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Abstract. A measure y on R¢ is called reflectionless for the s-Riesz transform if the singular
integral R*u(z) = [ # du(y) is constant on the support of 1 in some weak sense and, moreover,
the operator defined by R;,(f) = R*(fu) is bounded in L?(u1). In this paper we show that the only
reflectionless measure for the s-Riesz transform is the zero measure when 0 < s < 1.

1. Introduction and background
Fix d € N and for 0 < s < d, consider the signed vector valued Riesz kernels
Ks(x):L reRY x40,

‘IL’|1+S’

The s-Riesz transform of a real Radon measure p is

Rep(x) = / K*(y — ) dply),

whenever the integral makes sense. To avoid technical problems with the absolute
convergence of the integral, one considers the truncated s-Riesz transform of u, which
is defined as

Rep(z) = / Kw-w)duy), veRY e>0
Yy—x|>€

Given a positive Radon measure and a function f € L'(u), we consider the operators
R:(f) == R*(fdp) and R; _(f) := R:(f dp). We say that RY is bounded in L*(u) if

the truncated Riesz transforms R}, . are bounded in L?(p) uniformly in €, and we set
||RZ||L2(M)—>L2(M) = Slilg ||Rz,a||L2(u)—>L2(u)~
3

We are interested in the following conjecture: for non-integer 0 < s < d, the
s-Riesz transform never defines a bounded operator on a set of positive and finite
s-Hausdorff measure. For 0 < s < 1, this conjecture was solved in the affirmative by
Prat [Pr] (see also [MPV]), and for d —1 < s < d by Eiderman, Nazarov and Volberg
|[ENV] (relying on a previous result by Vihtila [Vi]). In the case 0 < s < 1, this can
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be proved by the symmetrization method, which was originally used by Melnikov
[Me| in connection with the Cauchy kernel. For 0 < s < 1 and three different points
T1, T2, v3 € RY, consider the quantity

1 To(2) — To(1) To(3) — To(1)
(1-1) ps(x17x27x3> =3 : )
2 ZU: |To2) — Tom) ' |To@) — To)[PTS

where the sum is taken over the six permutations of the set {1,2,3} and “-” denotes
the scalar product. In [Pr, Lemma 4.2| it was proved that

1
max{|z) — s, |1 — 3], |12 — z3|}2

ps(@1, T2, 73) =
As shown in [Pr, Theorem 4.4], it turns out that if 4 is a finite positive Borel measure

such that (Ble.r))
) w(B(x,r

O%*(x, u) := lim sup————==
(z, 1) m sup=o 5

ps(p) = ///ps(fvl,xz,xg) = +00.

If, moreover, u(B(z,r)) < cr® for all z € R? and all r > 0 (which is a necessary
condition for the L*(x) boundedness of R if 1 has no point masses), then we have

/ IR2p(e) P dp() = /// P due) duas) diGes) + O ).

|x1—ax3|>e
|zo—x3|>e

>0 for p-a.e. x € RY,

then

See |[Pr, Section 4.4] for more details. As a consequence, for 0 < s < 1, we deduce
that

(1.2) if 0 < ©%*(z, ) < oo pra.e. and R, is bounded in L*(y),
' then p is the zero measure.

In particular, there are no sets £ C R¢ with 0 < H*(E) < oo such that for u = Hp

the Riesz transform R}, is bounded in L2(p).

In the case d — 1 < s < d, (1.2) also holds, as well as the analogous consequence
for p = HfE, because of the aforementioned works of Eiderman, Nazarov and Volberg
[ENV] and Vihtila [Vi].

On the other hand, (1.2) remains open for non-integer values s € (1,d — 1). In
[JN] Jaye and Nazarov reduce this open problem to the problem of describing the
reflectionless measures associated with Rj. One says that p is reflectionless for the
s-Riesz transform if x4 has no point masses, Rj, is bounded in L*(u), and

(1.3) (Bp, ) =0,

for all Lipschitz continuous compactly supported functions ¢ such that [ dp =0,
where R°j1 is defined modulo constants as a weak limit of the functions RZ; when
e — 0. Recall that a function ¢ is called Lipschitz continuous if

|¢(x) — (y)]
[¥llip = sup ——F <0
z,yeR z#y |y - ZL’|

In particular, it is shown in [JN] that if, for a given s € (0,d), the only reflectionless
measure for R is the zero measure, then (1.2) holds. Further, in the same work the
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authors prove that in the case s € (d — 1, d) there do not exist non-zero reflectionless
measures for the s-Riesz transform, which yields a new proof of (1.2) for this range
of s.

