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Abstract. Let k£ > 2 be an integer, let h be a nonconstant elliptic function, and let f be a
nonconstant meromorphic function in C, all of whose zeros have multiplicity at least k + 1, except
possibly finitely many. If T(r, h) = o{T(r, f)} as r — oo, then f*) = h has infinitely many solutions
(including the possibility of infinitely many common poles of f and h).

1. Introduction and our result

Notation. Throughout C is the complex plane and D is a domain in C. For
20 € C,r >0, Azo,7) =42 | |2 — 20| <71}, A(20,7) ={2 |0 < |z — 2| <7} and
A = A(0,1). Let n(r, f) denote the number of poles of f(z) in A(0,r) (counting
multiplicity) and let n(A(zo,7), %) denote the number of zeros of f(2) in A(zo,7)

(counting multiplicity). We write f, == f in D to indicate that the sequence {f,}
converges to f in the spherical metric uniformly on compact subsets of D and f,, = f
in D if the convergence is in the Euclidean metric.
Let f be a meromorphic function,
7G) 1 :
ff(z) = ——2_ S(D,f)=— f#(2))?dedy and S(r, f) = S(A(0,7), f).
(2) T4 ()P (D, f) 7TD[()] (r, f) = S(A0,7), f)

The Ahlfors—Shimizu characteristic is defined by

T(r, f) = /Orwdt.

Suppose that h is a meromorphic function in C and there exist two non-zero
complex numbers w; and wy with w; /ws not real such that h(z4wi) = h(z4wy) = h(2)
for all z in C. h is called to be an elliptic function [1].

In 1959, Hayman proved the following seminal result, which has come to be
known as Hayman’s alternative.

Theorem A. [5, Theorem 1| Let f be a transcendental meromorphic function
inC,a€ C,be C\{0}, k€ Z*. Then
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(i) f assumes each value a infinitely often, or
(ii) f® assumes each value b infinitely often for k =1,2,---

Recently, researchers replaced the condition f ## 0 which is related to a = 0 in
Theorem A with the assumption that all zeros of f have sufficiently high multiplicity.

Theorem B. [8, Theorem 3| Let f be a transcendental meromorphic function
in C, all of whose zeros have multiplicity at least 3. Then f’ assumes each nonzero
complex value infinitely often.

In 2006, Nevo, Pang and Zalcman promoted Theorem B and obtained the fol-
lowing result.

Theorem C. |7, Theorem 1| Let f be a transcendental meromorphic function
in C, all but finitely many of whose zeros are multiple, and let R # 0 be a rational
function. Then f' — R has infinitely many zeros.

In 2013, Yang and Nevo proved the following result.

Theorem D. [11, Theorem| Let f be a nonconstant meromorphic function in C
and h be a nonconstant elliptic function. If all zeros of f are multiple except finitely
many and T(r,h) = of{T(r, f)} as r — oo, then f' = h has infinitely many solutions
(including the possibility of infinitely many common poles of f and h).

Naturally, we ask a question: In Theorem D, whether f*), k(> 2) € Z*, has the
similar property? In this paper, we give a positive answer.

Theorem 1.1. Let k > 2 be an integer, let h be a nonconstant elliptic function,
and let f be a nonconstant meromorphic function in C, all of whose zeros have
multiplicity at least k + 1, except possibly finitely many. If T(r,h) = o{T(r, )}
as r — oo, then f*) = h has infinitely many solutions (including the possibility of
infinitely many common poles of f and h).

2. Preliminary results

In order to prove the Theorem, we need the following lemmas.

Lemma 2.1. |2, Corollary 2| If h(z) is a nonconstant elliptic function with
primitive periods wy, wa, wWhere wi/wy is not real, then T(r,h) = Ar?(1 + o(1))
asr — oo, where A > 0 is a constant.

Lemma 2.2. [11, Lemma 3.6| Let { f,} be a sequence of meromorphic functions
in A(zg,r). Suppose that

(a) there exists M; >0 such that for each n € N, n(A(zo,7), fin) <M,

(b) fo == f, in A'(zy,r), where f is a nonconstant meromorphic function or
f=o00in A(z,7).

Then there exists My > 0 such that, for sufficiently large n,
r
S(A(zo, §)afn) < M.

Lemma 2.3. |9, Lemma 6| Let k, [ be positive integers, and let R(z) be a rational
function, all of whose zeros have multiplicity at least k, satisfying R (z) # 27! in
C. Then R(z) is a constant.
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Lemma 2.4. |3, Lemma 12| Let R be a nonconstant rational function satisfying
R’ # 0 in C. Then either R(z) = az +b or R(z) = 57 + b, where n € N and

ot
a(#£0),b,c € C.

