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Abstract. We generalize the notion of integral Menger curvature introduced by Gonzalez
and Maddocks [14] by decoupling the powers in the integrand. This leads to a new two-parameter
family of knot energies intM®9 . We classify finite-energy curves in terms of Sobolev-Slobodeckil
spaces. Moreover, restricting to the range of parameters leading to a sub-critical Euler-Lagrange
equation, we prove existence of minimizers within any knot class via a uniform bi-Lipschitz bound.
Consequemtly, intM®9 is a knot energy in the sense of O’Hara. Restricting to the non-degenerate
sub-critical case, a suitable decomposition of the first variation allows to establish a bootstrapping
argument that leads to C'°°-smoothness of critical points.

Introduction

Imagine a closed curve in Euclidean space. Fach triple of distinct points on the
curve uniquely defines its circumcircle that passes through these three points. It
degenerates to a line if and only if the points are collinear. The reciprocal of the
circumcircle radius can be seen as some kind of approximate curvature. How much
information on shape and regularity of the curve can be drawn from the LP-norm of
the latter quantity?

Motivated from applications in microbiology, Gonzalez and Maddocks [14] inves-
tigated this question for the case p = oco. They were in search of a notion for the
thickness of an embedded curve that, in contrast to other approaches, e.g. Litherland
et al. [28], does not require initial regularity of the respective curves.

Thickness is influenced by both local and global properties of a curve and is
additionally related to the regularity of the curve. In fact, the thickness of an arc-
length parametrized curve is finite if and only if it is embedded and has a Lipschitz
continuous tangent, i.e., it is C%!, see Gonzalez et al. [15]. Consequently, any curve
of finite thickness parametrized by arc-length is bi-Lipschitz continuous with a bi-
Lipschitz constant only depending on its thickness.

The latter is particularly interesting in the context of applications. Instead of
trying to immediately determine the knot type of a given possibly quite entangled
curve, one could first “simplify” it in order to obtain a nicely shaped curve, having
large distances between distant strands. Such a deformation process could be defined
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by the gradient flow of a suitable functional which should prevent the curve from
leaving the ambient knot class, preserving the bi-Lipschitz property.

This idea was formalized into the concept of knot energies by O’Hara |33, Def. 1.1].
A functional on a given space of knots is called a knot energy if it is bounded below
and self-repulsive, i.e., it blows up on sequences of embedded curves converging to a
non-embedded limit curve.

Among other functionals Gonzalez and Maddocks [14] also proposed to investi-

gate the functional
7( ul ||7 2)| 17 (us)]
duy dug dug, € (0,00),
= [l R st g s deadi 2 € (0.

(R/Z)?

which is called integral Menger' curvature. Here ~v: R/Z — R™ is an absolutely
continuous curve and R(z,y, z) denotes the circumcircle of the three points z,y, z €
R"™ given by

(0.1) R(z,y,z2) = ly — 2| |ly — ||z — | o ly — 2|

2|(y —x) A (z —x)]  2sin<(y—ax,2—x)

The functionals .#, have been investigated by Strzelecki, Szumaiiska and von
der Mosel in [40] wherein further references can be found. Their results cover the
case p > 3 where ., is known to be a knot energy. Especially they have been
able to show that finite energy of an arc-length parametrized curve implies C1—3/P-
regularity and its image is C''-homeomorphic to the circle. The regularity statement
has been sharpened in [3].

The element .#, is referred to as total Menger curvature. Interestingly, it plays
an important role in complex analysis, more precisely in the proof of Vitushkin’s
conjecture, a partial solution to Painlevé’s problem which asks to determine remowvable
sets. These are compact sets K C C such that for any open U C C containing K
and for any bounded analytic function U \ K — C, the latter can be extended
to an analytic function on U. Vitushkin conjectured that a compact set K with
positive finite one-dimensional Hausdorff measure is removable if and only if it is
purely unrectifiable, i.e. it intersects every rectifiable curve in a set of measure zero.

A central result in this context is the curvature theorem of David and Léger [26]
stating that one-dimensional Borel sets in C with finite total Menger curvature are
1-rectifiable. Hahlomaa generalized this result to the metric setting [16, 17, 18]. Lin
and Mattila [27] investigated Menger curvature for Borel sets of fractional dimension.
Mel'nikov and Verdera [29, 30, 46] discovered a connection between L?*-boundedness
of the Cauchy integral operator on Lipschitz graphs and the Menger curvature. For
further details regarding Vitushkin’s conjecture for removable sets we refer to the
monographs of Dudziak [12] and Tolsa [45] and references therein.

Menger curvature for higher-dimensional objects has been discussed in 22, 24, 25,
4,23, 38|. It is also interesting to consider variants derived from .#,, by substituting
one or two integrals by suprema as proposed by Gonzalez and Maddocks [14], see

'Named after KARL MENGER, 1902-1985, US-Austrian mathematician, who used the circum-
circle for generalizing geometric concepts to general metric spaces [31]. He worked on many fields
including distance geometry, dimension theory, graph theory. Menger was a student of Hahn in
Vienna where he received a professorship in 1927. Being member of the Vienna Circle, he was also
interested in philosophy and social science. After emigrating to the USA in 1937, he obtained a
position at Notre Dame, later at Chicago. See Kass [21] for further reading.
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Strzelecki et al. [39, 42] for details. Further information on the context of the integral
Menger curvature within the field of geometric knot theory and geometric curvature
energies can be found in the recent surveys by Strzelecki and von der Mosel [44, 43].

In this article we make a first step towards the regularity theory of stationary
points of integral Menger curvature. Regularity theory for minimizers of certain knot
energies has been developed in [32, 13, 19, 36, 35, 5, 6]. A summary is given in |7, §].

Unfortunately the Euler-Lagrange operator of .#), is not only non-local but also
degenerate. In order to produce non-degenerate energies, we embed this family into
the two-parameter family of generalized integral Menger curvature

(02)  intM®P9(y /// ” “1"““2)”7(“3)' duy dus dug, p,q > 0,

uy), y(us), v (us))

(R/Z)3

where

(ly—2lly —=zllz—=))" _ly—2fly—=""]z — 2"

L T Y o ey rpers

bl

z,y, 2 € R". Note that the function R®% is symmetric in all components. Of course,
M, = 2PintMPP).

The elements of this family are knot energies under certain conditions only. More
precisely, we will see in Remark 1.2 that they penalize self-intersections if and only if

(0.4) p>3q+1.
On the other hand, these energies can only be finite on closed curves iff
(0.5) p<q+3,

see Remark 1.3.

Due to the non-local structure of the energy functionals (0.2) we arrive at an
Euler-Lagrange equation of type Lu = Ru where the left-hand side Lu denotes the
Euler-Lagrange operator associated to the fractional ¢-Laplacian and Ru contains
the remaining “lower-order” terms. The properties of this equation highly depend on
the respective values (p, q).

Not only for the regularity theory it is of essential importance that curves of
finite energy are of class C1® for an o > 0. This is not the case for all combinations
of indices. We will see that for

(0.6) pe(3g+1,9+3) (¢>1),

such an embedding exists and we will refer to this range as the sub-critical range?.
It is one of the main results of this article, that within this range the equation
Lu = Ru behaves in a sub-critical manner in the sense that a combination of potential
estimates and Sobolev-embeddings leads to full regularity of solutions to this non-
linear equation (cf. Theorem 4).

On the other hand, if ¢ # 2, we expect the standard ¢-Laplacian to share effects
coming from the degeneracy of the operator (or singularity) with its fractional ana-
logue. Due to this vague heuristic, we call the equation for ¢ = 2 non-degenerate in
our terminology.

’In contrast, the corresponding range is called super-critical by Strzelecki et al. [41] as it lies
above the respective critical value for which the energy is scale-invariant.
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Restricting to the non-degenerate part of the sub-critical range, we consider

78
The areas mentioned above are visualized in Figure 1.
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Figure 1. The range of intM®%. Above the line p = 2 + 1 (green), the integrand is not
sufficiently singular to penalize self-intersections, thus intM®? is not a knot energy. On the other
hand, below the line p = g + % (red), for ¢ > 1, the integrand is so singular, that the integral is
either equal to zero or infinite, so there are no finite-energy C'-knots at all. For g > 1 these lines
bound the sub-critical range (0.6) (yellow). The non-degenerate sub-critical range (0.7) is dotted.
The hatched area reveals the strange behavior that there are no finite-energy C3-knots while it
takes finite values on polygons.

