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Abstract. If g is an analytic function in the unit disc D, we consider the generalized Hilbert
operator H, defined by

1
(D) = [ f)g e)ae.
0
We study these operators acting on classical spaces of analytic functions in D. More precisely,
we address the question of characterizing the functions g for which the operator H, is bounded
(compact) on the Hardy spaces HP, on the weighted Bergman spaces AP or on the spaces of
Dirichlet type DZ.

1. Introduction

1.1. Generalized Hilbert operators. We denote by D the unit disc in the
complex plane C, and by Hol(D) the space of all analytic functions in D.
The Hilbert matrix

,H:

© WD
BSOS
© U [

can be viewed as an operator on spaces of analytic functions, called the Hilbert
operator, by its action on the Taylor coefficients:

oo a
n ) :0a1>27"'a
¢ ;n+k+1 "

that is, if f(2) = >,y axz® € Hol(D), we define

(L.1) HNE =D (Y =g ) ="
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whenever the right hand side makes sense and defines and analytic function in D.
Hardy’s inequality [5, p. 48] guarantees that the transformed power series in (1.1)
converges on D and defines there an analytic function H(f) whenever f € H!'. In
other words, H(f) is a well defined analytic function for every f € H'.
It turns out that H(f) can be written also in the form,

e =3 ([ rowa) = [ o
or, equivalently,
M) = [ 10 e)dr, with g(2) = log .

The resulting Hilbert operator H is bounded from H? to H?, whenever 1 < p < oo
but H is not bounded on H' 3, Theorem 1.1|. In [4] the norm of H acting on Hardy
spaces was computed. Concerning the Bergman spaces AP, the operator H: AP — AP
is bounded if and only if 2 < p < oo, [2]. But H is not even defined in A%, for it was
shown in [4] that there exist functions f € A? such that the series defining H(f)(0)
is divergent. In a recent paper [14] Lanucha, Nowak, and Pavlovi¢ have considered
the question of finding subspaces of H' and of A? which are mapped by H into H*
and A2, respectively, and also the action of the operator H on the Bloch space and
on Besov spaces.

In this article we shall be dealing with certain generalized Hilbert operators.
Given g € Hol(D), we consider the generalized Hilbert operator H, defined by

(1.2) Hy(f)(2) = / F(g'(t2) dt.

As noted above, H = H, with g(z) = log ==. We mention [8] for a different gener-
alization of the classical Hilbert operator.

The Fejér—Riesz inequality |5, page 46| guarantees that given any g € Hol(D),
the integral in (1.2) converges absolutely, and therefore the right hand side of (1.2)
defines an analytic function on D, for every f € H*.

We note that H, has a representation in terms of the Taylor coefficients similar
to (1.1). Indeed, a simple computation shows that if g(z) = Y b,2" € Hol(D)
and f(z) = > 07 a,z" € H', then

Hy(f)z) = Y ((k + 1)bk+1/0 () dt) S ((k; + 1)bk+lzﬁ> s

Our main objective in this paper is characterizing those functions g for which H,
is bounded on the Hardy spaces H?, the Bergman spaces A? and on the the spaces
of Dirichlet type D? (0 < p < oo, > —1). These results are stated in Section 2.

1.2. Spaces of analytic functions. If 0 <7 <1 and f € Hol(D), we set

1

2 ] 1/p
M5 = (g0 [ UCePar) L 0<p <,

Meo(r, f) = sup | f(2)]

|z|=r
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1.2.1. Hardy and Bergman spaces. If 0 < p < oo, the Hardy space H?

consists of those f € Hol(D) such that || f||z» & SUPg<,<1 Mp(r, f) < co. Functions

f in Hardy spaces have non-tangential boundary values f(e?) almost everywhere on
the unit circle T.

If 0 < p<ooand o > —1, the weighted Bergman space AP consists of those
f € Hol(D) such that

I (@0 [ 170P0 - |z|2>“dA<z>)l/p < co.

The unweighted Bergman space Aj is simply denoted by AP. Here, dA(z) = %d:p dy
denotes the normalized Lebesgue area measure in D. For each p € (0, 00) the Hardy
space HP is contained in A% and the exponent 2p cannot be improved. We refer to

[5] for the theory of Hardy spaces, and to [6], [13] and [20] for Bergman spaces.

1.2.2. Dirichlet type spaces. If 0 < p < oo and o > —1, the space of Dirichlet
type DP consists of all indefinite integrals of functions in A?. Hence, if f is analytic
in D, then f € D? if and only if

def
15z = LFO)P +[[f]F < oo

The space D3 is the classical Dirichlet space D and D? = H?. For each p, the range
of values of the parameter a for which D? is most interesting isp —2 < a <p—1.

If o« > p—1, then it is easy to see that DE, = A?_ . Indeed, this follows from the
well known estimate

/D FEP( - |20 dAG) < [FO)F + /D PP — |2 dA(),

(see, e.g., |7, Theorem 6]). On the other hand, if & < p—2, then %?_p < 0 and then
it follows easily that DE C H* in this case. For a = p — 2 the space D} _, coincides
with the Besov space usually denoted by BP.

For oo = p — 1 the space Dg_l is the closest to the Hardy space H? but does not

o s . < » » o <
;;);nél(gpvvltﬁgic for p#2. If 0 <p <2, then D) | C H? [7], and if 2 < p < oo, then
p—1 :

1.2.3. Mean Lipschitz spaces. We shall consider also the mean Lipschitz
spaces A (p,a). For 1 < p < oo and 0 < a < 1 the space A (p,«) consists of those
g € Hol(D) having a non-tangential limit g(e?) almost everywhere and such that

wp(g,t) = O(t*), t—=0,

27 o 0 de 1/117
wy(g,1) = sup ( [ ot ) - gey )
0

0<h<t 2w

is the integral modulus of continuity of order p. A classical result of Hardy and
Littlewood [11] (see also Chapter 5 of [5]) asserts that

(1.3) Ap,o) ={f e H": My(r,f)=0((1- 7‘)0‘_1)} :
for 1 < p < o0,0 < a < 1. The corresponding “little oh” spaces are denoted by
Ap; @).

where
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Among all the mean Lipschitz spaces, the spaces A(p, %), 1 < p < oo, will play a

fundamental role in our work. They form a nested scale of spaces contained in the
space BMOA [1]:

1 1
A(q,g) CA(p,;) C BMOA, 1<g<p<oo.
Furthermore the function log(lflz) belongs to A (p, %) for each p > 1.

