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Abstract. A description of all the admissible weights similar to the Muckenhoupt class 4, is
an open problem for the weighted Morrey spaces. In this paper necessary condition and sufficient
condition for two-weight norm inequalities on Morrey spaces to hold are separately given for the
Hardy-Littlewood maximal operator. Necessary and sufficient condition is also verified for the

power weights.

1. Introduction

The purpose of this paper is to develop a theory of weights for the Hardy-
Littlewood maximal operator on the Morrey spaces. The Morrey spaces, which were
introduced by Morrey in order to study regularity questions which appear in the
Calculus of Variations, describe local regularity more precisely than Lebesgue spaces
and widely use not only harmonic analysis but also partial differential equations
(cf. [4]).

We shall consider all cubes in R™ which have their sides parallel to the coordinate
axes. We denote by Q the family of all such cubes. For a cube Q) € Q we use {(Q)
to denote the sides length of @ and |@| to denote the volume of Q). Let 0 < p < o0
and 0 < A < n be two real parameters. For f € L (R"), define

anwzsup( / fla \pdx) |

The Morrey space LPA(R™) is defined to be the subset of all L? locally integrable
functions f on R™ for which ||f]|z» is finite. It is easy see that || - ||z»» becomes
the norm if p > 1 and becomes the quasi norm if p € (0,1). The completeness of
Morrey spaces follows easily by that of Lebesgue spaces. Let f be a locally integrable
function on R™. The Hardy-Littlewood maximal operator M is defined by

_ sup][ F)l dylo(a),

QeQ
where fQ x) dx stands for the usual integral average of f over () and 1y denotes

the characterlstlc function of the cube (). By weights we will always mean non-
negative, locally integrable functions which are positive on a set of positive measure.

doi:10.5186 /aasfm.2015.4042

2010 Mathematics Subject Classification: Primary 42B25, 42B35.

Key words: Hardy-Littlewood maximal operator, Hausdorff content, Morrey space, Mucken-
houpt weight class, one and two weight norm inequality.

The author is supported by the FMSP program at Graduate School of Mathematical Sciences,
the University of Tokyo, and Grant-in-Aid for Scientific Research (C) (No. 23540187), the Japan
Society for the Promotion of Science.



774 Hitoshi Tanaka

Given a measurable set £ and a weight w, w(E) = [, w(x)dz. Given 1 < p < oo,
p = p/(p—1) will denote the conjugate exponent number of p. Let 0 < p < oo and
w be a weight. We define the weighted Lebesgue space LP(R™, w) to be a Banach
space equipped with the norm (or quasi norm)

Il = [ 1@t ) Y

Let 0 < p< 00,0 < A <nand w be a weight. We define the weighted Morrey space
LPAR™ w) to be a Banach space equipped with the norm (or quasi norm)

1 ) 1/p
i =500 (g [ @ ute) )~ < oo

Qe

As is well-known, for the Hardy—-Littlewood maximal operator M and p > 1,
Muckenhoupt [9] showed that the weighted inequality

1M fllLrw) < Cllfllzew)
holds if and only if
p/p’
[w]a, = sup (@) (][ w(z)7P/P dx) < 0.
Q

QeQ |Q‘

While, for 1 < p < ¢ < oo, Sawyer [15] showed that the weighted inequality

M fllLaw) < Cllfllr)
holds if and only if

(/Q Mlolg)(z)?u(x) dx) v < Co(QV? < 00, o=vPP

holds for every cube Q € Q.

For p > 1 one says that a weight w on R"™ belongs to the Muckenhoupt class
A, when [w]s, < co. For p = 1 one says that a weight w on R" belongs to the
Muckenhoupt class A; when

[w]4, = sup wi(x) o
' Qeg essinf g w(x)

A description of all the admissible weights similar to the Muckenhoupt class A,
is an open problem for the weighted Morrey space LPA(R™, w) (see [12]). In [5], we
proved the following partial answer to the problem.