In [3], a characterization of curves with finite ., energy was given in terms of
function spaces. Using this technique we infer

Theorem 1. (Classification of finite-energy curves) Consider the sub-critical
case (0.6) and let v € C*(R/Z,R") be an injective curve parametrized by arc-length.
Then intM®? () < oo if and only if v € W®=2/4=14_ Moreover, one then has, for
constants C', 8 > 0 depending on p, q only,

1/q
(08) w21 < C (MPD () + M@ (7)7) .

We will use the last theorem to show

Theorem 2. (Existence of minimizers within knot classes) In the sub-critical
case (0.6), there is a minimizer of intM®9 among all injective, regular curves v €

CH(R/Z,R") in any knot class.

To shorten notation we use the abbreviation
(0.9) DNy e = o(u~+v) —o(u+ w)

throughout this paper. Furthermore, we sometimes omit the argument of a function
if it is precisely the variable u, i.e. v = y(u) etc.

The first variation of .#,, p > 2, has been derived by Hermes [20, Thm. 2.33,
Rem. 2.35|. Here we use a different approach to prove
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Theorem 3. (Differentiability) In the sub-critical case (0.6) the functional
intM® is C'* on the subspace of all regular embedded W®P~2)/4=Y4_curves. For any
arc-length parameterized embedded v € WP=2/a=L4(R /Z R™) and h € W Bp=2/a—1a
(R/Z,R"), the first variation of intM®9 at ~ in direction h amounts to

Sint M®PD (. )
Doy A Doy gry|T
/// { | 707 ’O’Y| 2 <Av,0/y A vaofy’ AUVO’Y A Aw’0h>

|Av,w7| |Av,07| |Aw,07|)

(R/Z)3
(0.10) s | Doy A Doy oy| (D Dowh)
P02 o N 1200 1 Do )P 1Ay |
+ 3 |AU,O’7 A Aw,()r}/|q

(| Ap Y| [D0,07] | D0

Using this formula, we will see that stationary points of the energies intM®?
restricted to fixed length satisfy a non-local uniformly elliptic pseudo-differential
equation. If furthermore p € (3, 3) the non-linearity turns out to be sub-critical and
we can finally use the Euler—Lagrange equation to prove the following main result of
this article:

7 (', h' } dw dv du.

Theorem 4. (Regularity of statlonary pomts) Forp e (%,%), let v € W3r/2722
(R/Z,R"™) be a stationary point of intM (P2 with respect to fixed length, injective

and parametrized by arc-length. Then v € C*.

In a sense this concludes our study of the non-degenerate, subcritical cases of the
most prominent knot energies for curves. Regularity theory for the non-degenerate
sub-critical case has already been performed for O’Hara’s energies [5] and for the gen-
eralized tangent-point energies [6]. The treatment of the critical case however turns
out to be far more involved and has yet only be done for O’Hara’s knot energies [9].

We briefly introduce Sobolev-Slobodeckii spaces in the form we will use them in
this text. Let f € WH(R/Z,R"). For s € (0,1) and ¢ € [1,00) we define the

seminorm

/e
1/2 / u 4w i
(0.11) [fluies,e == / / I 1+st( ) dw du .
R/Z 172 |w]

On W% this seminorm is equivalent to

1/4 ) -2 ENT 1/e
(0.12) [flwitse == (/R/Z/_ flutw) |w|{+(9(z+s)f<u w)l dwdu) ,

1/4

see Appendix B.
Now let W*¢(R/Z,R"), k € N, denote the usual Sobolev space (recall W%¢ :=
L?) and

WHE¢(R/Z,R") := {f € WF(R/Z,R") | || fllyyhrs.e < 00}

which we equip, depending on the situation, either with the norm
Hf”w’w + [f(k_l)]wl-i-&@ or with Hf“Wk,Q + [[f(k_l)]]wl'i‘&m respectively.
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Without further notice we will frequently use the embedding
(0.13)  WHFr(R/Z,R") — C**Y¢R/Z,R"), o€ (1,00), s€ (o "1).
We will denote by C,, resp. W,, injective (embedded) curves parametrized by arc-

la =

length. As usual, a curve is said to be regular if there is some ¢ > 0 such that |y/| > ¢
a.e. Constants may change from line to line.

Acknowledgement. We would like to thank the referee for very carefully checking
all details of this text.

1. Classification of finite-energy curves

Before we begin the discussion of the first variation, let us rewrite the integral
Menger curvature using the symmetry and a suitable covering of the domain of
integration (R/Z)? by domains, on which it is easier to estimate the terms that will
appear. The general idea here is quite similar to [3] and Hermes [20], but we will
show that it is actually enough to integrate over a certain subdomain of (R/Z)3.

To this end we define the range of integration

(1.1) D :={(v,w) € (—3,0) x (0,3) |[w <1+ 20,0 > -1+ 2w},

which is depicted in Figure 2.

+—> S

> U

R 0

Figure 2. The range of integration D.

Lemma 1.1. (Domain decomposition) Let f € L* ((R/Z)S) be symmetric in all
components, i.e. f = f oo for all permutations 0 € G3. Then

/// f(ul,uz,u3)du1dquu3:6/// flu,u+v,u~+ w)dwdo du.
(R/Z)3 R/ZxD

Proof. Let P, € R**? denote the permutation matrix corresponding to o € Gs.
We first show that the images { P, (R/Z x D) |o € &3} cover (R/Z)3.
Consider (uy, ug, us) € (R/Z)®. Then after a suitable permutation we can assume
that
dryz(u1, us) = max (dryz(ur, us), dryz(uz, us), dryz (w1, us))
where dgr,z(z,y) = min{|z —y — k|: k € Z} € [0, 1] denotes the distance in R/Z.
Hence, interchanging u; and wus if necessary, there are (v, w) € [—%, 0} X [O, %} with

Uy = Uz +V, U3 = Uy + W,
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and
max (—v, w) = max (dryz(u1, us), drz(u2, us))
< drz(ur,u3) =min(w —v,1 = (w—-v)) <1 —w+w,
so (v,w) € D. Since furthermore
#6; [R/Zx D| =65 =|(R/Z)’|

the sets { P, (R/Z x D) | o € &3} form (up to sets of measure zero) a disjoint parti-
tion of (R/Z)3: If this was not the case, there would exist a set S of positive measure
belonging to the image of P, (R/Z x D) for two different values 01,0, € &3. However,
as (R/Z)® C {P, (R/Z x D)| o € &3}, this would result in [{P,(R/Z x D) | o €
Sst > 1+]5|. O

Following Lemma 1.1 we derive using (0.9)

intM®9) ()

|A”07/\ Aow’ﬂq ’ ’ ’
_6/// ’ ’ Y ()| |y (u+v)| |y (u+ w)| dwdv du.
R/ZxD |18 07| | Do, |Av,w7|)p| (w)] |7'( A ( )|

Proof of Theorem 1.  Recall that any embedded Wi "*“-curve, s > 5+ is bi-
Lipschitz continuous [2, Lemma 2.1|, so

‘fol v (u+ 6yv)dby A fol v (u 4 Oow) dbsy !
intM®9 (y) < C’/// dw dv du,
R/ZxD

ol Jwl”* o — w|”

where C depends on p, g and «y. Using |a A b| = |a A (a £ b)| < |a||a + b for a,b € R3,
we obtain

1 / / q
Ov) — 0 de
intM(p’q)(y) < C/// fo |y (u+_ v) — ' (u+ Ow)| dw dv du.
R/ZxD

ol fw "™ o — w]”

We may substitute u — u — 6w due to periodicity and apply Fubini’s theorem which

gives
. . q
nEM ®9) <C//// (w6l = w)) =70 4, 4y dus.
ryzxp [0 W[ v —wl

Substituting ®: (v, w) — (£, @) = (=%, 6(v —w)), |det DO (v, w)| = L, ®(D) C
[0,1] x [—1,0], we arrive at

intM(p’q)( )

+w) — (W) -
<0/ / // by (u dao dt du dd
el Sl Rl o

(1.3)
<C/ 93p 2q— 2d9/ / /Ol’y u+w V(u”qdﬁ)du
= 0P Juyz Cia
< C (% apaysara + 1% ) < CIAE 2010
For the other implication, we first derive for given vectors a,b € R", |a| = |b| = 1,
(a,b) >0,

(1.4) la A B2 = la]? b = (a,b)> > 1 — {a,b) = L |a —b|*.
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By uniform continuity of 4" we may choose § = é(v) € (0, 3) such that
(1.5) Y (u+v) =+ (u+w)| <5 forallue R/Z, v,w e [—6,6].