2. Main results

Our main results regarding Hardy spaces are contained in Theorem 1 and Theo-
rem 2.

Theorem 1. Suppose that 1 < p < 2 and g € Hol(D). Then H, is bounded
from H? to HP? if and only if g € A (p, %)

Theorem 2. Suppose that 2 < p < oo and g € Hol(D). We have:
(i) If H, is bounded from HP to H?, then g € A (p, %)

(i) If g € A (q, %) for some q with 1 < q < p, then H, is bounded from H? to
HP.

It is natural to ask whether or not the condition g € A (p, %) implies that H, is
bounded from H? to H?, for 2 < p < co. We do not know the answer to this question
but we conjecture that it is affirmative. The condition g € A <q, %) for some ¢ with
1 < ¢ < p which appears in (ii) is slightly stronger than that of g belonging to
A (p, %)

Using (1.3) it follows that if g € Hol(D) has power series g(z) = Y oo, bpz" with
supen k|bk| < oo, then g € A (2,3). Also, using (1.3) and the Littlewood subordi-
nation principle, it follows easily that a function g € Hol(D) such that R(¢'(z)) > 0,

for all z € D, belongs to A (q, %) for all ¢ > 1, a result which readily implies that the

same is true for any g € Hol(D) which is the Cauchy transform of a finite, complex,
Borel measure i on the circle T, that is,

du(¢
o(z) = / Q)
T 1— CZ
Consequently, it is clear that we have the following.

Corollary 1. Let K be the class of those analytic functions in D which are the
Cauchy transform of a finite, complex, Borel measure on T and let

C= {g(z) = Zbkzk € Hol(D): sup k|b;| < oo} :
prd keN
We have:

(i) If2<p<ooandge€C, then H,: H? — HP is bounded.
(i) If1 < p< oo and g € K, then H,: H? — H” is bounded.



Generalized Hilbert operators 235

We note that K and C are subclasses of the mentioned mean Lipschitz spaces
containing the function g(z) = log i Thus, Corollary 1 generalizes the classical
result on the boundedness of the Hilbert operator on H?.

It turns out that g € A (p, 1—1)> is equivalent to the boundedness of the operator
H, on the weighted Bergman spaces AP and on the spaces of Dirichlet type D? for
the admissible values of p and «.

Theorem 3. Suppose that 1 <p < oo, =1 <a <p—2 and g € Hol(D). Then
H,: AP — AP is bounded if and only if g € A <p, %)

The condition —1 < o < p — 2 is not a real restriction. It is needed to insure
that any function f € AP satisfies that fol |f(t)|dt < oo, which is necessary for the
operator ‘H, being well defined on AP. The result does not remain true for a > p—2.

Theorem 4. Suppose that 1 < p < oo, p—2 < a <p—1and g € Hol(D).
Then H,: D — D? is bounded if and only if g € A (p, %)

The paper is organized as follows. In Section 3 we state and prove a number of
lemmas which will be used specially in Section 4 where we shall prove the necessity

parts of our just mentioned results. Section 5 will be devoted to study the the
sublinear Hilbert operator H defined by

Ane = [ ar

We shall prove that if g € A (p,%) and X is either H? with 1 < p < 2, or AP with
l<p<ooand -1 <a<p—2,or PP withl <p<ooandp—2<a<p-—1,then

17, (F)llx < CIHx, feX.

The sufficiency parts of our Theorems 1-4 will follow using this and the following
result which has independent interest.

Theorem 5. (i) If p > 1, then ﬁ:ﬁp — HP? is bounded.
(i) If p>1 and —1 < o < p — 2, then H: Ab — AP is bounded.
(i) If p>1landp—2 < a<p-—1, then H: D? — D? is bounded.

In Section 7 we shall deal with the question of characterizing the functions g
for which H, is compact on Hardy, Bergman and Dirichlet spaces. We prove the
“expected results”, that is, Theorems 1-4 remain true if we change “bounded” to
“compact” and the mean Lipschitz space A(s, a) appearing there to the corresponding
“little oh” space A(s,«). We also obtain the characterization of the functions g for
which the operator H, is Hilbert-Schmidt on the relevant Hilbert spaces.

Theorem 6. The following are equivalent:

(i) H, is Hilbert—Schmidt on H?.

(ii) H, is Hilbert-Schmidt on A2 for any —1 < a < 0.
(iii) H, is Hilbert-Schmidt on D? for any 0 < o < 1.
(iv) g € D.

Note that the case a = 1 of (iii) is assertion (i).
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We close this section noticing that, as usual, we shall be using the convention
that C' = C(p,a,q, ) ... will denote a positive constant which depends only upon
the displayed parameters p,a,q,5... (which sometimes will be omitted) but not
necessarily the same at different occurrences. Moreover, for two real-valued func-
tions Fy, By we write Fy < Fo, or By < Fy, if there exists a positive constant C'
independent of the argument such that éEl < Ey, < CFEy, respectively By < CEs.

3. Preliminary results

Throughout the paper we shall use the following notation: If g(z) = > ;7 bp2" €
Hol(D) and n > 0, we set
z) = Z b2~

kel(n)
where I(n) = {k € N: 2" < k <21 — 1}
Let us recall several distinct characterizations of A(p, «) spaces, (see [1], [5], [9]
and [17]).

Theorem A. Suppose that 1 < p < 00, 0 < a < 1 and g € Hol(D). The
following conditions are equivalent:

(i) g € Alp, a).

(i) My(r. >=O(m)7 asr — 17,
(i) |1Ang |l = (Q‘W), asn — .
(iv) |Ang || = (2"(1_0‘)), as n — oo.
(v) [|Ang" |» = O (273, as n — oo.

Remark 1. The corresponding results for the little-oh space A(p, @) remain true,
and they can be proved following the proofs in the references for Theorem A.

Suppose W(z) = >, biz* is a polynomial, so J is a finite subset of N, and
f(z) =307, axz® € Hol(D). We consider the Hadamard product

_ 2 : k
= bkakz s

keJ
and observe that if f € H', then

W) =5 [ W) do

is the usual convolution.
If &: R — C is a C*™-function such that supp(®) is a compact subset of (0, 00),
we set

— "
Ap = max [®(s)[ + max |27(s)],

and for N =1,2,..., we consider the polynomials

5e()

Now, we are ready to state the next result on smooth partial sums.