Proposition 1.1. [5, Theorem 2.1] Let 1 < p < o0, 0 < A < n and w be
a weight. Then, for every cube Q) € Q, the weighted inequality

(i [, et ) V<o s (77 [ 1HPu(e) o) "’

Q'oQ

holds if and only if

/

w(Q) L(Q) ( o )”/p
oo QM 1] f i) <o

QCcqQ’
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This proposition says that the weighted inequality

(L.1) 1M fllorgw) < Clflior)
holds if

l A , p/p
(1.2) ?22% lwlgllria ﬁgT (]éw(x)_p /p dz) < 00.

One sees that the power weights w = | -|* belong to the Muckenhoupt class A, if and
only if —n < a < (p — 1)n. While, the power weights w = | - |* satisfy (1.2) if and
only if A\ —n < a < (p—1)n. Let H be the Hilbert transform defined by

Hf(z) = lim © /R Leoor (7 29D ) gy,

e—=>+0 7 r—1Y

For 1 <p < oo and 0 < A < 1, Samko [11| showed that the weighted inequality

NH fll o) < Clf oy, w=1-]%

holds if and only if A—1 < o < A+(p—1). Thus, our sufficient condition (1.2) seems to
be quite strong. In this paper we introduce another sufficient condition and necessary
condition for which (1.1) to hold (Proposition 4.1). The conditions justify the power
weights w = || fulfill (1.1) if and only if A\—n < a < A+ (p—1)n (Proposition 4.2).
More precisely, in this paper we introduce sufficient condition and necessary condition
for which two-weight Morrey norm inequalities to hold (Theorem 3.1), which is closely
related to Sawyer’s two-weight theorem. As an appendix, we show two-weight norm
inequality in the upper triangle case 0 < ¢ < p < 0o, 1 < p < oo (Proposition 5.1).

The letter C' will be used for constants that may change from one occurrence
to another. Constants with subscripts, such as C4, C5, do not change in different
occurrences. By A ~ B we mean that ¢ 'B < A < ¢B with some positive constant
¢ independent of appropriate quantities.

2. A dual equation

In this section we shall verify a dual equation of Morrey spaces (Lemma 2.4). For
any measurable set £ C R™ and any f € LP(R"™), we simply have

/E F@Pde < | ] < oo
While, if f € LP*(R"), then for any Q € Q
/Q F@) P de < £, 1Q).

This implies that for any family of counterable cubes {Q;} C Q such that £ C |, Q;,
we have

2.) [u@rar <3 [ 1r@pd < s, @)

In general, if £ C R™ and 0 < a < n, then the a-dimensional Hausdorff content of

E is defined by
H(B) = inf {me} ,
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where the infimum is taken over all coverings of E by countable families of cubes
{Q;} € Q. Thanks to this definition, we get by (2.1)

(2.2) /E F@)Pdr < [[£I, HNE).

The Choquet integral of ¢ > 0 with respect to the Hausdorff content H* is defined
by

PO = /OOO H({y € R": ¢(y) > t}) dt.

Thus, by (2.2), for any ¢ > 0 and any f € LP*(R"),

Ph(r — > p » . A
ey [ wremde= [T [ (P <. [ ol

Following the argument in [2], we introduce another characterization of the Morrey
space by (2.3).

Definition 2.1. Let 0 < A < n. Define the basis By to be the set of all weights
b such that b € Ay and [, bdH* < 1.

We need the following lemma.

Lemma 2.2. [10, Lemma 1] Let 0 < o < n and p > «/n. Then, for some
constant C' depending only on «, n and p,

M[1olP dH® < CIL(Q)".
R’!L

Let 0 < A < A\g < nand f € LPA(R"™). It follows from (2.3) and Lemma 2.2
that, for every cube Q € Q,

1 oo 1 AP L) da
Z(Q)A/Q“c(x>| dr = Z(Q))\/n‘f( Iig(z)d

1 P )N/ Jp
o . @Ml

1 n
<y [ MQP/" dI < CI

<

which yields
1/p
(2.4) 1Fllon ~ sup (/ \f(w)\pb(:c)dx) |
beB) n

where we have used the fact that M[1g]*/™ € A}, since \g/n < 1 (cf. [3, Chapter II]).

