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Abstract. We continue our research on Sobolev spaces on locally compact abelian groups. In
this paper, we focus on embedding results when the dual group is metrizable. We show the density
of continuous functions. As a by-product we obtain new embeddings of Sobolev spaces defined over

p-adic numbers.

1. Introduction

The purpose of this paper is to continue the investigation of Sobolev spaces
on locally compact abelian (LCA) groups. Sobolev spaces are well understood on
(domains of) R™, see [1, 27|, compact Riemannian manifolds [4, 15|, and metric
measure spaces |14, 26]. There are also some works on Sobolev spaces in the p-adic
context, see [18, 24| and references therein, and in special cases of locally compact
groups such as the Heisenberg group (see [5, 7]).

We introduced Sobolev spaces on LCA groups in [13]. In that reference we proved
analogues of the Sobolev embedding and Rellich-Kondrachov theorems, and we used
these results to prove the existence of regular solutions to some equation of infinite
order. In [12] we improved previous theorems about continuous and compact embed-
dings (see also [11] for related result in the case of countable dual groups). Moreover
in [12], we introduced Sobolev spaces on subsets of LCA groups and we proved ana-
logue of Rellich lemma for those spaces. In our paper we study Sobolev spaces on
locally compact abelian groups in the case when the dual group is metrizable.

The remainder of the paper is organized as follows. In Preliminaries we review
some definitions from harmonic analysis and present the theory of Sobolev spaces
on topological groups. Moreover, some general remarks about metrizable groups are
given. Then, in Section 3 we prove various embeddings type theorems for Sobolev
spaces on locally compact abelian groups. Namely, we establish the embedding into
L? as well as into Holder spaces. Furthermore, the so-called Moser—Trudinger in-
equality is proved. In that section we assume that the dual group G” is metrizable
and the measure on G” is upper S-regular (see Preliminaries for the definition). Sec-
tion 4 is devoted to studying the density of continuous functions in Sobolev space.
In Theorem 5 we show that the space of continuous functions is dense in the Sobolev
space defined on any LCA groups. Finally, let us stress that most of the results
presented in this paper can be applied to the Sobolev spaces over p-adic numbers.
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2. Preliminaries

We use standard notations from harmonic analysis (see [8] and [17]). Let us fix
a locally compact abelian group GG. We denote by ug the unique Haar measure of G
and by G” the dual group of the group G that is, G is the locally compact abelian
group of all continuous group homomorphisms from G to the circle group T. We
denote by jig Haar measure (Plancherel measure) on G*. By e (resp. é) we shall

denote the identity of G (resp. C?) The LP spaces over GG are defined as usual,

(G) = {f: 6= C: [ 1@l duoo) < oo},

and we set

e = [ 1P duc(fﬁ))l/p.

Since the definition of the Sobolev space on locally compact abelian group uses essen-
tially the Fourier transform, we also recall that the Fourier transform on G is defined
as follows: if f € L*(G), then it Fourier transform is the function f: G* — C given
by

i) = / E@)f () dpc(z).

Now, let us recall the notion of the Sobolev spaces on locally compact abelian
groups (see [13], [11] and [12]).

Definition 1. Let us fix a map v: G" — [0,00) and a nonnegative real number
s. We shall say that f € L*(G) belongs to the Sobolev space H3(G) if the following
integral is finite:

/GA (1+4(€)?)° £ ()1 dfrc (€).

Moreover, for f € H3(G) its norm || f|

H3(G) 18 defined as follows:

e = ([ (€Y 1fOPara(©)

For the basic properties of this kind of spaces we refer to [13].

We now turn to a brief presentation of the theory of metrizable locally com-
pact groups. Let us recall that the Birkhoff-Kakutani theorem [20] states that the
LCA group is metrizable if and only if it is first countable. On the other hand, if
LCA group G is the second countable, then there exists an invariant metric (i.e.
d(z,y) = d(gzx, gy) for all z,y,¢g € G) in which all balls are relatively compact (see
[25]). Furthermore, if G' is LCA and second countable, then the dual group G” is
second countable too (see [6]).