Lemma 2.5. [6, Lemma 3| Let {f,} be a sequence of meromorphic functions in
A(zg,r), and let {1,} be a sequence of holomorphic functions in A(zg,r) such that

Un = 1, where (z) # 0,00 in A(zp,r). If f,(2) # 0 and f,(f)(z) # 1 (z) for all z
in A(zo,r), then {f,} is normal in A(z,r).

Using the same proof method in [11, Lemma 3.4, Lemma 3.5|, we can get the
following two results respectively.

Lemma 2.6. Let {f,} and {u,} be two sequences of meromorphic functions in
D. Let f(z) and ¥(z) be two meromorphic functions in D. Suppose that

(a) fu(2) = f(2) and ¢, (2) = ¢(2) in D,
(b) f(2) # wn(2) in D.
Then, either f®)(z) = (2) or f®)(2) #(z) in D.

Proof. Suppose that f®)(z) # ¢(z) in D. Set A = f~*(00) U p~(o0) U (f®) —
¥)71(0). By (a) and (b), we have

1 1
B R

Since ﬁ is holomorphic in D and A has no accumulation points in D, we have

in D\A.

1 1
(2.6.1) Tk)—% - 70—

Thus, m is a holomorphic function in D and then f*) — 0 in D.

In order to show that f*) # 4 in D, we need only show that f and v have no
common poles in D. Otherwise, we assume that zy € D is a pole of order m; of f
and a pole of order my of ¥. Let m = max{m; + k,my}. Obviously, zy is a zero of
m of order at most m.

By (a) and Hurwitz’s Theorem, there exists 6* such that A(zp,26*) C D and for
each § € (0,0%), f, and b, have at least m; and my (counting multiplicities) poles
respectively in A(zg,d) for sufficiently large n. By (b), f, and 1, have no common

poles in A(zp,d), and hence f,(f) — 1, has at least my; + k + mqy poles (counting
multiplicities) in A(zp,d). Since 0 can be made arbitrarily small, 2z is a zero of
m of order at least m; + k 4+ mgy by (2.6.1). Thus, my + k + my > m. This is a
contradiction. 0

in D.

Lemma 2.7. Let k, [ be positive integers, and let {f,} be a sequence of mero-
morphic functions in A, all of whose zeros have multiplicity at least k + 1. Let {b,}
be a sequence of holomorphic functions in A such that b, = 1, and suppose that

() fF(2) # 2'b,(2) in A,

(b) there exist points z, — 0 such that f,(z,) =0,

(c) fulz) = f(z) in A', where f(z) is a meromorphic function in A'.
Then f®)(z) = 2! in A
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Proof. Let F,(z) = f” (Z . Since b, = 1 in A and (a), we have for sufficiently

large n, f,&’“)(o) # 0 and hence F,(0) = co. Without loss of generality, we may assume

that for all n, f,&’“)(o) # 0 and F,(0) = oo. Since all zeros of { f,,(z)} have multiplicity
at least k + 1, we have f,,(0) # 0. Hence we have 2, # 0 and F (zn) = 0.

We claim that {F,(z)} is not normal at 0 and hence {Z lb ( ) — 1} is also not

normal at 0. Indeed, since F,(z,) = 0 and F,(0) = oo, the family {F,({)} is not
equicontinuous at 0 and hence cannot be normal at 0.
By (a) and (c), we have

fa T N p
0 Zlbng 1 = Zl(z) 1, ze A\fY(o0).

By Hurwitz’s Theorem, either £ 7@ _1=0in A, or f( ) —1+#01in A’. Suppose

*)
that £ (z —1#0in A" Smce f (z) is a meromorphic functlon, then there exists

0 >0 such that f(z) has no poles on I'(0,d) and f,(f)(z) converges uniformly to
f®(¢) on T'(0,8). Now, we have

1 1

Since the function in the left hand side is holomorphlc we have by the maximum
)
principle that this holds throughout A(0,6). So {f” (Z — 1} is normal at 0. A

contradiction. Thus, % —1=01in A’. Obviously, f (k (z) =2l in A O

Lemma 2.8. Let {ax} be a sequence in D which has no accumulation points in
D. Let {1,} be a sequence of holomorphic functions in D such that 1, =1 in D,
where ¥ # 0,00 in D. Let {f,} be a sequence of meromorphic functions in D, all of
whose zeros are of multiplicity at least k 4+ 1. Suppose that

(2) fal2) = f(2) in D\{a;}32,,

(b) no subsequence of { f,} is normal at a;,
(c) for all n € N, f,(f)(z) # 1, (2) in D.
Then

(d1) there exists 6 > 0 such that for all sufficiently large n, f, has a single (multi-
ple) zero in A(aq, ),

(d2) there exists g > 0 such that for each 0 < n < nq, f, has a single simple pole
in A(ay,n) for all sufficiently large n, and

(e) f(z) = fazl aC11_. C" "0(Ck) dCe dli—1 - - - d¢y. Equivalently, f extends to an

analytic function in D\{a]};";2 such that f*) = 4(z) and f9(a;) = 0,5 =
0,1,2,--- k- 1.