Definition 2.3. [2] Let 1 < p < co and 0 < A < n. The space HP*(R") is
defined by the set of all measurable functions f on R™ with the quasi norm

1/p
[ Fllos = in ( / |f(93)|pb(93)_p/”'da:> .
bEBA n
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For non-negative functions f € LP*(R") and g € H”*(R"), there holds by
Holder’s inequality that

fl@)g(x)de = [  fx)b(x)Pg(x)b(a) "/ dx
R" R”

1/p , . 1/p'
< ( f(x)Pb(x) dx) (/ g(x)P'b(x)7P/P dx) , beBy.
R'I'L n
This implies by (2.4)

(2.5) - f(@)g(x) dz < Cl[fl|oallgll gora-

In this section we shall verify the following lemma.

Lemma 2.4. Let 1 < p < oo and 0 < A < n. Then, for any measurable function
g on R, we have the estimate (allowing to be infinite)

gl = sup / F(@)g(2)| da,

where the supremum is taken over all functions f € LPMR") with || f||zox < 1.

This lemma was first introduced in 2] without the proof. In [6], Izumi et al. give
the full proof for the block spaces on the unit circle T with the help of Functional
Analysis. In [14], we give the proof for the block spaces on the Euclidean space R™.

Definition 2.5. Let 1 < p < oo and 0 < A < n. The block space BP*(R") is
defined by the set of all measurable functions f on R™ with the norm

£l 5e = inf {||{Ck}||zli f= chak} < 00,
k

where ay is a (p, A)-block and |[{cx}|[;r = >, |ck|l < 00, and the infimum is taken
over all possible decompositions of f. Additionally, we say that a function a on R"
is a (p, A)-block provided that a is supported on a cube @ € Q and satisfies

1
lallzr < =557

(@)

Lemma 2.6. [14| Let 1 < p < oo and 0 < X\ < n. Then, for any measurable
function g on R™, we have the estimate (allowing to be infinite)

ol =sup | 1f(@)gla)d,

where the supremum is taken over all functions f € LPA(R") with || f||»n < 1.

Proof of Lemma 2.4. Thanks to Lemma 2.6, we need only verify that HP*(R™) =
BPAR™) with || - ||ger & || - [|ger. This fact was proved in [1]. But, the direct proof
is given here for the completeness.

We will denote by D the family of all dyadic cubes Q = 27%(m + [0,1)"), k €
Z, m € Z™. Assume that for non-negative function f € HP*(R"),

1/p
(2.6) ( f(x)Pb(z) P/ dx) <2||fllger  for some b € By.
Rn
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Consider E = {z € R": b(x) > 2¥}, k € Z. Then,
(2.7) / bdH* = > 2" HMNEy) ~ 1.
" k
By the definition of the Hausdorff content H* and its dyadic equivalence (cf. [10]),
one can select a set of the pairwise disjoint dyadic cubes {Qx;} C D such that

Ek C Uj Qk,j and

(2.8) > UQry) < 2HN(Ey).

