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Abstract. For p > 1, the p-integrable Teichmiiller space is the metric subspace of the Teich-
miiller space composed of the Teichmiiller equivalence classes with p-integrable Beltrami coefficient.
In this paper, for p > 2, we introduce a complex structure on the p-integrable Teichmdiiller space of
an arbitrary Fuchsian group satisfying a certain geometric condition. As an application, we show
the coincidence of two canonical distances on the metric subspace.

1. Introduction

Let I' be a Fuchsian group acting on the unit disk A = {|z| < 1} of the complex
plane C and Bel(I") be the open unit ball of the Banach space of measurable (—1,1)-
differentials on A for I with finite L*°-norm

[#elloo = ess sup [p(z)].
z€EA

Here a function g on A is a (—1, 1)-differential for I' if

~
(no 7)? = p

for every v € I'. Each element of Bel(I") is called a Beltrami coefficient for I". For
w, v € Bel(I'), p is Teichmiiller equivalent to v if
(1.1) floa = f"loa
where f# is the quasiconformal self-mapping on A with Beltrami coefficient p and
fixes 1,7 and —1. The Teichmiiller space T(I") of T" is the quotient space of Bel(I") by
the Teichmiiller equivalence relation. Let @ be the quotient map of Bel(I") onto T'(T")
and [u] be the Teichmiiller equivalence class represented by u € Bel(I"). Especially,
the Teichmiiller equivalence class represented by the zero function on A is called the
base point of T'(I'), denoted by 0.

For p > 1, a Beltrami coefficient p € Bel(I") is p-integrable if p has a finite
hyperbolic LP-norm

(12) = ] o dxdy)l,

where N is a fundamental region on A for T and p(z) = (1 — |2]?)~! is the Poincaré
metric on A. Let Ael”(I") be the set of p-integrable Beltrami coefficients. A Teichmiil-
ler equivalence class T € T'(I) is p-integrable if T has a p-integrable Beltrami coefficient
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as its representative. The p-integrable Teichmiiller space TP(I") of T is defined as the
subset of T'(I") composed of p-integrable Teichmiiller equivalence classes.

Let A* be the exterior of A in the extended complex plane C. It is known that
for every Fuchsian group I', T'(I") has a complex structure modeled on the Banach
space B(I') of holomorphic quadratic differentials on A* for I" with finite hyperbolic
L*>°-norm

@l = sup |(2)]pu(2)72,
ZEA*

where p,(2) = (]z|*> — 1)7! is the Poincaré metric on A*. This fact results from a
homeomorphism of T'(I') into B(I') called the Bers embedding. In this paper, we
prove that the p-integrable Teichmiiller space TP7(I") has a complex structure if p > 2
and I' has a certain geometric condition.

Let AP(T") be the Banach space of holomorphic quadratic differentials on A* for
I' with finite hyperbolic LP-norm

(13) el = (] tetao o deay)’

Here N* is a fundamental region on A* for I'. What we have to show is that the
Bers embedding is a homeomorphism of TP7(I") into AP(I"). We prepare for the proof
in Section 2. Specifically, we characterize each point of TP(I") by its Douady—Earle
extension, which is a quasiconformal self-mapping on A with conformal naturality
(see [6]). Originally, Cui [5] proved this result in the case of 7%(1) and Tang [20]
extended it to TP(1) for p > 2, where 1 = {ida} is the trivial group. In the proof, they
applied the Dirichlet integral of harmonic self-maps on A obtained by the Poisson
integral (see [4]). We extend their arguments to the case of every Fuchsian group
by combining the invariant formula of the Bergmann kernel and a partition of the
integral in A, that is,

(1.4) //A---dxdyzszm---dxdy.

vel’

In Section 3, we prove the continuity of the Bers embedding 5: T?(I') — AP(T").
The proof is composed of two steps. One is to compare between the distance on
Ael?(T") induced by norm (1.2) and the one on S(7%(T")) induced by norm (1.3). The
other is to show the continuity of the self-map of Ael?(I") that maps each p € Ael”(T)
to the Beltrami coefficient of the Douady—Earle extension with boundary value f*|ga.
In Section 4, we show the continuity of the inverse map ! by the similar way to
the whole space T'(I'). Indeed, we construct a local continuous section for each point
in (TP(I")). For the proof, we need to assume the geometric condition for I' we
mentioned previously.

In Section 5, we introduce the right translation map for each point 7 in the
Teichmiiller space, which is a homeomorphism between two Teichmiiller spaces and
switching 7 to the base point (see [16], Chapter V.5.4). It is shown that the right
translation map for each point of T?(I") is a biholomorphic map, which is used in the
next section.

As an application of the main result, we will prove the coincidence of two canon-
ical distances on T?(I') in Section 6. One is the Teichmiiller distance, which is the
distance proper to the Teichmiiller space. The other is the Kobayashi distance, which
is defined on complex manifolds and a generalization of the hyperbolic distance on



Introduction of a complex structure on the p-integrable Teichmiiller space 949

A. Tt is known that for every Fuchsian group I', the Teichmiiller distance on T'(T")
coincides with the Kobayashi distance, which is proved by Gardiner [10]|. Earle, Gar-
diner and Lakic [8] proved that the Teichmiiller distance coincides with the Kobayashi
distance on the metric subspace of all Teichmiiller equivalence classes represented by
asymptotically conformal maps. Hu, Jiang and Wang [13] showed this result more
directly in 7'(1). In connection with these facts, the author [21] gave a sufficient
condition for a metric subspace of T'(1) under which the Teichmiiller distance on
the subspace coincides with the Kobayashi distance. We will extend this result by
using a certain exhaustion for non-compact Riemann surfaces, which is used in the
triangulation of them.

2. Characterization of T?(I') by Douady—Earle extensions

Throughout this paper, we always assume that p > 2 without any special men-
tion.

In this section, we characterize each point of T?(I') by the p-integrability of
the Beltrami coefficient of its Douady-extension. First, let us explain about the
Douady-Earle extension. Let h be a sense-preserving homeomorphism of dA. The
Douady-Earle extension w = E(h)(z) is defined by the equation

1 h(t) —w 1 —|2]?
Wz w) = o /M T—an() o [ =0

This extension has the conformal naturality, that is, for any two Mobius transforma-
tions g1, go preserving A, it follows that

(2.1) E(giohogy) =g10E(h)og,.

If h is quasisymmetric, then E(h) is a diffecomorphism and a quasiconformal self-
mapping on A. Hence for 7 € T(I') and u € 7, E(f*|oa) is a quasiconformal
self-mapping on A. By the definition of the Teichmiiller equivalence relation (1.1),
the map E can be regarded as the map on T(I'). We rewrite E(f*|oa) as E(7).
Furthermore, the conformal naturality (2.1) implies the Beltrami coefficient o(7) of
E(7) is a (=1, 1)-differential for I". Then o(7) is a representative of 7. The Douady—
Earle extension has an effective estimate of its Jacobian, which is used many times
in this paper.

