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Abstract. The analogue of Fermat’s last theorem for function fields has been investigated
by many scholars recently, and Gundersen—Hayman [6] collected the best lower estimates that are
known for Fo(n), where F(n) is the smallest positive integer k such that the equation

A+ +.. . +fH=1

has a solution consisting of £ nonconstant functions f1, fo,..., fx in C, and C is the ring of mero-
morphic functions M, rational functions R, entire functions E or polynomials P, respectively. In
this paper, we investigate a difference analogue of this problem for the rings of M, R, E, P with
certain conditions, and obtain lower bounds for G¢, where G (n) is the smallest positive integer k
such that the equation

@) fiz+e) - fiz+n—=1Dec)+...+ fk(2)fx(z+¢)- - fi(z+ (n—1)c) =1

has a solution consisting of k nonconstant functions f1, fo,..., fx in C.

1. Introduction

According to the famous Fermat’s last theorem, which was proved by Wiles [21]
and by Taylor—Wiles [19], there do not exist nonzero rational numbers z,y, and an
integer n, where n > 3, such that

" 4+y" =1

There are natural analogues of Fermat’s last theorem in complex function theory.
For example, let M, R, E and P denote the rings of meromorphic functions, rational
functions, entire functions and polynomials, respectively. Thus if C' is equal to M,
R, E or P, and n is an integer satisfying n > 2, then Fo(n) denotes the smallest
positive integer k such that the equation

(1.1) oA fpa =1

has a solution consisting of k nonconstant functions fi, fo,..., fx in C. Hence, the
smallest k£ depends on n.

Many scholars have investigated this and related problems, for details please see
3, 4, 12, 14, 15, 18, 20, 23, 25| etc. Gundersen—Hayman [6] collected the best lower
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estimates that are known for every n as follows:
Fp(n) > 1/24++/n+1/4; Fgr(n) > Vn+1;
Fy(n)>vn+1;, Fg(n)>1/2++/n+1/4.

A natural difference analogue of the Taylor series expansion is the factorial series
[17, p. 272], which suggests to consider the difference monomial z(z—1)--- (r—n+1)
as a discrete analogue of x". Similar correspondence occurs frequently in the theory
of difference equations as well, and can be seen for example by comparing the Riccati
equation and its difference analogue.

The purpose of this paper is to formulate and study a difference analogue of
Fermat’s last theorem for function fields M, R, E, P. We will consider the difference
equation
(1.2) o IR A S
where ?M stands for f(z 4+ ic), ¢ is a nonzero constant and 7 is a positive integer,
and denote by G¢ the smallest positive integer k such that the equation (1.2) has a
solution consisting of k£ nonconstant functions fi,..., fx in C.

We need the following definition and notations in order to state our results.

Definition 1.1. [24] Let f and g be meromorphic functions and a be a complex
number. Let z, (n =1,2,...) be zeros of f —a. If z, (n =1,2,...) are also zeros of
g — a (ignoring multiplicity), we denote

f=a=g=a or g=a< f=a.

Let v(n) be the multiplicity of the zero z,. If z,(n = 1,2,...) are also v(n) (n =
1,2,...) multiple zeros of g — a at least, we write

f=a—g=a or g=a+ f=a.

If f=a=g=a,itissaid that f and g share a CM; If f = a < g = a, it is said
that f and g share a IM; If f =a — f = a except for at most finitely many a-points

of f, it is said that a is an exceptional paired value of f with the separation ¢ (as
defined in [8]).

Let M be the collection of all nonconstant meromorphic functions of hyper-order
< 1 such that any finite collection {f1,..., fi} C M satisfies the following properties
(i) fiand 1/f; (i, =1,...,k,i # j) have no common zeros;
(ii) fi=oo=f,=ocforalli=1,...,k;
(iii) 0 is an exceptional paired value of f; for all: =1,... k.
In the case of meromorphic functions, compared to the lower bound of F};, we
obtain a corresponding result about G'y;.

Theorem 1.2. Let n (> 2) be an integer. Then
Gy(n) >vVn+1.

Let E be the collection of all nonconstant entire functions of hyper-order < 1 such
that any finite collection {f1,..., fi} C E satisfies the property that f; =0 = f, =0
foralli=1,... k.