Upon defining
Ok = Qrj \ U Qrt1,i;

we see that the sets dy, ; are pairwise disjoint and R" = (J,, ; dx,;. With this, we obtain

f: E Ck,jQk,j5
k7j

1/p
()P d:v)

where

Ok,j

Chj = Z(Qlaj))\/p, (

and

-1/p
ag,; = Z(Qj,k)_k/p/ ( (x)P d:v) fls, ;-

Ok,j

It is easy to check that each ay; is a (p, A)-block. To prove that f € BPMNR"), it
remains to verify that {c; ;} is summable.
Notice that b(z) < 2" if z € §; ;. This yields, by using Hélder’s inequality,

1/p
I{ersHin < €D uQuy) 72" ( f(@)Pb(a) P dfc>
k.3

Ok,j

1/p

1/p'
<c <Z z<Qk,j>Azk> ([ sy )

1/p

1/p
sc(zzkmm) ([ arsay»ac) " <l
R"

k

where we have used (2.6)—(2.8). This proves HP*(R") C BPMR") with || - || gor <
CII - v
We now prove converse. Suppose that f € BP*(R"). So, f = Zj cja; with

{c¢;} € ' and each a; is a (p, A)-block. Assume that @; is the support cube of a;.
For 0 < A < A\g < n, define

b(x) = [{e;};* Z lj1b;(x)
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with |
bj(x) = @M[lQJ(%)AO/n-

Then, we see that
/ bj dHA S C' and [bj]Al S C.

This means that

bdH* < C and [b]a, < C.
Rn
Thus, we have Cb € B,.

It follows from Holder’s inequality that

p/p
@) < <Z|cj|bj<x>>

/

This implies

Notice that whenever x € @)
b)Y < UQiY Y,

which implies
L @) de < e S et @) [ @l de < 1l
j J

This proves BP*(R") ¢ HP*(R") with || - [|gen < C|| - ||ge.r. These complete the
proof of Lemma 2.4. O

3. Two-weight norm inequalities

In this section we shall prove the following theorem.

Theorem 3.1. Let1 < p < 00,0 < g <o00,0<\<n,u,v be weights. Consider
the following five statements:

(a) There exists a constant ¢; > 0 such that

[ M fll Lary < cill fllrarw)
holds for every function f € LP*(R",v);
(b) There exists a constant co > 0 such that
1
Q|

holds for every cube Q) € Q;
(c) There exists a constant c3 > 0 such that

[ Lol par |0 P Lo frurn < €2

1 Va ,

: q < Aq - —p'/p

blergfA leé;é Q) </Q Molg|(z)%u(z) d:z:) < 3l(Qo)MY, o= (bv) )
CQo

holds for every cube Qg € Q;
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(d) There exists a constant ¢4 > 0 such that, for some a > 1,

inf | up UD T (f [b(:c)v(x)rap’/pdx)w < (@)

beBy \ geo Q[P
QCQo

holds for every cube Qg € Q;
(e) There exists a constant cs > 0 such that, for 1/q = 1/r+1/p,

1/r
it ([ Miolerute e ar) < @0V o= (),

beB)

holds for every cube @y € Q.

Then,
(I) (a) implies (b) with co < Cey;

I) When 1 < p < ¢ < o0, (b) and (c) imply (a) with ¢; < C(cy + ¢3);
II) When 1 < p < ¢ < oo, (b) and (d) imply (a) with ¢; < C(cg + ¢4);

)When0<q<p<ooand1 < p < oo, (b) and (e) imply (a) with ¢; <

C(Cg + 05).

We shall prove this theorem in the remainder of this section. Recall that D
denotes the family of all dyadic cubes @ = 27%(m +[0,1)"), k € Z, m € Z". In
the following proof, by the argument which uses appropriate averages of the sifted
dyadic cubes, we can replace the set of cubes Q by the set of dyadic cubes D (cf.
[7]). So, the Hardy-Littlewood maximal operator M can be replaced by the dyadic

Hardy-Littlewood maximal operator M,;. But, for the sake of simplicity, we will
denote M, by the same M.