Proposition 2.1. (6, 21| Let K > 1. There exists a constant Cy,Cy > 0 depend-
ing only on K such that for every z € A and every K-quasiconformal Douady—FEarle
extension f,

< (10f ()] = 0f (2)])p(f(2))
< (10f(2)] +10f (2)])p(f(2)) < Cap(2).
Douady—Earle [6] proved this proposition first and the author [21] gave another

proof. Proposition 2.1 implies that there exists a constant C' > 0 depending only on
K such that for any z € A and any K-quasiconformal Douady—Earle extension,

(2.3) Tr(2)p(f(2))* < Cp(2)*,  Jp(2)p(f~1(2))* < Cp(2)?,
where J; is the Jacobian of f.

(2.2) Cip(2)
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Before the proof of the characterization of TP(T"), let us define some notations.
For 7 € T(I') and p € 7, let

[T=T"={y=floyo(f")'|yel}.
By the definition of the Teichmiiller equivalence relation (1.1), it follows that I'* = I'”
for any pu, v € 7, which implies I'” is well-defined. Hereafter, we use these represen-
tations properly depending on the situation. Let p~! be the Beltrami coefficient of
(f*)~! and 77! be the point of T'(I'") represented by p~*
Given w € A arbitrarily. Let v*(2) = (2 —w)/(1 —wz) and H" be the harmonic
map on A with boundary value v o f#|sa for u € Bel(I') and

D(H") = //A (OH" () + |BH(2)[?) dx dy

be the Dirichlet integral of H™.
As the first step of the characterization of TP(I"), we show the following proposi-
tion.

Proposition 2.2. Let 7 € T(T') arbitrarily. If 7' belongs to TP(I'"), then
o(7)™! belongs to Ael?(T'7).

Proof. Assume that 771 € TP(I'"). Then there exists v € 77! such that v belongs
to Ael’(I'"). It follows from the proof of Theorem 2.1 in [20] that

w LG d§ dn

D) =yl < 2 [ P S,
[1—w(]*

where s = p/2 and C3 = (2r/(1 — ||v[|2))%. Set Q = E( )(IV). Recall that N is

a fundamental region on A for I'. Then Q becomes a fundamental region on A for

7. Let K(¢,w) = (1 —w()™* be the Bergman kernel on A. By formula (1.4) and

the invariant formula of the Bergman kernel valid for all M6bius transformations, we
have

//A|V(C)IPIK(C,w)Id§dn: 3 // (O PI K (¢, w)| de diy

Hence by Fubini’s theorem and formula (1.4) again, we obtain that

/ (D(H") — m)*p(w)? du dv

// v (// |K(z,w)|dudv) dz dy = Cs]|v|]%.

Since o(7) € Bel(T), o(7)~! belongs to Bel(I'"). It follows from the proof of The-
orem 1 in [5] that there exists a constant Cy > 0 depending only on ||o(7)||o such
that

(2.4)

() )] .
T o) T(up = APED =
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for every w € A. By inequality (2.4), we obtain

lo(r) =1k < // <1_ o(r ()‘2)|2)Sp(w)2dudv

< 04/ D(H") — 7)*p(w)? du dv < C3Cyllv[h) < oo.

Therefore o(7)~ € Ael?(T'7). O
The next lemma means the relation between o(7) and o(7)™! in p-integrability.

Lemma 2.3. For every 7 € T(T), o(7) belongs to Ael’(T") if and only if o (7)™
belongs to Ael?(I'7).

Proof. Assume o(7) € Ael”(I'). By inequality (2.3), it follows that

// (N (w)|Pp(w)? du dv
N // |0(7) " (E(7)(2)Pp(E(7)(2))* () (2) dz dy
< C/ o (7 V2 dx dy < oo.

Thus it follows that o(7) € Ael?(I"). By the similar computation, the converse clearly
holds. O]

Let us show the main result in this section.

Theorem 2.4. Let p > 2. For every 7 € T(I'), the following three conditions
are equivalent:

(1) 7 e T7(I);

2) 7! e )

(3) o(7) € AelP(T).

Proof. Tt is sufficient to show that condition (1) implies condition (2). Assume
that condition (1) holds. Noting that (77!)~! = 7, o(771)~! belongs to Ael’(T") by
Proposition 2.2. It follows from Lemma 2.3 that U( 1) belongs to Ael?(I'"). This
implies that 77! € T?(T7). O

3. Continuity of the Bers embedding

In this section, we show the continuity of the Bers embedding § of T?(I") into
AP(T"). Let us introduce a topology in Ael”(I") by the norm || - |l = || - llp + 1| - [|co-
Define a distance on 7%(I") as

e € @ () N Aelp(F)}
2

lp,oo(I') (11, 2) = inf { Hﬁ

p,o0

for 7, € TP(I") (k = 1,2). We abbreviate ¢, (I') as £, ~ unless pointing out the
difference between Fuchsian groups. The proof of the continuity of 4 has two steps:
One is that the hyperbolic LP-norm of the Bers embedding can be estimated from
above by that of o and the other is that the map o: (T7(I'), £y o) — (Ael?(I), || {/p,00)
is continuous.
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Let us prepare for the proof. For i € Bel(I'), we extend p to a measurable
function on C by setting 0 on A*. Let f, be the quasiconformal self-mapping on C
with extended p satisfying
(3.1) lim (f.(2) —2) = 0.

Z—00

If f is a conformal map in an open neighborhood D of co and fixes oo, then f has a
power series expansion

aq (45}
(3:2) fz)=Az+ao+—+ 5+

for z € D. Since f, is conformal in A* and satisfies condition (3.1), f, has a series
expansion
by | by
3.3 = 24
(33) fe) =t 42
for z € A*.
Let S, be the Schwarzian derivative of f,|a-, that is,

" / " 2
6 o (fﬂ<z>) B (fu(Z))
" L)) 2\ fi2)
for € A*. The map ® : p — Sy, is called the Bers projection of Bel(I') into B(I").
It follows that the Teichmiiller equivalence relation (1.1) is equivalent to f,|a- =
fvlas. Thus ® can be projected to the map T'(I") into B(I"), which is called the Bers
embedding.

Astala and Zinsmeister [2] showed an integral expression of Sy, . We extend this
result.

Lemma 3.1. For every u,v € Bel(1), let Q = f,(A), Q* = f,(A*). Define two
Mobius transformations as
(L OF = D ®) (I OP —DAS@)

T ey T "

for t € Q*. Then

_ 6 e (@Y 5
Sporet 0= =200 (g f[L 2000

where G = ko f,o f, ' o) and po- = (p. o f;1)|(f,')| is the Poincaré metric on §2*.

Proof. Let f = f,,g = f,. Since f and g satisfies condition (3.1), the composite
map f o g~ ' also do so and has a series expansion of form (3.3). The function G is
said to be the Koebe transformation of f o g=!. We claim that G has a power series
expansion

C1 (&)
(34) G(Z)ZZ—‘I_CO_'_;_'_;—‘F"'

for z € A71(Q*). Indeed, since G is conformal in A™'(2*) and fixes oo, G has a power
series expansion of form (3.2). From a simple computation, we have

w—1t

1e) = o VO 70 ( o= )
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where w = A\(z). Since w tends to t as z to oo, it follows that

A=lim G'(z) = (fog™ ) () (fog ) () =1,

Z—00

and our claim holds. By Pompieu’s formula, it follows that

) _
G(2)—z—c=—— // 9G(w) du dv,
T )\—1(9) w—z
Then we have

// w)dudv = lim z // du dv
1(Q Z—r00 ’Uj

= —7 lim z (G'(z) — ) = 7¢; = —~ lim 21Sa(2).

