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Abstract. In this note we consider the Hausdorff dimension of self-affine sets with random
perturbations. We extend previous work in this area by allowing the random perturbation to be
distributed according to distributions with unbounded support as long as the measure of the tails
of the distribution decay super polynomially.

1. Introduction

Calculating the Hausdorff dimension of self-affine sets has been an active area of
research since the work of Bedford and McMullen [B, M]. While a lot of progress
has been made in this time there are still several unresolved questions. Papers on
Hausdorff dimension of self-affine sets tend to come in one of two types; either they
calculate the Hausdorff dimension in some particular family as in [B| and [M] or they
obtain a result which holds for ‘generic’ self-affine sets, [F1|. The second approach
started with a paper by Falconer, [F1], in which the Hausdorff dimension of self-
affine sets was computed for almost all translations assuming the contraction rates
are sufficiently small.

It was shown in [JPS| that if suitably defined random perturbations are added
to a fixed self-affine set then an analogous result to Falconer’s is obtained with no
non-trivial assumption on the size of the contraction. However in [JPS] the random
perturbations were assumed to be compactly supported so for example perturbations
from a normal distribution could not be considered. In this note we show that
this condition can be relaxed and be replaced by an assumption that the densities
decay super polynomially, a natural assumption which is satisfied by the normal
distribution.

We consider a family F of affine contractions or iterated function system (IFS)

where T; € GL4(R) are such that ||7;]| < 1 for 1 <4 < m and a; are vectors in R%.
The following definition is standard:
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Definition 1.1. Let B be any large enough ball in R¢ such that f;(B) C B for
1 <4 <m. Then the attractor of F is defined by the unique non-empty compact set
for which

m

A=Jhm)

i=1

A= m U fio,...,in71(B)

n=110,...,in—1

where fi, i = fi,0- -0 fi, , for (ig,...,in—1) € {1,...,m}"

For an iterated function system (1) we denote

T = max{||T;||: i=1,...,m}

or alternatively,

and
|a|| = max{|a;|: i =1,...,m}.

We now introduce some notation and definitions in order to define the affinity
dimension d(71,...,T,,) (In [JPS] this is referred to as the singularity dimension).
When studying the family of contractions of the form (1) we denote J, to be the
set of all infinite words where i; € {1,...,m}, J, to be the set of all finite words of
length n with i; € {1,...,m}, J to be the set of all finite words with i; € {1,...,m}.
For i,j € J we denote i A j to be the truncation of i to the initial string that i and
j agree on. For a string i = (i, ...,4,) € J we denote

[igy -« yin) =1 € Joo: Jm = im for all 0 < m < n}.
Finally, for i = (ig,%1,...,4,) € J we denote Ty =15, _,;, =T5, -1,

n*

Let T: RY — RY be a contracting, invertible, linear map, that is an invertible
d x d matrix with matrix norm strictly less than 1. We say that « is a singular value of
T if « is the positive square root of one of the eigenvalues of T*T" , where T™ denotes
the transpose of T', or equivalently « is the length of one of the principal semi-axes
of T(B) where B is the unit ball centred at the origin. We adopt the convention of
denoting the d singular values as 0 < ag < --- < ay < 1. Sometimes, where it is not

clear which matrix a singular value relates to, we will denote
O0<au(T)<...<ay(T) <1

as the increasing singular values of the d x d matrix 7.
Fix 0 < s < d and choose r € Z such that r — 1 < s < r. We then define the
singular value function as

(bS(T) = X1 - Oér_lOéi_T—i—l.

For s > d we define ¢*(T) = (a1 (T) - - aq(T))*/*. We are now ready to define the
affinity dimension as follows:

Definition 1.2. For a self-affine IFS of the form (1) we define the affinity di-
mension to be

d(Ty,...,Ty) =inf{s > 0: > Y ¢"(T},... T, ,) < oo}

n=0 J,



Self-affine sets with non-compactly supported random perturbations 773

or equivalently, the value of s such that
1 s . . % —
nhm( JE o (Tyy ... Ty, ) = 1.