3.1. Proof of Theorem 3.1 (I). Assume that the statement (a). Then,

HMfHLM(u) < 01||fHLp,A(v)

holds for every function f € LP*(R"™ v). For any cube Q € D and any function
f e LPAR™,v),

F 15 @) el 1] 0 ~ H F @) st
Q Q La:A

< |IM[f1g]ll Lar < el flgllLraw)-

Taking the supremum over all functions f with || f1¢|| ze. () < 1, we have by Lemma 2.4

(I
(1
(I

||u1/q1Q||LqA||v 1ol < Ce,

QI
which is the statement (b).

3.2. Proof of Theorem 3.1 (II). We need more a lemma. Let p be a positive
measure on R™ and f be a locally p-integrable function on R”. The dyadic Hardy—
Littlewood maximal operator M, is defined by

1) = sup 17 duy)lofe).
Lemma 3.2. [7] We have the estimate
My fllegy < Pl Ilego, v € (1,00].
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Assume that 1 < p < ¢ < oo and the statements (b) and (c). Without loss of
generality we may assume that f is non-negative. Recall that M is now the dyadic
Hardy-Littlewood maximal operator. Fix a cube )y in D. Then, by a standard
argument we have

Mf(l’) SC@O+M[f1Q0](I)7 er()’

o £ 10
QeD
Q2Qo

By the definition of the weighted Morrey norm, we have to evaluate two quantities:

(3.1) . (@ /Qou(x) d:):) "

1/q
(3.2 (% i M[leOK:c)qu(x)dx) |

with

1(Qo)*
The estimate of (3.1). There holds

1 1/q y
— u(z) dz < ||u/91 @A,
(g [ #vdz) < gy
and, for ) € D such that Q 2 Qo,

C . _
éf(y) W= @Hv 10l sl F 1ol o

where we have used (2.5). These yield by use of the statement (b)
(3.1) < Cea|| fll Lo w)-

The estimate of (3.2). Let D(Qy) = {Q € D: Q C Qo}. Consider, for all
Q € D(Qo),

EQ) =
{re@unaw - f rafy U {ee: ol - f swa.
Q'€D(Qo) v
Q2Q
A little thought confirms that the sets E(Q) are pairwise disjoint and
Miflg)@) = 3 ][ ) dyloo (). =€ Q.

QeD(Qo)

Take a function g which is non-negative, is supported on )y and satisfies || g|| L) < 1
Upon using the duality argument, we shall estimate

(3.3) > ][ fly)dy /E g(z)u(z) dz.

QeD(Qo) @
Fix b € By so that

1/q
su o qq T 3 OA/q o = (bv)P/P.
(3.4) ggéd o (/M lo|(x) ()d) < 2¢31(Qo) (bv)
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Then, (3.3) can be rewritten as

ot 1ttt [ g i

where do(y) denotes o(y)dy. We now employ the argument of the principal cubes
(cf. [8, 16]).
We define the collection of principal cubes

F:O&
k=0

QeD(Q

Where ./_"0 = {QO},
Frp1 = U chz(F)

FeF;
and chz(F') is defined by the set of all maximal dyadic cubes Q C F such that

ff 1oy >2ff do(y).

Observe that

> o)< (2f st o)) S [ sttt < ),
F'echr(F) F Flechr
and, hence,
(3.5) o(Er(F)) =0 (F\F’eLhJ . F') > @

where the sets Ex(F') are pairwise disjoint. We further define the stopping parents
mr(Q) =min{F D Q: FFe F} forall Q€ D(Qy).
It follows that

a=3 3 GG sty [ o) dr

FeF (Q;)_
14 o(@) .
§2;ﬁf(y)a(y) o(y) ; 0 /E(Q)g(x)u(x) x
nr(Q)=F
From Hélder’s inequality,
a(@)
d
> T [, st ds
Tr(Q)=F
La 1/q
OV [
<| T (5g) Lgo S [ gt

m7(Q)=F WF(Q)
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From the definition of M, the facts that E(Q) C @ and the sets E(Q) are pairwise
disjoint,

1/¢

Z /E(Q)g(x)q/u(:c) dx

Q:
Tr(Q)=F

< ( [ Miotlayute) dx) "

From Hélder’s inequality again, (3.3) can be majorized by

1/¢

2~ f et doty) ([ Miotsl(erate) daz)l/q > [ gty do

Tr(Q)=F

- {Z (  fotn)aot) ( /F Mo ) () u(x) da’;) 1/q>q}

1/q

X Z Z / g(z)" u(x) d =: (i) x (ii).