Z2—00 Z—00

This implies
Stog-1(t) = lim Sg(2)N(2)~2

Z—00

1 4
= 0P~ 1%g(s 1< e = 5a(2)

6 2 g / //
= —— * |:|
7for () <| (97) ) A1 w) dudv.

Let us show the first step to the main theorem in this section.

Proposition 3.2. For every 1,75 € TP(I'), there exists a constant C' > 0
depending only on ||o(71)||s and ||o(72)||oc such that

o(r) —o(m)

1—o(m)o(r)

(35) 18(71) = B(m)llp < C7

p

Proof. Given 1,75 € TP(I') arbitrarily. Let u = o(m) and v = o(72). By
Theorem 2.4, it follows that v € Ael’(I'). Set f = f,, g = f,, ' = g(N), F* =
g(N*), Q2 = g(A) and Q* = g(A*). Then we have

18(r) — B(r)[l2 = // 1S7(2) — 8, ()Ppu(2) 2 durdy
- / 15597 (w)) — 8,97 (w))Ppu (g™ ()| (g ™Y (w) P du
/ S pog1 (W) per ()2 du s,

where po+ = (p. 0 g7 1)|(g71)| is the Poincaré metric on Q*.
Take t € F* arbitrarily. It follows from Lemma 3.1 that there exist two Mo6bius

transformations K, A such that
// Q) g
I

|Sfog*1( = —PQ
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where G = ko fog lo\ If we set s = p/2, then by Schwarz’s inequality,

(D) 1800+ (1)Ppe 1 —‘/A Q) dedn |
(ﬂllﬁm%%@(ﬂ o).

Since G is conformal on A™*(€2) with condition (3.1), it follows from the Area Theorem

that
// Jo(C)de dn < 7.
A-1(9)

By Hélder’s inequality, we have
() 18 e O (1) < = (//ﬂ_‘*ﬁwﬁ”)';)P\wl)’(w)ﬁdudv)s
(// TP e T i o)
<o (] (i) i) (L)

where o is the Beltrami coefficient of f o g~!. Note that « is the Beltrami coefficient
for 'y = {7, = goyog |y € I'}. It follows that F is a fundamental region on 2 for
I'y. Hence § has a partition Q2 = J, ., 7,(F) and it follows that

(3.6) // rdrdy =) // o odx dy.

Yg€l'y

p

Moreover, there exists the following estimate (see [17], Section 3.4.5):

(3.7) // |Z“_d”|4 < 16mpo- ()2

By the identity
Y(wn't) 1

(v(w) =y()?  (w—1)*

valid for all Mobius transformations, we have

24P 2 S dud
|Sfog1<t>|ppm<t>2-2pém// (1—|a | ) \wu—§4

_ A Ja(74(Q)) 2 ) R

167 Z // <1—|a (VN2 |7e(C) — t]* §dn

-t () (3 i) e

vg€l
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Since (2 is the exterior of *, we can change the role between 2 and Q* in formula
(3.6) and (3.7). Then we have

||B(T1 7—2 ||p_/ |Sfog pQ*( )2 2pdudU
vg )I
Z L= d¢ dn | dx dy

<o J. UL (P >|2)S

167r// <1—Ia |2|2> <// cdgidy )dgd”
<o | ( |2)S,og<<>2d5dn

where pq is the Poincaré metric on (2.
Since g = f, = (f, o (f¥)™') o f¥ and f, o (f¥)! is a conformal map of A onto

Q, it follows that
palg(w))*Jy(w) = p(f"(w))*Jpe (w).
By inequality (2.3), we obtain

palg(w))*Jy(w)? dudv,

24C"

1= {lf%
This proposition and Theorem 2.4 implies where S(77(I")) is contained.
Corollary 3.3. g(7%(I')) C p(T(I")) N AP(T").

Proof. For every T € TP(I"), B(7) belongs to (T (I")) clearly. It is sufficient to
show g(1) € AP(I"). By substituting 77 = 7 and 7 = 0 in inequality (3.5), it follows
that

18(71) = B(72)llp <

=
L —pwif,

1B < Clla(T)llp-
From Theorem 2.4, ||o(7)]||, < oo and the corollary holds. O

We prepare for the proof of the continuity of o.

Lemma 3.4. Let i € Bel(I') and {y,,} be a sequence of Bel(I') converging to p.
For0 <r <1,set A, ={|]z| <r}, N, =N\A,, Q. = E([u,])(N;). Then there
exists a positive function s;(r) with s1(r) — 1 as r — 1 such that

tn(r) = s1(r)
for all n > 1, where t,,(r) is the Euclidean distance between 0 and
Fn,r - U 7“”(Qn7r)-
—y#nerun
Proof. Let Q, = E([u])(N,) and t(r) be the Euclidean distance between 0 and
Ey = U uern v#(§%). Note that both #,(r) and #(r) are increasing functions from

the interval (0,1) to itself and tend to 1 as r — 1. By conformal naturality (2.1), it
follows that

Yo E(f"loa) = E(f"[aa) -
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Then we have

F, = J E(u) (W),

yer
By the similar computation, the equality

Foo= |J E(m)O(N)

—yI»Ln el'bn

also holds. These expressions imply that there exist w, w, € N, NOA, and 7,7, € T

such that
|E([u)) (y(w))| = t(r), [E([1n]) (v (wn))] = ta(r),

respectively. By taking a subsequence, we can assume that either ¢,(r) > ¢(r) or
tn(r) < t(r) holds for all n > 1. When ¢,(r) > t(r), it follows from the definition of
tn(r) that

0 <tn(r) = t(r) < |E([ua])(v(w)] = [E([)) (v(w))] < sup [E([pn]) (w) — E([p])(w)].

weA

By the similar method, the inequality
0 < #(r) = ta(r) < sup [E({un])(w) = E([u)(w)]
holds when t,,(r) < t(r). Then we have

sup [tn(r) = 1(r)] < sup | E([n]) (w) = E([u])(w)]

Since E([uy]) converges to E([p]) uniformly on A as n — oo,
(3.8) ta(r) = t(r)

uniformly in r as n — oo. Let us show t,(r) converges to 1 as r — 1 and n — oc.
Take € > 0 arbitrarily. Since ¢(r) converges to 1 as r — 1, there exists a real number
ro € (0,1) such that 1 —#(r) < 5 for r > ro. By the result (3.8), there exists a
number ng € N such that sup,¢ 1y [tn(r) —t(r)| < 5 for n > ng. Hence we have
1—tn(r) <1—t(r)+ sup [t,(r) —t(r)| <e

re(0,1)
for r > ro and n > ng. This implies that
(3.9) to(r) — 1

asr — 1 and n — oo.
Set

s1(r) = #(r) = sup [ta(r) — ¢(r)]

We prove that s; is the desired function. It clearly follows that s;(r) < t,(r) for all
n > 1, and it is sufficient to show that sup,,cn |tn(r) — £(r)| converges to 0 as r — 1.
For any ¢ > 0, it follows from the definition of ¢(r) and the result (3.9) that there
exist numbers r{ € (0,1) and nj € N such that

1—t(r) < g 1—t,(r) <

DN ™

for r > r{ and n > nj. Then we have

(3.10) [ta(r) —t(r)| < (1 —t(r)+ (1 —t,(r)) <e¢



Introduction of a complex structure on the p-integrable Teichmiiller space 957

for r > r{ and n > ny,. By taking a subsequence, we can assume that the inequality

3.10) holds for all n > 1. Hence sup to,(r) —t(r)| converges to 0 as r — 0 and
neN

the lemma follows. O

Now let us show the continuity of o.