In fact, we may choose 0 to be maximal, i.e. we assume that there are & € R/Z,
0, € [—6, 0] with

(1.6) Y (@ +0) =+ (@ +w)| = 55

We fix ug € R/Z. As v € CY(R/Z,R") we may apply a suitable translation and
rotation of the ambient space R™ such that (ug) = 0 and there is a function f €
CHR,R™ ) with ||f']|;« < 1 and f(0) = 0 such that J(u) := (u, f(u)) satisfies
7(B2s(0)) C v(R/Z). Then

(1.7) 10007 < v] < |Ayed|  for v e [—26,26].
Arc-length parametrization of v gives
'v,O’S/ AO,wﬁ/ a

u0+6 ’ A = /\ A =
intM P9 ) > c/ / / 1|> ;,0’7\ ‘~ (;1_”;‘ — dwdvdu
ug 1 ‘Av O’Y‘ ’AO,w’” |Av,w7|

5 |4
Ny 07 Ao, w?
s1gnv o 071 —|—s;1gnw|A 7]

up+0 =
dwdov du
/u / /5 |Au07|p q|A0w7|p Ay A

q
(1 7) uo+6 s1gnv|A o —l—Slgnw'iOZ;:'
dw dv du.
uo ol Jwl” o — w]”

Using fis o(v)dv = %f s O()dv + 5 f s @(—v) dv for any integrable function ¢ we
arrive at

q
AP uo+6 s1gnvm” °7| + mgnw@“ Y
in p—q |, 1P—q P
uo [ Jw[" v — w
. A,m ¥ : A wY a
‘_Slgnlew,gﬂ +signwiz vy dw dod
N P P et
Ay, No.wd |1
[ [ (B
s wes s P P
: q
‘— signv @‘” °7| + signw ‘22’:;‘
+ P ] q|v—w|p dw dv du

+ AO,w:Y 4
sign vz + sien wzy

L

. A . Doy |2
—signv Ai“’OY + sign wz>*2
+ | 2,07 |80, w dw dU du
|U|3p—2q
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'UO'Y ’UO’Y a

+6
> o ‘IAu 7| IA 2,07 dvd
c 3p 51 v du,
uo

where ¢ > 0 only depends on p and ¢g. The last line in (1.8) is bounded below by

q

up+o6 o A oA A ~ 14 uo+96 o |A_U70’?|q‘ Al — — A,l —
c/ | 0,07 + Ay 07 dv du — / / D03 [A—v,07] dv du

- o o7

ug+9 0 _2 _ q
/ /Ivuﬂ) F(u) +5(u —v)| dv du

|v|3p g—1

q

u0+5 ‘ v
|Av O'Y| ‘A vO'Y|
—C/ / 3p 50T dov du.
uo

By

v

A’U,O’S/ A—v,(]r?
"Av,O'ﬂ - |A*

(Uu A’U,Of) (_U7 A—U,Of) _ ‘ +
|Av,05/| ’Afv,()fﬂ |Av,05/| ‘Afv,ﬂ:ﬂ

we may use (1.8) to absorb the last term which finally leads to

uo+9 4 _ ~ o q
th(pq ) > c/ / [+ v) = 25(w) +3(u — v) dv du.

o7

Since reparametrization to arc-length preserves regularity, we arrive at

ug+9 ) | N . q
Y(u+v) = 29(u) +y(u—v)
(1.9) intM® 9 ( / / ]P0 dv du.
As ug was chosen arbitrarily, we obtain
(110)  Dlpeaye-ra < O (MMOD0) + 1[G 5772)

uniformly on R/Z. Since the exponent —3p + 2¢ + 2 is negative, we have to show
that ¢ is uniformly bounded away from zero in order to finish the proof. To this end
we will establish the Morrey-type estimate

(1.11) 17/ (- +w) = 7' ()| oo < CitMPD (1) 9)ap|*  for all w € [—26, 20]

where a = 3(p—1)/¢—2 > 0. As § was chosen to be maximal with respect to (1.6),
we arrive at

& < CintMP9 ()15
which, applied to (1.10), gives (0.8) with 8 =1+ 1/(«aq).

It remains to prove (1.11) which follows by standard arguments due to Cam-
panato [11]. Let 7} () denote the integral mean of 7' over B, (z). We calculate for
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r€R/Z and r € (0,0)
1 /
— d ! dud
o LUCRE P LEET g A NG R UIE
1/q
/ /
() f.n (v)—v(U)|"dudv>
7 () v
<Cr® (/r /,« |u—v|3p 271 dudv)

< Cr th(pq)( )l/q

As (1.11) only involves the domain of v up to a measure zero set, we may restrict to
Lebesgue points. We choose two Lebesgue points u, v € R/Z of 4/ with r := |Ju—v| €
(0,%). Then

7 (u) =~/ (v)]

Z ‘7321 e (w) 'YB —k,
k=0

!
21 ()~ TBy i, (0)] -

’YBQT

Since
/ / / /
|’7/ o ‘ < fB2T(u) 17 (z) — 'VBQT(U)| dz + fBQT(U) 17 (z) — 'YBQT(v)| dz
Bar() Bar()] = | Bay(u) N B, (v)]
< Clu — v|*ntM®9 (y)1/a

asr = |u—v| and, for all y € R/Z, R € (0,2),

/ / / /
TBar(y) ~ TBr(y)| = o°R

< CR*ntM®9 (’y)l/q,

we deduce |[v/(u) — ¥ (v)] < C (o2 " +1+307,27) Ju— v|*intM®9 (4)1/a,
Thus |7/ (u) — ' (v)] < Clu — v|*ntM®? (4)/4 for all Lebesgue points of 4 with
lu—v| < . The case § < |u — v| < 2§ follows by the triangle inequality. O

Let us conclude this section by briefly commenting on the other ranges in the
(p, ¢)-domain, see Figure 1.

Remark 1.2. (Non-repulsive energies for p < %q + 1) A bi-Lipschitz estimate
is not guaranteed for injective curves if p < %q + 1. We briefly give the following
example. Consider the curves u — (u,0,0) and u — (0, u,d) foru € [—1,1], § € [0, 1].
The interaction of these strands leads to the intM®%-value

C /// (0 +u )‘1/2 dwdv du
s |v — w]P7 (62 + u? 4 v2)P2 (62 + u + w?)P

52 2\(¢—p)/2
SC'/// _( ) 5 dw dv du.
113 v — w|pq((52+u2—|—02+w2)p/
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Introducing polar coordinates u = rcosd, v = rsindcosy, w = rsindsiny, the
former quantity is bounded by

C/\/E/w ((52+7"2008219)(q_p)/2r251n19dﬁd /2” dy
s P— 2 " : P—q
o Jo  rpasin? 99 (52 4 r2)?/ 0 |cosp —singp]”?

<c

V3

2 2\(¢—p)/2

< C’/ / (0% + 1) dy

B rP=a=2ginP =91 ¢ (62 + r2)p/2
—_—

0 0, FIV3F A

>1
3

P82 12 a2 9\ (@mP)/2
_I_/((S + 7% cos* ) rsmﬁdé]) dr

rP=a-1ginP~ 14 (§2 + 7‘2)p/2

ENE]

V3 r
< C/ <(5+T)—3p+2q+2+rp+q+l ((5—|—r)_p/ (52+02)(q—p)/2 da) dr
0 0

S C (1 . 5—3p+2q+3) S C.

Using Theorem 1 and the monotonicity of intM®? for fixed ¢, it is easy to produce
a family of knots uniformly converging to a non-embedded curve without an energy
blow-up as § N\, 0, so these energies are not self-repulsive.

Remark 1.3. (Singular energies for p > ¢ + %, q>1)Forp>q+ %, q>1, we
have intM®9 (y) = oo for all closed C'-curves 5. To see this, note that we assumed
p < 2¢+1 in Theorem 1 mainly because neither (0.11) nor (0.12) is defined for s > 1.
For general p > %q + 1 we nevertheless still have

1/2
/ / 7 (wtw) — 7 ()" dwdu < C (th P9 () + intM(p’q)(y)'B) :
R/Z

12 |w|3p 2q—1

Applying Brezis [10, Prop. 2|, the function 4/ is constant, hence v lies on a straight
line. Therefore, v cannot be a closed C-curve.