In [F1] Falconer gave the following almost sure result for the Hausdorff dimension
of the attractor A given that ||T;]| < 3, whilst in [S] Solomyak improved it to its
present form with the weaker assumption that ||T;|| < 5. Here almost sure is in terms
of md-dimensional Lebesgue measure A4 on the translation vectors (ay,...,a,) €
R,

Theorem 1.3. (Falconer) Let

F=Afilx)=T,-x+a;:i=1,...,m}
be an affine iterated function system with attractor A. If
1T} <3 V1<i<m,

then for A, ;-almost all vectors a := (ay,...,ay) € Rmd, the Hausdorff dimension of
the attractor in Definition 1.1 is

dimgA = d(T%, ..., T)
where d(T1,...,T,,) is as in Definition 1.2.

In [JPS] it was shown that if a small random translation was allowed at each
stage of the application of the contractions then the Hausdorff dimension of the re-
sulting perturbed attractor will almost surely be equal to the affinity dimension. In
particular, no restrictions on the norms of the maps was necessary. More precisely,
it is assumed that at each application of the maps from the IFS we make a random
additive error where these errors have distribution x where x is an absolutely con-
tinuous distribution with bounded density supported on a bounded disk D which is
centred at the origin. In particular, for i, = (ig,...,i,—1) € J, we denote

fi):" = (fio + SCz'o) o (fi1 + xio,il) 0...0 (fiw1 + Iio,...,infl)
where the elements of
Xin = (x’i()a o .. ,l’i07___7in71) 6 D X ... X D

are independently and identically distributed with distribution x. Let ¢(k) be the
k-th element of the countable sequence

(1,2, ..,m, (1,1),(1,2),...,(m,m),(1,1,1),...}

so that we can label the perturbations by the natural numbers z;, = z;, if (k) = ij.
Then we can write the sequence of all random errors that perturb the attractor A as
x = {x) }ken € D*. This suggests the following definition.

Definition 1.4. .
A= fim(B)

n=1 ip
where B is a ball, centred at the origin, which is sufficiently large such that f: " (B) C
Bforall x € D*® andie€ J.

Letting i denote the infinite product measure 4 = k X kK X ... on D> we can
state the main result in [JPS].
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Theorem 1.5. (Jordan—Pollicott—Simon) For a self-affine IFS of the form (1),
and for p-almost all x € D>, we have:

(]_) Ifd(Tl, ce ,Tm) S d, then dlmHAx = d(Tl, ce ,Tm).
(2) If d(Ty,...,T,,) > d, then \y(Ax) > 0, where \; denotes d-dimensional
Lebesgue measure.

In this note we build on the result of [JPS], in that perturbations are no longer
assumed to be taken from a bounded disk D.

Definition 1.6. Let n be an absolutely continuous distribution with bounded
density supported on the space Y = R? which satisfies the following condition: for
every k € N there exists a constant ¢, such that for all ¢ > 0, n{|X| >t} < ct™* (n
decays super-polynomially).

Such a measure n will also have the following property: There exists a constant
K > 0 such that for any 1 <n < d—1 and set of orthonormal basis {z1,. .., z,} if we
let 7, be a projection to the n-dimensional space spanned by {z1,...,z,} then the
push-forward measure m,,n must have some density f with respect to n-dimensional
Lebesgue measure, where f € L™ and |||l < K.

Let

fi},:n = (fio + yio) © (fll + yioﬂ'l) ©...0 (finfl + Yo, ..., infl)

where the elements of

Yin::(y’i07“‘7y’i0 ,,,,, znil)EYXXY

are independently and identically distributed with distribution 7. Define a random
perturbation of the attractor A as'y = {yx }ren € Y, numbered naturally as before,
and put P as the infinite product measure P =7 xnx... on Y. Clearly, we can no
longer define the attractor of this system in the same way as in Definition 1.4 since
there does not exist a large enough ball B, as the distribution 7 is not supported
on a bounded disk. For the self-affine IFS of the form (1) and the infinite word
i= (io,’él, .. ) € Jyo set

(2) (1) == rllrf.lo(fio + Yio) © (fir + Yio,in) © - © (fir + Yi,...i,) (0)
(3) = iy +Yio + Y Tigyooiv 1 (@i, + Ui, i)
r=1

if this limit exists. In Lemma 2.2 we prove that for P-almost all y € Y* this series
converges for all i € J, thus we can define the attractor for P-almost all y € Y*° by

Definition 1.7. For a self-affine IFS of the form (1), if for y € Y*° we have that
I1%(i) is well defined for all i € J, then the associated attractor is defined to be

A ={1(i): i€ Jo}.
We can now state our main theorem.