Proposition 3.5. The map o is a continuous map of (T?(I"), £,, ) into (Ael?(T"),
I+ llp.co)-

Proof. We use the notations in Lemma 3.4. Let ¢ = 0 o w. Recall that w is the
quotient map of Bel(I') onto T'(I"). Since £, ~ is the quotient distance induced by
|| - ||p.ccs it is sufficient to show that & is a continuous map of (Ael?(I"), || - ||5.00) into
itself.

Take p € Ael?(I") arbitrarily. Let 0 < k < 1, k" > 0 with

litlloo <Ky [lpally < ¥
respectively, and let {u,,} be a sequence of Ael?(I") converging to p in Ael”(T"). Since

(3.11) ttnllos < K, Nlpnlly < ¥

for sufficiently large n, we can assume that this condition holds for all n > 1.

For 0 <r <1, set
0= [ Wl ddy
Ny

Before we show the continuity of &, we estimate €5(,,)(r). By inequality (2.3), it
follows that

(3.12) ot (1) < C // 6 (1)~ (w)p(w)? du do,

where C' is a constant depending only on k. Set v, = ¢(u,;')"!. Noting that v, is
Teichmiiller equivalent to p,, we have I'’* = I'** and 6(p,,) = (v,). From the proof
of Theorem 2.4, there exists a constant Cs > 0 depending only on k such that

W\ dxdy
// & (v) " Hw) [Pp(w) dudv<C’5// (// (1—|1/—1 ) T—wap du dwv,

Where s = p/2. Let Q, = E([un))(N). Smce (2, is a fundamental region for I'*" =
[ it follows from the similar computation in the proof of Theorem 2.4 that

// (// (1—|y—1 |2|2)8 |1dfiyz|4) dudv
//n <1—\u—1 |2|2) (// \1dfiz|4> de dn
- (1—||V1‘1||2 5//n|w?1 (//A\At . |1dfﬁ|4> de dn

LD — LY
- ey L o 0P M) dedn

Here the last equality follows from the identity

d:lfdy B (1 _ 7’2)(1 . 762|C|4) ,
//A\Zr' |1 — ZCH o (1 _ T2K|2>2 p(C) )
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which holds by Parseval’s identity. We divide the domain §2,, of integration into €2, ,/
and Q, \ Qv = E([11,]) (N N A,.). The first term implies that

Ly () — tn(T)Q\d
//QM, v, (Q)] (1 — ta(r2CP2)? dgdn < // |y dﬁdn
Set the last term as €,-1(r’). On the other hand, it follows from Lemma 3.4 that
(1 — t"(r)2)(1 - tn(r)2|<|4) 2
// 0 (0~ taricpy P
1+ |¢P 14 M,(r')2
(1= s // e 0o e dn < PR g1 — 07,
where
M, (r') = max{|z| | z € E([ua])(N N OA)}.
Set

M(r') = max{|z| | z € E([u])(N N 0A.)}.
By the similar argument to the proof of Lemma 3.4, the function

L(r') = M(r') + sup | M (r) — M (r')]

is less than 1 for the real number 7" € (0, 1) sufficiently close to 1 and
(3.13) M, (r") < L(r')

for n > 1. By Proposition 7 in [6], there exists a constant 0 < ¢ < 1 depending only
on k such that

(3.14) 17 oo = 15 (1 )l < €

Moreover it follows from the proof of Proposition 2.2 that there exists a constant
Cs > 0 depending only on £ such that

(3.15) vl < Collpall,
By inequalities (3.11), (3.13), (3.14), and (3.15), we have

// B (1Y) (w)|Pp(w)? du dv

~ 14+ L(r Py

Let us estimate 55_(%1)(7” ). By using inequality (2.3) again, it follows that

(3.17) Enn( <C//, ()~ (w) P p(w)? du do.

Similarly to the way to obtain inequality (3.16), we have

//, 5 () ()P p(w)? du do

1 + ,,,,/12

< ey (W”> F T =),

(3.16)

(3.18)




Introduction of a complex structure on the p-integrable Teichmiiller space 959

where 7 € (0,1) and s2(r’) be the distance between 0 and (J, o v(N,). Finally, we
estimate €, (r").

(3.19) () // (2)] + lan(2) — )P p(2)? dz dy

=2 1 (u(r") + Ml — ll3)-

Now let us show the continuity of &. Since & is continuous from (Bel(I'), || - ||o0)
into itself (see [6]), it is sufficient to prove &(u,) converges to &(u) in hyperbolic
LP-norm. For every ¢ > 0, take r € (0, 1) with

2;0—1005 9
P E——— < —.
a2 ) <3

For such 7, there exists a real number 5 € (0, 1) such that

~

kpl—s r <
(1—k2)51—r2 (1= s2(r2)7)

Then it follows from (3.17), (3.18) and (3.19) that

CC
55(“;1)(7’2) < (1_7152)5 (8“,1(7"1) +

1+7?2

]{7 (1 — 82(7’2)2))
CCs
<&+ mnﬂn — pllp.
Set e = (2PT2CC5¢’) /(1 — ¢?)®. For such g, there exists a real number r3 € (0, 1) such
that
CC5 1+ L(’/’g)
(1—=c?)*1— L(ry)?
for r > r3. By (3.12) and (3.16), we have
CC 1+ L(r
€5 (un) (1) < ﬁ (Eé(unl)(@) + ﬁcpk'p(l — s1(r )2))
< o Tl
o+ (1= k2)s(1 — c2)s Hm T Al

) 5
sCeR(1 = s1(r)7) < BYESE

By the similar method, there exists a real number r, € (0,1) such that

£
E&(l/«) (T) < ﬁ

for r > ry. Take max{rs,rs} < ro < 1. Recall that p, converges p in || - ||p.0o and
that & is continuous in || - [|». Hence for such rq, there exists a number n,, € N such
that

~ ~ €
Area(N N A |6 (pn) = 5 ()% <

for n > n,,, where Area(N N A,,) is the hyperbolic area of N N A,,. On the other
hand, there exists a number n’ € N such that
21022 p €
Ns ) s||:un_/J“||p< e
(1 —k2)5(1 — ¢?) 4
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for n > n'. Set ng = max{n,,,n’}. Therefore we obtain

|wwm—&wm$:(%%+[me>wwm@»—ﬂmuwma%M@

< 2 (€ (10) + €50 (70)) + Area(N 1 Ay} 5 (an) = 5 (1) [1%

5 C*Cz 5
<27 (= - n—ulP )+ - <e.
(5 + gyl — ull) + 5 <o
for n > ng. Since ¢ is taken arbitrarily, the proposition holds. ([l

By Proposition 3.2 and 3.5, we obtain the main result in this section:

Proposition 3.6. Let p > 2. Then the Bers embedding is a continuous map of
(T*(I'), £p,o) mto (AP(L), [| - [|p)-

This proposition implies that the Bers projection ®: Ael”’(I') — AP(T") is a con-
tinuous map.