The main result of this paper is the following;:

Theorem 1.1. There are no non-trivial reflectionless measures for the s-dimen-
sional Riesz transform if 0 < s < 1.

Our arguments to prove this result combine the symmetrization method described
above with some variational techniques which have already appeared in other previous

works, such as [ENV] and [NToV].

2. Preliminary results

In what follows, we assume that 0 < s < 1. Given a ball B C R? of radius r(B),
we denote by 07 (B) the average s-dimensional density of 1 on B, that is

sip  (B)
B) = T

Also we consider the “Poisson” type density

P(B) =Y 0:(2"B)27".

k>0

This can be considered as a smoothened version of 67,(B). Given two sets E, F' C R,
we write

pulo B F) =[] .2 duly) ).
ExF
We say that p has s-growth if there exists some constant ¢ such that

(2.1) wu(B(x,r)) <cr® forall z € R and r > 0.

It is well known that if 4 has no point masses and R}, is bounded in L?(u), then p
has s-growth (see [Da, Proposition 1.4, p.56]). Further, as explained in the previous
section, by [Pr| u satisfies

(2.2) O%*(z,u) =0 for p-a.e. v € R%
As shown in [MaV] (see also [To2, Chapter 8|), then one deduces that for all f €
L2(p),
(2.3) lirré R,.f(z) exists for p-a.e. v € RY,

e—
and it coincides p-a.e. with R, f(x), where R, f is the weak limit of R, .f as ¢ — 0.
In particular, this fact, as well as (2.1), (2.2) and (2.3), hold if x is reflectionless for
the s-Riesz transform.

We need now to recall the definition of balls with thin boundaries. Given ¢t > 0,
a ball B(z,r) is said to have ¢-thin boundary (or just thin boundary) if

u({y € B(x,2r): dist(y, 0B(z, 1)) < )\r}) < tAp(B(z,2r))

for all A > 0. The following result is well known. For the proof (with cubes instead
of balls) see Lemma 9.43 of |To2|, for example.
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Lemma 2.1. Let yu be a Radon measure on R, Let t be some constant big
enough (depending only on d). Let B(x,r) C R be any fixed ball. Then there exists
r’ € [r,2r] such that the ball B(x,r") has t-thin boundary.

The next lemma will be also used later on.

Lemma 2.2. Let u be a Radon measure on R%. Let B be a ball with thin-
boundary and ||a||o < co. Then

(1) [R;(axB)(z)| < Cllal|«0;(2B) Vx € 2B\ B.

(2) [R(ax2p\8)(7)] < Cllal|«0;(2B) Yz € B.

Proof. We will only show (2), since the proof of (1) follows the same reasoning.
Let r denote the radius of our ball B. For x € B we have

| R (axamp)(z)] < ||a,|oo/ dp(y)

am\B |y — 7|

< llalle Z p(B(z, 27 r)N 2B\ B))

—kq\s
= (2 )
s) ) s
< llalloe 2707 S llall<t).(2B),
k>1

since pu (B(z,27%r) N 2B\ B) < 27%u(2B) because of the fact that
B(x,27*r)n 2B\ B C 2B N U, 41,(0B)

and the thin-boundary property of B. Here Us(A) stands for the d-neighborhood of
A. O

Below we denote by R;" the adjoint of R;,. That is, if R ; stands for the j-th
component of R7,, for f = (fi,..., fa) we have

Ry f( ZR

We use define analogously the e-truncated operator R},

Lemma 2.3. Let pu be a Radon measure on R with s-growth such that lim,_,
”(g%f)) = 0 for p-a.e. x € R%. Then, for all bounded sets E,F C R® and p-a.e.

r € RY,

(2.4) R xe(v) R xr(v)+R," ((RSXF)XE) (z)+R" ((RZXE)XF) (z) =pu(x, E, F).

