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Abstract. It is shown that for any positive, non-decreasing, continuous and unbounded dou-
bling function w on [0, 1), there exist two analytic infinite products fy and f; such that the asymp-
totic relation |fo(2)| + |f1(2)| < w(]z]) is satisfied for all z in the unit disc. It is also shown that
both functions f; for j = 0,1 satisfy T'(r, f;) < logw(r), as r — 17, and hence give examples of
analytic functions for which the Nevanlinna characteristic admits the regular slow growth induced
by w.

1. Introduction and results

Let H(D) denote the algebra of all analytic functions in the unit disc D of the
complex plane C. To consider the growth and the zero distribution of functions in
H(D), we use the following classical notation. The non-integrated counting function
n(r, f,0) counts the zeros of f in {z € C: |z| < r} according to multiplicities.
Quantities My (r, f), My(r, f), where 0 < p < oo, N(r, f,a), where a € C, and
T(r, f) denote the maximum modulus of f, the LP-mean of f, the integrated counting
function of a-points of f and the Nevanlinna characteristic of f, respectively. We
also employ the notation a < b, which is equivalent to the conditions a < b and
b < a, where the former means that there exists a constant C' > 0 such that a < Cb,
and the latter is defined analogously.

Let w: [0,1) — (0,00) be non-decreasing, continuous and unbounded. Such a
function w is said to be doubling, if there exists a constant B > 1 such that

(1) w(l—7r/2)<Bw(l—1), 0<r<I1.

The following result shows that for any doubling function w there exist two jointly
maximal products in the sense that the sum of their moduli behaves asymptotically
as w(|z]) in D.
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Theorem 1. Let w: [0,1) — (0,00) be doubling. Then, there exist fo, f1 €
H (D) such that

(2) [fo(2)[ + [f1(2)] < w(]z]), ze€D,

where both functions f; for j = 0,1 satisfy n(r, f;,0) = O((1 —7r)"1), asr — 1~.
Moreover,

(3) My(r, f;) <w(r), r—17,

for all 0 < p < oo, and

(4) T(r, f;) < N(r, fj,a) <log w(r), r—17,
for all a € C.

The main advantage of our self-contained and constructive proof of Theorem 1
compared to the existing literature is that the zero distribution of the products
fo and f; is explicit. These products are similar to those applied to study the zero
distribution of functions in weighted Bergman spaces |7, Section 3]. Note also that our
argument gives an alternative way to prove |7, Theorem 3.15], whose original proof
is based on certain lacunary series. In fact, Theorem 1 generalizes |7, Theorem 3.15]|
to doubling functions.

The existence of fy, fi € H(D) such that the asymptotic relation (2) is satisfied
for a given doubling function w was recently proved in [1, Lemma 1]. To see that this
result is equivalent to [6, Theorem 1.1|, that was published essentially at the same
time as [1]|, we may argue as follows. If w is doubling, then ¢(x) = w(1—1/x) is almost
subnormal; see [6] for the definitions. Conversely, if ¥ is almost subnormal, then by
means of [6, Lemma 2.1] there exists a function ¢ =< 1 such that w(r) = ¢(1/(1—r)) is
doubling. Proofs of [1, Lemma 1] and [6, Theorem 1.1] rest upon the use of lacunary
series, which have been the key tool to solve similar problems in the existing literature.
The pioneering result [8, Proposition 5.4, which concerns (2) for w(r) = 1/(1 —r),
have been a source of inspiration for several authors. For example, [4, Theorem 1.2]
proves (2) for w(r) = —log(1 — ). It is well known that (2) has many applications
in the operator theory; for details, we refer to |1, 6].

Construction of a product whose Nevanlinna characteristic admits a pregiven
asymptotic growth has been studied by several authors. In particular, it is known
that whenever A(r) exceeds the growth of —log(l — r) as r — 17, then there ex-
ists a product f whose Nevanlinna characteristic behaves asymptotically as A(r) |9,
Theorem 1]. The asymptotic formula (4) shows that we can find an infinite analytic
product in D such that its Nevanlinna characteristic grows asymptotically as the log-
arithm of a pregiven doubling w, and hence we can prescribe characteristics growing
slower than —log(1 — ) as 7 — 1. The method and the construction in the proof
of Theorem 1 are different from those employed in [9].