Remark. Recall that 1 is the trivial group. For every Fuchsian group I', Bel(T")
and B(I") are contained in Bel(1) and B(1), respectively. By this fact, we can apply
the proof of the continuity of the Bers embedding on the universal Teichmiiller space
T(1) to the case of T'(I') (see Theorem V.4.8 in [16]). However, we cannot take
the similar way for p-integrable Teichmiiller spaces in general. Indeed, Ael”(I") and
AP(T") are contained in Ael”(1) and AP(1), respectively if and only if I' is a finite
group. Hence Proposition 3.6 is a non-trivial result for every Fuchsian group with
infinitely many elements.

4. Continuity of the inverse map of the Bers embedding

In this section, we prove the continuity of the inverse map of the Bers embedding.
Note that some results in this section holds for p > 1. We apply the argument in
the case of the whole space T'(I"). In other words, for every ¢ € 5(T(I")), there exist
a open neighborhood U, of ¢ and a continuous map s, of U, into Bel(I') such that
f~t=wos, on U, (see Chapter II1.4.2 in [16]). In the proof, the following result is
used:

Proposition 4.1. [1] Let A be a K-quasidisc and ps be the Poincaré metric
on A. Then there exists a constant € > 0 depending only on K, such that every
meromorphic function f in A with the property

19714 = sup [S7(2)lpalz)* < e

is univalent in A and can be extended to a quasiconformal mapping of C whose
complex dilatation p satisfies the inequality

1 B .
(4.1) ()] < SISy ($(w))lpa(®(w)) ™ (w e C\A).
Here 1) is a quasiconformal reflection in 0A, continuously differentiable in A and
G\ A
Let us explain about some notations in this proposition. A K-quasidisc is the

image of A by a K-quasiconformal mapping. Let ¢ be a Jordan curve bounding
the domains A; and As. A sense-reversing quasiconformal involution of the extended
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complex plane C which maps A; onto Ay is a quasiconformal reflection in c if it keeps
every point of ¢ fixed. From [1], for every K-quasidisc A, there exist constants ¢, ¢y >
0 depending only on K and a c¢j-quasiconformal reflection ¢ in A, continuously
differentiable in A and C \ 4, such that

dy(2)
dz
at every point z € A. This fact is used in the proof of Proposition 4.1.

The next proposition means that we can compare two norms || - ||, and || - ||o
under a geometric condition for I'.

<C2

Proposition 4.2. Let p > 1 and I' be a Fuchsian group acting on A. If the
infimum (¢ of the lengths of all simple closed geodesics in the Riemann surface A/T’
is positive, then there exists a constant C, = C,(¢) > 0 depending on p and ¢ such
that

(4.2) el < Cllellp
for all ¢ € AP(T"). Especially, AP(T") C B(T).

Proof. By Theorem 1 in [15], it follows that inequality (4.2) holds for p = 1.
The main theorem in [19] says that if inequality (4.2) holds for some p > 1, then the
inequality also holds for every p > 1. Hence the proposition follows. O

Let us call this geometric condition for I' Lehner’s condition. We list some ex-
amples of Fuchsian groups with respect to Lehner’s condition.

(1) If T is a lattice, that is, if some Dirichlet region for I" has a finite hyperbolic
area, then I' satisfies Lehner’s condition clearly. In this case, AP(I") coincides
with B(T").

(2) If I is a finitely generated Fuchsian group, then I' satisfies Lehner’s condition.
Indeed, the number of hyperbolic generators in I' is finite. Then there exists
a minimum of the traces of such elements, and its value is greater than 2.

(3) If T is an infinitely generated Fuchsian group and if the infimum of the traces
of hyperbolic generators in I is 2, then I' does not satisfy Lehner’s condition.

In fact, since Niebur and Sheingorn [18| proved the converse of Theorem 1 in [15],
we see that Lehner’s condition is equivalent to condition (4.2).
Now let us show the continuity of the inverse map 3.

Proposition 4.3. Let p > 1. If a Fuchsian group I satisfies Lehner’s condition,
then the inverse map of the Bers embedding is a continuous map of (5(T?(I')), || - [/»)
onto (TP(I"), £y 0)-

Proof. Take p € Ael’(I') arbitrarily. Let D,(B([u]),r) = {¢ € AP(I)|||¢ —

B([p])|l, < r} for r > 0. It follows from Proposition 4.2 that there exists a constant
C, > 0 such that

lp = B([uDllee < Golle = B(IuDllp < Cpr

for any ¢ € D,(8([]), 7). Since ¢ is a holomorphic function on A*, there exists a
meromorphic function h such that S, = ¢ (cf. [16], Theorem II.1.1). Then we have
lp = Bk lloe = [19hos; 1 lloo- Set g =ho fi.

Let K ([u]) be the smallest maximal dilatation of all representatives in [p]. Since
Ju(A*) is K([p])-quasidisc, it follows from Proposition 4.1 that there exists a constant
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e > 0 depending only on K ([u]) such that every meromorphic function f on f,(A*)
satisfying || Sf||cc < € is univalent in f,(A*) and has a quasiconformal extension to
the complex plane. By taking r = ¢/C,, it follows that |5yl = |l — B([1]) |l < €.
Hence g is univalent in f,(A*) and has a quasiconformal extension to the complex
plane, denoted by §. If we set b = o fu, then h is quasiconformal on A and coincides
with h on A*. Then ¢ = S; belongs to S(T'(I')). This implies D,(5([u]),r) C
B(T(D)) N 47(T). ~

Let 6 and w be the Beltrami coefficients of § and h, respectively. By Proposition
4.1, ¢ has the following estimate:

(4.3) 6] < %ISQ(IP(C))\pfu(A*)(¢(<))‘2

for ¢ € f,(A), where v is a quasiconformal reflection in df,(A), continuously differ-
entiable in f,(A) and C\ fu(A). If we set ¢ = fu(2), then it follows that

5(f,(2))] = | ) =12

L —w(z)u(z)|
This formula and inequality (4.3) imply that
) p
pA= 2
z2)*dxd
I —wpil], // 1 —w(2)u(2) p(2) Y

< | SIS o s Gl )l i dy
//*5‘5 (fuW)Pps,an) (fulw)) P p(@~")?