Particularly, for the case of entire functions, analogously to the lower bound of
Fg, we give a better lower estimate for G'z.
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Theorem 1.3. Let n (> 2) be an integer. Then

Gz(n) >1/2+/n+1/4.

The condition that hyper-order is less than 1 cannot be deleted. For example,
take f(z) = exp{e*}, ¢ =im and n = 2. Since 0 and oo are Picard exceptional values
of f(z), they are automatically also exceptional paired values of f(z). Moreover, the
function also satisfies the conditions f =0 = f = 0and f = co = f = co. The
hyper-order of f(z) is 1, and

f(2) f(z+c) = exp{e’} - exp{e”""} = exp{e”} - exp{—e’} = 1.

But k = 1 is strictly less than 1/2 + /2 + 1/4 =221 =2 and V2 +1(> 1).
_The following example shows the sharpness of the bound of G¢, where C' is equal

to M and E.

Example 1.4. Let ¢ = 27, f; =sinz and f, = cosz. Then fi =sin(z + 2m) =
sinz fy = cos(z + 2m) = cosz. Clearly f; (i = 1,2) satisfy f; =0= f, =0 and

fifi+ fofs =sin® z 4 cos? z = 1.

Also, 0 is an exceptional paired value of f; for i = 1,2. Thus we have G7(2) < 2
and G5(2) < 2. On the other hand, by Theorems 1.2 and 1.3, we have G¢(n) > 1

for C = M, E. Therefore, G#(2) =Gx(2) =2

Let R be the collection of all nonconstant rational functions such that any fi-
nite collection {fi,..., fx} C R satisfies the property that zeros and poles are of
multiplicity positive integer multiple of n.

In the case of rational functions, compared to the lower bound for Fg, we get a
corresponding estimate for G'z.

Theorem 1.5. Let n (> 2) be an integer. Then

GR“(TL) >vn—+1.

Let P be the collection of all nonconstant polynomial functions such that any
finite collection {fi,..., fr} C P satisfies the property that zeros are of multiplicity
no less than n.

Also, as an analogue to the entire case, for the case of polynomials, we give a
better lower estimate for G 5.

Theorem 1.6. Let n (> 2) be an integer. Then

Gp(n) > 1/2+ /n+1/4.

2. Lemmas

The following lemma on the growth of non-decreasing real-valued functions is a
generalization of [9, Lemma 2.1]. It implies that shifting a characteristic or a counting
function does not affect its growth significantly, provided that the hyper-order of the
function is strictly less than one.
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Lemma 2.1. [10] Let T": [0,4+00) — [0,4+00) be a non-decreasing continuous
function and let s € (0,00). If the hyper-order of T is strictly less than one, i.e.,
loglog T'(r)

limsup ————= =¢ < 1
r—00 log r

T(r+s)=T(r)+o (T(”) ,

70

and ¢ € (0,1 —), then

where r runs to infinity outside of a set of finite logarithmic measure.

Recently, Halburd, Korhonen and Tohge generalized the difference analogue of
Logarithmic Derivative Lemma of meromorphic functions of finite order (see [2, 7])
into meromorphic functions of hyper-order strictly less than one.

Lemma 2.2. [10] Let f be a non-constant meromorphic function, ¢ > 0 and
c € C. If the hyper-order of T(r, f), i.e., 09 = 02(f) < 1, then

(77 ) = ()

for all r outside of a set of finite logarithmic measure.

Throughout the remainder of the paper, we let d(P) denote the degree of P, and
let d(P) denote the number of distinct zeros of P, where P (% 0) is a polynomial.
The following lemma is an application of Cartan’s theorem.

Lemma 2.3. [6] Let g1, g2, - - , g, be linearly independent entire functions, where
p > 2. Suppose that for each complex number z we have
(2.1) max{|g1(z)[, |92(2)], - -, [9p(2)|} > 0,

and set gp41 = g1 + g2 + ... + gp,. We distinguish two cases.

(a) Suppose that all the quotients g;/ g, are rational functions. Then there exist
polynomials hy, hs, ..., h,1, and an entire function ¢, such that

g;i =hje?, j=1,2,....p+1.
Then hyy1 = hy +he + ...+ h, and

(2.2) max{d(hy), d(hs), .., d(k,)} < (p— 1) {ZM) - ip} .

In particular, if all the functions g1, gs, . . ., g, are polynomials, then

@3 max{d(g)dig).....dg,)} < (p-1) {Zagj) - ;p} .