Theorem B. Assume that ®: R — C is a C*°-function with supp(®) a compact
set contained in (0,00). Then:
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(i) There exists an absolute constant C' > 0 such that if m € {0,1,2,...} and

Ne{1,2,3,...}, then
D ify| <« : 1-m|pg|—m (m)
()] < Cin { ¥ e 0(6), N0 o) 5

for 0 < |6] < .
(ii) There exists a positive constant C' such that

|(Wx = [)(e”)] < CAeM(|f|)(€”), forall f e H",

where M is the Hardy-Littlewood maximal-operator, that is,
0+h

MUMDE) = swp — [ ()] dt.

O<h<m 2h 0—h

(iii) For every p € (1,00) there exists C}, > 0 such that
W * fle < CoAallfllmr,  f € H”.
(iv) For every p € (1,00) and o > —1 there is C, > 0 such that

W * fllan < CpAallfllan, f € AL

Theorem B follows from the results and proofs in [18, p. 111 — 113].
The following lemma also plays an essential role in our work.

Lemma 1. Suppose that 1 < p < oo and a« > —1. For N = 1,2,..., let
ay =1— % and define the functions
1 1 2fsN

3.1 ols) = dt, > 0.
31) Yals) N?’—”T“/O (1—ant)? °
and
(3.2) (s) = — -0

) o(8) = s )

PN Yy als)

Then:

(1) YN ona € C((0,00)).
(ii) Asymptotically, |y a(s)] < ﬁ, 5<s<4, N —o0.

(iii) For each m € N there is a constant C(m) > 0 (depending on m but not on

N ) such that

m C’m
el s Sk b<s<a Nov2

(iv) For each m € N there is a constant C(m) > 0 (depending on m but not on

N ) such that

(3.3) 3 (s)| < Cm)N*™7, L<s<d4, N=1,2,....

Proof. (i) is clear.
(ii) We note that

PN B
—dt < ——dt=N
/0‘ (1 — CLNT,)z - /0‘ (1 — CLNT,)2 ’



238 Petros Galanopoulos, Daniel Girela, José Angel Peldez and Aristomenis G. Siskakis
while if % < s < 4, then
1 1
#sN #sN aiN (1 L)
7dt>/7dt>(1—aN) N NN >CN.
- _ 1 _
/0 (1 —ant)? oy (L —ant)? (I—ay)?*  (2-5)
1

So, for § < s < 4, we have [y (s)| < —Zz=, as N — 0.
N P

(iii) Since

1\ \"
sup <logt—N) t*NV < sup (log;) 24?2 = C(m) < oo,

0<t<1, $<s<4 O0<z<1

we deduce that

1 ! (log &)™ =N 1 LS|
(M) (o] — N dt < C / dt
‘wN,a(S” N3_2+Ta /0 (1 _ G,Nt)2 - (m> N3—2+Ta 0 (1 — aNt)2

1
<CO(m)——%, 2<s<4, N=12,....
N

92— 24a 0
P

(iv) For m = 0, the assertion follows from part (ii). For m = 1, using parts (ii)
and (iii), we have
¥ (8)]
| als)] < <
N’ [N .a(s)P?

Now we shall proceed by induction. Assume that (3.3) holds for j =0,1...,m—1.
Since 1 = oo (5)Yna(s), we have

0= (omaleinal) ) = 3 (1)l ekt

J=0

<C)N* 5", l<s<a

which implies

g < 2 ) [l () (9)
PN = [Gna(s)] ’

This together with the induction hypothesis and part (iii) concludes the proof. [

1
7 <s<4d

We shall use also the following lemma which follows easily from results in [17].
Lemma 2. Assume that 0 < p < oo, a > —1, N € N, and set
h(z) = Z apz®.
N/2<k<AN

Then .
[l az = N™7% || g

Proof. Assume N is even. (If N is odd the proof can be adjusted by using [%] +1
instead of ). Using [17, Lemma 3.1] we have for each 0 < r < 1,

1Rl < M (r, B) < [ B[

which gives

1 p 1
|M%AW”WMWWMJH“QM =y
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Each of the two integrals appearing above can be expressed in terms of the usual
Beta function, and using the Stirling asymptotic series we can see that each of the
integrals grows as N~(“*Y as N — oo, and the assertion follows. 0

4. Necessary conditions for the boundedness of H,

Putting together the conditions stated in Theorem 1 and Theorem 2 as necessary
for the boundedness of the operator on H? for 1 < p < 2 and 2 < p < oo, respectively,
yields the following statement.

Theorem 7. Suppose that 1 < p < oo and g € Hol(D). If H, is bounded from
HP to HP, then g € A (p, ]lj)

Proof. Let g(z) = Y 77, bxz" be the Taylor expansion of g. We start by consid-

ering the functions ¢y, and ¢n . = w% defined in Lemma 1 with o = p — 1 and,

for simplicity, write ¥n = ¥y ,p—1 and n = Onp-1-
Foreach N =1,2,..., we can find a C*-function ®y: R — C with supp (®y) C
(%, 4), satisfying

(4.1) Dy(s) =pn(s), 1<s<2,

and such that, by using part (iv) of Lemma 1, for each m € N there exists C(m)
(independent of N) with

(4.2) 100 (s)| < C(m)N'"», seR, N=1,2,....
In particular, we have
(4.3) Apy = max|®y(s)| + max|®(s)| < CN'5.

Let us consider now the family of test functions {fy} given by

1 1
Iwlz) = N2 5 (1 —aynz)?’

zeD, N=1,2,....

An easy calculation using |5, Lemma, p. 65]) shows that the H?-norms of the functions
fn are uniformly bounded. By the hypothesis

sup [y (£) L = € < oc.

This, together with part (iii) of Theorem B and (4.3), implies
_1
(4.4) WY Ho(fn)llin < Cpay IHg(f)llae < CoN'5.
On the other hand,

WA = 5 [ b ([ vty ae) v ]

Z [--]2% + Z [---]2"

N <p<N-1 N<k<2N-1 IN<k<4N

I

g
B
+
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and by (4.1)

@ = Y Gt Dbenr < /O () dt) By (%) o

N<k<2N—1
k k
(4.5) = Z (k4 1)bpp1vn (N) PN (N) 2
N<k<2N—1

N<k<2N—1
Using the M. Riesz projection theorem and (4.4) we have
1
1B e < Coll W™+ My (fi)llarr < CN',
valid for each N. Finally observing that for n € N,

antl_g
Ang'(2) = D (k+ Dbz = FF'(2),
fe=2n
we obtain
1Ag < €270,
and using part (iv) of Theorem A, we conclude g € A <p, %) O

Proof of the necessity statement in Theorem 4. The proof is similar to that
of Theorem 7, hence, we shall omit some details. Let p, & and g(z) = Y oo bx2* €
Hol(D) be as in the statement and assume that H,: D2 — D? is bounded. We

consider the functions ¥y, and gy, = 1!11\% defined in Lemma 1. By part (iv)
of Lemma 1, for each N = 1,2,..., there is a C™-function Oyo: R — C with
supp (Pn,a) C (3,4) such that

1
(4.6) Py a(s) =9Na (s + N) , 1 <5< 2,

and for each m € N there exists C'(m) (independent of N) such that
(4.7) B0 (s)] < C(m)N*"3", s€R, N=12....