Theorem 1.8. For a self-affine IFS of the form (1) and the attractor AY defined
in 1.7, we have:

(1) Ifd(T,...,T,,) < d, then P-almost surely, dimy(AY) = d(T1,...,T).

(2) If d(1,...,T,,) > d, then P-almost surely \y(AY) > 0.
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In contrast to Theorem 2 in [JPS] this theorem holds when the random perturba-
tions y;,,.. 4, , are distributed according to a multivariate normal distribution. There
are a couple of papers with similar results for random self-similar sets and measures,
|K] and [PSS] which look at a similar model of randomness for self-similar sets and
measures. In [K] random self-similar sets are considered where the translations are
fixed but both the contraction rate and the amount of rotation varies randomly. In
|[PSS] measures which contract on average are considered, in this case the transla-
tion is fixed and the rate of contraction or expansion varies randomly according to
a non-compactly supported distribution. In this case a different form of randomness
is considered where there is less independence, the contraction or expansion rates
at the nth level, 7, ;. ,, only depend on 7,_;. There are also several papers on
self-affine sets where the maps which form the iterated function system are chosen
randomly at each level, usually based on a discrete distribution. This includes [GL],
[FM] and [JJKKSS]. The work in [GL| can be considered to be random analogues
of Bedford-McMullen sets whereas in [FM| and [JJKKSS] the results are random
versions of the almost everywhere results in [F'1].

The following sections are organised as follows: In Section 2 we show that P-
almost surely the attractor AY in Definition 1.7 is well defined. The rest of that section
is dedicated to getting a P-almost sure upper bound for the Hausdorff dimension of
the attractor. In Section 3 we use potential theoretic methods which follow from
ideas of Falconer [F1] in order to calculate a P-almost sure lower bound. In Section 4
we comment on some other possible applications of the methods in this note.

2. Proof of the upper bound for Theorem 1.8

To prove the upper bound for Theorem 1.8 we first need to show that AY is well
defined for P almost all y. We then need to provide a suitable cover for such AY. We
start with the following lemma which is important for both parts.

Lemma 2.1. For all 0 < 6 < 1, there exists a subset X C Y* such that X has
full measure and for all y € X and n sufficiently large we have

1
Yiorsin 1] < on

for all (ig,...,in_1) € Jp.

Proof. We fix y € Y and fix 0 < 6 < 1. Put the event A,, to be
1
A, = {|yloln1| > m for some (ig,...,1,-1) € Jn}

and observe that
P(4,) <m™n{y € R%: |y| > 67"}
Fix k such that §* < m™!. Then since 7 satisfies Definition 1.6,
n 1 k\™

m"n |X|>9—n < ¢, (mo*)".
Thus

ZP(A,L) < ¢ Z (m@k)n < 00

n=1 n=1
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since mf@* < 1. Thus by the Borel-Cantelli lemma, for P-almost every y € Y the
events A, occurs only finitely often, that is, there exists an N € N such that for
n>N,

1

‘yio,...,in,l‘ S H_n |:|

We first apply Lemma 2.1 to deduce that for P-almost all y € Y*° the attractor
AY in Definition 1.7 is well defined.

Lemma 2.2. For P-almost all y € Y*° and all i € J, the series (3) converges,
thus the attractor in Definition 1.7 is well defined.

Proof. We want to show that

Hy(l) = Qj, + Yio + Z ﬂ07~~~7ir71 (air + yi07~~~7i7‘)

r=1

is convergent for P-almost all y € Y*°, and all i € J. It is sufficient to show that

I (1) = lai, + il + Z | Tio,iv 1 (@i + Yig,.o0iv )|

r=1

converges. Fix ||T | < 6 < 1. Then by Lemma 2.1 there exists N € N such that
forn > N, (io,...,in-1) € J, and for P-almost all y € Y™ then |y;,, .., < 7, 1
particular

n 1
PO Y L (R

Thus,

N o
n 1
) < ST Clall + i) + ST (HaHmﬂ)
n=1

n=1

ZHTH (lall + [yi.... +Z||T,| la “wZ('T”)

which converges since @ < 1. Thus the series (3) is absolutely convergent, thus
convergent and the attractor is well defined for almost every y € Y*°. O

Throughout the remainder of this section we work with a self-affine IF'S of the
form (1) and assume that the perturbation y is taken from the set of full measure
in which the series (3) converges and thus the attractor AY in Definition 1.7 is well
defined.