(b) Suppose that at least one quotient g;/gm, is a transcendental function. Set
N(r)= sup N(r,0,g;).
1<j<p+1
Then
N(r)

2.4
(2.4) log r

— 00, as r — o090,
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and we have
(2.5) (L+o(L))N(r) < (p—1)Y N(r,0,g) asr— oo ne.

where n.e. stands for nearly everywhere, which always means the inequality
holds in the real axis outside of a finite logarithmic measure.

The following lemma tells us that if fi, ..., fx is a collection of functions for which
the minimum G¢(n) = k is attained, then the corresponding terms on the left hand
side of (1.2) must be linearly independent.

Lemma 2.4. Let n (> 2) be an integer. Suppose the equation (1.2) has a solu-

tion consisting of k nonconstant functions fi,..., fi in C. If Go(n) = k, then the
functions f; - - - f[n !

(2

(t=1,...,k) are linearly independent.
[n—1]

Proof. If fi--- f; (1t = 1,...,k) are linearly dependent, then there exists
complex constants «; (i = 1,..., k), not all of which are 0, such that
—[n—1 —[n—1
(2.6) O‘lfl"'fg .y o fi =0

Without loss of generality, we suppose that «;, (zo € {1,...,k}) # 0. Then from
(2.6) we can get that

—[n— 1] Oé —[n—1] Qjp—1

Jio+ [ig o S tot fio—1++ fig—1
(2.7) ‘0 ‘0 -

Qig+1 —Zln—1] g z
+ Jio+1 -+ f¢0+1 +oot— S S
alo Oéi()

[n—1]

Substituting (2.7) into (1.2), we get that
(0% —[n—1 Qo — —[n—1
e
(2.8) Yo o
’ (07} n—1 (6% —[n—1
+(1+ ““)fioﬂ R S S

20 Oéi()

We set

N\ Un

(2.9) gj:<1+&) fio J=1,..ig—1lio+1,... k.
10

Substituting (2.9) into (2.8), we then have

_[n—1 n—1 —_[n—1 n—1
g g g g G T i T g g = 1,

where g;(j = 1,...,i0 — 1,70 + 1,..., k) are non-constant functions in C. Thus we
have G¢(n) = k — 1, a contradiction with the assumption & = G¢(n). Thus the

functions f; - - fl[n !

(1=1,...,k) are linearly independent. O

3. Proof of Theorem 1.3

Suppose that fi, fa, ..., fr are nonconstant entire functions satisfying (1.2).

From the assumption f; = 0 = f, = 0, we can get that f;(z) are transcendental.
Since if there exists a zg such that f;(z9) = 0, then f;(20+jc) =0, wherei =1,2,... k
and j = 1,2,..., so f;(z) has infinitely many zeros. Thus f;(z) is transcendental. If
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fi(2) has no zeros, then 0 is a Picard exceptional value of non-constant entire function
fi(2), which implies that f;(z) is transcendental.
Firstly we prove that k > 2.

If £ = 1, then we have f;-- = 1. Since f; is a transcendental entire
function, then from Lemma 2.2 and 02( fl) < 1, we have

1]
nﬂnszmﬁﬁﬂ( ﬁ)+m> (fL?T—>+mw

[n 1] — —[n—1]
1 1

§N<ﬁ{%>+Smﬁ)§m—1ﬂvjﬂ+ﬂnﬁ%

a contradiction. Thus we have k£ > 2. -
n—1

From Lemma 2.4, we know that if f;--- f,7 (i = 1,...,k) are linearly depen-

dent, then we have Gg(n) # k. Since Gg(n) < k, so we have Gg(n) < k. This

means that if f;--- fﬁ” ! (1t =1,...,k) are linearly dependent, then we can shorten
the equation (1.2). Thus, in order to get the smallest k, from Lemma 2.4 we assume

[n 1]

that the functions f; - - -?[-n_l] (t=1,...,k) are linearly independent.