Since o < 3p — 2, the family of test functions

(48) (z) = fralz) = — !

N3=5 (1 —ayz)?

z € D,
forms a bounded set in DP (see |20, Lemma 3.10]), and the hypothesis implies that
sup [[H(fv)llog, < oo
This, together with the easily checked identity H,(f) = Hy (2f), gives
o [ (=) = € < o
Then part (iv) of Theorem B and (4.7) imply that
(4.9) W % Hy (2 )Lz, < Cplay, [ Hy (2F)llag, < CpN* 57
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Moreover,
1
sty o)D) = 3 a0+ Daa [ vt de) o ()
N <k<an 0

and, by (4.6),

2N—-1 1 k

— 0

(4.10) S

= > (k+1)(k + 2)bey22".

k=N

Consequently, using (4.10), the M. Riesz projection theorem, Lemma 2, and (4.9),
and setting N = 2", n € N,

antl_1
Ang e = || D (k+1)(k + 2)bpyoz"
fe=2n o
on+2 1 k
S Cp Z (k + ].)(kf ‘l‘ 2)bk+2 </ tk+1f2n (t) dt) ®2n7a (2—n) Zk
k=2n—1 0 .
= Gy Wi sty )| < G2 W sy )
HP Aﬁ
< 02" )
and by part (v) of Theorem A, we deduce that g € A (p, 1—1)) O

We note that the proof we have just finished remains valid for p > 1 and o <
3p — 2.

Proof of the necessity statement in Theorem 3. Let p,a be as in the statement
and assume Hy: A2 — AP is bounded Since a < p — 2, then o+ p < 3p — 2. This
together with the fact that AP = Dy, gives the assertion as a consequence of the
preceding proof. O

5. The sublinear Hilbert operator

Let us consider the following space of analytic functions in D

Al = {feHol /\f \dt<oo}

The well-known Fejér-Riesz inequality [5] implies that H! C A[o 1 We remark also
that an application of Holder’s inequality yields

(5.1) AZCA[IOJ), if p>1land —1<a<p-—2,

an inclusion which is not longer true for a > p — 2.

Condition (5.1) insures that # is well defined on A? for p and « in that range of
values.

Now, we proceed to state some lemmas which will be needed for the proof The-
orem 9.
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Lemma 3. (i) Assume that 0 < p < co. Then there exists a positive con-
stant C' = C(p) such that

1
/ M? (r,g)dr < C||g||%s, for all g € Hol(D).
0

(ii) Assume that 0 < p < oo and o > —1. Then there exists a positive constant
C = C(p, «) such that

1
/ MP (v, £)(1 —r)*trdr < Cll %, forall f e Hol(D).
0 «

Proof. Part (i) follows taking ¢ = oo and A = p in Theorem 5. 11 of [5].
Now we proceed to prove part (ii). Applying (i) to g(z) = f(sz) (0 < s < 1) and
making a change of variables, we obtain

/Mp f)dr < CsMP(s,f), 0<r<1,

Multiplying both sides of the last inequality by (1 — s)®, integrating the resulting
inequality, and applying Fubini’s theorem yieds

1
/Mg’o(r,f)(l— a+1dr—c/ (1—s)° /Mp fdrds < C|fl,. O
0

Lemma 4. Assume that 1 < p < oo and p—2 < «. Then there exists a constant
C = C(p,«) such that for any f € Hol(D)

1
/ﬁMQMfXL—MWHH#SCWﬂ%g

Proof. The identity f(z) )+ fo ¢)d¢, z € D, gives

A@mﬂSCOﬂW“(Aﬂ%mﬁﬁY)

for some constant C'. Since « —p+ 1 > —1 we have

1
v — )iy < Ol (0)F + C Yt ) (1— 1) dy
Aﬂkmﬂﬂ PP dr < CLFO) + /(/Aftft)( )
:C|f(0)|p+C’/0 ( . My (1 — s,f’)ds) (1 —r)* Pt dr,

We now use the following version of the classical Hardy inequality [12, pp. 244-245]:
If k>0, ¢>1and h is a nonnegative function defined in (0, c0), then

/000 (/:o h(t)dt)qg;k—l dr < (%)q/ooo h(z) 727 d.

Taking h = 0 in [1,00), and making the change of variable x = 1 — r in each side,
the inequality takes the form

(5.2) /01 (/L h(t) dt)q (1—r)tdr < (%)q /Ol(h(l — )1 — )l g,



Generalized Hilbert operators 243

Now apply this inequality to the function h(s) = Mo (1—s, f') with k =a—p+2 >0
to obtain

1 1 P .
/ ( Moo(l — S, f’) ds) (1 — r)a—p-i-l dr < C/ Mfo(r, f/) (1 . ,r,)a—i-l dr.
0 0

1—r

Putting together the above and using Lemma 3 we find,
1 1
[ e na-nrrar <o (or s [ e a-nta)
0 0
< (IFO)F + 115 ) = Cllf Iy,

and the proof is complete. O

The first part of the following Lemma is a special case of [16, Theorem 2.1], and
the second part is an immediate consequence of the first part.

