since /(| f(z)|) > 1 and g(z) > 0. O

Proof of Theorem 2.11. Fix 0 < € < 1. We define r(-) and ¢(-) as in Theorem 1.5
of [10]. For the sake of completeness we include the definition and properties.

Let R(-) be defined by
R(z) = p(x) + (p(z) = D(p(z) = (1 +€) = (p(z) = (p(r) =€) + 1.

Following [10], and from the fact that p(-) satisfies the log-Holder condition (1.3) and
pT < oo we have that p(-)? and then, R(-) are also log-Holder continuous functions.

We now define r(z) = min(p(x), R(x)) which also satisfies the log-Hélder condi-
tion (1.3). It is easy to see that when p(z) = 1, R(x) = 1 and when p(z) > 1 +¢,
R(z) > p(z), so in both cases 7(z) = p(x). On the other hand, for 1 < p(z) < 1+,
we have 1 < R(z) < p(z) which implies 1 < r(z) < p(z).

(e + [f(@))™ Muw(z) da
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In order to define ¢(+), let F' = {x: p(x) < 1+ €/3} and let
supr(x) if F # 1),
*

r = zeF

1+¢/3 if F=0.

which is log-Holder continuous.
We define 7(x) = min(r(x),r*) and finally

(5.5) q(z) :max{g (1+§—§8) ,0}.

Then, 7(-) satisfies condition (1.3), so ¢(+) is also log-Hélder continuous. Since 7(z) <
r(z) < p(x), we have that 0 < g(x) < 1. Moreover, when p(z) = 1, we have 7(z) = 1

so q(z) = 1. And when p(x) > 1+, fé 3 > 1+ £ which gives us g(x) = 0.
Fix a weight w and a function f as in the hypothesm Let us split the ball B in
the following subsets

By={xeB: M,f(x) <1, plz) >1+¢€/3}
By ={x € B: M, f(x) > 1, p(x) >1+¢/3}
Bs={x € B: p(x) <1+¢/3}.

/BM,]f(:)s)’"(x)w(x) dr < Z /B. M, f(x)"@w(z) dr

We estimate each integral separately. For the first one we have

Then

M, f(x)" @w(z)dr < w(B;) < w(B).
B1
We will estimate now the last term since it easily follows from Theorem 4.17 with
r(-) = 7(-) instead of p(-) > r(-) and Theorem 2.8 with ¢/3 and p(-)/7(-). In fact,

Myf @y Du@)de s [ S@ w@)+ [ M (£OF) e de

B3 Bs

< w(Ba)+ [ 0 (1P ) logle-+ 1)) Mu(a) da
(56) Su(B)+ [ n(If@)P) logle + | @) M (o) dr

where the exponent ¢(+) is given in (5.5).
Finally, to estimate fB M, f(z)"@w(z) dx, we need to consider both cases p~ =1

and p~ > 1. By hypotesis, if p~ > 1, we assume n € B,-. Then, since 7 is
submupltiplicative, there exist 1 < 7 < p~ such that n € B,- C BPB . On the
- 2

other hand, if p~ = 1,7 € B, for all ¢ > 1. Then, since 122 > L2
have n € B - . Thus, in both cases, there exists a constant A € (1,pg,) such that
2

1+€/6

nEBpB2.

> 1, we

Hence, from Theorem 4.17 we have that for every x € By

My f(@)P@ < S(@P@ + M(f(-)"5 ) (@),
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and thus, from the fact that r(z) < p(z)

M, f(x)" @w(z)dr < M, f(x)P@w(zx) do

B2 B>

< /B S w@)de + | M(FO)S) @) () de

Ba

< 2w(By) +/

Ba

[M (f(')X{f|>1})¥] (z)w(x) dx
A

0]

S w(B) +/Rn lM (f(')X{f|>1})A} (z)w(x) dx.

Since A > 1, it is well known (see, for example, [20]) that

/ [M (f(-)x{|f>1})p(*)] (ot e 5 (@) P9 M) de
n {zeR": |f(z)[>1}
Thus,
[yt de S wE)+ [ alF0P) oge + 1) M) do
since ¢(z) > 0. O

5.7. Remark. If n € B, for every ¢ > 1, we can improve the estimate in (5.6)
by using Theorem 2.9 in order to get

My f@) ) de S wB)+ | IF@F [ (1F(@))logle + @) Muw(a) da.

Proof of Theorem 2.15.  Let us first notice that, from Theorem 4.9 and the
hypotesis over f, the following inequality holds

Moy f(2)75 S My (|f()PY0) (2).
Then, we can apply Theorem 2.8 for v instead of n and s(-) instead of p(-) to obtain

n

[ Maat @@ de 5 [ MAFOPOO) () ds
SuB)+ [ 0 (1f@)P) log(e + 1)) Mata) de.

where r(z) = max{e !(e + 1 — s(x)),0}. O
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