Remark 1.4 (Strange energies for p € [¢+ 2,2¢+1)). Onp € [¢+ 3, 3¢ + 1),
p,q > 0, see the hatched area in Figure 1, we find the strange behavior that there are
no closed finite-energy C3-curves while self-intersections, and in particular corners,
are not penalized. So piecewise linear curves (polygonals) have finite energy.

The latter can be seen by adapting the calculation in Remark 1.2. For the
former we recall that a closed arc-length parametrized C?-curve must have positive
curvature |y”| at some point ug and by continuity there are ¢, > 0 with || > ¢ >0
on [ug — 6,1 + 6]. As 4" L 4 we obtain [y A+/| = |77| > ¢. So intM®?(y) is
bounded below by

uo+s § 3Ivl

T

=0 3lv|

dwdvdu

u07 Amﬂ‘



160 Simon Blatt and Philipp Reiter

uo+d 6 3 |’U

/ / |0+

ug—9 51|v

2/ (w) A (1)

+ %/ (1= 91)*y" (u+ D1v) Ay A (¥ (1) + 9" (w))

__/ (1= 02)%y" (u+ Dyw) A0y A (3 (u) + 57" ()

i w // (1 —91)2(1 — D9)*y" (u 4+ 910) Ay (u 4 Vow) vy ddy| dw dv du
0,1)2

5
>3 (¢ = Co 17" 1700 (V" oo + 17"l oo + 1)°] / o P do.
-5
Diminishing 6 > 0, the square bracket is positive. This gives intM®% () = oo.

2. Existence of minimizers within knot classes

The arguments here are quite similar as for the tangent-point energies 6], how-
ever, we provide full proofs for the readers’ convenience.

Using Theorem 1 together with the Arzela—Ascoli theorem, we will see that sets of
curves in C, (R/Z, R™) with a uniform bound on the energy are sequentially compact
in C'. To this end we need the following result.

Proposition 2.1. (Uniform bi-Lipschitz estimate) For every M < oo and (0.6)
there is a constant C(M,p,q) > 0 such that every curve v € CL(R/Z,R") para-
metrized by arc-length with

(2.1) intM®9 (y) < M
satisfies the bi-Lipschitz estimate
(2.2) ju—v| < C(M,p,q) [y(u) —y(v)| for all u,v € R/Z.

The proof is based on the following lemma. To be able to state it, we set for two
arc-length parametrized curves ~;: I, — R, ¢ = 1,2, I;, I open intervals,

intM®4) (71,72) == intM®4) () + + intM®9 (72)

71 (1) !%(U2)| |75 (u3)]
duq duy du
///R(”q) (1 (un), 71 (u2), o (uz)) 2

12><12
|71 (u H%(W)II%(Ua)\
duq dusy dus.
///R(M) Dsy(uz), y(uz))
11><12

Lemma 2.2. Let a € (0,1). For p > 0 we let M,, denote the set of all pairs
(71,72) of curves ; € CL([—1,1], R™) satisfying
(i) [71(0) =2(0)[ = 1,

(i) ~1(0) i( 1(0) — 72(0)) 75(0),
(i) [|[v]|coe < p, i=1,2.
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Then there is a ¢ = ¢(a, i) > 0 such that
intM(p’q)(%,vg) > ¢ for all (y1,72) € M,.

75(0)

72(0)

Figure 3. A pair of curves (y1,72) € M, defined in Lemma 2.2. Note that the arcs v1, 72

cannot intersect each other.

Proof. Tt is easy to see that intM®9) (71,72) is zero if and only if both ~; and
~v9 are part of one single straight line. We will show that intM(p’q)(‘, -) attains its
minimum on M,,. As M, does not contain straight lines by (i), (ii), this minimum is
strictly positive which thus proves the lemma.

Let (%n), yén)) be a minimizing sequence in M, i.e. we have

lim intM®9 (,}én)’ ,)én)) _ i]\r}f intM(p’Q)(', )
©

n—oo

Subtracting 1 (0) from both curves, i.e. setting

(7)== " () = m(0), i=1.2,
and using Arzela—Ascoli we can pass to a subsequence such that
~ (1)

" — 5 in CL.
Furthermore, (¥1,%:) € M, since M, is closed under convergence in C*. Since, by
Fatou’s lemma, the functional intM®? is lower semi-continuous with respect to C*

convergence, we obtain

intM®9(31,95) < lim intM®9 (5", 55") = lim intM®9 (51", 75")
n—o0

n—o0

= inf intM®9 (-, ). O

e
Let us use this lemma to give the

Proof of Proposition 2.1. Applying Theorem 1 to (2.1) we obtain ||7/||go.a <
C(M) for a = 3’%1 -2 € (0,1 — é) As an immediate consequence there is a
d =0(a, M) > 0 such that

(2.3) lu—v| < 2|y(u) —v(v)]
for all u,v € R/Z with |u — v| <. Let now
S = inf { y(u) — ()] | w0 € R/Z, Ju — o] > 5} <1

We will complete the proof by estimating S from below. Using the compactness of
{u,v € R/Z,|u —v| > 0}, there are s,t € R/Z with |s—t| > 0 and |y(s) —v(t)| = S.
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If now |s — t| = ¢ we obtain

(2:3)
25 =2y(s) =) =4
and hence S () ()|
ol <l < ” MW=
u-vlss=3s 5(cr, M)

for all uw,v € R/Z with |u — v| > §. This proves the proposition in this case. If on
the other hand |s — ¢| > ¢ then we infer using the minimality of |y(s) — ~(¢)|

V(s) L (v(s) = () LA'(D).
We define for 7 € [—1, 1]

m(T) = %’y(s +57) and (1) = %y(t + S7).

Since [|¥/]|co.a < ||V ||co«< C(M) we may apply Lemma 2.2 which yields
intM®9 (v, v5) > e(a, M) > 0.

Together with intM®? (yy, 75) < S3P~20-3intM P9 () this leads to

Sz(de)yﬂ“Z(mmmyﬂ“.
int M9 () M

Hence, |u—v| < 5 < w < C(M,p,q)|v(u) —y(v)| for all u,v € R/Z with
lu—v| > 9. O

We are now in the position to prove the compactness result which is crucial both
to the existence of minimizers in any knot class and to the self-avoiding behavior of
the energies.

Proposition 2.3. (Sequential compactness) For each M < oo the set
Ay = {’y € CL(R/Z,R") ’intM(p’q)(y) < M}

is sequentially compact in C' up to translations.

Proof. By Theorem 1 there are C(M) < oo and = «a(p,q) > 0 such that
17 lce < C(M) for all v € Ay and hence

IFllcre < C(M) +1
where ¥(u) := y(u) —y(0). By Proposition 2.1, the bi-Lipschitz estimate (2.2) holds.
Let now v, € Ap;. Then
IFnllere < C(M) +1

and hence after passing to suitable subsequence we have 7, — 7 in C'. Since 7,
was parametrized by arc-length, vy is still parametrized by arc-length and the bi-
Lipschitz estimate carries over to g. So, especially, 7o € Ci(R/Z,R"). From lower
semi-continuity with respect to C'' convergence we infer

intM®9 (vy) < liminf intM®9(5,,) < M.
n—oo

So Yo € AM O

We may now pass to the
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Proof of Theorem 2. Let (7;),en € Ci be a minimal sequence for intM®? in a
given knot class K, i.e. let

lim intM®? () = inf intM®9,

k—o0 CLNK
After passing to a subsequence and suitable translations, we hence get by Proposi-
tion 2.3 a vo € CL with 7, — 7 in C'. As the intersection of every knot class with
C' is an open set in C! [1, Cor. 1.5] (see [34] for an explicit construction), the curve
7o belongs to the same knot class as the elements of the minimal sequence (V) cn-
The lower semi-continuity of intM®? furthermore implies

inf intM®? < intM®? (o) < lim intM®?(5,,) = inf intM®9.
CLNK n—00 CLNK

Hence, 7, is the minimizer we have been searching for. 0

By the same reasoning one derives the existence of a global minimizer of intM®% .
Let us conclude this section by deriving that the generalized integral Menger
curvature are in fact knot energies (in the sub-critical range).

Proposition 2.4. (intM®? is a strong knot energy [41, Cor. 2.3]) Let (0.6) hold.