Noting that Sg = (S, o fi" = Sp, 0 [y )(fi1))? and py,as) = (puo frOI(SH)'], we

have
gp // 1Ss, (w) = Sp, (W) [Pps(w)* 2 du dv = <||5([W]) —gﬁ(m])up)p'

This implies clearly that w € Ael’(I'). Recall that ¢ is depending only on K ([u]).
Since £, ~ is the quotient distance induced by || - ||5.00, [w] converges to [u] in £, as
B([w]) = B([u]) in || - ||, and the inverse map of § is continuous. O

1—w,u

From Proposition 3.6 and 4.3, we obtain the main result of this paper.

Theorem 4.4. Let p > 2. If a Fuchsian group I satisfies Lehner’s condition,
then the Bers embedding is a homeomorphism of (T?(I'), ¢, ) into (AP(I'), || - |5)-

5. Biholomorphically equivalent complex structure

In this section, we introduce a biholomorphic map between p-integrable Teich-
miiller spaces, which is used in the next section.

Let v € Bel(T') fixed and R, () be the Beltrami coefficient of f# o (f*)~1, or, in
more explicit terms, by

Folp) = (1“_‘;5 Qg;‘)) o (1)
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for 4 € Bel(T'). Then R, is a biholomorphic isometry of (Bel(T'),|| - |ls) onto
(Bel(T"™), || ||os) and maps v to the origin of Bel(I'). Let us call the map R, the right
translation map for v. Let R, be the projection of R, by the canonical projection
w: Bel(I') —» T(I"), that is,
Ry (1) = [Bu (1))

for [u] € T(I'). By the definition of the Teichmiiller equivalence relation (1.1), Ry is
well-defined. It follows that for each 7 € T'(I'), R, is a biholomorphic map of T'(I")
onto T'(I'"). We also call the map R, the right translation map for T.

Let us show the homeomorphy of right translation maps in 77(I"). Note that we
do not need to assume that I' satisfies Lehner’s condition.

Proposition 5.1. For each 7 € T?(I"), the right translation map R, is a home-
omorphism of (T?(I"), £, »(I")) onto (T?(I'7), £, (I'7)).

Proof. Given 7 € TP(I"), let v = o(1). For every 1,75 € TP(I'), take py €
@Y (1x) N Ael?(T") arbitrarily for k¥ = 1,2. From Theorem 2.4, v belongs to Ael?(T).
By a simple computation, we have
Ry () — Ry (p2)
1= Ry (p1)Ry(p2)

If we set 75 = 7 and uy = v, then we have R,(7) belongs to T?(T"), that is, R, maps
T?(T") into T”(FT) It follows from formula (2 3) that

y:‘ul—uz
L — pufig |

SR // ) ot
1-— Ry(u1 1 — i (w (w)
p
<C Hiﬂz
L — pupz »
Since R, is an isometry in || - ||oo, We obtain

Ry, () — Ry (p2)
1= Ry(pa) R (p2) ||,
Recall that iy is taken arbitrarily in =1 (7 )NAel?(T') for k = 1,2 and C depends only

on ||v||«. Hence R, is a continuous map of T?(T') into TP(I'"). Noting that R =
Ry,-1), it follows immediately that R, is bijective and that B! is also continuous. [

oo (T) (R (72), R (7)) < < max{CH, 1) H

L — pup2

p,o0

In order to prove the biholomorphy of right translation maps, we use the following
lemma that indicates two equivalent conditions for the holomorphy of maps between
Banach spaces.

Lemma 5.2. Let E, F' be two Banach spaces and U C E be a open set. Then
amap f: U — F is holomorphic if and only if it satisfies one of the following two
conditions:
(1) The map f: U — F is continuous and for every x € U and e € F, the map
w +— f(x + we) is a holomorphic map on an open neighborhood of the origin
in C with values in F;

(2) The map f: U — F is continuous and there exists a total subset A of the dual
F* such that, for every a € A, the function ao f: U — C is holomorphic.

Here a subset A C F* is called total if a(x) = 0 for every a € A implies x = 0.
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It is used in the proof of the biholomorphy of right translation maps on T'(T") (cf.
Chapter V.5 in [16]). For the detail of this lemma, refer to Chapter 3.3 in [3].

Proposition 5.3. Let p > 2 and I' be a Fuchsian group satisfying Lehner’s
condition. Then for each T € T?(T"), the right translation map R, is a biholomorphic
map of TP(I') onto TP(I'"). Moreover, T?(I'") is biholomorphically equivalent to
TP(T).

Proof. Fix r,n € TP(T") and ¢ € AP(I'"). Let 3, be the Bers embedding of T?(I'")
into AP(I'") and H = 3, 0o R, o 7. Since H™! = S0 R,-1 0 71, it is sufficient to
show that H is holomorphic from (B(T7(I)), | - ||,) into (AP(L7), | - |I,)-

For z € A* and ¢ € AP(I'7), define «,(¢)) = ¢(z). By Proposition 4.2,

. (V)| < pl2)? 19| s0 < Cop(2)? < o0,
wearry  |[¥]lp wearrry |[V]lp

Hence «, is a bounded linear functional on AP(I'") and the set A = {a,|z € A*} is a
total subset in the dual space of AP(I'"). Since S(TP(I")) is open in AP(I"), there exists
a positive number r > 0 such that §(n) +we lies in S(TP(T")) for every w € {|(] < r}.
We apply condition (2) of Lemma 5.2 to the function

w = H(w) = H(B(n) + we).

The set U in condition (2) is now the neighborhood {|¢| < r}. Furthermore, let
F = AP(I") and o = «v,. Since R, is holomorphic on T'(I'), it follows from Lemma 5.2
that the function R
w = az o H(w) = H(B(n) + we)(2)

is holomorphic in U for every z € A*. By Theorem 4.4 and Proposition 5.1, the
function H is continuous from (U, dg) into (AP(7), || -||,), where dg is the Euclidean
metric on C. Hence condition (2) of Lemma 5.2, the function H is holomorphic
from (U, dg) into (AP(I'7), || - ||,). Using this fact, we conclude from condition (1) of
Lemma 5.2 that H is holomorphic in G(T%(T)). O

6. Coincidence of two canonical distances on T7(I)

In this section, we show the coincidence of two canonical distances on the p-
integrable Teichmiiller space of a Fuchsian group satisfying Lehner’s condition, which
is an application of Theorem 4.4.

For the proof, let us introduce another representation of the Teichmiiller space.
For a Fuchsian group I' acting on A, let R = A/I" and 7: A — R be the canonical
projection. It is known that a function on A is a (—1, 1)-differential for I" if and only if
its projection to R is a (—1, 1)-differential on R (see [16], Chapter IV.3.6). We iden-
tify Bel(I') with the set of measurable (—1, 1)-differentials on R. Denote QC(I") as
the set of quasiconformal mappings on R. There exists a one-to-one correspondence

Bel(I') 3 p +— f* € QC(I),

where f” is the quasiconformal mapping on R with Beltrami coefficient p. Then
T(I") can be regarded as the quotient space of QC(I") by the homotopy relative to
the boundary, that is, two quasiconformal mappings f,g € QC(I") is equivalent if
there exists a conformal map h: f(R) — ¢g(R) such that

(6.1) hofr~g
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with fixing their boundary values. A point of T'(I") represented by f € QC(I') is
denoted by [f].
For f € QC(I'), let

e
=1

Then K(f) is said to be the mazimal dilatation of f. The Teichmiller distance
between the points p and ¢ of T'(I") is defined as

1. _
dT(F)(pv q) = ilnflogK(g °© f 1)7

where the infimum is taken over all f € p and g € ¢. Then (T'(I'), dr(r)) is a complete
and contractible metric space (cf. [16], Section V.3). The Teichmiiller distance on
TP(T") means that the restriction of dpry to TP(T').