Lemma 5. (i) If 1 < p < oo and o > —1, then the dual of A? can be
identified with A% where 1—1) + % =1 and [ is any number with § > —1, under
the pairing

— a B
(53) s = [ G0 = 257 dAC),

(i) If 1 < p < oo and a > —1, then the dual of Df can be identified with D
where % + % = 1 and [ is any number with § > —1, under the pairing

(5.4) (f.g)m,. s = /f T — |2)5+5 dA(2).

f(0)g(0)
Proof of Theorem 5 (i) Recall that for 1 < p < oo, the dual of H? can be
identified with HY, 11) 1, under the H?2-pairing,

<th2—hm—/ f(re®)h(re?) do

r—192

thus it is enough to prove that there exists a constant C' > 0 such that
27

im — [ FH()(re)A{re®) do

r—1- 27 J,

(5.5)

< Cllfllae 1Pl 2

for any f € H? and g € H?. Now, by Fubini’s theorem

/ () (VR (re“’)d@—/ |f()|(2;/2ﬂ%d9)dt
=AU®W@Mt

Using Hélder’s inequality and the Fejér—Riesz inequality we have

% Ozwﬁ(f)(re) re) d@' (/ It |pdt) /p (/01|h(r2t)|th)l/q

< ClIf Nl My (r? h) < ClI e | 2l o,
which implies (5.5) and finishes the proof of (i).
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(ii) Using Lemma 5 we can choose § = _Taq = =% so that the weight in the

pairing (5.3) is identically equal to 1, and we have for f € AP and h € A%,

<ﬁ ); Apa,p /H dA( )
(e
= / |f(t>|( / 1}@2 dA(z)) dt
—2/ 1 £(t) (/ 2t)rdr)d,
so that
(5.7) (A Ry, ] < 2/1|f(t)|G(t) W

where G(t fo |h(r?t)|r dr. Using Hélder’s inequality we obtain,

LGOS / FOI = 5601 — -5 ar

< ([ 1rwra-o am) ([0 mdt)w
<(/ RTINS ) N ( / Gl -5 ) "
< lslle ([ 16000 -0 q(+>dt)”{

where in the last step we have used Lemma 3. Next we show that

(5.8) / GO — 1)

This together with (5.7) will finish the proof. To show (5.8) observe first that if
0 <t <1/2 then |h(r?)| < My (3,h) for cach 0 < r < 1, thus

! 1
/ \h(r2t)|rdr < M <§,h) L 0<t<1/2,
0

q(a+1 1/2 1 7 q(a+1
(p“dtz/ (/ |h(r2t)|rd7’) (11—~ dt
0 0

1
<ot (5.0) < il

and we have

1/2
/0 GE(1 - b)

On the other hand,
1 — -2
_qla+ ): a+p s,
p p—1
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and making a change of variable we obtain fol |h(r2t)|rdr = L [o |h(s)|ds so,

/1:2|G<t>|q<1— 0 = //2 ( / h(rt \rdr)qa_t) e

/2< NGO NE
1 (/M (s,h)d ) (1—t) " dt
[

q(o+1)

—s,h) ds)q (I—t)" » dt

| /\

< c/ M2 (t,h)(1—t)" 5 dt  (by (5.2))
0
S CHh’Hi%v

where we have used Lemma 3 in the last step. Thus (5.8) is proved and the proof of
(ii) is complete.

(iii) Case o = p — 1. By Lemma 5 the dual of D}, can be identified with Dj_,,
1—1) + % =1, takinga=p—1land g =¢q¢—1 in the relevant pairing in (5.4), so that
the weight becomes (1 — |2]?). Thus for f € D)_, and h € D]_, we have by Fubini’s
theorem

F().hyp,, 10y = F)(O)R(0) + / (P () (1— [2) dA(2)

HORO + [ 1500) ( /D %a ~ 12P)AC: >) i

and a routine calculation gives

f s e aa) =7 - [T e

Now

< 2Mwo(t, h),

L 1
)h(t)—/ h(rt) dr
0
therefore

[ ARG G- aae)| < [ s W[ - [ i
<2/M (t, )M (th)dt<2(/ Mptfdt) (/ Mqthdt) :

< I fllos_, Ihllo

dt

—1?

where for the last inequality we have used Lemma 4 twice with a« = p—1 and a = ¢—1
in the two integrals respectively. Moreover, |h(0)| < [|hlps | and

o) = | O (f Mz f) ) Ol
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and combining the above we obtain

[(H()s 1)y sy il < ClFllpr Rl

q—1
which completes the proof of this case.
Case p—2 < a < p — 1. In this case the dual of D can be identified with Dj

with 3 = =*. The weight in the pairing (5.4) is then identically equal to 1. Thus
for f € DI and h € Dj we have

(H(f), o, .., = / H(FY () (Z) dA(2).

Now using Fubini’s theorem and the reproducing formula

h'(a):/ (hid/l(z), a€D, heDj,

p (1 —az)?
we find
' h'(z) ,
H W) dA(z) = | HFO] | | g dA(2) t\f( )|(2) dt
0 p (1 —t2)?
We set s = —1 + O‘Tfl and use Hoélder’s inequality to obtain

0 tlf(t)lh’—(t)dt‘ _

HEOI = O (1 - 1) dt'

(/ =) ([ o)

By Lemma 4 the first integral above is

/0 PO — b di = / O — 0P+ d

1
S/ ME(f. (1= 1)* " dt < O fII5,
0

while the second integral by Lemma 3 is
1 1
/ [R(#)|(1 =) dt = / W ()91 — )5 dt

/|h’ 5+1dt</ M2 (R t)(1—t)Pat
< C||h'||A% < Cllhllp%

Thus

9'(2)dA(2)| < Clfllozll9llps-

This together with the mequahtles |h(0)] < ||h||fD% and

() (0)] = / F@Oldt < Ol fllos

imply that N
[{H(f) 1)yl < Cll ozl ]l
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and the proof is complete. O

6. Sufficient conditions

In this section we will prove the sufficient conditions for Theorems 1, 2(ii), 3, and
4. In order to do that we state first some needed results.

A nice result of Hardy-Littlewood [5, Section 6.2] [18, Theorem 7.5.1] asserts
that if 0 < p <2 and f(z) = > po,ax2” € HP, then

(6.1) =Y (b + 1P P |arl < Gyl f Il

k=0

On the other hand, if 2 < p < oo and f(z) = Y ;o arz® € Hol(D) satisfies that
K,(f) < oo, then f € H? and

(6.2) 1% < CpEp(f).

The converse of each of these two statements is not true for a general power series
f(z) =572 arz® € Hol(D) and for arbitrary indices p # 2. If, however, we restrict
to the class of power series with non-negative decreasing coefficients, then we have
the following result (see [10], [21, Chapter XII, Lemma 6.6], [18, 7.5.9] and [19]).

Theorem C. Assume that 1 < p < oo and f(z) = > po,axz” € Hol(D), where
{a,} is a sequence of positive numbers which decreases to zero. Then the following
assertions are equivalent:

(i) f e HP.
(ii) f €Dy,
(ili) K, (f) < oo.
Furthermore, || f[[z, = || fllpy_ = £5(f)-

The following decomposition theorem can be found in |17, Theorem 2.1] and [18,
7.5.8].