(1) If (vk)pen Is @ sequence of embedded W@p=2/a=L4_curves uniformly con-
verging to a non-injective curve ., € C%' parametrized by arc-length then
intM®? (~,) — oco.

(2) For given E,L > 0 there are only finitely many knot types having a repre-
sentative with intM®9 < E and length = L.

Proof. The first statement immediately follows from the bi-Lipschitz estimate in
Proposition 2.1, as a sequence with bounded energy would be sequentially compact
in C, and thus cannot uniformly converge to a non-injective curve.

To show the second statement, let us assume that it was wrong, i.e., that there
are curves (Vx),on Of length L, all belonging to different knot classes, with energy less
than E. Of course we can assume that L = 1. After applying suitable transformations
and passing to a subsequence, Proposition 2.3 guarantees the existence of v5 € Ay
with 7, — 70 in C'. Again by [1, 34] this implies that almost all v, belong to the
same knot class as 7p, which is a contradiction. ([l

3. Differentiability
Recall that we have for v,w € D
ol ful < Jo—w| < 2

Hence, we obtain for each curve v € Co'(R/Z) with intM®?(y) < oo due to the
bi-Lipschitz estimate

Y(utv) =) = o], [y(utw) =] =lwl, |yutv) =yt w)]=v-wl

for all (u,v,w) € R/Z x D. (Here a ~ b is an abbreviation for the existence of
uniform constants 0 < ¢ < C' < oo with ¢b < a < Cb.) The same estimates hold
(with different constants) if v is merely an injective regular curve which we will
assume throughout this section.
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We derive the following form for the first variation which is at first site much
more complicated than the formula derived by Hermes [20], but due to the special
structure of D it is easier to do estimates using this formula. We abbreviate

RP(uy, ug, ug) := R (y(uy), y(uz), v(us))

and we still use
(0.9) Dy = o(u+v) — o(u+w).

In contrast to O’Hara’s knot energies, we can use a rather direct argument to deduce
that the integral Menger curvature is Gateaux differentiable by investigating the
integrand, i.e. by looking at the Lagrangian

| Aoy A Dy oy]?

L =
() (w, v, w) 1207 P12 o017 Do sy P

Y ()1 (w4 v) ] (w + w)].

For v, h € WGP=2/a-14 and ~, := ~ + 7h one calculates

5L(’7; h)(ua U7w> = % (L(%)(u,v,w))

7=0
(D oy A Dy oy, Dwoh A Dyoy + Doy A Dyoh)
| D0 [P Do 0P| Doy P

= {q ’Aw,Ofy A A11,0")/|q_2

| Aoy A Dy o]
TR P B P B P
| Aoy A Dy o]
TR P B P Ay [P
| A0y A Dy o]
TR P B o LA PP

+ RPU(u,u+ w, u+v) <‘§E“; >

* <Aw,077 Aw,0h>

: <AU,077 AU,0h’>

: <Av,w77 Av,wh>

’(u+v R (u+v) >
Y (u+0)|" |7 (w4 )

(
V' (utw)  Wutw) : : /
I (u+w)|’ |’y’(u—|—w)|> }|7 (u + w7 (u + v)[[7(u)]-

+Rp’q(u,u+w,u+v)<

+ RPYu,u+ w,u +v) <

For future reference, we denote the seven terms one obtains from this formula (after
multiplying each one by |7/ (u + w)||y'(u + v)||7/(w)|) by 6Ly, ..., L.

Lemma 3.1. Let (0.6) hold and v € W®r=2/a-14(R/Z,R") be an injective
regular curve. Then intM®9 js Gateaux differentiable in v and the first variation in
direction h € WGP=2/a=L4(R /Z R") is given by

(3.1) SintM®? (v h) = 6 /// SL(v; h)(u, v, w) dwdvdu
R/ZxD

and (0.10) holds.
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Proof. Let U be a neighborhood of v in W®r=2/a=1a ¢ ¢Gr=3)/a=1 c O con-
sisting only of regular curves with

inf |3 (u)] = My >0

yeUueR/Z
and
yeUu#veR/Z lu — v
Using
YAV JANS Dypoh A\, JAWS Ny oh
< 07 p Lo0Y Buoh | Buoy | BuoY | Do >
w ) w v w )
_ Aw,O’Y . AU,O’Y A AU,O’Y Aw,Oh . AU,Oh A AU,O’Y
w v v w v v
Ay A, Ay oh
_|_< 07 ,O’Y) A 0 >7
w v v
AO,w’Y A AO,v7 _ AO,w’}/ N AO,v’Y A A0,11’}/
w v w v v
and

‘(Ao,w'y _ AO,U'Y) /\ AO ,y q

w v

B ’wyiq |A0,w7‘p ‘AU,OV‘I) ‘Av,w7’p

RPA(u,u +w,u+v)

together with the bi-Lipschitz estimate we infer for ¥ € U

0L(%; h)(u, v, w)]

Lw,0¥ _ Du,o¥ ANw,od  Duod 1g—1]Dwoh  Duoh
(3.2) §C|TM_TO7|th/HL°°+| 007 _ oo jg-1) Bwoh _ Avoh)

|w|P=t|v[p=afv —w?
So for 0 < |7| < 1 so small that v, € U we may let 4 = 7, which leads to

0

EL(%)(%%U})
T=T

A AN Nw.oh Ny oh

- C|%m — =2 || poe + | =22 — =20 1| || o
(3.3) - jwlp=tjoP=9|v — wl
Dw,0Y DoV |g—1]Lwoh  Dyoh Dwoh  Dyohg
_|_ | w v | | w v ‘ + ‘ w v |
jwlp=tjoP=9jv — wlP

=: g(u, v, w)

where g does not depend on 7 and C' depends on My, Ms, p, g only.
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For f € W(3p’2)/q*1’q(R/Z R™), we have

w Of v,0f|q
/// dv dw du
R/ZxD |w|p qMP o — wlp

///‘fo Flu+ w) — f’(u—l—&v))d@qdwdvdu

|wlp=d|v[P=t|w — vfp

R/ZxD

P 0w — ) — )]
<C/ ///R/zw alrropiu— o Qv dvdude.

Hence,
// lg(u, v, w)| dwdvdu
R/ZxD
< C[ ]W(?)p q—2)/q,9 Hh/HLOO + [h](év(?)p—q—Q)/q,q (1 + Hh/“Loo)
1—1
wO'Y A/U,O’Y|q !
+C /// dw dv du
|wlP= q\v!p v —wlp
(34) R/ZxD
‘
woh u,oh’q
/// dw dvdu
|wP~ qlvlp N —wlp
R/Zx D
<c(h yor-aoeta * B2 apzyja-ra) (1 + 1)
q
+C[ ] 3p q7—2)/q.q [h]w(i%pfq*?)/q,q'

So §L(7;; h) has a uniform L'-majorant for 7 sufficiently small. Therefore, by Lebe-
gue’s theorem of dominanted convergence, we finally can use the fundamental theo-
rem of calculus to write for 7 small

intM®49) h tMpq
mn (y+7h) —in /// / SL(Vsr; h)(u, v, w) ds dudv dw

T

R/ZxD

% 6 /// SL(v; h)(u, v, w) dudv dw.

R/ZxD

Consequently, the first variation exists and has the form (3.1).

Using once more the symmetry of the integrand, we can bring this into the
form (0.10) as follows. Due to the symmetry of the integrand we have L o P, = L
for any permutation matrix P,, € &3. So we obtain

6///R/ZxD Z /// R/Z><D Llvih) = ///(R/Z)3 OL(v;

0€63
The symmetry of R®% now leads to the desired.
Furthermore, by (3.2), the first variation defines a bounded linear operator on

WGr=2)/a=14 Hence intM®? is Gateaux differentiable. O
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In fact, we can even show that intM®? is C1, though we will not use this fact
in the rest of this article.

Lemma 3.2. The functional intM®9 is C' on the subspace of all regular em-
bedded W GP=2)/a=1L4_cyrves.

Proof. We will prove by contradiction that JintM®? is a continuous map from
embedded regular WGP=2/a=Ld_curves to (W(3P*2)/G*I»Q)*. So let us assume that
sintM®? was not continuous in 9. Consequently, there are some gy > 0 and se-
quences }(I’Yk)keN , (M) pen C WEP=2/a710 oy in W=D amLa, 1Pkl (3p-2) /010
<1, wit

(3.5) |6t MPD (s by ) — intM®D (y; by )| > .

