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Abstract. The triangular ratio metric is studied in subdomains of the complex plane and
Euclidean n-space. Various inequalities are proven for this metric. The main results deal with the
behavior of this metric under quasiconformal maps. We also study the smoothness of metric disks
with small radii.

1. Introduction

A significant part of geometric function theory deals with the behavior of dis-
tances under well known classes of mappings such as Mdbius transformations, bilip-
schitz maps or quasiconformal mappings. Thus measurement of distances in terms
of metrics is a common tool in function theory and frequently hyperbolic metrics
or metrics of hyperbolic type are used in addition to Euclidean or chordal distance.
Many authors have contributed to this development in recent years. See for instance
[H, HIMPS, KL, PT|. A survey of these developments is given in [Vu2|.

The triangular ratio metric is defined as follows for a domain G C R™ and
x,y € G-

(1.1) sz, y) = sup 2=y

e [0,1].
zeoa | — 2| + |z — y|

Clearly, the supremum in the definition (1.1) of s¢ is attained at some point z € G,
but finding this point is a nontrivial problem even for the case when G is the unit disk.
Hésto [H, Theorem 6.1] proved that sq satisfies the triangle inequality and developed
theory for metrics more general than sg and generalized the work of Barrlund [BA].
Very recently, the geometry of the balls of sg for some special domains was studied
in [HKLV]. Our goal here is to continue the study of this metric and to explore its
behavior under Mobius transformations, quasiconformal and quasiregular mappings.
We also give upper and lower bounds for this metric in terms of other metrics in
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several domains such as the unit ball, the upper half plane and R"™ \ {0}, the whole
space R" punctured at the origin. Also some ideas for further work are pointed out.

The paper is divided into sections as follows. In Section 2 we give algorithms
for numerically finding the value of sg(x,y), for instance, in the case of a domain
bounded by a polygon. In Section 3 we develop the main ideas of this paper and
relate the triangular ratio metric to other well-known metrics of geometric function
theory such as the hyperbolic metric of the unit ball or half-space or to the distance
ratio metric of a domain G C R"™. In Section 5 we apply these results and well-known
distortion results of quasiconformal maps to study how the triangular ratio metric
behaves under quasiconformal and quasiregular mappings. In Section 4 we study the
smoothness of the boundaries of s-disks in a triangle and in a rectangle. We now
proceed to formulate some of our main results.

Theorem 1.2. (1) Let f: H* — H" be a K-quasiregular mapping. Then
for x,y € H" we have

si (F(2), F(y) € A (mn (@,9))%, @ = K07,

where \, € [4,2¢"™1), Xy = 4, is the Grotzsch ring constant depending only
on n |Vul, Lemma 7.22|.
(2) Let f: B" — B" be a K-quasiregular mapping. Then for z,y € B" we have

s (F(@), F(1)) < 2°AL(spn(w, ), @ = KMO),

(3) Let f: B — H" be a K-quasiregular mapping. Then for z,y € B" we have
san (F(2), F(y)) < 2°AL % (spn (2, )%, o= KV,

(4) Let f: H" — B" be a K-quasiregular mapping. Then for x,y € H" we have

ser(f(x), f(y) < A% (smn(2,9))% a = KV,

Theorem 1.3. Let G = R\ {0}, and f: G — G be a K-quasiconformal map-
ping with f(co) = oo, and let z,w be two distinct points in G and o = K01~
Then

s1a((2) f(w) < s Erd
where Ps(n, K) — 1, K — 1, and Ps(n, K) is defined in Lemma 5.8.

Of particular interest is the special case K = 1 of Theorems 1.2 and 1.3. Clearly,
Theorem 1.3 is sharp in this case and the same is true about Theorem 1.2 (1). The
question about the best constant in Theorem 1.2 (2) deserves some attention for the
case when K =1 = a. The constant on the right hand side is then 2.

For a detailed study of this constant we define for a € (0, 1) the class C'(a) of all
Mobius transformations h: B" — B™ with |h(0)| = a and the constant

(1.4) L(a) = sup{sgn(h(zx), h(y))/sgn(z,y): z,y € B", © #y, h€ C(a)}.
Theorem 1.5. Forn =2, L(a) > 1+ a.

Theorem 1.5 shows that for K = 1 the constant 2 in Theorem 1.2 (2) cannot be
replaced by a smaller constant (independent of a).

(SG(Zaw))a’ SG(Z’w) =

Conjecture 1.6. Our numerical experiments for n = 2 suggest that L(a) = 1+a.
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In Theorem 3.31 we show that L(a) < 12,

For a domain G C R", z,y € GG, we define the j-metric by

| . |z — y|
jG(x7y> = log (1 T min{dg(l'),dG(y)}) 7

where dg(2) = d(z,0G). We will omit the subscript G if it is clear from context. This
metric has found numerous applications in geometric function theory, see [HIMPS,

Vul]. We also define

[z —y

pg(:c,y) = \/ .

|z —y|]> +4da(z) da(y)
We next formulate some of our comparison results between metrics.

Theorem 1.7. Let G be a proper subdomain of R". Then for all x,y € G we

have
1

1
< d <=
pe(z,y) < 2ja(w,y), and sq(z,y) < Iog Bjc(x,y),

where the constant 101 ~ 0.91 is the best possible.
g3

Theorem 1.8. (1) Let t € (0,1) and m € {j,p,s}. There exists a constant
Cm = Cm(t) > 1 such that for all x,y € B™ with |z|, |y| <t we have

mpn ([L’, y) < CmmR"\{m}(xa y)
Moreover, ¢,,(t) = 1 ast — 0 and ¢,,(t) — o0 ast — 1, for all m € {j,p, s}.
(2) Let G CR™, z € G,t € (0,1) and m € {j,p, s}. Then there exists a constant
Cm = Cp(t) such that for all y, z € G\ B"(x,tdg(x)) we have
ma\(a} (Y, 2) < emma(y, 2).

Moreover, the constant is best possible ast — 1. This means that c;, c,, cs —
2ast— 1.

We also study the geometry of balls of the s-metric. We use the notation
B, (x,r) ={z € G: sg(x,z) <r}

for the balls of the s-metric. First we show, for n = 2, that disks of small enough
radii have smooth boundaries and our main result here is Theorem 1.9.

Let us denote T » the equilateral triangle with vertices (0,0), (v/3,1), (v/3,-1),
and R, the rectangle with vertices (a, b), (a, —b), (—a,b), (—a, —b), where a > b > 0.

Theorem 1.9. (1) Let G =Tx 5, x = (v1,22) € G, r > 0. Then the metric
ball By (z,r) is smooth if and only if r < ry or r < ry, where

) 2|y 2o — V31 + 2 V3zy — 2 — |1
o = 1mMin , Ty = .
V@ = V32 4 (1 - [a])?

e = Va1 = Ja2

(2) Let G = Rup, © = (v1,22) € G, r > 0. Then the metric ball Bs,(x,r) Is
smooth if and only if r < ry or r < r3, where

m:m%m|m—Wwam>}
b Ve —farl)P+ el [
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ngmm{w (b |ws]) — (a — |ar]) }
@’ a=Tel)?+ 6~ faa])?