Definition 2. Let G be a LCA group. We say that metrics d: G x G — R, and
d: G" x G" — Ry are dual metrics if for each character £ € G" and every z,y € G
we have

&(x) — E()| < d(€, &)d(x, y).
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Example 1. The groups R", T" and Q satisfy condition of the above defini-
tiont.
The condition in Definition 2 is a Lipschitz continuity of characters. Note that in

general, for locally compact groups with invariant metric we can only conclude that
characters are uniformly continuous.

Propositon 1. Let G be a locally compact group with invariant metric, then
every character is uniformly continuous.

Probably, this observation is well known, but for the sake of completeness we
include the proof.

Proof. Let us fix the character £ € G*. From the continuity of £, for any ¢ > 0,
there exists 0 > 0 such that

§(e) —&(2)| <&,
when d(e, z) < 0. Next, taking z,y € G such that d(z,y) = d(e, 27 1y) <, we get

[€(2) = E)| = [E(@)][E(e) — €27 y) = [£(e) — £ y)| <e. [
Let us mention a very interesting consequence of the above definition.

Propositon 2. Let G be a LCA group such that d and d are dual metrics. If G
is second countable and G” is bounded, then G is countable.

Proof. First note that G* C C(G,T). Since T is compact, it follows that for all
a € G the set
Gy ={(a): €€G}CT
has a compact closure. Moreover, by the assumption on d we have that G is equicon-
tinuous. Hence, from the Arzela—Ascoli theorem (see e.g. [22]) we conclude that G"
is relatively compact in C(G,T). On the other hand, since G" is closed, we get that

G" is compact. Thus, by the Pontryagin duality, we have that G is discrete. Finally,
it follows that G must be countable. O

The following definition will be needed throughout the paper.
Definition 3. Let (G, d, ) be a LCA group with metric d and the Haar measure
(. We shall say that the measure p is upper g-regular if:

1. G is not discrete and there exists a constant Dg > 0, such that for all » > 0
we have
u(B(e,r)) < Dyr”.
2. G is discrete and there exists Ry > 0 and Dg > 0 such that B(e, Ry) = {e}
and for r > Ry
u(Ble,r)) < Dgr”.
Remark 1. The degree 3 in Definition 3 can be treated as an analogue of the

dimension for groups. Similar condition appears in the analysis on metric measure
spaces (see [16, 14]).

Remark 2. Assume that (G”, cZ) is discrete and fig is upper S-regular. Then,
from the Pontryagin duality (G, d) is compact and thus bounded. Since in the above

IBasic properties of the p-adic world can be found in the monograph [23].
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definition Ry is not unique, we shall always assume that

1
Ry < min ( , 1) .
Supm,yEG d([lj’, y)

The following property allows us to extend our considerations to the cases when
v(§) # d(&, é). Nevertheless, the most important case is when (&) = d(&, é).

Definition 4. Let G be a LCA group and w, A > 0. We say that a function
v: G" = [0, +00) belongs to I'4(w) if for all £ € G” the following inequality holds
Ad(g,e)* <7(¢).

From now on, we write d for metric on G as well as d for metric on G, Moreover,
for simplicity of notation, we write C'x s instead of max(1, X ~%).

3. Embedding theorems

We discuss in this chapter the validity of Sobolev embeddings. We shall assume
that the dual group G” is metrizable and the measure fi is upper S-regular. Let us
mention that in the theory of Sobolev spaces on metric measure spaces it is frequently
assumed that the measure p on metric space (X, d) is lower S-regular (see [3, 14, 16]) .
On the other hand, we deal with dual objects such as G" and /i, thus our assumption
on the measure /i is dual in a sense.