In particular,

R xe(2)]* + 2R (R xe)xE) () = pu(z, B, E).
Proof. Fix ¢ > 0 and # € R?. Consider the sets
Se={(y,2) eEXF:ly—zx|>¢, |z—x|>¢, |z—y|>c},
T'={(y,2) EEXF:|ly—a|>¢, |[z—y|>¢, |z—12| <e}
and
T?={(y,2) EEXF:|ly—za|>¢, |z—a|>¢, |[z—y| <&}
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Then, using (1.1) (arguing as in [MeV, Section 2|), one can write
Ry, (xp)(2) By, (xr)(z) + Ry (R, (XF)XE) (2) + By (R, (xe)xr) (@)
//ps x,y, 2) du(y) dp(z +2/ Kz —y —y) duly) dp(2)

(2.5)
+ // K(y— ) K(z — ) du(y) du(2)

=puc(z, E, F)+ A (x) + Be(x),

the last equality being a definition for p, ., A. and B..
Notice that as € goes to zero, by (2.2) and (2.3), the first term in the left hand
side of (2.5) satisfies

(2.6) lim R, _(xe)(x) - R, (xr)(x) = Ry (xe)(z) - Ry (xr)(z) for prae xR
On the other hand, it is also clear that

(2.7) lir%pu,g(x, E,F)=p,(z,E,F) forall z € R%.
E—

Concerning A.(z) since | — y| & |z — y| in the domain of integration, using the

s-growth of u, we get
// p(z) < / p(B(z, €)) du(y)
|LL’—y‘ ‘Z_y| ly—z|>e ‘x_y‘%

ly —z| > ¢

(28) |z —z| <e

|z —y|>e¢

S 05 (B(x,e)) =0 ase— 0, for p-ae. z € R%

Let us turn our attention to B.(z). Using that |x —y| ~ |x — z| in the domain of

integration, we derive
1(B(y,e))
Bl s [ D duty).
yeE:|ly—x|>¢ |y - ZL’|

Integrating with respect to = in R?, applying Fubini, and using the s-growth of s,

we get
/'B Ndulz //yeEy z|>e \y—$|22) uly) dplz)

= [ rBwe) [ i) du)

B
,S/ M‘g’g))du(y)%o as e — 0,
yelk €

by the dominated convergence theorem. Hence we infer that there exists a sequence
€ — 0 such that

(2.9) lim B., (v) =0 for p-a.e. v € R%

k—o0
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Finally we deal with the second and third terms on the left hand side of (2.5).
We write

fe(y) = B, -(xr)(W)xe(y) + B, - (xe) (y)xr (),
so that R, f.(x) equals the sum of the last two terms on the left hand side of (2.5).
Also, we set

f) = R, (xr)(y)xe(y) + B, (x5)W)xr(y).

We claim that for p-a.e. x € R? there exists a subsequence ek, — 0 (depending on
x) such that

(2.10) lim RS" fak( ) =R f(x).

j—ooo  HEk;

To prove this, notice that RS _ f(x) — R; f(z) as k — oo for p-a.e. € R% and thus
for such = we have

lgn nf| R, fe ) = B F ()] = Hninf | By, o (0) = R F () + B S (@)= By, /)
< hmmf}Rs* (foo = ()],

i€k

Thus, for any A > 0, by Chebyshev’s inequality, Fatou’s lemma, and the L?(yu)
boundedness of R},

p({z e RY: liginf}RZ*akfak( x) — R;*f(x)} >A})

< u({z e R%: liminf‘RS* (feor = (@) > A})

M€k

<L / lim inf| By, (., — F)(@)] dpz)

< —hmmf/}RZ*Ek fer — f)(x)\2du(x)

< ﬁh]ﬂg}f}vﬁk - fHLZ(u)

Since the last limit vanishes, our claim (2.10) follows.
From the identity (2.5), for p-a.e. € R? taking a suitable sequence er; — 0,
by (2.6), (2.7), (2.8), (2.9), and (2.10), we infer that the identity (2.4) holds. O

3. The main lemma

Main lemma 3.1. Let u be a reflectionless measure for the s-Riesz transform.
Let B be a ball with thin boundary. Then, for u-a.e. x € B,

pu(z, B, B) S P(B)?,
with the implicit constant depending only on s and d.