Remark. Since Lemma 2.8 is not stated explicitly in [6], let us indicate how it
follows from the results of that paper. Let us now assume that (d1) has been shown
to hold. We obtain (d2) and (e) as well, which follow from [6, Lemma 7|. Now let us
show that (d1) must hold. Suppose not. Then it follows from Lemma 2.5 that taking
a subsequence and renumbering, we may assume that in any neighborhood of ay, f,
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has at least two zeros for sufficiently large n. We derive a contradiction by the same
proof method in |6, Theorem 1, Case II, pp. 13-16].

According to the proof method in [6, Theorem 1 and Corollary 1|, we get the
following result.

Lemma 2.9. Let k be a positive integer and let { f,} be a sequence of meromor-
phic functions in D, all of whose zeros have multiplicity at least k + 1. Let {1} be
a sequence of meromorphic functions in D such that ¢, == 1), where W(z) Z 0,00
in D. If ff(Lk) # b, for all z in D, then {f,} is quasinormal in D.

By means of the proof method in [12, Theorem 1, p. 67| and |9, Theorem 1|, we
get the following result clearly.

Lemma 2.10. Let k > 2 be an integer and let { f,,} be a sequence of meromorphic
functions in D, all of whose poles are multiple and whose zeros all have multiplicity
at least k + 1. Let {h,} be a sequence of meromorphic functions in D such that

h, == h in D, where h % 0, 00. Suppose h and h,, have the same zeros and poles all
with the same multiplicity and

) (2) # hy(2) forall z in D.
Then {f,} is normal in D.
In 2013, Yang and Liu promoted Theorem C and obtained the result.

Lemma 2.11. [10, Theorem 1| Let k be a positive integer, let f be a transcen-
dental meromorphic function in C and let R # 0 be a rational function. Suppose
that all zeros of f have multiplicity at least k + 1, except possibly finite many. Then
f%® — R has infinitely many zeros.

3. Auxiliary lemmas
Lemma 3.1. Let k, | be positive integers and let R(z) be a rational function.
Suppose that R*¥)(z) # 2! in C, then

Hﬂrl(z — %)
(3.1.1) Gl ey ey sy g pep e

where n > k is an integer and v;,f € C, 1 < <l+n+1.

Proof. Obviously, (R*~Y(z) — le+—+11)’ # 0. Then R*FV(z) — Zl;—f is a nonconstant
rational function. By Lemma 2.4,
I+1 I+1
RED(z) = 2 b oor RE(z) =2 LR )
(2) l+1+az+ o () l—l—le(,z—l—c)"jL
where n > k is an integer and a(# 0),b,c € C. So
Stk
R(z) = EDERES + Pi(2)
or
I+k
R(z2) = & a + Pr1(2),

(l+/€)~-~(l+1)+(z+c)n—k+1
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where Py (z) and Py_1(2) are polynomials of degree k and k — 1 respectively, ¢; € C.
Thus, R(z) has the following form

I+n+1
E (z =)
h(z) = l+k)(I+k—=1)---(I4+1)(z— g)rFt!
where 75, i =1,--- ,l+n+1,and g € C. O

Combining Lemma 2.5 and the proof method in [4, Lemma 3.1|, we obtain the
following result.

Lemma 3.2. Let k be a positive integer, let {f,} be a sequence of meromorphic
functions in D and let {h,} be a sequence of meromorphic functions in D such that

h, == h in D, where h # 0, 00. If
fa(2) # 0 and f®)(2) # hy,(2) for all z in D,
then F is normal in D.