The current state of the development concerning complex linear differential equa-
tion f”+ A(z)f = 0 in D allows us to deduce a significant amount of information on
solutions f, whenever we can analyze the coefficient A in detail. If we take A to be
one of the functions fy and f; in the Theorem 1, then we get an important and in-
triguing family of examples of such differential equations. These particular equations
are way too complicated to be solved explicitly, but the growth and the oscillation of
their solutions are well understood due to the asymptotic properties satisfied by the
coefficient A. To be brief with regards to this matter, we settle to mention two cases
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in the recent literature of which the first one concerns polynomial regular functions.
This class of regularly growing analytic functions in D arises naturally in the theory
of ODEs [3]. In the sense of linear differential equations, polynomial regular functions
play a similar role in the unit disc as polynomials do in the complex plane. For a
more general example, see [2].

2. Proof of Theorem 1

The proof of Theorem 1 is divided in several steps. The point of departure
is the construction of the infinite products fo, fi € H(D), which is followed by a
discussion of their growth. Finally, we consider the asserted asymptotic properties
of the products fy and f;.

2.1. Construction of the products. Before going into the details of the
construction, we note the following lemmas on doubling functions.

Lemma 2. Let w: [0,1) — (0,00) be doubling. If B > 1 is the constant in (1),
then
1—7r

(5) w(t)SC’(l—_t>aw(r), 0<r<t<l,

where C' = max { Bw(1/2) /w(0), B} and o = log, B.

Conversely, it is obvious that, if w : [0,1) — (0, 00) is non-decreasing, continuous,
unbounded and it satisfies (5) for some C' > 1 and « > 0, then w must be doubling.

Proof of Lemma 2.  Since w is doubling, (1) implies w(t) < Bw(2t — 1) for
all t € [271,1). Moreover, if 0 < r < t < 1, then there exist unique constants
jok € NU{0}, j >k, such that t € [1-27,1—27"") and r € [1—27F 1 —27F"1),
If kK =0, then

iy (20 Blw(1/2) Bw(1/2) (1—r\"®"
aft) € Bt - 1) +1) € =25l < (1=5)  won

while if £ > 0, then
' . . 11— log, B
w(t) < B8 (¢ — 1) + 1) < B w(r) < B? (ﬁ) w(r).
The assertion follows. O

The second lemma introduces a sequence of natural numbers depending on the
growth of the doubling function w. This sequence is the foundation of our construc-
tion.

Lemma 3. Let w: [0,1) — (0,00) be doubling. Then, there exist a sequence
{ng}2, of natural numbers, real constants A and p, and a constant d € (0,1) such
that the sequence {ay}72 ,, defined by

o (.U(l - 1/nk+2)
= w(l—1/ny)

k€ N,

satisfies

loga n
g k+1<d k+1

(6) l<A<a, <pu<oo,
log ay, Nk

, keN.
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Proof. Let a > 0 and C' > 1 be the constants ensured by Lemma 2. Now, let ~
be a sufficiently large real constant such that

2”y+oz+log2C’< 1 27/
2y —a —log, C ~ 21/ \ O/« '

Take t; = 1/2, and define the sequence {t;}72; inductively by w(ty41)/w(ty) = 27 for
k € N. Let ny, = floor((1—tx)™"), where floor(z) = max {n € N: n < z}. By means

of Lemma 2, and the estimates 27! < ng(1 — ;) < 1, we may define 1 < A\ < p < 00
by

(7) gl s,

Cw(tk-i-?) < 200 ( ) (tk-i-l) _ 22’y+o¢C m

= (n(1 — ) wi(ty) — W(tk+1) w(tx)

and

(nks2(1 = trra)) “w(ter2) o L wthrs) w(ten)
- Cw(tk) - 2¢C w(tkH) w(tk)

since these inequalities hold for all £k € N. By Lemma 2 we conclude
Ng11 1 I —t
> —1)(1—tg) > —1
ng (1 — g1 ) ( ) 1 —trp
1 (wtp) ) 2v/a
—-1= -1, keN,

— e ( w(tr)

and further by (7), we have

log a1 < logp 2y +a+log, C 1 27/ B 1 nga
loga, ~ log\ 2v—a—log,C ~ 2Ya \ CVe la g

This confirms the last inequality in (6) for d = 27/, O

=970 = ),

Qg

(8)

Let {n;};2, be the sequence ensured by Lemma 3, and define

S 4
L) =l 2€D i=01
o1 L Qg 2T

Evidently both functions f; belong to H (D), since all factors are bounded functions
in D, and according to (6) the sum

o0 o0
Z 1| < Z A2f+j — azk—l—] | |n2k+3 < 1 +,U Z|Z|n2k+J
k=1

2k+] k=1
converges uniformly on compact subsets of D.