1/q

Since p < g and || - |l > || - ||s4,

(36) () { <][ F)oy) ™ do(y) (/ M[alﬂ(z)%(x)daz)l/q)p}

Further,

< {2};1; W < /F M{o15](x) u(z) dx) Uq}
A% (oo ) <F>}W
< 2,1(Qo)" { ) (][ I dols)) <F>}l/p,

where we have used (3.4).
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By using the definition of M,, (3.5) and the facts that Ex(F) C F and the sets
Ex(F) are pairwise disjoint,

{ > <]i f)o(y)™ da(y))P U(F)}l/p

FeF

<C {Z (][ f(y)a(y)1da<y>)pa<EF<F>>}l/p

rer
<C ( || fo(z)” da(x)) "

By use of Lemma 3.2,

<o([ t@at ot ) e ([ rarmana) < Nl

where we have used (2.4).
So altogether we obtain

1/q
([ Mirroerae ) < cal@) 1 im0

and
(3:2) < Cas| fl o)

These complete the proof of Theorem 3.1 (II).

3.3. Proof of Theorem 3.1 (III). Assume that 1 < p < ¢ < oo and the
statements (b) and (d). Going through the same argument as before, retaining the
same notation, we need only evaluate (3.2) especially (3.3). Letting ¢ = 1 in (3.6),

we see that
() < {Z (f dyu<F>1/q)p} "

FreF

Fix b € By so that

1/q ) 1/ap’
(3.7) Zlég u‘(gﬁ/p (Jé[b(x)v(x)]—ap /p d:c) < 2¢41(Q)M.
QCQo

Take ¢ < 1 is a number that satisfy (c¢p)’ = ap’. Holder’s inequality gives
F 1w s = £ £ b)) dy
F F

< (f s pwtray) l/cp (f et ay) "
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which implies

mg{%iﬁﬁf(i&@MMﬂWw@”W}

1/c 1/p
x{ij(gwwwwwww)|m}
1/p

1/c
S (f s H@)Iﬂ},
where we have used (3.7).

The definition of M, the facts that |F| < 2|Ex(F)|, Ex(F) C F and the sets
Ex(F) are pairwise disjoint read

L@(ff o n@ko}w
{w(ff (b ndﬂwwwm@

<C ( M| (o) (z)V/e dx) "

1/p

1/p
o ([ sarsanedn) <l

where we have used the L'/°-boundedness of M and (2.4).
So altogether we obtain

1/q
(QMW%WWMMQ < Cerl(Q) M| 1o

and
(3:2) < Ceu|| fllpraw)-
This completes the proof of Theorem 3.1 (III).

3.4. Proof of Theorem 3.1 (IV). Assume that 0 < g < p < 00, 1 < p < oo and
the statements (b) and (e). In the same manner as above, retaining the same notation
as before, we need only evaluate (3.2). Fix b € By, so that, for 1/¢ =1/r 4+ 1/p,

1/r )
(3.8) < . M{o](z) u(z)" 9o (x)~"/P dx) < 2e51(Q)MY, o = (bv) PP,

We have for every Q € D(Qy),

ﬁﬂm Kmff do(y)

Mlo|(z)M,[fo](z), =€ @Q,
which implies

Mf(z) < Mo)(@)M,[fo ) (z), = € Qo
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Thus,

( o M[f1q)(x)"u(x) d:);') Ha < ( M[o](2) M, [fo "] () u(z) dg:) 1/q

Qo

1/q

= ([ wtoloratarote)t Melfo o doto))
Qo

From Hélder’s inequality with the exponent (p — q)/p + ¢/p = 1 and the fact that
1/r=(p—a)/pa,