Proof. By Lemma 2.5, it suffices to prove that {f,} is normal at points which A
has poles or zeros. Without loss of generality, we assume that D = A, h(z) = 2'b(2),
where b is holomorphic and zero-free in A, I(# 0) is an integer. Then {f,,} is normal
in A

Suppose {f,} is not normal at z = 0. Since f,, # 0 in A, we have that there
exists r > 0, Ay, C A, such that f,, = 0 in Al . By Argument Principle, for large
enough n, we have

l

1 B

1 (k—i—l
— ) - k) _ I ndr=— —dz=1.
n(r, 7(Lk) —hn> n(r, fn n 27”/” _, fn n z 27 2l h z

Since fr(Lk)(z) # hn(z), thus —n(r, n  —hp) = 1. S0l < 0, and f, has poles
(otherwise f,, 2 oo in A’) which are different from the poles of h,,. Thus n(r, Fo
hy,) > —I, this is a contradiction. O

4. Proof of Theorem 1.1

Proof. Suppose that f*) = h has at most finitely many zeros, where k > 2 is an
integer. Our goal is to obtain a contradiction in the sequel.
We claim that there exist ¢,, — oo and g,, — 0 such that

(4.0.1) S(A(tn, 2n), // F#(2))2 de dy — oo,
|z—tn|<en
Otherwise, there would exist € > 0 and M > 0 such that for all zy € C, we get
S(A(zp,¢), // [f#(2)]*dzdy < M.
|z—z0|<e
So

/ ()] dedy = O(r2).

<r,f>—/0 20— o).

Then
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Meanwhile, by Lemma 2.1, T(r,h) = Ar*(1 + o(1)) as r — oo, where A > 0 is a
constant. This contradicts the condition that T'(r, h) = o{T(r, f)}. Thus (4.0.1) is
correct.

Let wy,wy be the two fundamental periods of h(z), and P (0 € P) be a fun-
damental parallelogram of h(z). Obviously, there exist integers 7, and j, satisfying
Zn = t, — iywy — Jawe € P. We can extract a subsequence (still denoted by {z,})
such that z, — zg as n — oco. Let f,(2) = f(z + i,w1 + juwo). By (4.0.1),

(4.0.2) S(A(zn,20)s f) = S(A(tn, 20), f) — 00.

Thus, there exists z* (2% — 2g) such that f#(z*) — oo as n — oco. Without loss of

generality, we suppose that zp = 0. Hence no subsequence of {f,} is normal at 0. By
(4.0.2),

(4.0.3) S(A(zg,€3), fn) = 00,

where 27 — 0 and € — 0 as n — oo.

Clearly, there exists R > 0 such that for all n, P C A(0,R) and A(z},&¥) C
A(0,R). Let D = A(0,R). Obviously, we have zy € D. By assumption, for large
enough n,

FP(2) = F®(z 4wy + jawn) # Bz + inw) + juwz) = b(2), z € D.

Without loss of generality, we suppose that for all n € N, fy(Lk)(z) # h(z) in D.
Obviously, by Lemma 2.9, {f,} is quasinormal in D. By (4.0.3), no subsequence of
{fn} is normal at 0. Thus, there exists p > 0, such that {f,} is normal in A’(0, p),
and h(z) # 0,00 in A’(0, p). Without loss of generality, we may assume that p = 1.
Evidently, there exists a subsequence of {f,} (still denoted by {f,}) such that

(a) all zeros of {f,} are of multiplicity at least k 4+ 1 in A,

(b) for each n € N, fi ( ) # h(2) in A, where h # 0,00 in A/,

(¢) no subsequence of {f,} is normal at 0,

(d) fu(2) = fo(z) in A",

Case 1. h(0) # 0, 00. It follows from Lemma 2.8 that there exists 0 < § < 1 such
that for large enough n, f,, has a single zero of order £+ 1 in A(0, ). By Lemma 2.2,
there exists M > 0 such that S(Z, f,) < M. This contradicts (4.0.3).

Case 2. h(0) = 0. We assume that 0 is a zero of order [ of h(z), where [ is a
positive integer. Without loss of generality, we may assume that

hz) =2+ a2 4= 2h(z), 2z €A,

where /H(Z) # 0,00 in A(0,1) and /H(O) =

We claim that for any § > 0, there exists at least one zero of f,, in A(0, §) for large
enough n. Otherwise, there exist 6y > 0 and a subsequence of {f,,} (still denoted by
{fn}) such that f,(z) # 0 in A(0,dy). By Lemma 3.2, {f,} is normal at 0 which
contradicts (c).