(2
Next we prove that at least one f fl[n—l} is transcendental. Since f;, is
transcendental, also f} is transcendental. If f;, -- f[ g polynomial, we write

io
[n—1]

fio- -+ fi,  =p(2). Thus from Lemma 2.2 and the fact that f;, is a transcendental
entire function with oo(f;,) < 1, we get

nT(r, fi) + S(r, fio) = T(r, f2) + S(r, fi) = T (r, P (i))

10

7o

=T |\ r=—5— | <(n=1T(r, fi,) + S(r, fin),
10

a contradiction. So it follows that f;, - - .7[@—1] is transcendental. Dividing equation

io
—[n—1]

(1.2) by fi,--- fi, it therefore follows that at least one quotient
n 1]

Lo T e T G A o)
—ln—1]

must be transcendental. Next we apply Lemma 2.3 with ¢g; = fj?j e fy =

1,...,k. Assumption (2.1) is satisfied for this set of functions, since otherwise we
would get an immediate contradiction with (1.2). Then from Lemma 2.3, we find
that

(3.1) (14+o0(1))N(r) <( (r 0, f;- -~f[»n 1}) as r — 00 n.e.,

k

7j=1

where N(r) = sup;<;<, NV (r 0,f- Tg ) Since o9(f;) < 1, we have

loglog N (r,0, f;) <o) <1

(3.2) lim sup

r—00 log r
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By the assumption f; = 0 = f, = 0, from (3.1), (3.2) and Lemma 2.1, we get

N(r,0, f

N

(1+o(1))N(r) < (k—1)

.
Il

e

<(k—=1)» N(r+(n—1)|c,0,f;)
"
(3:3) — (k= 1) (1 +o(1)N,0, f;)
Lo 1
ﬁ21+0 N0, f5- T
<(k-1)(1+ 0(1))§N(7’), r — 00 n.e.

From (2.4) in Lemma 2.3, we have N(r) — oo as r — oo. Hence from (3.3), we see
that n < k? — k. This proves Theorem 1.3. O

4. Proof of Theorem 1.2

Suppose that each f; is a nonconstant meromorphic function. Next we prove that
fi is transcendental.

Since zero is an exceptional paired value of f;, then we get that either f; has no
zeros or it has infinitely many zeros. From f;(z) and f;(z + ¢) share co CM, we get
that f; has no poles or it has infinitely many poles. Now we only need to consider the
case when f; has no zeros and poles (in other cases, f; is transcendental obviously).
But now, since 0 and oo are Picard exceptional values of a nonconstant meromorphic
function f;, it follows that f; is transcendental.

Next we prove that at least one f; - - -ﬁ[n_l} is transcendental. Since f;, is tran-

scendental, then we have that fI is transcendental. Suppose that f;, - - ~7£Z_1} is
polynomial, say, p(z). Since f;, is a transcendental meromorphic function with hyper-

order less than 1, then from Lemma 2.2 we get
_ n _ p(z)
nT(T’,in)—I—S(T’,in) _T(Ta io)+S(r>fio) =T T~

(4.1) - n—1] §
=N <r, %) + S(r, fiy)-

20

By the assumption that 0 is an exceptional paired value of f;,, we have

—n—1]

42) N < %) SN (1) + o+ N (70 + 50 £,

10
From oy(f;,) < 1, we have

1OglOgN(’/’7fio> <O'2(f' ) <1

lim sup
r—00 10g r
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Thus by a simple observation, Lemma 2.1, (4.1) and (4.2) we get

nT(r, fi,) < N(r+lcl, fi)) + -+ N(r+ (n = 1)lcl, fio) + 5(r, fio)
SN(r>fi0)+”'+N(r>fi0)+S(Tafio)
< (n=1T(r, fio) + S(r, fio),

"1 56 transcendental,

10
As in the proof of Theorem 1.3, by dividing with f;, - - -T[H_l] on both sides of

_m—[.nfl]
% (j # ip) must be transcendental.

0" ig
For every meromorphic function f;(i = 1,2,...,k) with o9(f;) < 1, there exists
linearly independent entire functions g; and h; with no common zeros such that

which yields a contradiction. So we have that f;, --- f
10

(1.2), we obtain that at least one quotient

() = 9i(2)
(4.3) fi#) =30

Since entire functions g; and h; have no common zeros, we have that ¢g; and f; have
the same zeros and that h; and 1/ f; have the same zeros. Thus we have

log™ log® N(r,0, g;)