<( [ loltayutayota da(x))w ( [ Mlfr Gy o))

=: (iii) x (iv).
We have by (3.8)

1/p

1/r
(iii) = ( g M{o](z)"u(z) %o (z)~"/P dx) < 2¢51(Qo) "

and we have by Lemma 3.2

1/p
W= ( [ sarpanei) <l

Rn
These imply

1/q
([ Moyt i) < Cat@up sl

and
(3.2) < Ces || fll oy
This completes the proof of Theorem 3.1 (IV).

4. One-weight norm inequalities

We restate Theorem 3.1 in terms of the one-weight setting.

Proposition 4.1. Let 1 < p < 00, 0 < A < n and w be a weight. Consider the
following four statements:

(a) There exists a constant ¢; > 0 such that

I M fll Lerw) < cullfI o)

holds for every function f € LP*R™, w);
(b) There exists a constant co > 0 such that

1 _
gl Lallall™ ol < e
holds for every cube Q) € Q;
(c) There exists a constant c3 > 0 such that

. 1 o
o o o /Q Mrlgl(@)yw(e) de | < dUQ0), o = (buw) 7/,
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holds for every cube Q, € Q;
(d) There exists a constant ¢4 > 0 such that, for some a > 1,

p/ap’
ng [ s 55 (f plawtoreran) | < iy
beBy | geo  |Q Q
QCQo
holds for every cube @)y € Q.
Then,
(I) (a) implies (b) with co < Cey;
(IT) (b) and (c) imply (a) with ¢; < C(ca + ¢3);
(ITI) (b) and (d) imply (a) with ¢; < C'(c2 + ¢4).
From this proposition we have the following.
Proposition 4.2. Let 1 <p < o0,0< A <n and w = |-|* be a power weight.
Then, the weighted inequality

I M f oy < CllfIl e w)
holds if and only if \ —n < a < A+ (p— 1)n.

Proof. Assume that A\ —n < a < A+ (p—1)n.
Proof of (b). We first evaluate

1 _
(1) ol Pl ™1y

d d\""
Q(]:(c,c—i—ﬁ)x(O,%) CcR", ¢ d>D0.

(The restriction to such a )y can be justified by symmetry of the problem.)
Suppose that d < c. Let 0 < A < Ay < n and set
C
bi(z) = Ml do/n,
1($) Z(QO))\ [ QO](']:>

Then, we see that b; belongs to By (see Section 2). This implies

for

1/p’
o 1 < ([ el 7 de) < CIQ 1@ sup ol
0

z€Qo

While,

071y ln < WLl sup. 1217 = Qo] /H(Qo) ™7 sup [/
€Qo z€Qo

These yield

al/p lal/p
41 <C (w) <C <C+d) <cC.

inf,cq, || c
Suppose that d > ¢. Let B = {& € R™: |z| < 2d}. Take A\; > 0 so that
a<M+(@-1n<A+(p—1)n. Set

MM -1

bg(l’) = W(4d)>\1—>\|x|—)\l IB({L’).
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Then, we see that |x|~* € A; and that / by dH* = 1. Indeed,

n

/ |- | TM1pdH? = (4d) M + / tAM
n ( 1

4d)—>
_
M —1

A

— (4 A=A
(4d)y™ + N — 1

(4d)MM = (4d)M,
Thus, we obtain

[P L | o [0 ™ P15 | g

< % (/ (4d)>|z]* d:):) l/p (/ (2]ba (o )]P’/pdxl)l/p,
4d —Mi/p </ |:)3|O‘d93)1/p </ 2| 7 dx) <C,

where we have used 0 < A <a+nand 0 < (A —a)/(p—1)+n
Proof of (d). Next, we evaluate