2. Algorithms for numerical computation of sg

and

The hyperbolic metric pg» and pg- of the upper half plane H" = {(z1,...,z,) €
R™: z, > 0} and of the unit ball B = {z € R": |2|] < 1} can be defined as
weighted metrics with the weight functions wg« (z) = 1/z,, and wgn (z) = 2/(1—|z|?),
respectively. This definition as such is rather abstract and for applications concrete
formulas are needed. By [B, p. 35| we have

[z —y/?
2.1 h ppe =14 —-—
(2.1) cosh ppn (2,y) = 1+ T
for all z,y € H", and by [B, p. 40] we have

- pee(2,Y) [z — |
(2.2) sinh =
2 V1= [zy/T =y
and
(23) th per(z,y) [z — y _ e . yl = iz
2 Vie—yP+ 1 —=2P)A~[yP)  lzllz* —yl ||

for all z,y € B™\ {0}. As shown in [HKLV, Theorem 4.2| we have

_ e y) eyl
2 |z — 9]

(2.4) san (2, Y)

for all x,y € H", where gy is the reflection of y with respect to OH". See also
(2.8) below. Unfortunately, there is no formula similar to (2.4) for the case of sgn.
Therefore inequalities for sg» are needed, see Section 3 below.

Explicit formulas for sg(x,y) are known only for a few particular cases. Our
goal is to list several domains for which we have written algorithms in the MATLAB
language. The definition of s¢(z, y) readily shows that the supremum is attained and

that a point z € G with sg(x,y) = % is located on the maximal ellipse with

foci z and y and contained in G. The point z is called an extremal point. Finding
this maximal ellipse is however a difficult task even for B?. In the course of this
research we have extensively made use of experiments using the algorithms in this
section. In particular, Conjecture 1.6 is based on these algorithms.

Algorithm 2.5. sg:. Let x,y € B? and z € 9B? be such that

|z —y
2.6 sg2(2,y) = .

The point z can be found by choosing m equally spaced points on the smaller arc
on 0B? between % and % and selecting the point z that minimizes the expression
|x — z| + |z — y| among the chosen points, say for m = 1000.

Algorithm 2.7. sg2. Suppose that z,y € H? are two distinct points. An
extremal point z € 9H? = R for sy2 (7, y) minimizes the sum

[z =zl + [z =yl = |z — 2| + ]z = 7],
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where 7 is as in formula (2.4). Therefore z is the unique point of intersection of the
segment [z, y] with the real axis. In conclusion,

|z —y

(2.8) suz (2, y) =

lz —g|

Figure 1. The maximal ellipse with foci # and y and contained in B2.

Remark 2.9. Sometimes it is convenient to write the formula (2.8) in a different
form which we give now. Suppose that z,y € H? with d(x) = d(z,0H?) > d(y). Let
w be a point on the segment [z, 7] N H? with d(w) = d(y) and a = L(w —y,z — y).
Then clearly |w—y| = |[w —7| = |x — y| cosa and sina = (d(z) — d(y))/|x — y|. This
yields

ly —wl = Iz —yP? - (d(z) - d(y))?

and also, by the Pythagorean Theorem,
o —7I* = |z —@|* + [0 — 7" = |v — yI” + 4d(2)d(y).
In conclusion, the formula (2.8) can also be written as
|z —
Ve =y + 4d(z)d(y)

SH?2 ([L’, y) =

Therefore we see by (2.4) that

P2 (ZIZ’, y)
— 5

Algorithm 2.10. sgi, R is a rectangle. Given distinct z,y in a rectangle R,
the extremal boundary point z as in (1.1) must be located on one of the four sides
T;, 7 =1,...,4, of R. If y; is the reflection point of y with respect to side T}, j =
1,...,4, then z; = [z,y;] N OR and

prz(x,y) = sgz(z,y) = th

|z — y|
2.11 = '

Algorithm 2.12. s4, Aisasector. Let a € (0,m)and A={z€ C: 0 <argz <
a}. Given z,y € A, the extremal point z € A for s4(z,y) has only two options: it
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is located either on the real axis {x € R: > 0} or on the ray {texpia:t > 0}. In
the first case by (2.8)

|z —y|
SA(QU,y) = ‘x_g‘u
whereas in the second case again by (2.8)
[z —y
SA(:Ea y) = |Zl§' — y2| )

where y = |y|expi(2a — argy). In conclusion, in both cases
[z =yl
min{|z — g, |z — gl }

This idea can be extended in a straightforward way to triangles and other convex
polygons.

(2.13) sa(z,y) =

Algorithm 2.14. sp, P is a polygon. Suppose that vy, vy, ..., v, are points in
the plane such that the polygon with these points as vertices is a bounded Jordan
domain. The method is based on exhaustive tabulation of function values and choos-
ing the optimal point on 0P. We parameterize P using the polygonal curve length
as a parameter, measured from v; via the points v;. Then this real parameter varies

on [0, L] where
L= Z |Uj - Uj-l—l‘v
j=1

and we agree that v,,,1 = v;. The parametrization z: [0, L] — P enables us to
find all the competing points for the definition of sp(x,y). Then finding sp(z,y)
becomes a 1-dimensional minimization problem, which can be solved by exhaustive
tabulation.

3. Comparison results for sg

The goal of this section is to find inequalities between distances of points in
terms of simple expressions. Problems of two kinds are considered. First, if mg is
a metric defined in a domain G C R", z,y € G, then we compare mg(z,y) and
mea, (z,y) where G is a simple domain. Second, if we have two metrics e and dg on
a domain G C R", then we estimate eg(z,y) in terms of dg(z,y). In several cases,
this comparison is carried out not in the whole domain but in B"(xzq, Ad(xo, 0G))
where zy € G is a fixed point and A € (0,1) is a constant. In some results we
consider the case of B". Some examples of the metrics we use are the hyperbolic and
distance ratio metrics and the s and v metrics.

From the definition (1.1) of s¢ it is clear that sg has three important properties:

(a) monotonicity with respect to domain, i.e., if Dy, Dy C R™ are domains with
D, C Dy and z,y € Dy, then sp, (x,y) > sp,(x,y).

(b) Sensitivity to boundary variation, i.e., if D C R" is a domain and xy € D,
then the numerical values of sp(z,y) and sp\ (20} (2, y) are not comparable if
x,y are very close to xg.

(c) For fixed =,y € G, one extremal boundary point z € OG determines the
numerical value of sg(x,y).
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Our goal is to find various inequalities for sg in terms of expressions that are
explicit. In particular, we hope to get rid of the supremum in (1.1), and hope to use
expressions that have the above properties (a)—(c). Most of these expressions define
metrics and we will show that these metrics are locally quantitatively equivalent.

For a domain G C R", z,y € G, we define the visual angle metric [KLVW| by

UG(xuy) = Sup{é(m, Zvy): z € 8G}

The metrics jg, vg and sg have the aforementioned three properties (a)—(c) and
pa < 1, vg < m while jg is unbounded. All of the expressions sg, vg, jg, Pg are
invariant under similarity transformations.

Remark 3.1. Because the inequality pg2(t,0) + pgz(0, —t) > pga(t, —t), fails for
small ¢, we see that pg is not a metric.