As in the proof of Lemma 3.1, we can exploit the embedding W ®r=2/a-1La . C1
and the openness of the set of regular embedded curves in C!, to find an open
neighborhood U of 7 consisting only of embedded curves, such that

inf Y = M; >0
&eU,lzILleR/z 7' (w)] !

and

. 7 (u) —3(v)|
sup [l (3p-2)/g-1.4 + sup B ——
yeU wdp=2)/a-1a yeUu#veR/Z lu — v

After passing to a subsequence we may assume (i), C U and hy — hy €

WGP=2/a=1a in C' due to the compactness of the embedding WGP~2/a-1a . C1
which then also gives

= Mz < 00.

O L(vk; hs) — O L(703 ho) — 0
pointwise almost everywhere on R/Z x D and hence in measure, i.e., for all € > 0
we have

(3.6) lim £*(A.;) =0,

k—o00

where £3 denotes the Lebesgue measure and
Ap = {(u,v,w) €eR/Z x D ) ‘5L(fyk; hi) (u, v, w) — 0 L(o; ho)(u,v,w)| > 5} :

For all € > 0 we can deduce from (3.2) using Young’s inequality that there is a
C. > 0 with

’Aw,o'}/k AV ‘q |Aw,ohk _ Doohg |q
6L . h < C’ w v w v
A 7 T e e

=: C’gg,il)(u, v, w) + 69,(62)(u,v,w)

for all K € N U {0}. Since the first summand converges in L' as k — oo, it is
uniformly integrable, so there is a §. > 0 such that £3(E) < 4. for any measurable
subset £ C R/Z x D implies

(3.8) /// g,(cl) <= forallkeNU {0}.
E CE

Furthermore we infer from (1.3)

/// g,g,z) dudvdw < C HthW(SP_Q)/q_Lq <C.
R/ZxD
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By (3.6) there is some ko = ko(¢) € N with
L3(A.y) <6, forall k> ko
which yields for £ > kg and B,y :=R/Z x D\ A
6|(51ntM P (s hy) — Sint M®PD (5 ho )|

W ’(5L ’Yk,hk —5[/ ’70,]10 | +W |(5L ’Vk;hk —5L(’70,h0)|

5 k s k

/// sgl(fl) + 69;&2) /// ggo ) 4 59(2)> + L3(B.})e < Ce.
Ac K A K

< |SintM®PD (2 hy) — int M@ (; hk)‘

Hence,

(35

< ‘5intM(p’q) (Vi i) — intM®9) (v; h)‘ + | SintM®9) (v; hi) — intM(®:9) (v; h)

<Ce+C|h — hHW(?)p—2)/q—1,q

for all e > 0 and k > ko(¢) which leads to a contradiction. O

4. Regularity of stationary points

For the rest of this section, let us restrict to the case that ~ is parametrized by
arc-length. Then we get using Lemma 3.1

SintM®? (v; h) == 64Q"(, h) + 6RY (vh)

where

QP (y, h) /// Loy A Dooy|"?
R/ZxD

_ (Dwoy N Dyoy, Dwoh N Dyoy + Dy oy A Dyoh)
| D 0V |P| Do 0V P | Doy P

|Aw O’Y/\ Avﬂfﬂq
= Doy, D oh
///R/ZxD ( |Aw N el VAN o L VAN (B o)

| Aoy A Dy o]
TR A P P D P
| Aoy A Dy o]
TR 1B I PP
+ RPY(u,u+w,u+v) (7 (u), ' (u)
+ RPYu,u+w,u+v) (7 (u+v), b (u+v))

dwdov du

and

<AU,0/77 A’U,0h>

: <Av,w% Av,wh>

+ R (u,u+ w,u 4 0) (7 (u+w), b (u+ w)) ) dw dv du.



Towards a regularity theory for integral Menger curvature 169

For ¢ = 2 we will see that QP := QP? contains the highest order term of the
Euler—Lagrange operator. To see this we use

a,cy (a,d
(a Nbyc ANd) = det (<<b, c>> <(b, d>>)
to get
(4.1) (anb,anc)=a,a){c,b) —(ac){ab) =]|a*{P;bc),

where P1b = b — (a, b) . Hence,

/// PK oy Bw,07: D 0h>
IAWVI”IAUWIP 1800yl

R/ZxD

<Pi_w’o»yAv,07a A1)70h>
|Aw v7|p |Afu,07|p |Aw,0/}/|p_2

///' < PA 0 wOf% Aw,Oh> n <Pi_w,0»yAv,07a A1),0h>> duw do du

o —wl” o] fw]” o —wl” o] [

> dwdv du

R/ZxD
+ Ry(7; h)

w oY AU,O'Y) Aw,0h>
7

///H vo’Y w - v w
o = w|” o]~ jw]P~

R/ZxD
PJ_ Aw,O'Y _ Av,O’Y AU,Oh
Aw,D’Y w v ) v
dwdvdu + Ra(v; h)

o —wl]” o] fw]"?

w O'Y Av,O'Y Aw,Oh Av,Oh

/// ( w|;|7;|p—1;}|w|_p_zv >>ddedU+Rz(7;h)R3(v;h)

where

/// < PL woy,Aw,0h>

R/ZxD

1 1
(lAfu,w’ﬂp |Av,07|p_2 |Aw,07|p |U - w|p |U|p_2 |w|p>
+ <Piw707Afu,077 Afu,0h>

1 1
A A A 2 T T 2 dw dv du
[ZANPR | VANV |l VAW [v —w|” o] [w]
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and
Aw,O'Y . Av,O'Y) Aw,0h>
uo’Y w v ’ w
=l ( — P o T
R/ZxD
Ay, A, Nyoh
<Pgw,0’7 < UO'Y - wo’y> ) UO >
+ IR dw dv du.
v —w|” o] w]

Using

'LUO’Y AU,O'Y AAw,()h _ A'u,0h>
9
/// ° }2] — ° dw dv du
v —w[" [0~ [w]”
R/ZxD
we hence get

(4.2) SMP? =12 (QW) + LRy + Ry + Ry) .

Proposition 4.1. The functional Q') is bilinear on (W?/ 2_2’2)2, more precisely

QW (f.9) =Y o (frsn)_  where o = clkf" " +o (|k[¥") as || oo

keZ

and ¢ > 0. Here *}, denotes the k-th Fourier coefficient

fk ::/0 f(z)e 2™k g,

Proof. Testing with the basis e;-e?™** of L2, | =1,...,n, k € Z, where ey, ..., e,
is the standard basis of R", we get

QP(f,g) = Z <fk, §k>cd Ok
kEZ

where

eQwikwil eQ‘rrikvil
w

= ° dw dv.
o // o2l —wpp
D

A simple substitution leads to

27T’L’UJ -1 27r'w -1 2

k3”4// —dwd
= ] oo —op

where D, := k- D. We use the fundamental theorem of calculus and Jensen’s in-
equality to get

e27riw -1 . 627riv -1

‘ 2

w v

1 2mibw 2mibv |2
e — €
< 472 / | | dé
0

[olP=2[w[P=2]v — wlP |w]p=2[vfr=2|v —wlP

1 |€27ri9(v7w) _ 1|2

= 472 do.

|w]p=2JvfP=2|v —w]P
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Hence, substituting (u,v) — (u/0,v/6),

21rzkw 27r7,k'u

27r19v w) 1‘2 10 dwd
Lﬂ MP%wﬂwww— ﬂ’/rw”wp%—w e
2mv w) _ 112
=C / 93r=6 40 // 1| dw dv
hWQMp%—wP

v<0,w>0

—2miw __ 1|2
dv dw
/ /\w—W”MP%W o
=2 1|2 ~
C/‘/!L%V%PﬂPpﬁww

1 — cos2mw
0 | |5

Thus, we have shown that

eQWikw_l . eQwikv_l 2
Ok |kl—oo // w v
ok DT dw dv € (0, 00). 0
| o[ v<ows0 [P w]P=? v —wlP ’

In the following statement, we use the symbol ® to denote any kind of product
structure, such as cross product, dot product, scalar or matrix multiplication.