3.1. Embedding into LP-spaces. We start with the following extremely useful
lemma.

Lemma 1. Let G be a LCA group. Suppose that vy € I's(w) and the measure
f is upper [-regular. If o > %, then (1 +~%(.))~' € L*(G"). Moreover, for every
R > 0 the following inequality

I fic({e}) 2P RO~ 2ee
— < CpoD L RF _—
H L+l pagny — ha? (max ( Dg T g
holds.
Proof. Let us fix a > % and R > 0. It is easy to see that

1 < Caa
(L+~2(6)" ~ (1 +j2w(§,é))a'

Next, we shall consider two cases:
1. G" is not discrete. Since § — 2wa < 0, we have

/ diic(§) _ / diig(§) +/ diig(§)
e 7 5\ 2w ¢ B(é,R 7 5\ 2w ¢ GM\B(é,R 7 A\ 2w @
<1+d(§,e) ) (&.R) (1+d(§,e) ) \B( ><1+d(§,e) )
> 7 < (26+1R)”
/ d/:LG(g) « S DﬁRB + DB Z (2wak 22;(1
o  B(.2*1R)\B(e,2k R) (1 +d(¢, é)2w> — 2 R

00 B pB—2wa
_ 8 B pB—2wa B—2wa\k | _ e 2"R
_DB(R +20RIT N (2 )>_Dﬁ<R +71_25_2m).

k=0

< DgR® +
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2. G is discrete. If R > Ry, then the proof runs as before. Now, for R < R, we

have
dj dji
[ e ceen+ [ hold)
o (1+d(. &) ansen (14 d(g,e)>)
S~ (fs diic (&
~ ialien + | als)
GM\B(e,Ro) (1 +d(E, €)*)*
R R QﬁRﬁ—Zwa
< pc({e}) + Dﬁl_Qom
. . 26Rﬁ—2wa
< pc({e}) + Ds 55200
This completes the proof. O

Now, we are in position to state the main result of this subsection.

Theorem 1. Let G be a LCA group. Suppose that v € T'4(w), the measure i is
upper (B-regular and 0 < s < % Then for all o > % the following embedding holds

H(G) = L (G),

where o = % Moreover, there exists a constant C' > 0 such that for each u €

H3(G) we have
[ull o (@) < Cllullag )

Furthermore, if additionally G is compact and p < o, then
H3(G) == L*(G),

where << denotes the compact embedding.

Proof. By virtue of Theorem 3.5 from [13], it is sufficient to show that —4—~ €

1+92(")
L*(G"). Let us fix R > 0. Hence, from Lemma 1 we have

I fic({e}) 20RI2we
— < CuoD  RP — ) < 00.
Tl = 0o (e (B2 )+ 5 <
This is our claim. On the other hand, the compactness follows from Theorem 11 in
[12]. O

We finish this subsection with a very important consequence of the above theo-
rem.

Corollary 1. Let G be a LCA group. Suppose that (&) = 62(5, é), the measure
it is upper [-regular. If 0 < s < g, then for all o > g the following embedding holds
Hi(G) — L™ (G),

2c

where a* = ==. Moreover, there exists a constant C' > 0 such that for each u €
H:(G) we have

[ull o ) < Cllullag )

3.2. Embedding into Ho6lder spaces. In this section we shall assume that the
group and its dual group are both metrizable. Before the formulation our next result



842 Przemystaw Goérka and Tomasz Kostrzewa

we recall the notion of Holder spaces. Namely, we shall say that a continuous and
bounded function u belongs to the Holder space C%%(G) if the following seminorm

oy 10 =00
z#yeG d(SL’, y>a
is finite. C%%(@G) is a Banach space with respect to the following norm
|u(z) — u(y)]
[ullgoay = lulle@) + sup ———.
) ) wryec  d(z,y)”

Theorem 2. Let G be a LCA group such that d and d are dual metrics and
i is upper (-regular. Additionally, let us assume that v € I's(w) and that ws =
a+ g for some a € (0,1). Then, H}(G) < C%*(G). Moreover, there exists C' =
C(s,w, 8, A, Dg) such that the inequality

[ullcoa(g) < Cllullmsq)
holds for all u € H3(G). Furthermore, if G is compact and A < «, then
H(G) = CO’A(G).