Lemma 3.2. [Vul, Lemma 2.41(2)], [AVV, Lemma 7.56] Let G € {B", H"},
and let pg stand for the respective hyperbolic metric. Then for all x,y € G

jG(Iuy) < pG(«T,y) < 2jg(.§(:,y)
The following theorem solves a question posed in [HKLV, Open problem 3.2].

Theorem 3.3. Let G be a proper subdomain of R™. Then for all z,y € G we
have

1
_1
sa(z,y) < loggjo(x,y)

and the constant @ ~ 0.91 is the best possible.
Proof. Let us fix the points  and y. By rescaling the domain we may assume

that |x —y| = 1. We can also assume that d(x) < d(y), because otherwise we can

swap the points.
We denote ¢ = d(x) > 0. Now

‘ 1
Ja(z,y) = log (1 + ;)

and we divide the proof into two cases: t < % and t > %
We assume first that ¢ < % Now jo(z,y) > log 3 and since sg(z,y) < 1 we have

jG(ZE,y).

<1<

We assume then that ¢ > % We want to maximize sg(z,y) in terms of t. Now

[z —y| 1
sa(z,y) < SB" (z,t)UB™ (y,t) (x,y) = e p—— = o7

z € 0(B™"(z,t) UB"(y,t)), and we want to find a lower bound for the function

_jg(l’,y) 1 1
f(t) = so(@.) > 2t log (1—1—;), t> 3"

We can show that g(t) = w is decreasing for ¢, because

rr\ 14t 1+t 24t
g't) = 2 < S <,
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S0 it is increasing for o thus f(¢) is increasing. We collect f(¢) > f(3) = log3 and
the claimed inequality is proved.

The constant @ can be easily verified to be the best possible by investigating
the domain G = R™ \ {0}. For any = € G selecting y = —z gives sg(z,y) = 1 and

jG(fE, y) = 10g3 O
Lemma 3.4. (1) If x,y € G C R™ and G is convex, then

Sg(l’,y) < pG(iU,y)-

Here equality holds for all z,y € G if G = H".
(2) Forz,y € G C R",

pa(r,y) < V2sa(z,y).

Proof. (1) Suppose that z € 0G is an extremal boundary point for the s-metric
for which the equality holds in (1.1). We draw a line L through z, tangent to 0G.
Let i be the reflection of y in the line L. By geometry, see Remark 2.9,

z— 2|+ |2 —y| =z — Y| = ]z — y[> + 4di (2)d1 (y),

dy(z) =d(z, L), di(y) = d(y, L). Because G is convex it is clear that L is outside G,
but d(x),d(y) are the shortest distances from z,y to 9G, so obviously d(z) < d,(z),
( ) dl(y)7 thus

Sg(SL’ y) _ |£L’ - y| _ |$ - y|
eyl Vr—yP 4 ddi(2)di(y)
l’_

~ ]z —y2+ 4d(z)d(y)

(2) Fix 2,y € G, z € 0G, such that d(x) = |x — z|. By symmetry we may assume
d(z) < d(y) and then

[z —y
39) ol 2 T 2d(a)
Now by [AVV, 1.58 (13)] and (3.5)
|z — y| |z —y|
Pelty) S G 2P (e — gl + 24@)
\/7‘56’—];‘ < \/§Sg(l’,y). 0

T | —y|+2d(x) —

It is easy to see that convexity cannot be omitted from Lemma 3.4 (1). For
instance if G = R?\ {0} and z = (0,1) = —y, then the inequality in Lemma 3.4 (1)
fails.

Lemma 3.6. For x,y € B" we have
[z —y
Ve =yP+ 41 = [m[)*

spn(x,y) > spn(Ts,ys) =
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where m = and xg,yo € OB™ are the points of intersection of the line through
x and y with OB", |v — y| = |zs — ys|, |zs| = |ys| and further

_ VPP — (@ y)?

zo+Yo
2

[m| ,
[z — |
s B (),
Y0 — %o 2
— l’ J—
yszyojuoiyo( 1—|m|2—M),
|930 —yo| 2
and hence
SB”(I y) |x—y\2
T e =yl Al =yl = VPP - (@ y)?)?

Proof. If we move x,y € B" to x4, ys € B™ which are symmetrlc with respect to
midpoint m of the segment [z, yo], then we see easily that the extremal ellipse with
foci x4, y, is larger than the extremal ellipse with foci x,y and hence by (1.1),

[z —y|
Ve =y +4(1 — [m])?

Here |m| is the shortest distance from the origin to the line Zg, which by the Law of
|z|?|y[*—(z-y)?

SBn(SL’,y) > SB"(x37ys> =

Cosines, |m| = , and therefore

lz—yl
s (Ts, Ys) = it
[ =yl + 4(|z — y| = V]2PlyP = (2 y)2)?
and the proof is complete. O
Lemma 3.7. Forz,y € B" with |z| > |y|, y, = :B—%|z—y| |9E|(|x| lz—yl),
> |z — 9| _ _
sBr (2, y) = sBr (2, yr) = =w(z,y), t=max{|z|[y|}.

|z —y| +2(1 —1)
Proof. Note that y, € [x,—z] and |z — y| = |z — y,|. By geometric properties of
the ellipse it is clear that sgn(x,y) > sgn(z,y,) and thus

[z — |

spn(T,y) = su > sgnl(2, Y,

B (Z,9) S T B~ (2, Yr)

[z — |
= , t=max{|x|, . O

Lemma 3.8. For all x,y € B" we have
n(x,

(3.9) pen(2,y) < thw < 2ppn(7,y).

Proof. The second inequality follows from Lemma 3.4 and Theorem 3.23. For
the first inequality clearly

(1= [z @ =1yl = 1 = [2)@ = [y A+ [2[)(1 + Jy]) < 41— |z))(1 = |y)),
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SO
o B y) |z —y|
2 Ve =y + (1= [z) (1~ [yP?)
[z —y|
> = pBn (ZIZ’, y) O
Ve =yl + 4d(w)d(y)
Theorem 3.10. If z € G, 0< A< 1, x,y € B"(z,Ad(2)), then
‘ 2(1=X)
A1 n < n = 7
(3 ) SBn(z,d(2)) (l’,y) = C]B (z,d(z))(x>y)> C 1+ 2\ )
‘ 2(14+ )
(312) JB"(2,d(z)) ([L’, y) < ﬁSB"(z,d(z)) ([L’, y)
Proof. From z,y € B"(z, Ad(z)) it follows that
(3.13) T =yl o)

d(z) —
Because for all z,y € B"(z,\d(z)), w € G, the inequality
|lr —w| + |y —w| > 2(1 = N)d(z)
holds, we see that

|z =yl
B (2,d(2)) (T, Y) < m,
and by log(1 +t) > #5, for t > 0, and (3.13) we see that
(o) > o (14 0 > e A
IB" (2, d2)\T> Y) = = o=y = .
T NE)) = 24 e = T+ 20 ()
Hence it suffices to choose C' = 28:2?\)

For the second part observing that for w € B™(z, Ad(2)), d(w) > (1 — X)d(z) we
have

| |z —y| el
me%m@w>§bg0+(y_muu»)S(L—MM@D’

On the other hand, setting w = z + d(z)ﬁ we see that

|z —w[+ |y —w| < |z —y|+ |y —w|+ |y — w|
< |z —y|+2d(z) <2(1+ N)d(z)
and hence

[z —y
n > - < -, .