1 w , p/ap’
62t { g g gt (e a)
QCQo

When d < ¢, the same estimates of (4.1) are available to those of (4.2). Indeed,
for an any cube Q) C gy, we have

(]é by (@)w()] P dx) " e O sup o]

z€Qo
and

w(Q) N
o = sl

These yield
o |
(42) <C w <C ﬂ <C.
inf,cq, ||

d SUp,co |
Whend>cand—0::M§2,
Co inf,eq |7

l(@iy% (]é[bzw)w(x)]—apvp dz)ﬁ/ap’

\ dé\l dO la|
sup |z|%sup |z|"tT < C — < C.
< Qg S KT sap e = O () :
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Whend>cand@-—w

Co inf,cq |7
Indeed, it follows by letting By = {z € R": |z| < dy} that

@% (]2[62(95)10(93)]‘@1”/17 dI)p/“p

< S P (][ [|x|a—h]—ap’/pdz>p/apl
- (4d))\1 Bo Bo

- @ ][ |z|*d "5 d (p_l)/a<C <C
(4D Jp, e Bo ’ ’ T T

where we have used 0 < A < a+nand 0 < a(A —a)/(p—1) +n.
Disproof of (b). Finally, if « < A —n, then

1
lim —/\/ |z|* dx = oo,
TAOT Syl <ry

> 2, the same estimates of (4.1) are available too.

which implies

||wl/p1(_1’1)n Lp,A = Q.

Suppose that & > A+ (p — 1)n. Notice that [x|*~")/P € [PA(R") with the norm less
than C'. This implies by Lemma 2.4

w71 gyl > C / | A=a=m/P 4y = oo,
(_1’1)n

where we have used —n > (A —a —n)/p.
Conclusion. Thus, Proposition 4.2 holds by (I) and (III) of Proposition 4.1. [

5. Appendix

As an appendix, we shall show the following two-weight norm inequality in the
upper triangle case 0 < g <p <00, 1 <p < 0.

Proposition 5.1. Let 0 < ¢ < p < 00, 1 < p < 0o and u,v be weights. Suppose
that v € A;. Then, the weighted inequality
(5.1) IM Lo < Cllfllzewi-r)
holds if and only if
, 11 1
(5.2) w90 || < 00, == —4 —.
q r.p
Proof. In the same manner as in the proof of Theorem 3.1, we may assume that

f is non-negative and M is the dyadic maximal operator.
Suppose that (5.2) holds. We have for every @ € D,

]éf(y) |Q‘ ][f au(y)

Mv](x)M,[fv~)(z) < Co()M,[fv~'](z), = €Q,

where we have used v € A;. This implies
Mf(z) < Co(x)M,[fv~)(x), x¢€R™
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Thus,
1/q

( . M f(x)u(x) dg;) /e <C (/ ) o(x) M, [ fo~ ] (z) u(z) dg:)

o ([ oruta) il @) doto)) "

From Holder’s inequality with the exponent (p — q)/p + q/p = 1 and the fact that
1/r=(p—q)/pq,

<C ( / ) (v(2)* u(z))"/ 0 dv(:)s))l/r ( g
<C (u(z)Y90(z) =) g f(x)Po(x) P dx
(/. ) (. )

S CHul/q’Ul/leLr H'fAHLp(,Ulfp)7

where we have used Lemma 3.2.
Suppose that (5.1) holds. Notice that q/p + q/r = 1. Keeping this in mind, we
evaluate

(5.3) /n g(z)v(z)" u(z) dx

with a non-negative function g which satisfies ||g||;»/¢ < 1.
It follows from (5.1) that

1/p
M [l o))

1/p

(5.3) = / o) o(@) (@) de < | Mgt () u(w) da

RTL

) qa/p qa/p
<C (/ g(x)P/qv(x)p/p U<x)1—p dx) =C (/ g(x)p/q d:c) < C.
This yields (5.2). O
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