1 + a2k+jzn2k+]

-1 N2k
1+ Aoy ;2724

2.2. Growth estimates for the maximum modulus of the products. To
estimate the growth of f; for j = 0,1 we define rop,4; = e~1/mmii for m € N, and
write

(9) 115(2) =

m Nok+
H azkﬂ—l—z J

A2k 45 o
2k+j
k=1 l+a

SM2(mA k)45 |

H 1+ ag(m+k )45 % 22(mAk)+i
1+ a2(m+k)

First, we prove that the infinite subproduct in (9) is bounded in D. To this end, let
7 = 27/2C~Y* — 1 be the lower bound in (8). According to (7) we know that 7 > 1,
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and

N2 (m+k)+j No(m+k)+j Nom4j+1
(10) ( ) J: ( )+J m+j 27—2k7 k,mEN
Nom4-j T2(m+k)+j—1 Nom+j

Since hy(x) = (y + x)/(1 + yx) is increasing on [0, 1) for each y € [0, 1), we obtain

: -1 N2(m+k)+j
L+ ag(mry4 2" 04 | a o)y T 27200
—1 nz(m+k)+ - - 2(m+k)+.7 —1 n2(m+k)+ ;
LA Gy )47 ! Lt g iay45% ’
-1 N2 (m+k)+j
<a T e o
11 = U2(m+k)+j -1 N (mtk)+j
( ) 1+a’2(m+k)+j|z| (m—+k)+j
QRS
<:]‘+'a20n+k)+j(z) e
1 1 "2(mtk)+j
_ 1\ e
1+ a2(m+k)+j (e) m

for |z| < roms; and k,m € N. Moreover, since ho(z,y) = (1 +zy)/(1 + 27 y) is
increasing in both variables, provided that z > 1 and 0 < y < 1, estimates (6), (10)
and (11) imply
[ee] N2(rmtk)+j 00 1 1 T2k

1 +a2(m+k)+jz ’ T (e) — < O* < 0,
S (4

for |z| < 79m+; and m € N, where C* > 0 is a constant independent of m € N.
Second, we proceed to derive an upper estimate for the maximum modulus of f;. By
means of (6), (9), (12) and the inequality 1 —z < e™* for x > 0, we get

(12) 1 ‘I’ -1 n2(m+k)+j
b1 Ao (m+k)+57

* W(l - 1/”2(m+1)+j) < C* W(l - 1/”2m+j)

|fﬂzﬂ<10*£1a%+j=(7 w(l—1/no;) H/W(l—lﬂw+ﬁ

* W(T2m+j)

13 <C*'u ;
( ) w(l — 1/n2+j)
If |2| > roqy, then rogm_1)4; < |2 < romy; for some m € N\ {1}. Note that by (10)
there exists ¢ € N such that ngpn14)+; > 2nom4; for all m € N. Since e™ <1 — /2
for 0 < x <1, we conclude

‘Z| < T2m+j, m € N.

Tom+j S 1— (2 n2m+j)_1 <1-— 1/n2(m+t)+j, m € N.
Then (6), (13) and the inequality 1 —x < e™* for 0 <z < 1, give
(1= 1/n26m10)45) w(1 = 1/n2m-1)4;)
W(1—1/7’L2+j) w(l—l/n2+j)
w(r2(m—1)+j) . 24t W(‘ZD
< C*u .
w(l — 1/n2+j) w(l — 1/n2+j)

Consequently, the maximum modulus of f; satisfies

(14) My (r, f;) = r\?\zfr{ }f](z)‘ Sw(r), 0<r<l.

1f(2)] < ¢ < OF

2.3. Growth estimates for the minimum modulus of the products. The
following discussion shows that the difference between the maximum modulus and
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the minimum modulus of f; for j = 0,1 is small in a large subset of the unit disc.
Define E; = U:f::l I+, where Iy, ; is the closed interval whose endpoints are

N B - s
. L 2m+j T T2(mA1)+g
min Iop,4; = (a2m+] ) <a2(m+1)+j ) , meN,

and
"2m+j 1 "2m+j

S 1 n j -1 % .
o —n2m+j 2m+1+j _”2(m+1)+j 2m+1+j
max Iop; = (a2m+j i1y sg . meN.