To prove the lemma we will use a variational argument inspired by analogous
techniques in [ENV] and [NToV|. The idea is that since p is a reflectionless measure,
it minimizes some functional defined by the L? norm of some function. Usually in
potential theory, by variational techniques, one can show that the minimizers of some
energy satisfy pointwise bounds. A similar phenomenon happens in our context. Let
us also mention that the use of ideas from potential theory in the study of problems
in connection with Riesz transforms is also present in other works such as [Tol] or

[Vol.



Non-existence of reflectionless measures for the s-Riesz transform when 0 < s < 1 963

Proof. Let v be a measure supported on B of type v = gup and set
. S s v S 2
) = [ 1R + B = i (B do
B

where m';(f) = ) / fdv. In what follows we write mpg for m/,.

Notice that by antisymmetry and the reflectionless property of p,
F(uxs) = / | R — mp (R xpe)|* du = / |R* i —mp(R*p)|* dp = 0.
B B
For a small t € R and a ball A, centered at x € B, consider the measure

ve = pxe(l +1txa) = pxs +tpuxans

and set g(t) = F(v;). Then g(¢t) > 0 and ¢'(0) = 0.
Write f, = R;xpe — mp(R,xpe) and f,, = f;, so that

:/ \ft—i—R,fth\zdyt:/ ‘sttiB|2th+2/ ft'R,S,tXBth-i‘/ | f: dv;.
B B B B

Observe now that

1
= R’ xpBe— R? d
Jo= e +w<AmB>/ WXL +
Notice that 0, ft\t:o is constant. Indeed, we have
,u(AﬁB)/ 1
Oiftpmo = —— g | Boxmedp — ——= R xpedp.
=T (B P w(B) Jans

Hence, by using antisymmetry and the fact that 9, f;,_, is constant,

mead)
R xpe dp.
tu(ANB) Janp v

BNA BnA

+2/ fO'RZXAﬂBdN+/ \f0|2dﬂ+2/ Jo - Ocfejmo dps
ANB B

:/ |R? XB|2dM+2/ R [(RixB)xB] du+ 2 fo- R xBdu
BNA ANB BNA

w2 [ Rt [ (b2 [ oo
ANB ANB

Then, assuming that z is a Lebesgue point for the functions | R xs|?, R}, "[( R, x5)xs],
fo- Rixs, R (foxs) and |fol*, and that € B, we deduce

— 3 g/(O) _ S 2 S * s
o 0 dm R s + 28 (B )0
+205(2) - Bixs(e) + 2B (foxs)(a) + h(a),
where
o) =)+ s [ Bovweda: [ o= 2Rixen(o) s [ fodn
Write

fo= (Box2m8 — ms(Rx2m\8)) + (R X @By — mp(RX(@28))) = h1 + ha,
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the last identity being a definition for hy and hy. Note that, for w € B, by Lemma 2.2,
|h1(w)| S 05(2B). Moreover by standard estimates (which can be obtained by split-
ting the domain of integration into annuli), we get

o)) < oy [ [ 1) = Ky =2 dat) ) £ P8

Therefore, for all w € B,
(3.2) | fo(w)| < 0(2B) + P(B) S P(B).
Hence,
(3.3) h(x) = | fo(2)[* + 2mp(fo) - mp(R; x5 — Ryxpe(2)) S P(B).
Set
= |Ryxs (@) + 2R (R, x5)x5) (@)

and

Ay =2fo(x) - Rixp(z) + 2R, (foxs)(z).
In view of (3.1), (3.2), and (3.3),

(3.4) |Ay + As| S P(B)*.

Since 0 (w) = 0 p-almost everywhere (see [Pr, Theorem 4.4]), by Lemma 2.3, 4,
equals p,(z, B, B) p-a.e. on B. We deal now with A,. Write

(3.5) Ay = 22 (hj(z) - R xp(x) + Ry (hixs)(x)) -

Notice that for any vectorial constant k € R?, one has k- RS xg(x)+ R (kxs)(z) = 0.
Therefore for k = mq(R; x2p5) and j =1 in (3.5), for p-a.e. ¥ € B we obtain

hi(z) - Ryxp(x) + By (haxs)(z) = Ryxeps(x) - Rixs(z) + Ry ((Rixaps)xs) (7)
= Pu(l", B,2B \ B) - RZ* ((RSXB)XZB\B) ( )
the last step due to (2.4).
We deal now with j = 2 in (3.5). Notice that for y € B,