Taking a subsequence and renumbering if necessary, we may assume that a,, — 0
is the zero of f, of smallest modulus. By (a) and (b), we have f,(0) # 0. Then,

a, # 0. Let F,(¢) = f”(,fff We have that

(al) Fo(C) # 0 In A,
(a2) all zeros of F,,(¢) are of multiplicity at least k + 1,

(a3) F(C) # ¢'h(anC), Fu(1) =0, and ¢'h(a,¢) = ¢! in C.
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By Lemma 3.2 and Lemma 2.9, {F,,({)} is normal in A and quasinormal in C. Hence,
there exist £y C C and a subsequence of {F,(¢)} (still denoted by {F,(¢)}) such
that

(b1) E; has no accumulation point in C,
(b2) Fo(¢) = F(C) in C\Ey,
(b3) for each (, € E4, no subsequence of {F,(¢)} is normal at (.
Evidently, £1NA = () and all zeros of F'({) are of multiplicity at least k+1 in C\ Fj.
Case 2.1. E; = (. By Lemma 2.6, we have either F®)(¢) = ¢! or F®(¢) # ¢!
in C. If F®(¢) = ¢! in C, then F®(1) = 1 which contradicts F*)(1) = 0. If
F®(¢) # ¢'in C, by Lemma 2.11, F must be rational. By Lemma 3.1,
l+m+1
ZHl (€ —ai)
Fe) = I+k)(I+k—=1)---(+1)(¢— p)ymht+’
where m > k is an integer, f € C and «o; # 0,5 (1 <i <1+ m+ 1). Thus, we have

I+m+1

. H1 (€ —a)
4.0.4 F, ()= = in C.
( ) (©) (+E)(I+E—=1)---(I+1)(¢—p)ymFkt!
By Hurwitz’s Theorem, there exist sequences (,; — «; and 7, ; — [ (counting multi-
plicities of zeros and poles, respectively), such that for large enough n, F,((,,;) =0
and F, (1, ;) = oo, where i = 1,2,--- , m+1Il+1land j =1,2,--- ,m—k+ 1. Let
Zni = AnCni- Hence, f,(2,,) =0and z,; - 0asn — oo wherei =1,2,---  m+I+1.
Let

B, ={%n1:%n2, s Znm+i+1} (where the same elements are admissible).

Subcase 2.1.1. There exists 6(> 0) and a subsequence of {f,,} (still denoted by
{fn}) such that f,(z) has exactly m + 1+ 1 zeros (counting multiplicities) in A(0, J)
for large enough n.

By Lemma 2.2, there exists M > 0 such that for large enough n, S(g, fn) < M.
This contradicts (4.0.3).

Subcase 2.1.2. For any ¢ > 0, f,, has at least m + [ + 2 zeros (counting multiplic-
ities) in A(0, 9) for large enough n.

Taking a subsequence and renumbering if necessary, we may assume that b, # 0
is the zero of f, of smallest modulus in A\B,. Obviously, we have b, — 0 as
n — oo. Let r, = §=. Clearly, Fn(%) = 0. Since b, ¢ B,,, we have % # Cp,i, Where
i=1,2,--- ,m+1+1. By Hurwitz’s Theorem and (4.0.4), Tl — 00, then r,, — 0 as
n — oQ. !

Let G,(¢) = % We have that for large enough n,

(cl) G,(C) has only m+1+1 zeros 1,(,; in A and |r,(, ;| — 0, as n — oo, where
i=1,2,- m+41+1,
(c2) all zeros of G, (¢) are of multiplicity at least k + 1,
(c3) GI(C) # ¢'h(ba¢) and G(1) = 0.
By Lemma 3.2 and Lemma 2.9, {G,,({)} is normal in A’ and quasinormal in C.
Hence, there exist £y C C and a subsequence of {G,,(¢)} (still denoted by {G,(¢)})
such that
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(d1) E; has no accumulation point in C,
(d2) Gi(¢) == G(¢) in C\Ey,
(d3) for each () € Es, no subsequence of {G,(¢)} is normal at (o.
Evidently, Ey (A’ = () and all zeros of G(¢) are of multiplicity at least k¥ + 1 in

C\E2
Let
m—k+1 m—k+1
1:[1 (C - Tnnn,j) 1:[1 (C - nn,j>
GL(€) = Gu(Q) m’;H . F(Q) = Fu(Q) mtm
1;[1 (C - Tncn,i) 1;[1 (C Cn Z)
By (4.04), Gy, (raQ) = F () = ooy it C- Thus
(4.0.5) G (0) = G™(0) = !

(I+Ek)(I+k=1)---(I+1)

Subcase 2.1.2.1. G(¢) = oo in C\E,. Evidently, G(¢) has no zeros in A. We
have G} (() = oo in A which follows from Maximum Modulus Principle of analytic
functions. This contradicts (4.0.5).