Here 0 < 0 < 1 is a sufficiently small constant, which is to be determined later.
According to (6) all elements in the sequence {aml/ "’”} , belong to the interval
(0, 1), this sequence is strictly increasing, and it converges to 1, asm — 0o. Moreover,
Ioms; C (a;nlm/fj?m“, 2_(%121()”};.”” ) for all m € N. First, we prove that the infinite
subproduct in (9) is uniformly bounded away from zero for |z| € E;. If |2] € Iy,
then |z|"2m+h+i < az_(in k)4 for all k € N, and therefore

1+ az(m+k)+jz"2(m+k>“ a;(in-‘rk) — |z|"2m+krts

a/ .

L gy 22000 | = T ]

|z|“2(m+k>+j

_ L= aspning ‘Z| Bmrhe
" T gy T

for |z| € Iy, and k, m € N. Since hs(z,y) = (1 — zy)/(1 — 27 y) is decreasing in
both variables, when x > 1 and 0 < y < 1, estimates (6), (10) and (15) imply that
there exists a constant C* > 0, independent of m € N, such that

ZM2(mAk)+i

o0

H 1+ ao(mii)+s
-1 N2 (mtk)+j

paiell S YRR !

"2(m+k)+j

_ 7L2m+1+J 1_6 7L2m+j n2m+1+]‘
"2(m+1)+j n2m41+45

-5
L= aagmsky+i | Qomsj Qopmin)ts

IV
—8

(16)

"2m+4145

e
I
—_

_ M2mtldj (5 M2m+ty
1 — —1 -0 "2(m+1)+j n2m4145

) n2(m+k)+j
mtk)+j | D2mtj Yo(mt1)+s

0o 1_ >\_5 7_2k:71
=1 - Mfu )> > 2l € sy, mEN.
k=11 — AT

Second, we proceed to estimate the minimum modulus of f; on F;. Note that the
last inequality in (6) implies

(1-6) 1 s\ M2k+j
. N2k +5 . n2m+j n2(m+1)+j
okt 2" > agpy <a2m+j Ao (ma1)+j

_ A2k+j > A2k+j
(17) TR () By T BRI e
n2m+j "2(m il 2k+7 2k+1
2m+j 2(m+1)+j ! !
A2k+j 5(1-d) 5(1—d)
5 = D2k >\ > 1

Aogyj Aok
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for |z| € Iyps; when 1 < k < m, and m € N; in particular, |z|"2+ > a;klﬂ.

Moreover, choose ¢ € N sufficiently large such that 1 — A™! > 772 Since hy(x) =
1—(1—a)z~'—a/* >0 for all x € [1,00), provided that a € (0,1), by applying (6)
and (10), we obtain

1/na(m+1) 1/no(m 1 1
(18) 2] < gy S AT <1 (1= AT ) gy

<1- 7_2t n2(1n+1) <1l- 1/”2(m+1+t)+j> |Z| € I2m+j> m € N.
Therefore (9), (16) and (18) yield
Ugies s + gy

1+a 2k .z"2k+j

|f(z)| = C* Ha2k+j

_ (1 — 1/nagmi1)15) H 2k+J + e
(19) (A)( 1/n2+.7 =1 1 + a2]€+ < n2k+i
(1 — 1/712 mA1+)+j ﬁ | 2|2kt — a’2k1+j
B H W(l - 1/n2+j el a2k+ Z| s
) A —agl,

’,:]3

|
SR e vram B | S R

for |z| € I3+ and m € N. For our purposes, it suffices to show that the product in
the last line of (19) is uniformly bounded away from zero for |z| € E;. To simplify
computations, we prove that the reciprocal of this product is uniformly bounded for
such values of z. Now, since logxz < x — 1 for x > 1, we have

a2k+ a2k+ | 2|2t
= ex lo
H |Z|”2k+3 _ a2kl+y p (Z &) |Z|n2k+g — CI,21
o 1 — |z|"2e+s
<exp((1+p)) .

. gpyj]2|" — 1

for |z| € Iymy; and m € N. By means of (10), (17), and the estimate 1 —e ™ < x
for x > 0, we conclude

a2k Z‘n o+ 1+/J’ - Nok4j
H E > Sexp | Gamg — 1 Z(l = lz"™)

| N2kty — a’2k+]

k=1
]' _I_ M - —MN2k ’/n2m+ j
<exp | g7 2 (1 - widy”™)
k=1
L+ p N Mo
<exp | oy 7 ok Y T
k_ m

1
<exp | Gim 1 ﬂL 1oguz )
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for |z| € Iyu4; and m € N, which gives the desired uniform lower bound for the
product in the last line of (19). Hence, by (14) and (19), we get

(20) i@ =w(lzl), |zl € By = | Tamss-

m=1

2.4. The covering property of the sets where the products are maximal.
It remains to prove that the sets Ey and E; induce a covering of [min I5, 1). Note that
the closed intervals {I,,}°°_; are pairwise disjoint, which is also true for {Io;,11}5°_;.
Consequently, it is sufficient to show that

(21) min Iyp, 41 < max Iy, minlypq1) < max Iy, m e N.