Let M be a complex manifold and let H(A, M) be the set of holomorphic maps
from A into M. For p,q € M, let

147
1—7’
where r denotes the infimum of s > 0 such that there exists f € H(A, M) satisfying

f(0) =pand f(s) = ¢. If no such f exists in H(A, M), then we define d;(p, q) = oc.
Let

1
di(p,q) = 5 log

dn(p,q) = infz di(pi-1, i),
i=1
where the infimum is taken over all chains of points py = p,p1,...,pn = ¢ in M.
Clearly, d,,.1 < d, for all n > 0. The Kobayashi pseudo-distance on M is defined as

di(p,q) = lim d(p,q).

If di is non-degenerate, i.e. if dg(p,q) = 0 implies p = ¢, then df is called the
Kobayashi distance on M.

The Kobayashi pseudo-distance has an important property in terms of the con-
traction of the distance.

Proposition 6.1. Let M and M’ be two complex manifolds and dy py and dg
denote the Kobayashi pseudo-distances on M and M’, respectively. Then for every
holomorphic map F from M into M' and every two points p,q € M,

di (F'(p), F(q)) < dren(p,q)-

If F'is a biholomorphic map between M and M’, then F' is an isometry in the Ko-
bayashi pseudo-distance. Furthermore, if both M and M’ are A, then Proposition 6.1
is nothing but the Schwarz—Pick lemma.

We write the fact about these two canonical distances on the Teichmiiller space,
which we mentioned in Section 1:

Theorem 6.2 ([10]). For every Fuchsian group I', the Teichmiiller distance on
T(T") coincides with the Kobayashi distance.

Next, we need to modify the preparation in |21], Section 3. For every 7 € T'(I"),
there always exists a quasiconformal mapping of 7 that has the smallest maximal
dilatation in 7, which is called extremalin 7. If 7 has the property as in Theorem 6.4
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below, then the extremal mapping is uniquely determined and can be represented
concretely.

Definition 6.3. For 7 € T(I'), let f; be an extremal quasiconformal mapping
of 7. An element f; of 7 is called a frame mapping for 7 if f; satisfies the following
condition: There exists a compact subset £ C R such that

K(filr\e) < K(fo).

If there exists a frame mapping in 7, then 7 is called a Strebel point.
The set of Strebel points is open and dense in T'(I') (see p.106 in [12]).

Theorem 6.4. (Strebel’s Frame Mapping Theorem, Teichmiiller’s Uniqueness
Theorem) If a point 7 € T(I") is a Strebel point, then it has the unique extremal
mapping fo with Beltrami coefficient of the form

P
(6.2) b

where 0 < k < 1 and ¢ is a holomorphic quadratic differential on 'R with

/ o(=)| dedy = 1.
R

The proof can be found in [12]. A quasiconformal mapping with Beltrami coeffi-
cient of form (6.2) is said to be a Teichmdiiller mapping.

The next theorem states that the maximal dilatation of each Teichmiiller mapping
can be estimated by every representative in its Teichmiiller equivalence class.

Proposition 6.5. (Fundamental Inequality) Let f, be a Teichmiiller mapping
with Beltrami coefficient kopg/|¢o|, where 0 < ko < 1 and g is a ho]omorphic
quadratic differential on R with [[,, |¢o(2)| dx dy = 1. Then for every fre [fol,

Z ‘

K(fo) < //‘1+ 'W; [po(2)| d dy.

The proof can be found in [11] and [12]

An example of frame mappings is the asymptotically conformal map. A quasi-
conformal mapping f on a Riemann surface R is called asymptotically conformal if
for every € > 0, there exists a compact subset E of R such that

It follows immediately that for p € Bel(T), f” is asymptotically conformal if and
only if for every € > 0, there exists a compact subset £ of R such that

1|1 r\B) lloo < €

If u satisfies this condition, it is said that u vanishes at infinity. Let Bely(I') be the
set of Beltrami coefficints vanishing at infinity.

We call a Teichmiiller equivalence class 7 of T(I') asymptotically conformal if
7 has an asymptotically conformal map of A onto itself. Let Ty(I") be the set of
asymptotically conformal classes of T'(T"). For ¢ € B(I'), it is said that ¢ vanishes at
infinity if for every € > 0, there exists a compact subset £ C R such that

lolr1m\E) oo < €
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Let By(I') be the set of bounded holomorphic quadratic differentials vanishing at
infinity. Since By(I') is a closed subspace of B(I'), By(I") is a Banach space. In [7],
it is shown that B(To(I')) = B(T(I')) N Bo(I'). Thus Tp(I') has a complex structure
modeled on By(I'), that is, Tp(I") is a closed submanifold of T'(T"). It is known that
the Teichmiiller distance on Ty(I") coincides with the Kobayashi distance (cf. [8]).

It follows that there exists the following inclusion relation:

Proposition 6.6. Let p > 1. If a Fuchsian group I satisfies Lehner’s condition,
then

AP(T) C By(T).

Proof. Let LP(T") be the Banach space of measurable quadratic differentials on
A* with finite hyperbolic LP-norm || - ||, and L.(I') be the set of measurable quadratic
differentials with compact support. It clearly follows that L.(I') is dense in LP(I).

The Bergmann projection
12
// )> dédn (z € AY)

is a bounded liner operator of LP(I") onto AP(I") (see [14], Theorem II1.3.2). Hence
P(L.(T")) is dense in AP(I"). Similarly, P(L.(I")) is also dense in By(I'). Noting that
By(I") is closed in B(I'), it follows from these two densenesses and Proposition 4.2
that AP(I") C By(T). O

This proposition implies that T?(I") C To(T).

Let A(R) be the Banach space of integrable holomorphic quadratic differentials
on a Riemann surface R and A;(R) be the unit ball of A(R). If a sequence {E,}
of relatively compact domains of R satisfies the following four conditions, then the
sequence is called an exhaustion of R:

(1) E, C Epyy for alln > 1;

(2) UpZy Bn = R;

(3) The boundary of E, is the disjoint union of analytic Jordan curves of R;
(4) Each connected component of R \ £, is non-compact.

It is well-known that every non-compact Riemann surface R has an exhaustion (cf.
2. 7]).
Lemma 6.7. Let {E,} be an exhaustion of R and ¢,, be a holomorphic quadratic

differential of A;(E,) for each n. Then there exists a subsequence of {p,} that
converges locally uniformly to a holomorphic quadratic differential p € A;(R) in R.

This lemma clearly holds by changing A;(A) to A;(R) in the proof of Lemma 3.5
in [21].
Now let us show the main theorem in this section.