Subcase 2.1.2.2. G(() is a meromorphic function in C\ E,. We claim that

Cl—i—k )
4.0. = C\ Es.
(406) “O =T masr-n arn O\
By Lemma 2.7, G®(¢) = ¢!, then G({) = (l+il)?l1:i;flj€17)?-(-§l)+l)’ where P,_1(2) is a

polynomial of degree < k — 1. Since G ({) have no zeros in A,

Cl—l—k + Pk—l(C)

On one hand, by (4.0.5), we have G**(0) # 0,00. And by (4.0.5) and (4.0.7), we
obtain G**(0) = G*(0). Then we have G*(0) # 0,00. On the other hand, by the
expression of G*(() in (4.0.7), 0 is the zero of the denominator of multiplicity [ + k.
Then, 0 is the zero of the numerator of multiplicity [ + k. Hence, 0 is the zero of
Py_1(¢) of multiplicity [ + k. However, P,_1(z) is a polynomial of degree < k — 1.
Thus, we have P,_1(¢) = 0.

If 1 € Es, by (c3), we have G(1) = 0. This contradicts (4.0.6). If 1 € E,, by
Lemma 2.8, G#V(() = ff ¢ld¢ = £2=1 However, by (4.0.6), we have G (¢) =

1
I+1 . . . .
Cz+—1' This is a contradiction.

Subcase 2.2. Ey # (). We claim that 1 € E;. Suppose that 1 € E;. Since E; # (),
there exists at least a point ¢, such that ¢, € E;. Thus, by Lemma 2.8, F®)(¢) = ¢!
in C\E;. At the same time, F'(1) = 0 and all zeros of I are of multiplicity at least
k+ 1, we have F®)(1) = 0, a contradiction.

Thus, by Lemma 2.8, in C\ Ej,

(4.0.7) G.(()=G"(¢) = ¢eA.

k1) lqe — ¢t —
(4.0.8) / ghde = z+1
(4.0.9) FE(¢) = i d¢ = e ¢ !

L l+1 (l+2)(l+1)_l+1+(l+2)'
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We claim that F; = {1}. Otherwise, there exists ( € E; and (s # 1. By Lemma 2.8,
in C\El,

) < L ¢t

4.0.10 F\— = de =

(40.10) O [ a1

By (4.0.8) and (4.0.10), we obtain {,'*! = 1. Furthermore, by Lemma 2.8, in C\F},
¢ gl—i-l —1 Cl+2 ¢ ¢

4.0.11 FE2(0) = / >~ de= -

( ) © o [+1 § (+2)(+1) I+1 (+2)

By (4.0.9) and (4.0.11), we get (o = 1, a contradiction. Thus E; = {1}.

By Lemma 2.8, F'(z) can extend to an analytic function in C and is a polynomial
of degree [+ k. 1 is the zero of F’ with multiplicity k. Hence, F' must have zeros which
are distinct from 1. We may denote one of the other zeros of F' by e;. Since all zeros of
F(¢) are of multiplicity at least k& + 1 in C\E}, we have F*~Y(e;) =0, F®)(e;) = 0.
Then, e; is a multiple zero of F*~Y(2). However, by (4.0.8), F*~1(z) only has
simple roots. This is a contradiction.

Case 3. h(0) = oo. Suppose that z = 0 is a pole of order [ of h(z). Without loss
of generality, we may assume that

1 ap— /};(Z) .
h(z):;—'—zl—_i—i—...:— 1HA7

where /H(Z) # 0,00 in A and E(O) = 1.

Subcase 3.1. For n sufficiently large, f,(0) # 0. Without loss of generality, we
assume that for each n € N, f,,(0) # 0.

We claim that for any § > 0, there exists at least one zero of f,, in A(0,J) for
sufficiently large n. Otherwise, there exist dy (> 0) and a subsequence of {f,} (still
denoted by {f.}) such that f,(z) # 0 in A(0,dp). By Lemma 3.2, {f,,} is normal at
0. This is a contradiction.

Taking a subsequence and renumbering if necessary, we may assume that a, is
the zero of {f,} of smallest modulus. Evidently, a, — 0 as n — oo. Since f,,(0) # 0,
we have a,, # 0.

Let F,,(¢) = a-* f,.(an(), clearly we have

(i1) F\(¢) £ 0in A,
(12) all zeros of F),(¢) are of multiplicity at least k + 1,

(13) FV(Q) # %9, F,(1) = 0, and "%9 = 1 in C.
By Lemma 3.2 and Lemma 2.9, {F,,(¢)} is normal in A and quasinormal in C. Ob-
viously, there exist F3 C C and a subsequence of {F,,(¢)} (still denoted by {F,(¢)})

such that

(j1) Es5 has no accumulation point in C,

(12) Fu(¢) = F(C) in C\E,

(j3) for each (y € E3, no subsequence of {F,(¢)} is normal at (.
Clearly, E3 N'A = () and all zeros of F(¢) are of multiplicity at least k + 1 in C\ Es.