Lemma 4.2. The term R®) := %Rl + Ry + Rs is a finite sum of terms of the
form

//// / (u, v, w; 81, ..., SK_2) @A (u+ sg_1v+ sgw)dby - - - dfg dvdw du

R/ZxD [0,1]K

where GP): (0,00)® — R is an analytic function, s; € {0,0;} forj =1,..., K,

) = g <|Ao,w| 18027 D0

|w| ) |’U‘ ) |U—U)|> F(U,U,U},Sl,SQ)

. <®’yl<u+8ﬂ})> ® <® ’y'(u—l—sm)) ® <® Y (u+ v+ s;(w —v))) ,

j=K; Jj=Ko>
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and T'(u,v,w, s1, s2) is a term of one of the four types

(7' (u+ s1w) —9'(u+ 510)) ® (7' (u + sgw) — 7' (u + 590))
[P~ 2 w|P~2|v — wlP
[V (1 + syw) — ' (u + syw)]?
[v[P=2 w(P~2|v — wl|P
|7 (u + s1v) — 7/ (u + s9v)|?
[v[P=2[w|P~2|v — wlP
[V (u+ v+ s1(w =) = (u+ v+ s3(w —v))[?
[P~ 2 w|P~2|v — wlP '

Y

Y

Y

Proof. Using

| Aoy A A71,07|2 )
|2 0Y P2 D 0y [P) Doy [P

2
_ g(p) (|A0,w7| |A0,v7| |Av,w7|> |Aw,07 A A11,0/}/|

fwl ol o =l ) Jwlp2olplo —wlr

<Aw,0% Aw,0h>

<Aw,0’7; AUJ,Oh>

where GP)(2y, 20, 25) = 277 225723 together with

JAWS A, AW A, A,
07 A 07 _ ( 07 707> A 07

w (% (%

w v
1,1
/ / (Y (u+ s1w) — ' (u+ s10)) A (u+ ssv) ds; dss
o Jo

we see that the first term of R! is of type 1. Similarly, one gets that all the terms of
R! are of type 1.
For the term R? we use

1

= B P ((Dowy A Dowy), (Dowy A Dowh))

S

PXO,W(AO,w’Y), A0,wh>

a1 v2w?
(:)m / s /[ » ’}//(U + 811)) & vl(u + SQ’[U) & ')/(U + 837))
sU 0,1

® I (u + sqw) dsy dsy dss dsy

together with the fact that for w € R, u € R/Z

[Aw.07]?
1 1 —2G@ [Dwoy 1 \w??
Byl ol ol ol
(3 Lo\ [ 1 (u+ s10) — 7/ (u+ s30)]?
— g(a) ( |Z)’_| ) / |w|a d81 dSQ

[0,1]2
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where G(®)(2) = 11225 .27 is analytic on (0, 00) for a > 0. Both equations together
with

1 1

\Au,w’ﬂp ’Av,o’Y’p_Q ’Aw,o’ﬂp v — w|p |U’p_2 ’w’p

1 1
(‘Av,w"y’p ’Av,OfY’p_Q ’Aw,of}/’p ‘Av,w’y,p ’A’U,Of}/’p_z ’w’p>

1 1
+ —2 - —2
(!Av,w\p FANER o 1 LTl GO VAN ] L ¢ !w!”)

1 1
_l’_ —
(!Av,wlp [ el o= wl o !w!”)

show that the first term of R, is the sum of terms of type 2 to 4. Similarly for the
second term in R,.

Let us turn to the last term, R3. Again, we restrict to the first term, the second
is parallel. We obtain

T Aw,O'Y . Av,07 Aw,Oh Aw,O’Y . Av,O'Y AU,O’Y
<PAU,0'Y ( w v ) Y w w v | Ay 07| < AU,O'Y Aw,0h>

[ el i
—9 Aw,O'Y _ A'U,O'Y A'u,O'Y
. Av,07 w v v <Av,0"y Aw’0h>

v e e 1 A N

lv —wl|? v v —wl|” |v[’~" |w [DNpoy|” w

Ao <<¥u> - 1) <Avm Aw,oh>

v o —wl ol w0 7w

2
—9 |Lwoy _ Awoy
1 AU,O’V w v < Av,07 A'LU,Oh >
- 2 -2 —2 ’ )
v v = w|” " Jw/? v w
which gives rise to type 4. 0J

Our next task is to show that RP is in fact a lower-order term. More precisely,
we have

Proposition 4.3. (Regularity of the remainder term) If v € W7 9/?***(R /7,
R") for some o > 0, then RP(v,) € (W*279+%2)" for any e > 0.

This statement together with Proposition 4.1 immediately leads to the proof of
the regularity theorem which is deferred to the end of this section.

To prove Proposition 4.3, we first note that, by partial integration, the terms of
R®)(~, h) may be transformed into

/.../[OJ]K//D/R/Z ((_A)&/2gp(.7v,w;81,...,3K72)) (u)
X

((_A)_&/Zh,) (U + Sk—_1v + sKw) dudvdwdby --- dfg
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S// / ||gp('avaw;"')||W&71(R/Z,R") dUdlUdQl
0,11 D

- dfk 2 ||(_A)7&/2h/||L°°(R/Z7R")

<[ /[ . L1976 Moy dodwdty-- i a Mlyarzsere-sagzmo

where & € R, € > 0 can be chosen arbitrarily, and (—A)?/? denotes the fractional
Laplacian. We let 6 := 0 if 0 = 0 and ¢ := 0 — 5 otherwise. Now the claim directly
follows from the succeeding auxiliary result.

Lemma 4.4. (Regularity of the remainder integrand) Let vy € VVi(agp —H/2e2
e If 0 =0 then g* € L*(R/Z x D,R") and
e if o > 0 then ((v,w) — ¢°(-,v,w;...)) € LY(D, WY (R/Z,R")) for any

o <o,
then respective norms are bounded independently of sy, ..., sk.

Proof. Recall that the argument of G is compact and bounded away from zero.
Using arc-length parametrization, we immediately obtain for the first type

/ 2
lg” uvw|dvdwdu<0 [ (u+ s1w) = 7' (u+ 510)] dw dv du
|w|P=2[v[P=2|w — vf?

R/ZxD
- Y (u+ si(w—v)) — ()|
=C /// 2ol w — o] dw dv du

R/ZxD

(13
< C ||7|| (3p—4)/2,2 -

For a term of the second type we get

/ 2
lg? u’uw\dvdwdu<0 7t siw) = 7' (u A sw) dw dv du
|w]P=2[v[r=2|w — vlP

R/ZxD

:C/aL/MP7u+&w%”HU+®W| /Wgw__;L__du<m@u
R/Z J0 |w|p—2 0 vP=2 (v w)P

cof [” [ (= s1w) =o' (1 + syw) | s ) dwdu
— JryzJo |w|3p—5 o PE(L+1)P

< C [y ap-1)/22

and of course the same estimate is true for a term of the third kind. For a term of
type four, we get along the same lines

// |6° (u, v, w)| dvdw du

R/ZxD

<C/// v (u 4+ v+ s1(w v)—fy’(u+v+82(w—v))\2dwdvdu

|w]P=2[v[P=2[w —vfp

R/ZxD
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_ 23y (u + s1(w + ) — 7 (u+ so(w + )|
)

|w]p=?

2/3—w 1

<0/ﬁ /”ﬂ7u+swﬁ vw+ﬂwﬂ2</m__J;__@>dwmt
— G o (t+1)ptr=2

< C Wlyap-ayaz-

We prove the second claim only for terms of the first type, as the arguments for
all other terms follow the same line of argments. We will derive a suitable bound
on [|g°(-,w)||;ys,r for some r > 1. To this end, we choose ¢i, ..., qx—2, which will be
determined more precisely later on, such that

K-2 1 1

T
o1 &

The product rule, Lemma A.1, then leads to

/ . —
197 (-, w) |l yar < CHQ(ID)HWM1 V¢ 4 s1w) = +'( + 51 ”WU 2g2 H Iy

”W07q1

o feo "™ oo -
17 (- + s1(w—v)) - ”W02q
=18 s = QHHHW%

For the second factor, we now choose ¢, > r so small that W2 embeds int
W?2e2. To this end, we set +:=1— (0 —4) and - :=1—2(0 —5). and ¢; ;= $=2
fori=1,3,4,..., K — 2.

Then for the first factor we apply the chain rule, Lemma A.2. Recall that G®
is analytic and its argument is bounded below away from zero and above by 1. We
infer

@ O

192 |y o0 < CHY s -
The Sobolev embedding gives

||7,||Wo,qz = C||7|| (Bp—4)/2402 < C fori=1,3,4,... . K —2.