Theorem 6.8. Let p > 2 and I' be a Fuchsian group satisfying Lehner’s condi-
tion. Then the Teichmiiller distance on TP?(I") coincides with the Kobayashi distance.

Proof. Let dr»ry = dpry|rery and dgery be the Kobayashi pseudo-distance on
TP(T"). The inclusion map ¢: TP(I') — T'(I') is holomorphic. Indeed, by Propo-
sition 4.2, the identity map idgreryy = 871 ot o [ is a continuous liner map of
(B(TP(I" )) |- llp) into (B(T'), || - |[s)- Then the holomorphy of ¢ clearly holds. Hence
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it follows from Proposition 6.1 and Theorem 6.2 that

drery (71, T2) = drry (11, 72) = die(ry (L(71), L(72)) < dieo(r) (T2, T2)

for every 7,7 € T?(I'), where dgry is the Kobayashi distance on 7T'(I'). Hence we
have dTp(F) S de(r).

Let us show that the opposite inequality holds. From Proposition 5.3, R, is a
biholomorphic map from T?(I") onto T?(I'") for every 7 € TP(I"). Hence by Proposi-
tion 6.1, it is sufficient to show that for each non-base point 7 € T?(T"),

de(r)(O,T) < dTp(r)(O,T).

Recall that o(7) is the Beltrami coefficient of the Douady—Earle extension E(1)
for 7. By Theorem 2.4, o(7) belongs to Ael’(I"). Since T?(I") is contained in Ty (I), it
follows from Theorem 4 in [9] that o(7) also belongs to Bely(I'). Let f and p be the
projection of E(7) and o(7) by m, respectively. By Strebel’s frame mapping theorem,
7 has a unique extremal mapping f, on R. Note that 1 < Ky = K(fy) < K(f).

Let {E,} denote an exhaustion of R. Since f is a frame mapping, there exists a
number N € N such that

(63) K (flrz,) < Ko

for each n > N. For such n, we consider the Teichmiiller space of F,, denoted by
T(E,). Similarly to T'(T"), it is defined as the quotient space of the set of quasicon-
formal mappings on E, by the homotopy relative to dE,. Let f, be an extremal
mapping in [f|g,] € T(E,). Then K(f,) > Ky. Indeed, suppose to the contrary. Set

B fn(z), 2z € B,
Ja(z) = {f(z), 2 e R\ E,.

Since f, belongs to [flz.]s f. agrees with f on OE,. Hence f, is a homeomorphism
of R. Moreover, f and f,, are quasiconformal and 0F,, has zero measure. Hence f,
is a quasiconformal mapping on R and f,, € 7. Thus we have Ky < K(f,). However,

from inequality (6.3), we have

K(fn) = max{K(flp\z,), K (fa)} < Ko.

This contradicts the assumption. From this result, we have

K(f En\FN) < K(f‘R\FN) < Kp < K(fn)

Thus f|g, is a frame mapping for [f|g,| € T(FE,). By Strebel’s frame mapping
theorem, f, is the Teichmiiller mapping with Beltrami coefficient knon/|on| where
0 < k, <1 and ¢, is a quadratic differential on F,, with ffEn lon| = 1. Let p, be
the Beltrami coefficient of f,, and K,, = K(f,). Then it is easily seen that

(a) Kn > K(),

(b) [pn] = [p],

(c) for every t € A, [tu,) € TP(I)

for each n.
Let g(t) = [tin/||ptnl|oo) for t € AL Tt follows from condition (c) that g maps A
into T?(I"). Furthermore, g is holomorphic on A and ¢(0) =0, g(||ptnlle) = [ttn]- By
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formula (b) and the definition of the Kobayashi pseudo-distance,

L+ fpallo 1
STl g K.
1= |lpmlloe 2

Let us show that there exists a subsequence of { K, } tending to K. From Proposition
6.7, there exists a subsequence of {¢,} which converges locally uniformly in R to a
holomorphic quadratic differential ¢* € A;(R). We write this subsequence as {p,}
again.

To show ||¢*||1 > 0, suppose to the contrary that ||¢*||; = 0. Then {p,,} converges
locally uniformly to 0 in R. Take ¢ > 0 arbitrarily. Since lim,,_« [ fFN |on| = 0, there
exists a number N’ € N such that

I 1o <
En

for n > N’. Let N = max{N,N'}. For any n > N, the fundamental inequality

implies that
+ Hga
K(fa) < // |“D|2 | ol dz dy.

We estimate the right-hand 1ntegral by d1v1d1ng E, into Ey and E, \ Ey.

Ui 1+
// 'Z onldady < [ Yl gy
By 1= |H Ex L= |H]
1+HMH°°// lon| dedy < Ke;
T 1= |pllee JEy

I ezl ea, +||u|R\EN||OO// o dody
E.\Eyn 1—| |2 _1_||M|R\EN||oo E.\En

Recall that K = K(f) = (1 + [|u[le)/(1 = [|12lloc)- It follows from these inequalities
that K(f.) < Ke + K(f|z\z,)- Taking e — 0, we obtain

limsup K (f) < K(flr\z,)-

n— o0

1
dKP(F) (0, T) S dl(O, T) = dl(O, [Mn]> S 5 IOg

By inequality (6.3), we have
lim sup K,, < max{lim sup K(fn),K(ﬂR\EN)} < K.

n—o0 n—o0
However, this contradicts inequality (a). Therefore, ||¢*||; > 0.

Since 0 < k, < 1 for all n, {k,} has a convergent subsequence. Let k* be
the limit of this subsequence and p* = k*¢*/|¢*|. Since [|¢*|l1 > 0, pu* is well-
defined and {u,} converges pointwise to p* on R. Because K(f,) = K, < K for
every n, we have |[pn|leo < ||l < 1. It follows from Lemma V.3.1 in [16] that

[1*] = [u]. From the uniqueness of extremal mappings, we have k* = ky. Noting that
Ko = (1+ko)/(1 — ko), this implies that {K,} has a subsequence converging to Kj.
Therefore, drrry = dgr(r). O

The essential point of this proof is that the projection of the Douady—Earle
extension for each point of 7?(I") is a frame mapping, which follows from that 77(I")



970 Masahiro Yanagishita

is contained in Tp(I'). Recall that for every Fuchsian group I', Typ(I") is a closed
submanifold of T'(T"). It is known that the right translation map R, for each 7 € Ty(I)
is biholomorphic of Ty(I") onto Ty (I'"). Therefore, the following result holds similarly
to the above theorem:

Theorem 6.9. For every Fuchsian group I', the Teichmiiller distance on Ty(T")
coincides with the Kobayashi distance.

As we mentioned previously, this result is shown in [8]. Hence we obtained
another proof.

Remark. Recall that the Teichmiiller distance dp»(ry on TP(I") is the restriction
of the Teichmiiller distance on T'(I') to 7P(I'). On the other hand, the Kobayashi
distance dg»ry on TP(I') is determined by d;-lengths of paths on TP(I'), that is,
(TP(I'), dgrry) is a path metric space. These facts imply that the topology induced
by dr»ery is weaker than or equal to the one induced by dg»r). Theorem 6.8 means
that these topologies coincide and that (T7(I'), drr(ry) is a path metric space.
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