Now it suffices to find C such that
[z —yl |z -y
> C ,
2(L+MN)d(z) — (1 =A)(d(2))

2(142)
-

so we may choose C' = , and the proof is complete. O

Theorem 3.14. If z € G, 0 < A< 1, x,y € B"(z,Ad(2)), then

2

jG(IE,y) S CpG(x>y)> C= m
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Proof. By symmetry we may assume that d(z) < d(y). Then by log(1 +¢) <
t, t > 0 we have
: |z —y [z — |
< _ _
SOl V) = Sinfde). )]~ d)
On the other hand by the assumption we get d(z) < =5 min{d(z), d(y)}, and

1—)\§d(:):) < 1+)\’
T+XA " dly) —1-X

|z —y| |z —y| 1—X |z—y
pG(fE, y) = > > . .
|z —y[? + 4d(x)d(y) 22 2 d(z)
v (209)" + 4d(2)Hd(@)

We see that | | - |

, r—y 1— T —y

< < . <

ja(z,y) < 00 <C— 5 < Cpala,y)

holds if C' > ﬁ, and the proof is complete. O

Theorem 3.15. If z,y € G C R", then

polz,y) < %j@(m,y).

Proof. Fix x,y € G. By relabeling the points we may assume that d(z) < d(y).
Then

‘55 - y| . W - y|
< d =1 1+ .
pG(:L",?/) =~ \/|$ — y|2 4d(:):)2’ an ]G(l'ay) og d(:)s)

Write ¢t = |x — y|/d(x) and observe that
2t t

ia(z,y) =log(l+t) > ——, x,y) <

Jjo(z,y) 8( ) 21 ¢ pa(z,y) 214
It is enough to find a constant C' such that

2t s t
2+t~ t2 44

for all t > 0. Easy calculation shows that we can choose C' = V2. O

Corollary 3.16. Ifx,y € G C R", and G is convex, then

Sg(SL’, y) < %jG(Jf7 y)

U

Proof. 1t follows from Lemma 3.4 (1) and Theorem 3.15.
Proof of Theorem 1.7. The result follows from Theorems 3.3 and 3.15. ]

Theorem 3.17. (1) For z;,y € B? we have
'UB2($7 y) < 2jB2 (‘Ta y)
(2) If A € (0,1) and =,y € BX(\), then

e ) < )
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Proof. (1) By [KLVW, 3.12] we have vg2(z,y) < pgz(x,y). Now the proof follows
by Lemma 3.2.
(2) By Lemma 3.2

2\ 2\
sinh w < sinh jgz(x,y) < sinh (log (1 + ﬁ)) =T

and by [KLVW, 3.15] p&, < vgs < 2pk,, where
Pg2(x,y) = arctan <sinh M) ‘

Next by [DC, 1.8]

3t 2t
< arctant <

1421+ 12 1++/1+12

for t > 0. We further obtain

3 sinh Z22e)

pp2(7,y) = arctan (Sinh W) >
1+ 2y/1 4 sinh? 2e2(r)

3 sinh Z82(20) 3(1=A2) . jme(z,y) _ 3(1—)2)
> 2 = sinh 2222 > Jje2(z,y).
- 2 3+ A2 2 T 2B+ ’
1+24/1+ (+25) (3+A2)
Thus
3(1—2%)
W]Bﬂ%y) < vg2(z,y). O
Theorem 3.18. If z € G, A € (0,1), then for x,y € B"(z, \d(z)),
14+ A
(3.19) solen) < (13 ) pete)

Proof. By monotonicity of s-metric and Lemma 3.4 (1)

|z —yl
sa(r,y) < $Br(2,d) (T, Y) < PBr(zae) (X, Yy) < .
a(2,y) < sBr(za() (T, Y) < PBrz.a(2)) (7, Y) N N L

If 2,y € B"(z,Ad(2)), we easily see that
(3.20) (1 =XN)d(2) <dg(z) < (14 N)d(2).
Now if we choose ¢ = (%), then
|z —y| < clz —y|
o= P+ A= APdEP o= yP + AL+ APd(e)
Theorem 3.21. Let 0 < A < 1, z,y € B*()\). Then

4(3+ 22)
(1) sp2(z,y) < 3(1+20)(1+N)
S

< opa(ry). O

sz(x,y),

(2) vp2(z,y) <
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Proof. (1) By Theorem 3.17 and (3.11),
4(3+ \?)
<
80 0) S 33T 1A
(2) By Theorem 3.17 and (3.12),

)sz (x,y).

. 4(1+ )\
vp2(z,y) < 2jg2(z,y) < %832 (z,y). N

Theorem 3.22. (1) If X € (0,1) and x,y € B*()\), then
401+ N)
(1=2)
(2) If z,y € B? with vgz(z,y) € (0,7/2), then

pe2(2,y) < vB2(2,y),
Proof. (1) By Theorems 3.21 and 3.4,

4(1 4 A) 414 A)
ﬂsBz (z,y) < ﬂsz (x,y).

UBQ(xvy) < pB2(x7y>‘

A

vB2 (LU, y) <
(2) By Lemma 3.8 and [KLVW, 3.15| we have
pg2(,y) = arctan (sinh W) < vgz(x,y).

Then
pB2(x,y) < 2arsinh(tan(vgz(z,v))).
Then if vg2(z,y) € (0,7/2),
p2(z,y) < th(arsinh(tan(vgz(z,v))))
_ tan(vm(z.y))
/1 + tan?(vg:(z, y))
Theorem 3.23. For x,y € B" we have

(3.24) th (W) < 2spn (2, y).

= sin(vgz(z,y)) < vgz(z,y). O

Proof. Suppose first that one of the points x and y is 0. Without loss of generality,

we may suppose that y = 0. From the definition of sg» it follows that for z = ﬁ

|z — 0 ||
sgn(x,0) > = .
B )_|x—z|+|z—0| 2 — |z

()

we easily see that the claim holds if one of the points is 0. The case when both points

are 0 is trivial.
By (2.3) and (1.1) it is enough to show that

I <2|z||z* — [= inf |z— —yl.
< 2lzl|lz" -y, nf fo—2|+]2—y

Because

Assume |y| < |z|. Denote |y| = t|x| for t € [0,1], v € [0, 7], is angle between [0, z]
and [0, y].
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Case A. v > 5. Now

(3.25) 20a|le” =yl = 22|~ =2,

1
|z]

Moreover, choose z; = ‘—i‘, then

[<|z—z]+|zn—yl <1—|z|+ /222 + 1+ 2t]z]
—2 || +tlz] =2 — (jz|(1 — 1)) < 2.
So by (3.25) and (3.26),

(3.26)

1< 2alla’ —yl.