(4.4) A2(g:) = lim sup log T = X(fi) S oafi) <1
and
, log™ log™ N(r,0, h;) 1
4.5 Ao(hi) =1 == < <1
(4.5) 2(hi) = lim sup g7 2\ ) sl <
Substituting (4.3) into (1.2), and multiplying both sides by A - - _E[ln—l} hy - - _E[zn—l}
By -EE:L_H, we have
(4.6) h+l+- 4l =gy,
where
_[n— —[n—1 —[n—1
Lh=g g th"'h[z }...hk...hL }’
_[n— —|n—1 n—1 —|n—1
ly=go- b Uhl...h[l }hg...hg Lo, .hé !
(4.7)
_[n— —[n—1 —[n—1 —[n—1
lk:gk'”gl[c 1]h1...h[1 }h2 -h[2 ] By ..hé_l}j
—[n—1 —[n—1
lk+1=h1---h[1 ]"'hk"'hL I
We now define a function d(z) as follows.
Case 1. Suppose that [; ( = 1,...,k) have infinitely many non-zero common
zeros. Let {a,} be the non-zero common zeros of [; (i = 1, ..., k) such that |a,| — oo

(otherwise, if |a,| < M asn — oo, it would follow that [; = 0). If {p, } is any sequence
of non-negative integers such that for all » > 0,

[e.9]

> (/) < oo,

n=1
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then from the Weierstrass theorem, we have that the function

H DPn Z/an

is entire with zeros only at points a,,, where
(1-—2), if p, =0,
Epn = 1 21 22 zPn th :
(I—z)exp(F+%5 +---+2=), otherwise.

If the number z occurs in the sequence {a,} exactly m times, then function d(z) has
a zero at z = zo of multiplicity m.

Case 2. Suppose that [; (i = 1,..., k) have finitely many non-zero common zeros.
We set d(z) = [[12,(z — an).
Suppose also that [; (i =1,...,k) have a common zero at z = 0 of order m > 0

(a zero of order m = 0 at z = 0 means f(0) # 0).
With d(z) defined according to Cases 1 and 2, let

4 li(2) = =1, k41

(49 ()= s +
Then for each complex number z € C, we have max{|l;(2)], [l2(2)], ..., |[lk(z)|} > 0
and

(4.9) htl+- o+l =,

Where li(2) (i =1,...,k+1) are entire functions.
From (4.7), (4.8) and (4.3), we obtain that

> _[n—1 Zn—=1] —[n—1]
410 lj g]gg } hio' h fﬂfj
(4.10) T —[n—1] [n 7 —[n—1]’
io  hjee-h 9io * " Gi, fio - fig

j=1,...,590—1,70+1,...,n. In the beginning of the proof, we obtained that at least
_mf[Infl]

one quotient % (j # i) must be transcendental, thus it follows from (4.10)
iQ 10

that at least one == (j # ip) must be transcendental.
O

Next, we prove k > 2. If not, k = 1, then we have 71 = 72, thus l; = 1o, i.e.
fi- -_[1"‘” = 1. Since 02(f1) < 1, we have

loglog N (r, f1) < oo(fy) < 1.

lim sup
r—00 log r

Combining this with the fact that 0 is an exceptional paired value of transcendental
meromorphic function f;, from Lemma 2.2 and Lemma 2.1, we have

[n—1]
nﬂnsz( h)+om ( ﬁ—Fr—>+mn

1]
§N< )+...+N<r, 1f1 )+S(r,fl)

\|\|
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N(r,?l) —i—N( [n H) + S(r, f1)
< (n=1)N(r, f1) + S(r, f1) < (n = 1)T(r, f1) + S(r, fr),

a contradiction. Thus we have k& > 2.

In order to get the smallest £, we assume that the functions 71, ceey Tk are linearly
independent. Otherwise, if the functions [y, ..., [, are linearly dependent, then there
exists aq, ..., ayg, not all of which are zeros, such that
(4.11) arly + -+ gl = 0.

Without loss of generality, we suppose that a;, # 0. Then from (4.11), we have

7 a1 7 Qv (%) A~
(4'12) lio = _lll +eet Oj llm 1+ otly lzo—i-l + -+ —klk

i0 10 i0 Q5
Dividing (4.12) by I;+1 on both sides, from (4.7) and (4.8) we have that
[n—1] (071 [n—1] [n—1]

for o = S e S

Q5 (&7

~ln—1]
f’l()-‘rl fZO-‘rl + _I_ _fk?