Lemma 2.3. Let 0 < e < 1—||T||. We then have for all |T||+¢ <60 < 1 and
for P-almost every y € Y*° there exists an N € N such that for n > N, any finite
word (ig,...,in_1) € Jp and any i € [ig,...,in—1] then II¥(i) € T}, .~ 1(B@ n) where

By, is a ball of radius & 7w where C' is mdependent of n and 6.

Proof. By Lemma 2.1 there exists a set of full measure X C Y such that
for some N € N and all n > N, and all y € X, then |y, ;._,| < g7 for all
(10, yin—1) € {1,...,m}". Fix n > N and a cylinder [ig,...,i,-1]. Suppose
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i,j € [io,...,in1] and let 1T}, := \Hy(i) —II¥(j)|. We then get

y __
i =

Observe that since ||T']| < 6,

<azn + Yig,oyin T Z 1, (a2k+1 + Yio,..., Zk+1))

k=n
- <ayn+%o ..... yﬂLZ et (@ir Yo ml))‘
k=n
< 2llall + gozg) + 20T Clall + ) + -+
2|[al 2 17|
= 1 ..
o) Fentt g )
2||al| 2 1 2||al| 2 1
—+ <
STy e S T e I
0 |||+
2||al| 2 1
@ AT TN = pke)
||-|-6
Thus we can fix i € [ig,...,iy-1], and then for any j € [ig,...,7,—1] we have

11Y(j) € Tiy...in,_, (B) where B = B(I1¥(i), ry ), where 79, is given by (4). Put

C,:ma{ > 2||a||}
1T = ) L= 11T

which is clearly independent of # and n. Then

1 0" +1 1
< ' Y < .

Putting C' = 2C” and setting By, = B(II¥(i), &) proves the result. O
In Proposition 4.1 in [F1] it is shown that the limit

lim (Zw(ﬂ))

is continuous in s and decreasing. This enables us to make the following definition.
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Definition 2.4. Suppose d(T1,...,T,,) < d. Then

) 4 . n _
lim (;ﬁ (ﬂ)) t<1,

so we can define a monotone increasing sequence {0 }ren where limy_, o, 05, = 1 such
that max{||T|| +¢,t} < 6, < 1 for all k. Then define {si}ren to be the monotone

decreasing sequence where for each k, d(T},...,T,,) < s, < d is defined to be such
that
: s __nd
lim (Zwm)) = 6;.
JIn
Lemma 2.5. The limit of the sequence {sj}ren exists and klim Sp = § =
—00
d(Ty, ..., Ty).

Proof. Since {s;}ren is a monotone decreasing sequence that is bounded below
by d(Ti,...,T,,) it converges, so its limit exists. Now, let ¢ > 0 and define § > 0 to
satisfy

: s+e€ 1 — _
lim (; ¢ <TJ> 1-4.
Choose N such that for k > N then |1 —6¢| < § which is possible since limy,_,o, 0} = 1
and thus limg_, o Gg = 1. By the definition of s,

1

lim (Zwm))n =6/ >1-6= lim <Z ¢S+E<Ti>)
Jn Jn

Since
i, (Z ’ <Ti>)
is decreasing in 7, it follows that sx < s + €, that is, |s; — s| <. O

Lemma 2.6. Consider a self-affine IF'S of the form (1) and the attractor AY as
in Definition 1.7. Then P-almost surely dimy(AY) < d(Ty,...,T,).

Proof. First of all we note that if d(71,...,7,,) > d then trivially dimg(AY) < d.
So we just consider the case where d(711,...,T,,) < d. Take the sequences {0y }ren
and {si}ren as in Definition 2.4. By Lemma 2.1 we can find a set Y, C Y of full
measure such that |y;, ;. | < ¢ for all (ig,...,i,—1) € J, where n is sufficiently

large. Put
Y =Yk
k=1

which is therefore also a set of full measure. Next fix k, and y € Y and let n be
sufficiently large so that vy, ;. , < 0} for all i = (ig,...,i,—1) € J,. We know by

Lemma 2.3 that for all j € [ig, ..., i,—1], [IY(j) is contained in the ball T}, ;. (Bo, )
which is contained in a parallelepiped with sides of length ‘é—gal(Ti), . ‘é—fad(Ti).
k k