Theorem D. (i) Assume 0 < p < 00, 1 < ¢ < oo and 0 < a < oo. Then,
1 o0
[ =g e < FOP + 302 A, forall € Hol(D)
n=0
(ii) In particular, if p > 1 and f > —1,

11 = IP+Z2 "N A g, for all f € Hol(D).

n=0
The following lemma can be found in [18, 7.3.5], in a slightly different form. The
proof suggested there can be applied to obtain it in the form we need it.

Lemma 6. Suppose 0 < p < oo and v € R. For f(z) = > 2, axz" € Hol(D)
let F(z) =Y 02 o(k + 1)%agz". Then |AF| g < 2| A f]| 1o

Lemma 7. Suppose that 1 < p < oo. There exists a constant C' = C(p) > 0
such that if f € H', g(z) = > pe, k2" € Hol(D), and we set

hz)=> o ( /0 1 () dt) 2,

k=0
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then .
8l < 0 ([ 501a) g, 0z
Proof. For each n =1,2,..., define
To(s) = /1t2"s+1f(t) dt, s>0.
0

Clearly, T, is a C*°(0, oo)-function and

(6.3) Ta(s)] < / EU () dr, s>

l\DI»—t

Furthermore, since supg., ., (log %)2 2?2 = C(2) < oo, we have

" ! 1 2 n—1 n _on—1
Ta(s)] < / [(log tzn) e T (@] de
0

1 1
<C(2) / T f()] dE < C(2) / 2 F() dE, s > 3
0 0

(6.4)

Then, using (6 3) and (6 4) for each n = 1,2,..., we can take a function ®,, €
C>(R) with supp(®,) € (2,4), and such that

D,(s) ="T,(s), se[l,2],
and

1

A, = max|B,(9)] + max[91(5)] < © [ po)a

We can then write
1
Ay h(z) = Z Ck </0 tRTLE() dt) PA Z cx P, (%) K =Wer « Ang(2).

kel (n) keI(n)

So by using part (iii) of Theorem B, we have
1Awh] e = W % Angllar < CpAa, || Ang]

1
< c( / t2"2“\f(t)\dt) 1Angl =
0

We shall need several lemmas. The first one can be found in [19, p. 4]

Lemma A. Assume that 1 < p < oo and A = {\,},—, is a monotone sequence of
non negative numbers. Let (Ag)(z) = > ", Aubp2™, where g(z) = >, b,2". Then:

(a) If {\,},, is nondecreasing, there is C' > 0 such that
C™ A1 [ Angllfye < A0 Mg < Chon [ Angll
(b) If {\.},—, is nonincreasing, there is C' > 0 such that
C™ | Anglle < 180 AgIIE < Chgns[|Angl
Lemma 8. (i) Assume 1 < p < oo, =1 < a < oo, and f € DP. Then

A, = [FFOF + 3G + 15 ( / tj“lf(t)|dt) |

J=1
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(i) Assume 1 <p < oo, =1 <a<p—2,and f € AP. Then

~ 1 ) p
IHCIE, = () |P+Zy+1p - (/ wf(t)mt) |

Proof. Set r, =1 — 5. Applying [17 Lemma 3.1] to the function h(z) = -1 =
ZZ‘;O 2F. we deduce that

4 1 1
6.5 ALh|E, = __dt < = gnp=1)
(6.5) | I /ﬂ |1 — rpeit|p (1 —ry,)pt

Now, we shall prove (i). By Theorem D (ii) we have
IH) g = IO + IHF) I,

= [HNO)F + [HYOF + Y27 AH(f) e

n=0

= [HO)P + Y27V NAH S [,

n=0

where we have taken into account that

H(p)(0) = / HF(8)] dt = / () dt = F(F)(0).

We then apply Lemma 6 and subsequently Lemma A (b) with the nonincreasing
sequence fol t7T1 f(t)|dt and (6.5) to obtain

P
1
Z? e A 22 e | S G ([ el
. 0
() 1 P
=Sz | 3 ([onis)a) o
n=0 jer(n) N0 P
P
oo 1 L P )
,S 22—n(o¢+1—p) (/ 2" +1|f(t)| dt) Z P
n=0 0 i€l || g
0 - P
=Y g ( [ e dt)
n=0 0
=S+ 0@ ([enirora)
j=1 0
Analogously, it can be proved that
1 P
S AT e 2 0+ 0 ([ isolar)
n=0 0
and the assertion of (i) follows.
The proof of (ii) is similar and is omitted. O

We are now ready to prove the sufficient conditions.
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Proof of the sufficiency statement in Theorem 4. Let p, a be as in the statement
and assume g € A (p, 1—1?) For f € DP, bearing in mind that H,(f)'(z) = Hy(2f)
and using Theorem D (ii), we obtain

1Ho(Dipg = [Ho(H O + 1My (21) s

= [Hy(NO)F + [Hy () O + Y27 VA Hy (=) -

n=0

Now,

Hy (O + [y (2O < (1O + g (O)P) ( [ ol dt)

< C(g) / FOPdt < Clg) / M2 (1, )1~ )P dt < Clg,p, )£,

where in the last step we have used Lemma 4 and the observation that since p —2 <
a<p—1wehave -1 <a—p+1<0.
On the other hand, if we write ¢”(2) = > -, cx2", then

Hy(2f)(2) = i Ch (/1 tRTLE(t) dt) 2F

k=0 0
and we can apply Lemma 7 and part (v) of Theorem A to obtain

A ;t P 1
0 '
1 , 1
S C (/ 2" 1|f(t)| dt) pn(2 5)
0 )

for n > 3. Thus

o] o0 1 p
D 2 A Hy (2f) | < C Y 2B ( / 2 f ()] dt)
n=3 n=3 0

0 1 p
=) 20 thEr-2-a) ( / t”““\f(t)\dt) ,
> 0

n=0

Now it is easy to see that

i </°1t2nﬂ+l|f<t>'dt>p <2 (/Olt”wf@)mt)p,

JEI(n)

and we can continue the above estimate as follows

0 1 p
<C Z 2(n+1)(2p—3—a) Z (/ t]+1|f(t)| dt)
n=0 0

J€I(n)

— O3+ 1)) (f L) dt)p
j=1 0

< C(I”ﬁ(f)(O)I’WZ(j + 1)) (/0 U f ()] dt) ) = I H()Ipy < CILS I,

Jj=1
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where we have used Lemma 8 (i) and Theorem 5 (iii). This together with the in-
equality for |H,(f)(0)|P + |Hy (zf)(0)|P finishes the proof. O