Proof. First of all let us note that s > 2 , hence from Lemma 1 (14 +2(.))"! €
L?(G"). Thus, it follows from Theorem 3.3 in [13] that H*(G) — C(G).

Now, we shall show that u is Holder continuous. For almost all z,y € G such
that z 7& y, by the Cauchy—-Schwartz inequality we get

) ()~ u(y)| < \/ [ B dic) - 1

Next, let us set r = d(x,y), then we get

E(x) — )P .
L 1+ 2 el

(=) =) diic(§)
—d 4C 4 s =11 +4Cy  I>.
= /B(é 1 (1+92(6)° fa(t) + 40 /GA\B(é,;) <1+d(§’é)2W> 1T et

Using the methods explored in the proof of Lemma 1 we get

1 —2a - n 22a+5 2a
(2) I < Dg -2 (;) > (™) :Dﬁgmi_rl'

n=0

H3(G)

Subsequently, we shall show that

2ws
2 2c

(3) ]1 < CASDBWT

When G” is not a discrete group, then we have fig({é}) = 0. Thus

@) — W .
/{é} 1+ 2 &) =0

On the other hand, if G” is a discrete group, then one can easily convince oneself

that o )|
i [ _
/B(évRo) W dluG(£> =0.
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According to the above observation and since d and d are dual metrics, the term
I; can be estimated in the following manner

- d ,€)2r? .
[1 < CA,S Z/ (é; ) S d,U/G(g)
I B, \Be i) (1 +d(§,é)2w)

2- 2kr—2r2 k.- 3
< CA SDB Z —(k+1 2wsr—2w32 r

22ws
22ws 2aC DB Z 22a 2 _ CA sDﬁl 7,204‘

22a—2
k=0

Recalling that r = d(a: y) and gathering estimates (3), (2) and (1) we get

lu(z) — \/ 22w5+2
—_ CasD
P < O e gl
Finally, using the embedding H3(G) < C(G) and the above inequality, we conclude
that there exists a constant C' = C(s,w, 3, A, Dg) such that
[ullcoae < Cllul

and the proof of the continuity of the embedding is complete. Now, the routine
application of the Arzela—Ascoli theorem shows the compactness. ]

H3(G)-

H:(G)»

Particularly interesting case is when v = d. This can be concluded from Theo-
rem 2 with w = 1. We state this result as a separate theorem:

Corollary 2. Let G be a LCA group such that d and d are dual metrics. Suppose
that v(€) = d(¢, A) and [i is upper (-regular. If ﬁ <5< B + 1, then H3(G) —
C%(@), where a = s — ﬁ. Moreover, there eX1sts C >0 such that the following
inequality holds

[ullcon(ey < Cllullnse
for all w € H3(G). Furthermore, if s > 1+ 3/2 then H3(G) — C%*(G) for all
€ (0,1).
As a corollary, we have the corresponding result in p-adic analysis?.

Corollary 3. Let s = a+ n/2 with a € (0,1). Then,
H3(Qp) = C™*(Qyp),

where d is a standard p-adic metric.

The above corollary is in fact an improved version of the embedding proved by
Rodriguez-Vega and Zuniga-Galindo in [24].

3.3. Moser—Trudinger inequality. In this subsection we shall investigate the
limiting case of the embedding when s = % Those type of results refer to the so-
called Moser-Trudinger inequality (see |21, 28] for Sobolev spaces in the Euclidean
setting, [29] for Sobolev spaces on complete noncompact Riemannian manifolds, [2]
for Sobolev spaces in metric measure setting and [30] for Sobolev spaces on the
Heisenberg group H" 3).