We let r = inf{z € Z: z > s, }. We can thus divide this parallelepiped into at most

.....
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g1g; - a;*(lgi) cubes of side ozr(T)‘éf. Thus we take such a collection of cubes for
each i € J, as a cover for AY where y € Y. Putting d,, = max;e s, {a-( i)g—n} we get

k
that

(4C)5*
(0 < 3 B 0 (B) s (T (B

HTLSk
ieJ,
4C)%%
-3 Gy < 3 ey
icdn, icJ, kK

since s < d. Letting n — co we get

Sk : (4C)Sk Sk : (40 o nd
HH(AY) < lim 2= Y 0% (Th) = lim — 6
by definition of s;. So
H*(AY) < (40)%* < 0
and thus dimyg(AY) < s; for y € Y. This means that for any y € Y dimy(AY) < sy

and since sy, is a decreasing sequence it follows that dimy(AY) < inf{sy: k € N} =
lim,, o g = s. Thus dimyg(AY) < d(T3,...,T,,) P-almost surely. O

3. Proof of the lower bound for Theorem 1.8

The proof of the lower bound for Theorem 1.8 is fairly similar to the proof of
Theorem 1.5 given in [JPS|. In particular we use the same method of showing that
the self-affine transversality condition holds. However there are some differences in
the argument since the perturbations are now distributed according to a measure
which may not be compactly supported. In particular, Lemmas 3.4 is proved in the
same way as Lemma 4.5 in [JPS] and 3.5 and 3.6 can be deduced from Lemma 3.3
in the same way as Proposition 4.4 is proved in [JPS]|, we give the details here for
completeness. One difference is that the projection may not be convergent for all
y € Y. To overcome this problem we assume random perturbations are in the
space X = X, defined in the statement of Lemma 2.1 where 6 > ||T|| rather than the
whole space Y*°. In this way it follows by Lemma 2.1 that this set has full measure
and by Lemma 2.2 that I1¥ is well defined for all y € X. This definition also ensures
that there are no issues with measurability when we apply Fubini’s Theorem.

Lemma 3.1. There exists a finite measure . supported on J,, and a constant
¢ such that if s < d(Th,...,T,,), then

p([w]) < (T2,
for every finite word w € J.
Proof. See, for example, Lemma 3 in [JPS]. O

The following definition was used in [JPS] to introduce a self-affine transversality
condition.

Definition 3.2. For fixed i,j € J define Zj,;: [0,00) — [0, 1] by

Zini(p) =[] min{p, O‘k(Tim‘)}'

b1 OKk(TiAj)
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Lemma 3.3. The self-affine transversality condition from [JPS| holds for the
measure P. That is, there exists C' > 0 such that for alli,j € J,

(5) Ply € X: [IP(Q) = V()| < p} < C- Zins(p)-
Proof. Let |[i A j| = n. We start by noting that
Ply € X: [IV(i) = IV ()| < p} =P{y € X+ |Tini(Yio,...in + @i 3, ¥))| < p}
where
q’ﬂ(ihj’ y) = ain + En (ain+1 _'_ yi07~~'7i7l+1) _'_ o
- (ajn + Yio,....jn + T]n (ajn+1 + yi07---7jn+1) +e )
Note that g, (i, j,y) is independent of y;, ;.. Thus we can fix all of y except i, i,

and for convenience from now on we write y = ;... and ¢ = ¢,(i,j,y). Then it is
enough to prove the condition for

n{y €Yy e T, B(Ting, p)}-
Denote
Box, := [a1 — p, a1 + p] X -+ X [ag — p, aqg + p]
= [m1(Tir () — p, m1(Tinj(@)) + pl X - X [ma(Tin () — p, ma(Ting(9)) + p]
where 7, are the projections to the x; axes. Then
n{y € X1y € Ty} B(Tinga. p)} < n{y € T Box,}.