Proof of the sufficiency statement in Theorem 3. Let p, a be as in the statement
and let g(z) = > 72, bp2" be the power series for g. For f € AP, from Theorem D we
have

(6.6) 1Mo (£ =IHg(F)O) + Y 27 DA H ()1
n=0
Now,

I%g(f)(O)ISIQ’(OH/O|f(t)|dt |/|f -0 — )

and by Holder’s inequality,

1 1/p
<l ([ M2 d) < Clopallfla,

where the last inequality is from Lemma 3.
Now write ¢'(z) = Y pe k2", then

H,(f)(2) = i (| Lk )

Now Lemma 7 remains valid if we replace the power t**! appearing in the definition
of the function h in statement of the Lemma by ¢*, and the power 2"+ i the
conclusion by 2""? This variation can be proved in the same way as the original
version. Applying the Lemma in this new form and using the assumption for g, we

find

1 p 1 »
||An%g<f>!|%ps0( / £ |f(t)|dt> ||Ang’||sapsc< / 2 \f(t)\dt) o=,
0 0

Now, the proof can be completed as the previous one using Theorem D (ii), Lemma 8 (ii)
and Theorem 5 (ii). Namely,

1 p
ZQ n(a+1) ||AH SCZQn(p 2—a) (/ t2n2|f(t)|dt)
0
1 L p
= CZQ(H+1)(P—2—0¢) (/ 152”7L |f(t)| dt)
n=0 0
o0 1 ) p
< CZQ(n+1)(p—3—a) Z (/ t’\f(t)\dt)
n=0 0

Jj€l(n)

= O3+ 1)) (f ) dt)p

=1

C<|”H |P+Zg+1P3a</01tj|f(t)|dt)p>

= HOI < CllF I
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and together with the inequality |H,(f)(0)] < C(g,p, )| f|| 4z this finishes the proof.
U

If p>1and f € H?, then H(f)(z) = >t (fol ) f (1)) dt) 27 is analytic in D

and has nonnegative Taylor coefficients decreasing to zero. Thus Theorem C implies
that

o0

61 IR, < IR =G+ ([ elrola)

J=0

Proof of the sufficiency statement in Theorem 1. Assume that 1 < p < 2 and
g(z) = > biz® € A (p, 1—1)> Take f € HP. Since D) ; C H? with domination in

the norms, by the proof of Theorem 4 with o = p — 1, (6.7) and Theorem 5 (i) we
obtain

1My (Ol = ClIH (Nl | < Cllﬁ(f)|l’7’3;;1 = H o < CIF W

Hence H,: H? — HP? is bounded. This finishes the proof. O

Proof of Theorem 2 (ii). Let 2 < p < oo and g € A(q, %) for some ¢ with

1 < gq<p. Let f € HP. Applying [17, Corollary 3.1] to the analytic function H,(f)
we have,

[Hy(N)p < C (I’Hg(f)(O)lp +/0 (=0 M 1y (£)) dr)

where C' = C(p,q) is an absolute constant. By Theorem D (i), applied here with
a=1-— % + % we further have

/ (1 — PO, 1y (1)) dr
(6.8) ’ -
= [Hy(f) (0)F + Z 27PN ALHy () 12

n=0

Now for the constant terms of the two relations above it is easy to see, using Holder’s
inequality and the Fejér-Riesz inequality that

(6.9) Hg (SO + [Ho(f) (0 < Clg. P -

To estimate the sum in (6.8) write ¢”(z) = Y -, k2" so that

W16 = Hy o)) = 3 (e [ 10 )

k=0 0
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and use Lemma 7 and Theorem A (v) to obtain

1 p
S 00040 0,74, gCZ2 et ([T pnan) 1o,
0

n=3

00 1 p
< CZQn(p—l) </ 2" 2+1‘f ‘dt) CZ2(7L+1 p—1) </ t2"+1+1|f(t>| dt)
n=3 0
00 1 p
<O 2= Y- (/ L f(2) |dt> ACZ j+1)P (/ tj+1|f(t)|dt)
n=0 0 0

JE€I(n)

= 5w < Ol o

where in the last two lines we have used (6.7) and Theorem 5 (ii). This and (6.9)
finish the proof. O

7. Compactness

Let us recall that an operator 7" acting on a Banach space X is compact if any
bounded sequence {f;} of elements of X has a subsequence {fi,} such that T'(f,)
converges in X. For the generalized Hilbert operator H, acting on the appropriate
spaces we have.

Theorem 8. Suppose that 1 < p < oo and g € Hol(D), then:
(i) If Hy: HP — HP is compact, then g € A(p, %)
(i) If 1 <p <2 and g € A(p, 1—1?), then H,: H? — HP is compact.

(iii) If 2 < p < o0 and g € )\(q,%) for some 1 < q < p, then H,: H? — HP? is
compact.

Theorem 9. Suppose that 1 <p < oo, —1 <a <p—2 and g € Hol(D). Then
Hy: AP — AP is compact if and only if g € A (p, 1—1)>

Theorem 10. Suppose that 1 < p < 00, p—2 < a < p—1 and g € Hol(D).
Then H,: D — DP is compact if and only if g € A (p, 1_19>

We shall use the following lemma.

Lemma 9. Suppose that 1 < p < oo and let X be either H?, or AP for some «
with —1 < o < p — 2, or DP for some a withp —2 < a < p—1. Let {fi}2, be a
sequence in X satistying supy || fx||lx = K < oo and fr — 0, as k — oo, uniformly on
compact subsets of D. Then:

1
() Jim [ 1to]dr=o

(ii) For every g € Hol(D) we have

H,(fx) = 0, ask — oo, uniformly on compact subsets of D.

Proof. Let’s start with the proof of (i). Let ¢ be the exponent conjugate to p,
that is, %+% = 1. Take € > 0.
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Suppose first that X = H?. Take ro € (0,1) such that (1 —79)"/? < . By the
hypothesis there exists ky € N such that
|fe(2)| <e, ifk>koand |z| <.

Then, using Holder’s inequality and part (i) of Lemma 3, we see that for k& > kg, we
have

1/p
/1|fk(t)|dt§€+ M (t, fk)dt<5+</ MP( tfk)dt) (1—7“0)1/‘1
0

<e+CKe="C.