Case B. v < 3.
(3.27) 20|z —y| = 2llylz — 22| = 2[[z[y — 2],
where |23 = \_ZI and |z] = a7~ Next we choose z in the infimum to be the middle

point of z; and z5 on the unit sphere. This means that £(z,0,2) = £(z,0,y) = v/2
and |z| = 1. We know that
I<|x—2z|+|z—y|

— _Aly
z,=yllyl=e

Z:ely/Z

zl=x/|x|

Figure 2. Proof of Theorem 3.23. The case r = |z — z| > sin(7).
We next show that
(3.28) p/r=1 p=la—lyl, r=I[z—-zl

By elementary geometry, applying the properties of the right triangle A(0, z, (cosy)z1)
and the Law of Cosines, we see that

(3.20) p > |za — (cosy)z| =siny > \/1 + cos?(7y) — 2 cos(7y) cos(v/2)
' = |z — (cos)z|.

The second inequality follows because for v € (0,7/2),
sin?(y) > 1 + cos?(7) — 2 cos(7) cos(y/2)

by basic trigonometry.

If r < sin+y, then by (3.29) p/r > 1 clearly holds. In the remaining case r =
|z — x| > sin~y. Because x € [0, 2], this means by (3.29) that x € [0, (cos~y)z;] and
hence the angle between the segments [z, 23] and [z, 0] is more than 7/2 and hence

p=l2 = lyle] > |z —
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Finally, we see that p/r > |z — z|/|z — x| > 1, because = and z both are
in the same half plane determined by the bisecting normal of the segment |[z9, z].
Symmetrically we obtain that

|z =yl < |lzly — zl,
and hence
[z —z[ + |z —y| < |lylz — 22| + |[z]y — 21| = 2|z|[2" — |
and the proof is complete. O

Corollary 3.30. (1) If f: H® — H™ is a M6bius transformation onto H",
then for all x,y € H",

sur(f(2), f(y)) = su-(z,y).
(2) If f: H" — B" is a Mébius transformation onto B", then for all x,y € H",

sB”(f(z)a f(y)) S SH”(xay)‘
(3) If f: B" — H™ is a Mébius transformation onto H", then for all x,y € B",

SH"(f(x)v f(y)) < QSB" (.flf, y)
(4) If f: B" — B™ is a Mdébius transformation onto B™, then for all x,y € B",

spe(f(2), f(y)) < 258 (2,Y),

Proof. 1t is a basic fact that a Mdobius transformation f: G — D = fG with
G,D € {B",H"} defines an isometry f: (G,pg) — (D,pp) between hyperbolic
spaces. This fact combined with (2.4), Lemma 3.8 and Theorem 3.23 yields the
proof. O

We were led to Conjecture 1.6 by MATLAB experiments. We now show that if

the conjecture holds true, then the constant 1 4+ a cannot be improved when n = 2.
Proof of Theorem 1.5. Let h(z) = £, Then h(0) = a, a > 0. Choose b such

that h(b) = 122 v > 0. Easy calculation yields b = m Since sp2(r,t) = 57

for 0 < r < t we see that

spe(h(0),h(b)) -0 2- g 14+ 20(1+a)

SB2 (0’ b) N 2—a~— 11—:-Uva 1+v(11+a) L+ 2v

— 1+ a,

when v — oo. O

Theorem 3.31. If f: B" — B" = f(B") is a Mobius transformation with
f(a) =0, for some a € B, then for all distinct points x,y € B" we have

]_—|CL| 1—|—|a|
i |a| SBn(Ilf,y) < SBn(f(x)>f(y)) < 1— |CL|

Proof. If f(0) =0 then f is a rotation and there is nothing to prove. Otherwise
f(a) = 0 some a # 0. Let f = T, be the canonical representation of a M&bius

transformation, see |[B]. Then with a* = a/|a|?,7 = /|a|=2 — 1 we have

sgn (T, ).

Tu(a) — Tu(y)| = — 12 Y]

e —ally—a|
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If w € OB™, then this formula yields

B Tox — Toy| _ |z — | w4 w—y
Qz,y,w) = : —
Tor — Tow| + |Tyw — Toy| |z —w|+|w—y| Bz —w|[+~[w—yl

with 8 = |y — a*|/|w — a*|, v = |x — a*|/|w — a*|. Clearly,
jw—a [ <1+lal™ Jz—a|ly—a’[>]a]7 —1

and hence

[z —w[+|w—y[l+]a] 1+]al
Q(xayaw) < = .
[z —w[+w—y[l—la] 1—]q
Thus we have for all z,y € B",w € 0B"
|Tax - Tay| < 1+ |a| |$ _ y|
|Tax _Taw| + |Taw _Tay| 11— |CI,| |£L’ —’LU| + |’LU _y|.

Taking supremum over all w € IB" yields the second inequality. Because the inverse
of a Mobius transformation also is a Mobius transformation, the first inequality
follows from the second one. OJ

We compare next j, p, s and v in domains R"\ {e;} and B". By the monotonicity
with respect to domains it is clear that for all x,y € B" and m € {j,p, s, v} we
have mgm (e, (2, y) < mpn(z,y). Next we consider the comparison in the opposite
direction. Let us start by introducing the following lemma.

Lemma 3.32. For 0 < b < a the function

f) = log(1 + ax)

~ log(1 +bx)’ z € (0, 00),

is decreasing.

Proof. Since

) = o log(1 + bx) — 1fbx log(1 + ax)

log*(1 + bx)

Y

the inequality f'(x) < 0 is equivalent to
1+ bx 1+ ax

(3.33) log(1 + bzx) < log(1 + ax).
Now we show that the function
1
g(c) = +ch log(1 + cx)

is increasing on (0, 00), which implies (3.33) and the assertion. This is clear because
0<b<aand

cx —log(1 + cx) -0

g'(c) = 2
as log(1+y) < y for y > 0. O

Theorem 3.34. Let t € (0,1) and m € {j,p,s}. There exists a constant c¢,, =
¢m(t) > 1 such that for all z,y € B"™ with |x|, |y| <t we have

mpn(2,y) < CnMerm (e} (T, Y).

Moreover, ¢,,(t) = 1 ast — 0 and ¢,,(t) — o0 ast — 1, for all m € {j,p, s}.
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Proof. We denote m; = mpn, ma = mgrn\{¢,} and find upper bound for b, which
gives us ¢,,.

Let us start with m = j. We denote z = |z — y| € [0,2t) and obtain by
Lemma 3.32

g o8 (1 + min{l—\x\,l—\yn) _ log (1+%)

2 z T log (14 =

7 log <1+ min{\w—el\,\y—el\}) g( 1+t)
<1imw: Ltz 14t
_Z—>010g(1—|—1i+t) 501 —t+2z 1-—t ik

where the second equality follows from I’'Hospital’s rule. Obviously ¢; —+ 1 ast — 0
and ¢c; +ooast—1
Let us now consider m = p. Now

P =y tdlr—elly—e| 4P +4(1+16)2 262+ 2+ 1

pi e —yl2 401 —|z))(1 —|y]) T 04+4(1 —1t)2 t2—-2t+1

and we can choose
262 + 2t + 1
Cp == 27
t2—2t+1

Clearly ¢, +1ast —0and ¢, - 00 ast — 1.
Next we set m = s and obtain by geometry

si__ lr—altly—al 20+ 1+t
sy infieppn | — 2|+ |z —y| ~2(1—¢) 1-t 7
Again it is clear that ¢, -+ 1 ast — 0 and ¢, — co ast — 1. O

Note that for the visual angle metric v the result of Theorem 3.34 does not hold.
We would need an upper bound for

UBn (xa y) _ SUp,cpBn K(‘% 2 y)

UR"\{61}($7 y) A(l’a €1, y)
but choosing x and y to be distinct points on the x;-axis

Y

sup L(z,z,y) >0
z€0B™
and £(x,e;,y) =0.
Next result demonstrates the sensitivity to boundary variation. We consider
domains G C R" and G' = G\ {z}, where x € G. Again by the monotonicity we
have mg(y, 2) < mg(y, 2) for all y, 2 € G' and m € {j,p, s,v}.