Subcase 3.1.1. FE3 = (). By (i2), (i3), we have F(1) = --- = F®(1) = 0. Thus,

F(¢) is a meromorphic function in C. Combining (i3) and Lemma 2.6, we have either
F®(O) = é or FR)(¢) # é in C.

If F®)(¢) = é in C, which contradicts F*)(1) = 0.
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If FR(¢) # é in C, by Lemma 2.11 and Lemma 2.3, F'(¢) = ¢. Since F(1) =0,
we have F'(¢) =0, i.e.,

(4.0.12) F,(¢) =d-*f.(a,¢) = 0 in C.

We claim that for any § > 0, there exists at least one pole of f, in A(0,0)
for sufficiently large n. Otherwise, there exist dp(> 0) and a subsequence of {f,}
(still denoted by {f,}) such that {f,} is of a family of holomorphic in A(0,d,). B
Lemma 2.10, {f,} is normal at 0. This is a contradiction.

Taking a subsequence and renumbering if necessary, we may assume that b, is
the pole of f,(z) of smallest modulus. Clearly, we have b, — 0 as n — oo. Since
f,(f)(z) # h(z) and h(0) = oo, we have f(0) # oo, hence b, # 0.

Let G, (¢) = b5 % £,(b,0). Clearly, we have

(k1) G,(¢) is holomorphic function in A,
(k2) all zeros of G,,(¢) are of multiplicity at least k + 1,

(k3) GIP(¢) # X% G,(1) = 00 and h“’n } X LinC.

By Lemma 2.10 and Lemma 2.9, {G,,(¢ )} is normal in A and quasinormal in C.

Thus, there exist £, C C and a subsequence of {G,(¢)} (still denoted by {G,(¢)})
such that

(11) E, has no accumulation point in C,
(12) Gn(¢) == G(C) in C\Ex,
(13) for each (y € Fjy, no subsequence of {G,(¢)} is normal at (.

Evidently, E4;NA = () and all zeros of G(() are of multiplicity at least k+1 in C\ Ej.

Since F"(Z_Z) = a'=%f.(b,) = oo, by Hurwitz’s theorem and (4.0.12), 2—1 — 00.
Set r,, = 3*. Evidently, r, — 0 as n — co. Since Go(rn) = b5 f,(a,) = 0, we have
G(0) = 0. Hence G(z) is a meromorphic function in C\ E4. By (k3) and Lemma 2.6,
we have either G*(¢) = & or G®(¢) # & in C\ Ey.

We now consider two subcases.

Subcase 3.1.1.1. E, is an empty set. If G®)(¢) = é in C, we have G(0) = oo
which contradicts G(0) = 0. If G®)(¢) # é in C, by Lemma 2.11 and Lemma 2.3,
G(¢) = ¢ which contradicts G(1) = co.

Subcase 3.1.1. 2 E4 is not an empty set. Let (5 € E,. Clearly, (5 # 0. By
Lemma 2.8, G~ f zd¢ = (Clll — o 1) Evidently, G(0) = oo which
contradicts G(0) = O

Subcase 3.1.2. E3 # (). We claim that 1 € E3. Suppose that 1 ¢ FEs. Since
Es3 # 0, there exists at least a point (y such that (; € E3. Thus, by Lemma 2.8,
F®(¢) = Cl in C\ E5. Meanwhile, F'(1) = 0 and all zeros of F' are of multiplicity at

least k + 1, we have F*)(1) = 0, a contradiction.
Thus, by Lemma 2.8, in C\ E3,

(k1) S
(4.0.13) FE(() = 51 e

o) B 5 H+1_q B (2 B ¢ 1
o) FERO = | rey s Oy T ey
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We claim that E5 = {1}. Otherwise, there exists (; € F; and (; # 1. By
Lemma 2.8, in C\ Ej,

¢ 1 C—l+1 _C —I+1

4.0.15 F&=D =7

(1.0.15) ©= [ goe-—pt
By (4.0.13) and (4.0.15), we obtain ¢(,~""* = 1. Furthermore, by Lemma 2.8, in
C\E3,

¢ €—l+1 1 <—1+2 ¢ ¢
4.0.16) F*2 :/ > —de= - +
( ) © o —l+1 : (=l4+2)(=14+1) —=l+1 (1+2)