Thus (i) holds in this case.
Similarly, if X = A? with —1 < a < p — 2, take 1y € (0,1) such that (1 —

p—a—2

ro) » < e&. There exists kg € N such that
|fe(2)| <e, ifk>koand |z| <.
Then, using Holder’s inequality and part (ii) of Lemma 3, we obtain, for & > ko,

1 1
/|fk(t)|dt§€+/ ()] dt
0 0

<o ([ Mz poa - dt)% ( [a=oeia)

< p poa—2 /

<e+ K——(1—r9) < (C'e
p—a—2

So, we see that (i) holds in this case too.

Finally, suppose that X = D? for a certain a with p —2 < o < p — 1. Since
a—p < —1, we have that D C A} forall 8 > —1. Take and fix 8 with —1 < 8 < p—2.
We have X C A‘g and then, using the hypothesis and the closed graph theorem,
we deduce that supy || f]] az < o0 and then the result in this case follows from the
preceding one.

Part (ii) follows easily from part (i). Indeed, if g € Hol(D) and |z| < r < 1, we
have

0o

|Hy(fr)(2 |—/fk "(t2) dt‘<M r,g /\fk )| dt.
Thus (ii) holds. O

Now the following result follows easily.

Lemma 10. Suppose that 1 < p < oo and let X be either H?, or AP for some
a with =1 < a < p—2, or D? for some o with p —2 < o < p — 1. For a function
g € Hol(D) the following conditions are equivalent:

(i) Hy: X — X is compact.
(ii) If { fe}32, is a sequence in X such that

(7.1) sSup I fellx = K < o0

and
(7.2) fr = 0, ask — oo, uniformly on compact subsets of D,
then limy_, o ||Hg(fk)“X =0.
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Proof of Theorem 10. Assume first that H,: D2 — DF is compact. Since the
family of test functions

1 1

N3_2+Ta (1 — CLNZ)27

fnal(?) = z €D,

considered in (4.8) satisfies (7.1) and (7.2), we have
J&i_rgo [ Hg(fn,a)llpz = 0.

Next, scrutinizing the proof of Theorem 4 (necessity part), we see that the quantity
| Hg(fn.a)llpr is incorporated in the constant C), which appears in the final lines of
the argument of the proof. In particular,

1A lr < Cp (I Hg(fora)llpz) 2777,
therefore
o 1A

n— 00 2”(2— %)

=0,

so by Remark 1, g € A (p, 1—1))

Conversely, let ¢ > 0 and g € A (p, %) Suppose {fx} is a sequence of analytic
functions in D satisfying (7.1) and (7.2). Then there exists ng € N such that

[Ang" || v

D) < e for all n > ny.

Then it follows from the proof of Theorem 4 (sufficiency part) that for all &

[e%e) 1 p
Il S IO + 32 ([ 01 ) 18057
n=0 0
Using Lemma 9 we see that

H, (£1)(0)] = / et =0 as k- co.

On the other hand

o 1 P
Z 9-n(a+1) </ t2n72+1‘fk (1)] dt) ||Ang//||1;ﬂ’
n=0 0

no—1 1 p
<C Z gn(2p—2—a) (/ t2”*2+1|fk(t)‘ dt)
0

n=0

o0 1 P
+Ce Z 2n(2p—2—a) (/ t2n72+1|fk(t)| dt) )
0

no
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The finite sum above tend to 0 as k — oo by appealing to Lemma 9. The second
sum is

 on ([ '
n(2p—2—a n—2419 d

> ( [ e t)

< C = . (2p—3—a) < ' Jj+1 d )p

<CSG+1) / ()] dt

Jj=1

< CIH(fi)lly, < C'sup | fellpg, < CK

by (7.1). This gives
Tim [[#,(£) Iy < K<,

and since ¢ is arbitrary the proof is complete. O

Theorem 8 and Theorem 9 can be proved with the same technique. We omit the
details.
Finally, we shall prove Theorem 6.

Proof of Theorem 6. We recall that an operator 7" on a separable Hilbert space
H is a Hilbert—Schmidt operator if for an orthonormal basis {e,: n =0,1,2,---} of
H the sum > 2 ||T(e,)||* is finite. The finiteness of this sum does not depend on
the basis chosen. The class of Hilbert—Schmidt operators on H is denoted by S?(H).
(i) The set {1,z,22,---} is a basis of H2. If g(z) = Y " byz* € Hol(D), then

.y < (k+1)b
o) = /t (tz)d :Zn+k:+k;1k

k=0
thus
mz o (K +1)2[bpga
and

> (k + 1)2|bpyr|?
nZ:OHHg MW = ZZ n+k+1+

n=0 k=0

= Sk 12 ? z—
p — (n+k+1)?
~> (k+1)? Brsal* =g

k=0

Mg

(k+Dbgia* ~ gl
k=0

Thus H, € S*(H?) if and only if g € D.

(i) On A2, —1 < a < 0, an orthonormal basis is

{€n()—0n n:O>1a2>"'}>
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where
1 'n+2+ )
Cp = = .
27| a2 (2 + «)
Now
o - kf‘l‘l bk-i—l k
Holen)(2) = enty C"; ntk+l
and
= kT2 + k4 1)%|bjsq|?
||7_[ en ||A2 _ Oé ( ) | k+1|

F'k+2+a) (n+k+1)2

Thus using the Stirling formula estimate F(Z:!rﬁ ) ~ (n+1)"~! we have

B Fn+2+a) kTQ2+a) (k+1)%bes)?
ZH’H en HA2—ZZ nT(2+a) Dk+2+a) (n+k+1)2

o= (n 4+ D) (k4 1)2[bpga |?
”§Z§+; (k + )b

“« (k+ 1)t (n+k+1)°
> n—l—lo”rl
k4 1)7b
= D0k 1) b z T

Now a calculation shows that the asymptotic order of the inside series is

(7’L+ 1)a+1
(0t k+1)?

~ (k+1)%,

and it follows that

Z IHg(en) % ~ Z(k‘ + Dlbe[* ~ llgllp.

=0

(iii) On D?, 0 < a < 1, an orthonormal basis is

{en} = {1> dlz> d222> e }7

where

1 1 Th—1+2+0)
" lzlpe n\ (Rn=DIT2+ )
In this case we find (omitting the details)

o0

o) +1a1
ZII’H (en ||D2Nkz%(k+1 )¢ Z% n+k:+1

~ > (ke + 1) by *(k 4 1)

oo

~ Y (k4 Dlbesal® ~ llglls

k=0
and the assertion follows. O
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