Theorem 3.35. Let G C R", z € G, t € (0,1) and m € {j,p,s}. Then there
exists a constant ¢,, = c¢,,(t) such that for all y, z € G\ B"(z, tdg(x)) we have

me\(23 (Y, 2) < cmma(y, 2).

Moreover, the constant is best possible as t — 1. This means that c;,cy,cs — 2 as
t— 1.

Proof. We denote G' = G'\ {z} and will find an upper bound for “c¥= (v.2)

mg(y,z)
We consider first the case m = j. If dg(y) = de/(y) and dg(z) = de/(z), then
there is nothing to prove as je (v, 2) = ja(y, 2) and we can choose ¢; = 1. We consider

next two cases: dg(y) # da(y), dg(z) = de(2) and dg(y) # da(y), da(z) # da/(2).
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Let us assume dg(y) # de(y) and dg(z) = dg/(z) (or by symmetry we could as

well assume dg(y)

= dgl (y) and dg(z) # dgf(Z

)). Now

) ly—=| ly—2z|
jor(y,2) _ 108 (1 i min{dc’(y)vdcl(z)}> _ log (1 + min{|y—x|,dc<z>})

ic(y, 2 ly—2| ly—=2 '
Jo(:2)  log (1 + min{dc;(y),dc;(z)}) log (1 + min{da(y»dc;(z)})

Let us assume that dg(z) < dg(y). If dg(z) < |y — 2| then jo (y, 2) = ja(y, z) and
there is nothing to prove. If dg(2) > |y — x| then

ly—2z| ly—2z|
ch log ( = m|> log (1 + tdc;(w))
] ly—=| ly—=|
Ja log( +dyG ) log<1+y()>
_log (1+42 ) log (1+12)
ly—z| ly—2z| )
10?5 (1 - dG(y)) log (1 T \y—x\+dc(x))
If |z — y| < dg(x) then we have by Lemma 3.32
- log<1+'y Z') log<+| ')
Jc ((y Z)) < t|dG( |> < hm |d &l |>
z —z zl/d 0
Jc\y, log (1 + 2dy—(x)> ly—z|/dg(z)— log (1 + 5 (x))
ly—=|
< m tww 2
ly—l/de(@)~0 ¢ 4 W2l g

dg(z)
If |z — y| > dg(x) again by Lemma 3.32

log (1+ =) <

log (1 + Jy=zl

.jG’ (yv Z)

- <
Ja(y, 2)

ly—2z|

2+

<
ly—z|

ly—z|

im
ly—z|/ly—z|=0 1 4

Let us then assume dg(y) < dg(2). Now dg(y

Iy—2|>
l[y—z| <

thus

(3.36) jo(y.z) los(1+

< lim
B w\) ly=21/ly=al=0 |og (1

ly—=z| _

Yy—=z
Yy—x
y—Z
2ly—z|

log (1

+
+

) # de(y) implies |y — x| < dg(y) and
log (1 +

jG('!/, Z) B log (1 +

|y—z|> -
da(y)

\y—Z\)
ly—z|

ly—2] '
log (1 + \y—w\+dc<m>>

If |z — y| < dg(x) we have by (3.36) and Lemma 3.32

ly—2|
log <1+tfl/c( )> -

jG/(y’Z) <
log (1 +

jaly,z) —

ly—=|
2dg(x)

2+|yz|

<
\y 2|

lim
y==l/da(@)0 ¢ 4 L2l

dg(z) _

log (1 + tlé/c(zl))

lim
) <l ()

2

.
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If dg(z) < |z — y| we have by (3.36) and Lemma 3.32

- log (1 + ‘y:j) log (1 + ‘y:j)
istng ST
VA Yy—z —z —x Yy—=z
ja(y, log (1 X m) ly=21/ly=210 ] (1 4 2|y—:c|>
2+ |y—Z|
< lim I e 2
ly—=1/ly—2]—0 1 + ﬁ

Let us then assume dg(y) # do/(y) and dg(z) # der(2). Now we may assume by
symmetry that |y — z| < |z — 2| and thus

) ly—z| ly—=|
jolyz) 108 (1+ =) o8 (1+ =)

aly, 2 ly—=z] - ly—2=|
Ja9:2)  log (1 T min{dc(yxdc(z)}) log (1 T \y—x\+dc(x))

and this is exactly the same as (3.36) so we know that

jlcy (y7 Z) S g'
Jey,z) ¢
Putting all this together gives us ¢; = %
Let now m = p. If dg(y) = de(y) and dg(z) = de(2), then there is nothing to
prove as per (v, 2) = pa(y, z) and we can choose ¢, = 1. We consider next two cases:

da(y) # dar(y), da(2) = dar(2) and dg(y) # da(y), da(z) # de(2).
Let us assume dg(y) # de(y) and dg(z) = dg/(z) (or by symmetry we could as
well assume dg(y) = de(y) and dg(z) # der(2)). Now
Py 2) _ ly—2*+4da(y)da(z) _ |y — 2 + 4de(y)de(z)
pe(y.2)  ly— 2P+ dde(y)de(2) |y — 2 + 4]y — zlde(2)
ly — 2 + 4(lz — y| + de(2))dc(2)
|y = 2[* + 4y — x|da(2)
4dg(l’)dg(z) < 1+
ly — 22 + 4]y — z|da(2) 0+ 4tdg(z)dg(2)
Let us then assume dg(y) # de(y) and dg(2) # de(z). Now
pe(y.2) _ ly— 2P +4da(y)da(z) _ |y — 2> + 4dg(y)de(2)
pey2) |y — 2P +4de(y)da(z) |y — 27 + 4y — 2llz — 2
< Ly =2+ 4z — yl+ do(@) (| — 2| + do(2))
B ly — 2> +4ly — z[|z — x|
Al — ylda(x) + |2 — 2|da(x) + da()?)
|y — 2[* + 4y — x|z — 2]
Az — ylda(x) + |2 — zld(z) + da(x)?)