Let {@ya), ..., %y} be the orthonormal elements in the new basis given by the
rotation in Tij\;, such that the axes x,() correspond to «y, in the following way: the
principal semi axes of Tixj(B) of length oy, lies along the axis x ). Let my) denote

the projection to the k-dimensional plane that lies along the {z,n), ..., Zyx)} axes.
Denote ap = 0o and agy1 = 0. Then for a1 < p < ag, where 0 < k < d, estimate

{y € Ti55 Boxo} < gy {mo) T35 Box, }

where 71 is the pushforward measure 7g).n). Since g is by assumption absolutely
continuous with respect to A, (where this time \; is the Lebesgue measure on a k-
dimensional subspace of R?) and has bounded density with respect to A, we have

Moy { o) Ting Box,} < K \p{mo() Ty Box, }

iAj
k

- p
< K\e{mon Ting [—p, 01"} < Qka

where K is a constant defined directly below Definition 1.6. Putting C' = 2K we
get that C' is a constant independent of i and j and

Ply € X: [IP(i) = I ()| < p} < C- Zini(p)-
0

We use the self-affine transversality condition in order to derive the following
inequality, towards finding a lower bound for the Hausdorff dimension.

Lemma 3.4. We have that for all non-integral t € (0,d) and for any i,j € J,

/ I )P < ot

¢'(Ting)
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Proof. We can write

o0

/EX [I(3) — IV ()" dP = t/ P{y € X: [IP(i) — I’ (j)| < p}p~"""dp.

p=0

Thus, by the self-affine transversality condition, (5), it is enough to show that

ooZi- “ldp < ¢ )
/p:() /\J(p)p P> ¢t(/]v]/\])

Let k& be such that £ — 1 < ¢t < k£ and write

0 g -
/ Zing(p)p™" " dp = / Zins(p)p~" " dp + / Zini(p)p~' " dp.
p

=0 p=0 p=ag

We begin by dealing with the first integral. For each ¢ > k + 1 note that p < «;
) i—1p
implies that —£— = T L

o
1...Q4 al...ai,la—? 1.0

i—1

since p < ; < o% < 1. Since a; 41 < p <
implies that p < «; for all k —li- 1 <5 < it follows that

oF

Zi . < -
/\J(p) ap...0L

for all p < ay. Inserting this into the first integral we get

/ak Zinj(p)p~Hdp < /ak LP_H dp = L[041 o Y
p=0 ) pzoal...ak k_t k

11
k=t (Ting)

Next, we move onto finding an upper bound for the second integral,

& Q1 0o
/ Zi/\_j (p)p—t—l dp = / Zi/\j(p)p_t_l dp 4+ / Zi/\j(,O),O_t_l dp
g p

= =0

1, _
;(al "—ag")
1 1 _ _
+ t——la_l(oé o)
b ey oy
+ t—2a1a2(a3 ;")
1 1
+ (b1t _ b=t
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Noting that the second term in each line will always be greater than the first term
in the previous line, we use a diagonal argument to deduce that

o 1 1
Zini —t-14, < k—1—t
/P:ak /\J(p)p P t+1— k a1 ... 01 (ak )
1
— m(aloZQ Ofk; 1OZt k+1)
1 1
Tt 1 ko' (Ting)
Thus we get
o 1 1
Zinj(p)p~ " dp <
It G0+ 1R 9T
where clearly m is independent of i and j, which proves the result. U

Lemma 3.5. Consider the self-affine IF'S of the form (1) and attractor AY as in
Definition 1.7. Then P-almost surely dimy(AY) > d(Ty,...,T,).

Proof. We use the potential theoretic characterisation of Hausdorff dimension.
Let t < s < d(Ti,...,T,) be chosen such that ¢t ¢ Z. We need to show that there
exists a finite measure p supported on J, such that for P-almost all y € X,

//.. I (1) — IV (§)] " dpa(i) dp(§) < o0
(1,§) €Joo X Joo

Equivalently, we need to show that the triple integral

/ // II¥ (i) — I ()|~ dpe(i) du(j) dP(y) < oo
yeX (i,J)€Joo X Joo

Take p that satisfies Lemma 3.1. By Fubini’s theorem and Lemma 3.4 it suffices to
show that the following is finite:

//@ewm /yex ¥ (1) — I (§)| = dP(y) dpa(i) dpa()
- C//@7j>eJoowa m dp(i) du(j)-

Rewriting iAj = w and recalling that the measure p was chosen to satisfy Lemma 3.1,
we get that the above is equal to

= st s S

k0|w|k

1
(©) > S L) gy

k=0 |w|=k

\_/

k0||k

Now, we use some properties of the singular value function to bound this above.
Choose a, b such that for all ¢ € {1,...,m} we have

O0<a<ayT;) < ---<a(l;) <b< 1.
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In particular, since the singular value function is submultiplicative it follows that for
all finite words i € J,, we have