70 10

Qg1 [n 1]

+

This gives that f; - [n 1}, ey fr ~7E€n_1} are linearly dependent, which contradicts

with Lemma 2.4. So in order to get the smallest &, we assume that 71, ceey Tk are
linearly independent.
Thus we can apply Lemma 2.3 to (4.9), and this yields

k+1
(4.13) (1+o(L)N(r) < (k1) N(r,0,;) as r — oo n.e.,

J=1

where N(7) = sup;<j<ji1 N(’I“,O,Tj). Since f; = gi/hi, where g; and h; are entire
functions with no common zeros, from f; and f; share co CM, we get that h; and
h; share 0 CM. Also, from 0 is an exceptional paired value of f;, we get that 0 is an
exceptional paired value of g;.

Next we analyze the multiplicity of zeros of hy - - %[In_l] cerhyog e %g-n__ll]hjﬂ e

EEZ_I” Ry hn 1]/(zmd(z))) From (4.7) and (4.6), we know that all the zeros of
2™d(z) arise from the zeros of at least one h; (i = 1,...,k). Since f; and 1/f; do

not have common zeros, we have that g; and h; do not have common zeros. Since h;

and h; share 0 CM, so we have that g, - gZ 1] and h; - E[n—l} do not have common

zeros. Thus g; - - -yl[ I and hy - h[n 1 o hg - hn Y do not have common zeros.

So we have that the common zeros of Iy, ..., (i.e., the zeros of z™d(z)) arise from
the common zeros of
—n—1]

By b B by R BT =1k,

7
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From h; and h; share 0 CM, thus we have
n—1] n—1]

—[n—1] —[n—1] . _
N(T’O’hl‘.‘hl "'h"i_l"'h'i—l hl“l‘l..hl-‘rl --.hk...hk )

zmd(2)

[n—1 —[n—1 —[n—1 n—1

_ h hl ] h2_1h£_11h1+1h£+1}hkh£€ ]
>nN | r0, ,
2md(z)

ie.,
(4.14) N (r, 0,0;/gi - ~§£"_1]> >nN (r, 0,0;/gi - En 1]>
From above analysis, we also have
N0, ) = N0, hy o By B (2d(2))
(4.15) > 0N (r,0,hy By /(z"d(2)))

—[n—1]

M h h’k
=nN(r,0,les1)-

From (4.14), (4.15), (4.13) and 0 is the exceptional paired value of g;, we obtain
that

(1+0(1)N () < ( (ZN(ro s R ”)+N<r,o,’z;+1>>

J

_ . _ I - ~
(N (r,O,gj gg ”) + N (r,O,ﬁ)) +N(T>0,lk+1)>

gj-.-gj

w1 l; 1 ~
(N(r 0,70+ ~N (r 0, ﬁ» + —N(r,o,zkﬂ))
gj- 9, n

<N(r+(n—1)|c| 0 g])—|—1N<r 0, %))—F%N(T,O,Eﬁ_l)).

gi+ 7,

<(k-1)

N
—~
ol
I
—_
~—
TEM??‘ . .
I £Mw ilngdle

From (4.4), we have
loglog N(r, 0, )

lim sup < Xao(gi) < 1.
r—00 IOg r
Thus by Lemma 2.1, and from 0 is an exceptional paired value of g;, we have

(I+o0(1

[ 1 ~
_1 (Z( T, O g])+ N(T 0 ﬁ)) +5N(7’,O,lk+1)>
7j=1 g g]

(4.16) i S [
— Z N(r,0,g;---9; )+N 7"07[” T
]:1 gj o g]

+ N<T7 Oafl\;f-i-l)) .

BIH
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Since Tj, g; and % are all entire functions, we have
955
(4.17) N(r,0,g;--7. 1)+N<r,0,ﬁ) N(rOl)
9gj- 9,

Therefore, combining (4.16) with (4.17), we have

418) (14 o(1))N(r) (ZNroz ) (k—l)%(lﬁtl)N(r),

as r — oo n.e. From Lemma 2.3, we get that N(r) — oo as r — oo n.e. Combining
this with (4.18), we obtain that n < k% — 1. O

5. Proof of Theorem 1.6

Suppose that fi,..., fr are nonconstant polynomial functions whose zeros are of
multiplicity no less than n.
First, we prove that £ > 1. If k = 1, then from (1.2) we have that

deg(fi.. 7" = ndeg(fy) = deg 1 =0,

a contradiction. Thus we have k& > 2.