2The dual group to Qp is Q.
3The Heisenberg group H™ is not abelian.
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Lemma 2. Let G be a LCA group such that the measure i is upper (-regular
3

and v € T'4(w). Then there exists C = C(w, 3, A, Dg) such that for all u € H3* (G)
and all p > 2
sy < Cvpllul g
Proof. The proof falls naturally into two steps.
Step 1. For p = 2 the lemma is obvious. Next, let p > 2 and set s, =
Note that

B p-1
2w p

hence it is sufficient to show that
B
H¥ (G) — H:jp(G) — LP(G).

The left embedding trivially holds with constant of embedding equal 1. Next, we
show the right one. For this purpose let us put o, = ;’%”2 > s,. Note that a, > %,

thus by Lemma 1 we have ﬁz() € L*(G"). Moreover, since

2psp
* 2ap _ p—2 _
Ofp — — — PSp . - p?
Qp = Sp 55— 5p

by virtue of Theorem 3.5 in [13] we get that for all p > 2
HP(G) — LP(G)

and
sp p
o < || s | Ml < |5 Jul
ullprey < || ———~ wll e < || ———=—~ ul| s
P(Q) 1++2() Lon(Gn) HyP(G) 14+72() Lan (GA) HI® (@)
Sp.
Step 2. We estimate the quantity H 1 H ’ . Taking R = 1 in Lemma 1 we
1+~ () Lap(G/\)
have
L™ fic({e}) ) 26 ]
_ < CypaDg |max | ———= 1|+ ———1| .
e R e
Since
s Bp—-1 s p—2
— 2 = - = — —
b=2ow=5—% =975 2%,  2p
we obtain
T (e w1
Sp op
Hiz < max (1, A_SP) DEO‘ {max (MG({QD , 1) + PR w}
L+920) [ pow ey Dy L —2P==e

p—2

po1y B2 e ({eé 28 o
— max (]_’ A_%Tl> Dﬁ2p max (/"LG({Q}) , 1) _I_ 75
Dy 1—27>
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B p—2 B(p—2)
[ o 2p 2 2p
< max (1, A_%> max(1, Dg) | max (m, 1) +—
Dy (1-277%)%

; G 2!
< max (1, A‘ﬂ> max(1, Dg) | max (L, 1) + =
i Dg (1—22-» P) 2p
where the elementary inequality (a + b)° < a® 4 b° with 0 < § < 1 has been applied.
In order to finish the proof we need to show that

Sp
2

(4) < Cvp,

=
LoP (GN)

L++2()
with C independent of p. For this purpose, let us define the following map

B

22
gﬁ(p) = B p—2 "
(1-277)%

By a straightforward calculation we get

B
g %) _ 22
ptee b VBlog2

Hence, there exists C}(/3) such that

95(p)
P < Ci(B)

for all p > 2. Thus, we proved inequality (4) and it completes the proof of the
lemma. U

Now, we are in position to state and proof the main result of this subsection.

Theorem 3. Let G be a LCA group and the measure ji is upper [3-regular.
Suppose that vy € I' s4(w), then there exist constants C' and o > 0 such that

u(x) 2
sup / <e“(“) - 1) dpc(z) < C,
uEH,?% (G) ¢

where ||lu|| = ||u|| ( o'

B
Proof. Let us take u € H{* (G). If we define v = ra7> then by Lemma 2 we have

o OO k
/G<6 v? () _1> dpc(z :/Z:kl alo(@)]?)* du(z) = Z X ol 2o )
i k=1
ok = (2 02
<> (o) ==
k=1 k=1

Now, if we take a > 0 such that 2aC? < e~!, then using the Stirling’s formula we
get that the last series is convergent. This completes the proof. 0

Let us mention an important consequence of the theorem.
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Theorem 4. Let G be a compact abelian group and the measure [i is upper
p-regular. If v € I' s(w), then there exist constants C' > 0,« > 0 such that

/ (1) dug(z) < C,
€
where as before ||u|| = ||u]|

H 2_(G)
As a corollary we obtain the Moser-Trudinger inequality on Q. To the best of
our knowledge the following result seems to be new.