By (4.0.14) and (4.0.16), we get (o = 1, a contradiction. Thus E5 = {1}.
Thus, by Lemma 2.8, in C\ E3

:/cil /; /jk GGG

= 1+Pk—1(C)Cl_’“
TR (Lt E— 1) (L DO

where P,_1({) is a polynomial of degree k — 1. Hence, by (4.0.17), in A

1+ P (Q¢*
(=l4+k)(—=l+k=1)-(=1+1)C*

By Hurwitz’s Theorem, there exist 7,,;, ¢ = 1,2,...,l—k), such that -, ; — 0 and
F,.(n,i) = 00. Since f and h have no common poles, we have F,,(0) # oo, v,; # 0,
i=1,2,-- 01—k

Suppose that s,, is one of {7V, 1, Vn2, - s Yni—k} of largest modulus. Let U, (§) =
si=FE,(s,€). Evidently, U, (¢) has only | — k poles n,,; = l”nl on A for n sufficiently
large. By the expression of F*~1 in (4.0.13), for all R > 0 and large enough n,

Un(§) #0, &€ A0, R).

(4.0.17)

(4.0.18) F(¢) =

Combining (i3) and U{(€) # W, and by Lemma 3.2, U,(£) is normal in C.
We assume that U, (¢) == U(€) in C and n,; — n;. Since U,(1) = oo, we have
U(l) = oc.

We claim that U(§) = oo in C. Otherwise by Lemma 2.6, we have either
Uk(¢) = é or U (&) # é in C. If U® (&) = Sl in C, which contradicts U(1) = oo.

If UK (&) # é in C, by Lemma 2.11 and Lemma 2.3, we have U({) = ¢, where ¢ is a
constant. This contradicts U(1) = co. Thus, U, (¢) =% oo in C.

Let
-k
H §— nnz
=1

Furthermore, we obtain U(¢) = oo in C.
Let
I—k I—
H C— i) = Fu(C) - (€ = Snn.i)-
i=1

i

=

I
—_
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By (4.0.18), F;(C) has no poles in A(0, %) for large enough n. And by the maximum
principle,
1+ P (Q)¢ '

Hence,

. 1
(4.0.19) Fr(0) — Ty Py as n — o0o.

On the other hand, in C

k
k

F;(Sng) (Sng) (Sng - ’}/n,i) = (Sng) (Sng Snnn,i)
1 i

l—
(4.0.20) S " Fr (Sn§) (€ = i) = Uy (§) =5 oo
By (4.0.20), F(0) — oo as n — oo which contradicts (4.0.19).

Subcase 3.2. There exists a subsequence of {f,(z)} (still denoted by {f.(2)})
such that f,(0) = 0. We may assume that c¢,(5 0) is the pole of f,(z) of smallest
modulus and ¢, -0 as n — oo which is similar to Subcase 3.1.1..

Let G, (¢) = % . (c,¢). Obviously, we have

(ml) G,(¢) is holomorphic function in A,
(m2) all zeros of G,,(() are of multiplicity at least k: +1,

(m3) GS{“)(C) =+ %, Gn(1) = oo, and h(c"o X Cl in C.

By Lemma 2.10 and Lemma 2.9, {G,,(¢ )} is normal in A and quasinormal in C.
Then, there exist F5 C C and a subsequence of {G,,(¢)} (still denoted by {G,(¢)})

satisfying

)
—

)

Ed

Il
—

(nl) Es has no accumulation point in C,
(n2) Gy(¢) == G(Q) in C\E,
(n3) for each (y € Ej5, no subsequence of {G,(¢)} is normal at (p.
Evidently, F5 N A = () and all zeros of G(() are of multiplicity at least k+ 1 in C\ Ej.
Clearly, G,,(0) = &% f£,,(0) = 0, we have G(0) = 0. Hence, G(z) is meromorphic
in C\ Es. By (m3) and Lemma 2.6, we have either G*)(¢) = é or GR(¢) # é in
C \ E5.
We now distinguish two cases.

Case 3.2.1. Ej is an empty set. If G®)(() = é in C, we have G(0) = oo which
contradicts G(0) = 0. If G®)(¢) # é in C, by Lemma 2.11 and Lemma 2.3, G(¢) =

which contradicts G(1) = oco.
Case 3.2.2. Fjs is not an empty set. Let (4 € Fs. Clearly, we have (, # 0.

By Lemma 2.8, we get G*=D(¢) = fé) é d¢ = ﬁ(c%l — o 1) Evidently, we have
G(0) = oo which contradicts G(0) = 0. O
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