In order to get the smallest k£, we can assume using Lemma 2.4 that the polyno-
—ln—1]

mial functions f; ... f;

(¢t =1,...,k) are linearly independent.

Obviously, from (1.2) we can get that f;... fl[n 1}( =1,. k;) do not have
common zeros. Set d = max{d(f1),...,d(fx)}. Then fori=1,. — 1, we have
(7]
max{d( )oo o d(F} = d
—fn—1]

and d > 0. Choosing g; = f;---f; (i =1,...,k) and gxy1 = 1, we have that the
assumption (2.1) is satisfied. Thus, it follows by (2.3) in Lemma 2.3 that
1]

n-d=n-: maX{d(fl)v oo 7d(fk) = maX{d(fl .. ._1 ), .. ,d(fk .. ]En—l])}

k
= max{d(¢1),...,d(gx)} < (k—1) {Z d(g;) — %k‘}

j=1
(5.1) = {Zd 7t ——k}
Since the zeros of f1, ..., fr are of multiplicity no less than n, so by (5.1) we have
k
ned< (k1) {Z(‘m) v - %k}
j=1

1 —[n—1] 1
{2235 +d(F; >>—§k}
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which yields n < k% — k. O

6. Proof of Theorem 1.5

Suppose that fi,..., fr are nonconstant rational functions whose zeros and poles
are of multiplicity positive integer multiple of n, where n (> 2) is a positive integer.
Suppose that at least one f; is not polynomial. We set

b
where P; and @); are polynomials without common zeros, and the zeros of P; and @);
are of multiplicity positive integer multiple of n. Substituting (6.1) into (1.2), then
we obtain that

(6.2) Ry + Ry + -+ Ry = Ry,
where
[n—1 n—1 n—1] n—1 —[n—1
(63) Ri=P P Qu Q' Qi@ Qe QI Qe
1=1,...,k, and
—[n—1 —|n—1
(6.4) Ripy1=Q1 - g Q- L !
If Ry,..., Ry have common zeros {z,} with multiplicities m;, then the number of

common zeros must be finite. We let d(z) = [[(z — 2;)™, then d(z) is a polynomial.
By assumption, it follows that n|m,.
We set

(6.5) R = i=1,... k+1.
Then we have that Ry, ..., Ry, are polynomials. Combining (6.2) with (6.5) we
have

(6.6) Ri+Ry+ -+ Ry = Ry,

where ﬁl, cee Ek have no common zeros. In addition, by n|m; and the assumption
that the zeros of P; and @); are of multiplicity positive integer multiple of n, it follows
from (6.3), (6.4) and (6.5) that

1 — 1
(6.7) N(T’T)ZTLN(T,T), for i=1,...,k+1.
R; R;

Next, we prove that k > 1. If £ = 1, then we have Ry = R,. From (6.3) and
(6.4), it follows that
(6.8) PPN =0, ..

[n 1]

Since P; and ()1 have no common zeros, and zeros of F[lﬂ and @[1] ] are zeros of P;
and @) after shifting with jc in the same direction respectively, it follows that (6.8)
yields a contradiction.

In order to get the smallest k, we assume that the functions ﬁl, .. .,ﬁk are
linearly independent. Otherwise, if the functions Ry, ..., Ry are linearly dependent,
then there exists aq, ..., ax, not all of which are zeros, such that

(6.9) R+ ...+ apR, = 0.
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Following a similar argument as in the proof of Theorem 1.2, we get that f; - - ~_[1n_1},

e -ﬂ:_l} are linearly dependent, which contradicts with the Lemma 2.4. So
in order to get the smallest &, we assume that Ry,..., Ry are linearly independent.

We set d’ = max{d(R,),...,d(Ry)}. Then from (6.6), we know that
d(Rps1) = d(Ry + Ro+ - - - + Ry,) < max{d(Ry),...,d(Ry)} = d'.
Thus combining this with (6.7), we can apply Lemma 2.3 (a) to (6.6), and obtain

k+1

d < (k—1) Za(éj)—%k g(k:—1){(k;+1) k}<(k2—1)§/,

n

d 1
n 2
which yields n < k% — 1. U
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