(7) ¢*(T) = ¢*(Tiy 0--- 0 T;,) < ¢*(Ty,) - - - ¢°(Tp,) < o™ = bl

Secondly, note that since for any s, h > 0 and matrix T we have ¢*™(T') < ¢*(A)a(T),
then dividing this through by ¢*(T), fixing h = s —t > 0 and 7' = T, we get that

(bS(Tw) _ QSH_(S_t) (Tw) s—t w|(s—t
(8) T - () < as7YT,) < plle=D

by (7). We put this into (6) to get

S S pllel)o (L) s < e 33wl

k=0 |w|=k k=0 |w|=k

since b*~' < 1 whenever s > t thus this geometric progression converges. Since
we can put ¢ arbitrarily close to s which in turn we can place arbitrarily close to
d(Th,...,T,,), by the potential theoretic characterisation of Hausdorff dimension it
follows that dimg(AY) > t for any non-integer t < d(T,...,T,,), in other words,
dlmH(Ay) 2 d(Tl, ce ,Tm). [

Lemma 3.6. Consider the self-affine IF'S of the form (1) and the attractor AY
as in Definition 1.7. If d(T},...,T,,) > d, then for P-almost all y then A\s(AY) > 0.

Proof. Let IIYp be the natural projection of the measure p defined in 3.1. It is
clearly enough to show that IIYu is absolutely continuous with respect to A\; for P-
almost all y. We follow a standard approach (introduced by Peres and Solomyak in
[PS]) to show absolute continuity of II¥y for P-almost all y. In particular it suffices
to show that

I _/ /hmmf d(x ) 1Y e dP(y) < oo
By Fatou’s lemma
I< h:gl_)lnf—/ / ) dIY n dP(y)
~ gt [ // Yooy (@) dLE () dIE () dP(y)
—timint 5 [ ] X6 10910 dui) et AP(y)

< limof // Ply € X: |IF(i) — ¥ (§)| < r} dp(i) duGi)

by Fubini’s theorem. Next note that by definition

Zini(p) = H min{p, ai(Tirj) } < ol

ar(Ting) = a1 (Tipg) - - - ca(Ting)

k=1



784 Thomas Jordan and Natalia Jurga

so that by Lemma 3.3,

Td

P{y cX: |HY(i) — Hy(J)‘ < T} <(C- al(ﬂAj> .. 'ad({Ti/\j)'

Thus

I < Climinf — // dpe(i) dpa(j
m it o (Tog) ad(TW) (i) dpa(j)

<CZZ’Z 253> d

k= 0\ |=k k=0 |w|=k
<c w]) < c’CZ A ()
k=0 |w|= k k=0 |w|=Fk

by the choice of p in Lemma 3.1 and by (8). Thus I < oo since s > d. This proves
the result. U

Proof of Theorem 1.8: This is a direct consequence of Lemmas 2.6, 3.5 and
3.6. O

4. Comments and questions

We conclude this note by making a few comments about possible extensions of
this work.

1. In Theorem 3 in [JPS] a result on the dimension and absolute continuity of the
projection of an ergodic measure from the shift space is considered. The same result
should hold where the random perturbations are distributed independently according
to a measure n satisfying Definition 1.6.

2. The conditions on 7 in Definition 1.6 can be relaxed if a different model of
randomness is used. If rather than allowing each term y;, ;. , to be distributed
according to n we assume that v, i, . = Yo, .., Whenever i,,_; = j,_1 we can
relax the conditions on 7. In particular this means that the condition on 7 required
is that for all @ < 1 we have >.°2 mn{y € R%: |Jy| > 67"} < oo and thus we can
consider distributions with a much weaker condition on the rate of the decay of the
tails than in Definition 1.6. This comes from the fact that with this new model we’ll
have that if A,, is defined as in the proof of Lemma 2.1 then

P(A,) <mn{y € R": |y| > 07"}

since there are only m distinct perturbations on the n-th level, and, for the Borel-
Cantelli argument to work we need the infinite sum of probabilities Y>>, P(A,) to
be finite.

3. In [F3| generalised dimensions of self-affine measures with random perturba-
tions are considered. The random perturbations in this paper are defined in the same
way as in [JPS|. It should be possible to extend the results in [F3] to non-compactly
supported perturbations satisfying the assumptions in Definition 1.6.
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