We proceed to prove the first inequality in (21). By the definition of I5,,+;, the first
inequality in (21) is equivalent to

1-6 s s 1 (_ nom )
n2m+1 n2m+3 n2m+1 Nn2m+42 N2m+1
(22) Aom41 a’2m+3 < a’2m A2m+2 , me&eN.

By taking the logarithm to the base as,, on the both sides of (22), and then solving
the resulting inequality with respect to o, we conclude that the first inequality in
(22) is valid if and only if 6 < T'(m) for all m € N, where

1 1

n2m+42 Mn2m+41

- logag a2m+2 logagm a2m+1
T(m) = 1

"2m

2m+1 n2m+3 "2m+1”2m+2
10ga2 CL2m—l—1 —|—10ga2 a2m+3 +10ga2 CL2m—l—2

77/2m+1

Note that the denominator of T(m) can be written in the form

1 1

n2m+3 n2m+1
IOgaz a2m+3 10ga2m a2m+1
) L 1
m n2m+2 " ng
+ log,, a2m+2 —log,, ay,*" | >0, meN,
Nom+1

and hence T'(m) is strictly positive for all m € N. By means of (6) we get

1
T(m) > (d B 1) logaz a27:_2‘r771l+1 (]' B d) 1Oga2m a2m+1
N n 'nlL B ]‘ _I_ loga a2m+1
n2m+1 - l ga2m a'2m'2i‘1+1 am

m € N.

This implies that, if
1 —d)log, A
(23) 0<d< %
1+ logy p

then the first inequality in (21) is satisfied for all m € N. The second inequality in
(22) follows by a similar argument, and the choice (23) for § is again adequate. We
conclude that

(24) [fo(2)| + [f1(2)] = w(lz])

for |z| > min 5. Finally, since {aml/nm} .., s strictly increasing, (24) holds also for

|z| < min I, and hence fy and f; are analytic functions satisfying (2).
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2.5. Asymptotic properties of the products. Product f; for j = 0,1
has exactly ng,,+; simple zeros on the each circle {z: lz| = 32m+j}, where S9,,45 =

—1/n ] :
azm/Jr;’"“ for m € N. Therefore, we obtain
m m
1
Nomtj < N(Sam+js fj,0) = g N2k+j = N2m+;j g Tamig
k=1 k=1 n2k+j

o0
1 <
< Nomyg E 5~ My M e N,
k=0

by (10). By applying the estimates 1 — 2 < logz™' < 2(1 — z), which are valid
for 471 < x < 1, it follows that n(semij, f1,0) < (1 — sgmyy)~ " for all m € N.
Consequently,
n(r, f;,0) =0 ((1 - 7’)_1) , r—17.
Now we observe that Ey U E; = [min Iy, 1), so it is not possible that d(Ey) =
d(E,) = 0, where

ﬂF%ﬂmmﬂTngﬂﬁ
r—1- -r
is the lower density of the set F' C [0, 1), and where m denotes the Lebesgue measure.
Consequently, for some j = 0,1 we have d(E;) > 0, which together with the nature
of the sets Ej;, implies that d(E;) > 0 for both j = 0,1. Consequently, (20) holds
outside a set £F = [0,1) \ Ej, which satisfies
d(E?) = limsup m{E; Nl 1)

r—1- I—r
So, (20), |5, Lemma 2| and Lemma 2 yield M,(r, f;) < w(r), as » — 17, where the
constants in the asymptotic relation are independent of 0 < p < co. This proves (3).
On the other hand, for any a € C, Jensen’s formula and (20) imply that N(r, f;,a) <
log w(r) for r € [0,1) \ Ef. The fact that the same estimate holds also without the
exceptional set Ef follows again from [5, Lemma 2| and Lemma 2. Furthermore,
log w(r) < N(r, f;,0) S T(r, f;) <logM(r, f;) < log w(r), as r — 17, again by
Jensen’s formula. This completes the proof of Theorem 1.

<1, j=0,1.
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