Summarizing this leads to

/(4 s1(w = v)) =7/ ()llyyo

ng(" v, w)HW&,r S C

o Jw P2 fw — o]
and finally
IV (- + s1(w = v)) =) iy
/ 197wl o du < o/ e
<C||7|| (3p—4)/2,2 - O

Proof of Theorem 4. We start with the Euler-Lagrange equation
(4.4) SintM®D (v h) + X (v B}, =0
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for any h € C*°(R/Z,R") where A € R is a Lagrange parameter stemming from the
side condition (fixed length). Using (4.2) this reads
(4.5) 12QW) (7, h) + A (7, h>L2+12R )(~v,h) = 0.
Since first variation of the length functional satisfies

<7/’ h/>L2 — Z ‘27Tk’|2 <"A)/k> iLk>Cd ,

kEZ

we get using Proposition 4.1 that there is a ¢ > 0 such that

)
(4.6) 12Q0 (7, h) + A (3 W) 2 = D e (),

kEZ
where
or=¢lk[P " +o(Jk")  as |k oo

(3p—4)/240,2

Assuming that v € W, for some o > 0, we infer

12Q D) (7’ ) + A <7,7 _/>L2 e (W3/2—0+672)*
applying Proposition 4.3 to (4.5). Equation (4.6) implies

<@k |k|—3/2+a—€ %) c 2.
keZ

Recalling that gy ]k]_?’p 1 converges to a positive constant as |k| 7 oo, we are led to

3p—4

’}/EWQ +O'+——€

Choosing ¢ := 3pr7 > 0, we gain a positive amount of regularity that does not depend
on o. So by a simple iteration we get v € W*2 for all s > 0. OJ

Appendix A. Product and chain rule

As in [5], we make use of the following results which we briefly state for the
readers’ convenience.

Lemma A.1. (Product rule) Let qi, ..., q, € (1,00) with S, qu =1e(1,0)
and s > 0. Then, for f; € Wo%(R/Z,R"), i =1,...,k,

k
I17

i=1

k
S Ck,s H Hfi||W57q7J .
WS,T =1

We also refer to Runst and Sickel [37, Lem. 5.3.7/1 (i)]. For the following state-
ment, one mainly has to treat ||(D*9) o f||,,0,, for k € NU{0} and o € (0, 1) which
is e.g. covered by [37, Thm. 5.3.6/1 (i)].

Lemma A.2. (Chain rule) Let f € W*P(R/Z,R"), s > 0, p € (1,00). If
1 € C*°(R) is globally Lipschitz continuous and v and all its derivatives vanish at 0
then ¢ o f € W*P and

[0 fllwse < Cllollrll fllwse

where k is the smallest integer greater than or equal to s.
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Appendix B. Equivalence of fractional seminorms

We give a straightforward proof of the equivalence of two seminorms on the
Sobolev—Slobodeckil spaces we used in this article.

Lemma B.1. For s € (0,1), p € [1,00) the seminorms

/p
1/2 / u+w / U P 1
(0.11) [flwr+sp = / / I~ 1+spf( ! duw du ’
R/Z J—1/2 lw|

1/4 Flu+w) — 27 () + fu—w)]’ 1/p
(0.12)  [flyr+sp = (/R/Z/ |f(u+w ‘w‘1+(<1)+s>p (u—w)] dwdu)

1/4

are equivalent on WP,

Proof. We first prove the equivalence of the two norms for smooth f. The
fundamental theorem of calculus and the triangle inequality tell us

1/
/[ /”4Uu+w-—%1)+ﬂu—wwdme '
Pwresr = R/Z J-1/4 w1+ (s Dp
VA | Y rw) — f(u— Tw) drf? v
= / / T dw du
R/ZJ—1/4 w|t+ep
1 1/p
R/ZJ-1/4 w|ttsp
1/4 (u— drlp 1/p
+ / / ’fo flu Tw) dr| dw du
R/ZJ-1/4 w|tHsp
|+ rw) = F)P v
=2 / / / ; d7 dw du )
R/ZJ-1/4 w|t+sp

Using Fubini’s theorem and substituting w = 7w, we can estimate this further by

Tt D) — ()P "
/ / / 1+ dU~] dT du S [f]Wl+s,p .
R/Z /4 || rsp + sp

Hence,

—_

2
ls,p< 1+s,p -
[lwisns < 7o (e

To get an estimate in the other direction, we calculate for € > 0

1/p
1+sp = / /1/4 [Flutw) = 2f(u) + f(u_w)‘pdwdu
flwitsp = vz )11 |w[T+(+Dp

1
) / /1/4 o £/t 7w) = fu—rwydep N
R/Z J-1/4 |w|*sp
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. / /1/4 | f1 flu+Tw) — f'(u—Tw)dr? dwd Vr
> wdu
R/ZJ-1/4 jw|t+ep
/4 f (u+71w) — f'(u—Tw)dr? v
—_ /R/Z /_1/4 |w|1+5p dw du
Substituting 7 = ;= and @ = (1 — £)w, we get
=/2 | L (04 70) — fu— 7)) dFJP 1/p
I, = / (1— 5)<1+s>p/ o fu+7w) H{p(“ PO ATV 4 du
R/Z —(1—¢)/4 il

< (1 =) [flwree.

For I; we observe

1/p
1/4 "(u+w) — f'(u—w)dr|?
L> / / Ei 1+Sf( ATl
R/Z J-1/4 |w|ttsp
1/4 |f1 f(u+Tw) — f'(u+w)drf? e
— / / T dw du
R/ZJ-1/4 Jw|!+sp
1/4 |f1 flu—71w)— f'(u—w)dr|P p
— / / . dw du
R/Z J—1/4 |w|*sp
1
VL |+ w) — fu— w)? "
=¢ s dw du
R/Z J-1/4 jw|t+sp

1/4 |f1_6 flu+Tw) — f'(u+ w)dr|P p
-2 / / o dw du .
R/ZJ-1/4 w|t+ep

To bound the first integral from below, we calculate

1/2 |f (w4 w) — f(u)?
sp = dw du
Wl+ P (/ e /_1/2 ‘w‘usp

1
R/Z J—1/4 ‘w‘HSp .

The second integral can be estimated further

/ / VAL [+ rw) = f'(u+w)drf?
R/Z

|w|1+sp

1/p

dw du

1/4

/ / p
/ / / |f (u+ Tw) H{(u—l—w)\ 4 dw du
R/ZJ-1/4J1—¢ |wl s
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/ /// 't (7= Dw) = f@)f
R/Z J-1/4J1—¢ w|t+ep

_1/ /1/4/ |f(u = rw) = F )l d7r dw du
R/ZJ-1/4 |7~U|1+8p

sp+p 1/4 p
[/ flutw) = fap
R/Z J—

N 5p+ sp+1 1/4 |wl[tFs

So we finally arrive at

€s+1

QW [f]W1+Svp — (]_ — 8)1+S [[f]]lers,p.

[fTwreer = 2% [flyaesp —

For & = 21-2/5 this leads to

[[f]]W1+s,p > 27172/8 [f]W1+S,P .

To get the statement for f € WP we use a standard mollifier ¢ € C*(R) with
¢ > 0, bounded support and
/ odr = 1.
R

fs:f*¢e-

Then f. converges to f in WP and we can hence chose a sequence &, — 0 such that
fr == [, converge pointwise almost everywhere to f and f] to f’.
Using Hélder’s inequality, we see that

1/2 "u+w—2)— f(u—2))p(2)dz|P
R g (1 V(T EEEYITERIET

|w|1+sp

We set ¢e(z) := 1p(%) and

1/2

—1 1/2 [(f (u+w—2)— f(u—2))|Pp(2)
</ . (2 dz) //R/z /1/2 [P dwdudz

/¢ / /1/2 S utw) = OV G dae
: R/ZJ-1/2 w|t+ep

Ws+1 P

for all € > 0. Similarly,

[[fs]]wsﬂm < [[f]]ws+1,p.

Hence Fatou’s lemma tells us that
[wresw <liminf[fi]wiver < Climinf [fily e, < C[flyres

and
[f]W1+S’p S lllgglnf [fk]Wl-'rS,p S Cll]?ilnf[[fkﬂwl+s,p S C[[f]]W1+s,p.

This completes the proof of the lemma. [l
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