Corollary 4. Let d be a standard p-adic metric on Q. There exist constants
C >0, a > 0 such that

wp/)(ﬂwmf—l>wm@)§0,

P

where the supremum is taken over u € Q such that ||u||H%(Qn) =1.
d P

4. The density of the continuous functions in H s

In this section we shall state and prove the density theorem for spaces defined
on general LCA groups. We refer the reader to the paper of Meyers and Serrin [19]
for the fundamental result in the problem of density of regular functions in Sobolev
spaces. Let us stress that in this section we do not assume that topological groups
are metrizable. We start with the following lemma.

Lemma 3. Let G be a LCA group and 1 < p < oco. If f € LP(G) and ¢ € C.(G),
then fx ¢ € C(G) N LP(G).

Proof. First, we shall show that f % ¢ is continuous. For this purpose let us fix
e > 0. Since the map* z — L. f is a continuous function from G to LP(G), we can
find an open neighborhood U of eg such that for any zelU

5 : <
() IL:f = fllee@ H<Z>H

Next, let us take x,y € G such that —x +y € U. By virtue of the Holder inequality
we get

|[f* o(x) = f* oyl =

(fa=2) = fly = 2) 6le) dua(z)
(6)
S/‘f(x—z)—f(y—z)‘p dug(z) - ’|¢HL1) (@)’

where 1—1) + 1% = 1. Changing the variables u = y — z and using the fact that G is
abelian we have

/|f<x—z>—f< e /|fx—y+u FW dyic(u)
G

- ”L—x-i-yf - f”LP(G)-

4The left translation is defined by L, f(y) = f(z™y).
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Combining inequalities (5)-(7) we get that f * ¢ is continuous. For this reason since

1f % dllree) < N fllee@ 9l )

we conclude that f % ¢ € C'(G). Furthermore, according to the Young inequality for
convolution

1f * Dllzrey < I f el )
we get that fx ¢ € LP(G). O
Our main result of this section is the following claim.

Theorem 5. Let G be a LCA group. Then for any s > 0

H(G

(G NG = m2(6) 5

Proof. Let us denote by Z the set of all symmetric unit neighbourhoods of group
G, partially ordered by inclusion. Let (¢;);er be a Dirac net® on G i.e. ¢; € C.(G) are
non-negative, ||¢;||r1(¢) = 1 and for each unit neighbourhood U there exists jo € 7
such that for each j > jo supp¢; C U (see |9, 12| for similar considerations). Take
any nonzero function f € H3(G) and let us fix € > 0. Since f is in H3(G), there
exists a compact set K such that

[ a+roy

GME

From Lemma 3 we have f+¢; € L*(G)NC(G). It remains to show that fx¢; € H3(G)
and [|f — f * &jllms) < e for sufficiently large j. By the basic properties of the
convolution and the Fourier transform we have

JAEREC " diio(6)
G/\

= / (1+~2(9)

GN

=/(1+72(§))8

K

+ / (1++%()°

GMK

2

F©| dc€) <

c
<

—

F(&) = [ 0;(€)

fo| [1- i dicte)

f©l 1= 6| diae

‘ 2

fof | -&©f dise)y=n+1

Since K C G" is compact, by the Arzela-Ascoli theorem we conclude that K is
equicontinuous. Thus, there exists an open neighbourhood U of es such that for all
e KandallzeU

3
PTIITO E

—1
S T

It means that H3(G) N C(G) is dense in H3(G).
6The existence of the Dirac net follows from the Urysohn Lemma, [§].
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From the definition of ¢; we can find jj such that for j > j, supp¢; C U. Conse-
quently,

1-6:0] = | [ 60) dno(o) — [ €@I0y(0) duata)
G G

< [ a@h-@lduct)

supp ¢,

15
e
2 e

IN

[ 6@ ducta) -

supp ¢;

9
2
M e

This gives I; < £. Furthermore,

£
5

~ 2
1= < [ o@h-toldee <t [ o duct) =1,
supp ¢ supp ¢;
and hence I < 5, which proves the theorem. O
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