4d(;(l')dG(Z) — 1+ 1
t

=1+

=1+

<1+
Ay =allz =
L, lrodlde(a) | o - lda() | do(a)
y=allz—al " ly=allz—al " Ty allz 4l
<1y T ldol) |l dldo(@) | dg(a)

- ly — z|tdg(x) ~ tdg(x)|z — x|  tde(z)tde(x)
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B 2 1 2t +1
=1+ st g =1+
Combining the cases we obtain ¢, %

Let us finally consider the case m = s. Now
sa' (Y, 2) _ infucoq ly —ul + |u— 2|
sa(y,z)  infucoa |y — ul + |u — 2|
and if the infimum in the denominator is obtained at a point u € 0G, then there is

nothing to prove as s (y, 2) = sq(y, z) and we can choose ¢, = 1. If this is not the
case, then

I~

sa(y,2)  infueog |y —ul +|u—z|  infucoq |y —ul + |u— 2|

sc(y,2)  infueac |y —ul +|u—z| ly — x| + |v — 2|
< |x — y| + dg(x) + |x — 2| + dg(x) 14 2dg(x)
- ly — x| + |z — 2| ly — x| + |z — 2|
2dg(l’) 1
<1 14
= @)

and we can choose ¢, = 1 + %

We see easily that c¢j, ¢y, cs — 2 as ¢ — 1. We show next that the constants c;,
¢, and ¢ are best possible. In all three cases we consider G = R™ \ {0}.

We start with the case m = j. Let a > 0. For points x = ey, y = (1 4+ t)e; and
z=(14+1t+a)e; we have

jor(y.z) _ log (1+%)
jol2)  log (1+ 1)
and ‘
Jor(y,2)  log(l+a)
jG(yv Z) lOg(l + %)
as t — 1. The asymptotic behavior is clear since
log(1 + a)
log(1+ 3)

as a — 0.
We next consider the case m = p. Let a € (0,¢]. For points x = e, y =

(14 Vt? —a?)e; + aey and z = (1 + /1?2 — a?)e; — aey we have |y — z| = 2a and

2 2 7 2)\2
Poy.2) _ ly == + dde(y)da(z) _ 1 +a (a2 + (14 VP =)’
sz(yaZ) |y - Z|2 +4dGl(y)dG,(z) 40,2 +4t2

Now

2
22y, 2) _)4a2+4<a2+(1+\/1—a2) ) 4+ 8+8VI— 2

p&(y, 2) 4a% 4 4 4a? + 4
ast — 1 and
40 + 8 4+ 81 — a?
— 4
4a? + 4

as a — 0.
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We finally consider the case m = s. Let a € (0,t]. For points z = e, y =
(14 vt? —a?)e; + aes and z = (1 + V1?2 — a?)e; — aes we have |y — z| = 2a and

5o, 2) e Ve + (1 +vE—@)

2a t
2y/a?+(14+v2—a?)”

—>\/a2+(1+m>2

SG(y> Z)

ast — 1 and

\/a2+<1+m)2:\/2+2m%2

as a — 0. U
We show next that Theorem 3.35 does not work for the visual angle metric v.
Let G = R™"\ {0} and # = e;. Now for y = & and z = 2e; we have vg(y,2) = 0 an
Ve\{z} (y, Z) = T.
Proof of Theorem 1.8. The assertion follows from Theorems 3.34 and 3.35. [

4. Smoothness of s-disks with small radii

In this section, we will consider the smoothness of triangular ratio metric balls
in equilateral triangles and rectangles in R?. Let T’z 5 denote the equilateral triangle

with vertices (0,0), (v/3,1), (v/3,—1), and R, denote the rectangle with vertices
(a,b), (a,—=b), (—a,b), (—a,—b), where a > b > 0.

0.7, L4
0.6
0.3 0.7
0.4
0.6
0.5
0.7

Figure 3. Triangular ratio metric balls By, (z,7) in Tz o.
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Figure 4. Triangular ratio metric balls B, (z,r) in Rgp.

Lemma 4.1. Let P C R? be a polygon with inner angles less than or equal to
7 and suppose that there are half planes Hy, Hs, ..., H, such that

=1

Then for x € P and r > 0 we have

B, (z,1) = ﬂBSHi (x,7).
i=1

Proof. Follows from [HKLV, Lemma 5.4]. O

Proof of Theorem 1.9 Denote by the lines [;: yo = @yl, lo:ys = —\/Tgyl, and
ls: y; = v/3. For any point z € G = T=5andr € (0,1), by Lemma 4.1, we have

By (z,7) = m§:1Bi>

where B; is the corresponding triangular ratio metric ball BSGZ_ (x,r), and G; is the
half plane with boundary line /;. By elementary computation, we have that

) (2~ r2)ay — V3ria, | (24 r2)ay — VBr,

(1—r2)

< 7’2(171 - \/§$2)2} 7

. ) (2 — rP)ay + V3rix, i (24 r?)zs + V3ria ’
By: Sy (yl_ 2(1—7“2) ) + (yz— 2(1—7“2) )

_ r2(z1 + V/3x3)? } |

(1—r2)

2
x1 — 2v/3r2 + a2r? o Ari(x; —+/3)?
Bs: qy: (yl_ T + (y2 — 2) <W
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Hence, Bs.(x,r) is smooth if and only if B, (z,r) is one of the above three balls.
It is known that B?(a,r;) C B?(b,ry) is equivalent to |a — b| < ry — r;. Then, by
calculations, we have that for any point x = (x1,25) € G, By C By and By C Bs is
equivalent to

2 — 2
2 and 0<r< T2 — V3w & :

2 2’
\Vx] + x5 \/(\/§—x1)2+(1—x2)2
By C By and By C Bj is equivalent to

2 —T9 — 2
2 and O0<r< T2~ V3n + ;

Vi + 3 \/(\/§—x1)2+(1+x2)2
B3 C By and B3 C B is equivalent to
— X9 — 2 -2
0<r< V321 — , and O<r< V331 + .
VB =22 4+ (1 2)? VB =22 4 (14 2)2

That is for any point @ € Tx 5, 0 <1 <1, By, (,r) is smooth if and only if

0<r<

O<r<-—

0 <r <min 2|2$2| = 2] — V321 42 ,
VIS Ja = VB + (L - |aal)?
or
0<r< Vin —2 - |n

V@ = VB2 + (1= [zl

Obviously, for zo = 0 and 0 < ;7 < 2—\3/5, or |xs| = V3x, — 2, B, (x,r) cannot be
smooth.

For the case G = Rup, let l1: ya =0, la: y1 = a, l3: yo = —=b, and l4: y1 = —a.
For any point x € R,;, and r € (0, 1), it follows from Lemma 4.1 that

By (z,7) = m?:1Bi>

where B; is the corresponding triangular ratio metric ball B;, (x,r), and G; is the
half plane with boundary line /;,. For any point x € R,}, it follows from elementary
computation that

By: {yi (yr — a1)” + (yz—

x1 + r2x; — 2ar? 2 4r%(a — x1)?
By: {y: (yl_ : : ) +(y2—x2)2<ﬁ :

Ty + 17229 — 2002\ _ 4r2 (b — x9)?
1—17r2 (1—7r2)2 [

1—1r2

Ty + 1722y + 2002\ 2 4r2(b + x4)?
B . . — 2 - < —F
3 {y (y1 — 1) + (yz 1,2 =2 (-
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and

1—1r2

Ty + 121 + 2ar?\ 2 4r¥(a + x1)?
By: {y: <y1— +(y2—932)2<ﬁ -

For 1 < ¢ < 4, let R; denote the radius of B;. If x5 > 0, then Ry > R;. By
calculations, By, (x,r) = By is equivalent to

(a— 1) — (b— ) (a+z1) — (b—22) }

b’ V(a—x1)? b—x2)2’\/(a+x1)2+(b—x2)2
If 25 <0, then R; > Rj3. By calculations, By, (x,r) = Bs is equivalent to
(a—z1) — (b+ z2) (a+x1) — (b+ x2)
b \/a—xl b-'-l’g) \/(a+x1)2+(b+x2)2
If 2y > 0, then Ry > Ry. By calculations, By, (x,r) = By is equivalent to
3l (b — ) — (a — x1) (b+x3) — (a — x1)
a’ Vi —x1)2+ (b—22)? Ve —21)2+ (b+ 22)?

If 21 <0, then Ry > Ry. By calculations, By, (x,r) = By is equivalent to

O<r§min{—ﬂ (b—x9) — (a+ 1) (b+ 22) — (a+ 1) }

a’ \la+z)2+ (b —22)? {a+z1)2+ b+ 2y)?

That is, for any point © € Ry, 0 < r < 1, By, (x,7) is smooth if and only if

o] (a— |z1]) = (b — |as]) }
b a— [+ a2

0<7’<mm{

O<r§min{

0<r§min{

0<7‘§min{

or

el =) = (a—|n)
0 <r <min ) .
ors { ¢<a—|x1|>2+<b—\xz\>2}

Obviously, for zo = 0 and a — |z1] > b, or a — |21| = b — |22, By, (x,r) cannot be
smooth. O]

5. Quasiregular maps and triangular ratio metric

In this section our goal is to summarize some basic facts about quasiconformal
mappings, following closely [AVV], and [Vul], and to prove Theorems 1.2 and 1.3.
We assume that the reader is familiar with the basics of this theory. Here we adopt
the standard definition of K-quasiconformality and K-quasiregularity from Vaisala’s
book [V] and from [Vul]|, respectively. The first result is a quasiregular counterpart
of the Schwarz lemma. Observe that the result is asymptotically sharp when K — 1.

The Grétzsch ring domain Re,(s), s > 1, is a doubly connected domain with
complementary components (B", [se;, 00)). For its capacity we write

Yn(s) = capRgn(s) = M(A(B™, [seq, 00])).
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For K > 0 we define an increasing homeomorphism ¢g,,: [0,1] — [0, 1] with
QIOKJL(O) = 07 @K,n(l) =1 and

1
(5.1) Yrn(r) = K () 0<r<l.

The following important estimates are well known [Vul, pp. 98-99|

(5.2) r* < pra(r) < A < N-VE e g = K1)
(5.3) QR < AP < oy n(r) <78 B=1/q,
where K > 1, r € (0,1), and the constant A, € [4,2¢"!) is the so-called Gritzsch

ring constant. In particular, Ay = 4.

Theorem 5.4. Let G, D be either B" or H” and f: G — fG C D be a non-
constant K-quasiregular mapping and let o = K(f)"/="). Then

i (G070, 50)) < e (0 (3oct) ) < 37 (1 (ooten) )

for all z,y € G.

Proof. Recall that the proof in [Vul, Theorem 11.2] for the case G = D = B”
was based on the formula

1
Y T P

n(ZB, )
th B 5 Yy

and the transformation rule of the metric ug» under quasiregular maps. The same
proof also works for the present general case as soon as we prove that the formula
(5.5) also holds for the case of H". For this purpose we use the invariance of pgn
under a Mobius transformation A: H” — B™ to conclude by (5.5) that for z,y € H",

1 1
MH”(IITay) = ,UB”(h(l'), h(y)) = In (th an(h(;c),h(y))) = Tn (W) )

where in the last step we used the invariance of the hyperbolic metric under the
Mébius transformation h, see [Vul, (2.21)]. After these observations the proof goes
in the same way as in [Vul, Theorem 11.2]. O

Proof of Theorem 1.2. (1) Because for all z,y € H",

sar (2, y) = th (M) 7

2

by Theorem 5.4 the proof follows.
(2) By Theorems 5.4, 3.23 and Lemma 3.8 we have for all z,y € B",

san(7(0), 1) < e (222 HE TN ey (2o

< )\i_a(Qan(x,y))a = 2a>\;_°‘(an(x,y))a.
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(3) Similarly by Theorems 5.4 and 3.23 we have for all z,y € B",

s (). ) =t (2L TOD ) ey, (o))

< )xiL_o‘(Qan (x,y)* = QQA;_a(an (x,y))".

(4) By Theorems 3.4, 3.8 and 5.4 we have for all z,y € H",

< Aoty (W) = AL (s (2, 1)) O

Theorem 5.6. Let f: B" — B" be a K-quasiregular mapping. Then for x,y €
B" we have

(5.7) pee (f(2), f(y)) < 200, (pBe(z,9))", o= K07,
Proof. By Lemma 3.8, the proof is similar to the proof of Theorem 1.2. O
By definition (1.1) it is clear that for x,y € G = R™\ {0}, we have

|2~y
sa(r,y) = T
|z + [y]
Recall the following notation from [AVV, Section 14],
Mien(t) = sup {lg(z)] : [x] <, g € Fi},

Fr={9: R" = R", g(0) =0, g(e1) = ey, gis K-quasiconformal}.

Lemma 5.8. [AVV, 14.27| Let f: R" — R" be a K-quasiconformal mapping
with f(co) = oo, and let a, b, ¢ be three distinct points in R™. Then

1 o — ¢ ’ |f(a) = f(e)]
Fs(n, K) (Ia—bl+|b—0\) = 7@ = FO)I+ 17(6) — (o)

1 la — )a
< )
~ Ps(n,K) \|a—b|+ |b—¢|

where a = K'Y= = 1/B and Ps(n,K) = 21_(6/0‘))\}1_6/77}}7”(1) and Ps(n,K) =
21_(0‘/6))\761_177}*(’”(1). Here A, is as in Lemma 5.4 and Ps(n,K) — 1, Ps(n,K) — 1,
when K — 1.

Proof of Theorem 1.3. By Mo&bius invariance of the absolute ratio, the result
follows from Lemma 5.8 if we take b = f(b) = 0. O

Lemma 5.9. [AVV, 14.8] Forn > 2 and K > 1,
Nkn(1) < exp(4K (K + 1)VEK —1).

Corollary 5.10. Let G = R" \ {0}, and f: G — G be a K-quasiconformal
mapping. If n > 2, « = K=" then for z,w € G,

sia(f(2), f(w)) < KX exp(2(K + 1)(K — 1) + 4K(K + 1)VK — 1) (sg(z,w))" .
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Proof. Combining Lemmas 5.8 and 5.9 and by [Vul, Lemma 7.50 (2)] we see that

* K—-1717K, %
1 — nK,n(]-) < 2 K nK,n(l) < 2(ﬁ/a)+K—2KKn* (1)
Pi(n,K) 91-B/a))\}=F = 21=(8/a) =

K.n
< QB/TE2 R ex (4K (K + 1)VEK — 1)
< K¥exp((B/a)+ K —2 +4K(K + 1)VK — 1)
< K¥exp(2(K +1)(K — 1)+ 4K (K + 1)VK —1). O
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