(o)) = | v (o)~ Fixenr ) 5 [ b ante) < Bptle(s),

hence

ha(2) - By x(2) + By (haxs)(2)

Y r—vy
SHhQ Duts) - [ th(y)du(y)‘

g/‘}h L Py R
B |$ y\

SeSne

So we have shown that

| Ay — 2pu(x, B,2B\ B)| < 2|R;" (Rix5)x2m\8) (2)| + ¢ P(B)*.
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Therefore, from (3.4), taking into account that A; = p,(z, B, B) p-a.e. on B, we
deduce
pu(xa B> B)—‘—qu(l', B> 2B\B) S P(B)2+|RZ* ((RSXB)XQB\B) (ZIZ’)| for pra.e. T € B.

By using Lemma 2.2 with a = R},(x5)x25\8, We have ||a||l < 05 (2B), and hence
we get that

R (Roxs)xes\s) (z)| S 0,(2B)?,
and then immediatly we obtain
pu(z, B, B) + 2p,(z, B,2B\ B) < P(B)*> for p-ae. x € B,

which proves our lemma. O]

4. Proof of the theorem

Lemma 4.1. Let 0 < s < 1 and let ;1 be a reflectionless measure for the s-Riesz
transform. There exists some constant 0 > 0 small enough (depending only on s and

d) such that if By C R% is a ball with

0;(Bo) > sup ACL)

z€R%,r>0 2 ’
then every ball B C R? such that By C 0B satisfies 6, (B) = 6;(By), with the implicit
constant depending only on s and d.

Notice that in this lemma the ball B can be arbitrarily big. We do not ask
r(B) ~ r(Bjy).

Proof. We assume first that By C %B . Let B’ be a ball with thin boundary such
that $B C B’ C B. Then, by [Pr| and Lemma 3.1, for y-a.e. z € By,

S d y d < / / /
s s [ ) < nule, BLB) S P(BY

y|> |$ - Z|> |y - Z|}2S

Therefore

0,(Bo) S P(B') S P(B).
We claim that this implies the existence of a ball BO B , concentric with B, with
comparable radius, that is r(B) = r(B), and such that

GZ(B) > GZ(B).
To see this, notice that
s < s (ok k < s (ok s
05(Bo) < P(B Ze 2°B)27" < max 0;(2"B) +2k;19 (By)2
J

s (ok —j+3ps
< max 0.(2°B) + 27770, (By),
which implies

0:(Bo) < max 0, (2kB)

1<k<j

~Y

for j big enough and hence the claim. Thus, for every ball B with By C §B (for a
sufficiently small 6), 6 (B) 2 0;,(Bo).

The converse inequality 07,(B) < 0;,(Bo) holds by the choice of By. So the lemma
is proved. O
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We now prove the main result of this paper:

Theorem. If 0 < s < 1 there are no non-trivial reflectionless measures for the
s-dimensional Riesz transform.

Proof. Let p be a non-trivial reflectionless measure for the s-dimensional Riesz
transform. Let By be a ball such that
i 0% (B(x,r))
0,(Bo) = sup 00—
z€R%,r>0
Consider the sequence of balls B, = 2*B,. By Lemma 4.1, there exists ko such that
for k > ko, 05,(Bx) ~ 0;(By). Since for m > 0,

1(Bitm) = 1(Bitm)® 0, (Bitm) & 2"°r(By)*0;,(By,) = 2" pu(Bx),

B
there exists m > 0 such that u(Byym) > M(Q k) Consider the balls By,, Brytm, - »

Byt Nm, and write Ej = Byytjm for 0 < j < N. We can assume that EN has thin
boundary due to Lemma 2.1. Then Lemma 3.1 implies that for all NV,

(4.1) pu(z, By, By) S P(By)? = 05(By).
But notice that

pu(, By, By) ~ / dp(y)dp(z)

max{|z —yl, [x — 2|, [y — z[}**

BNXEN
/ / dp(y)dp(z)
B; BJ\BJ 1 T( J 28
N
Z B;\ Bj1)
e (Bj)s
N
~ Z_: ~ N6 (Bo> N — OQ,
which contradicts (4.1). O

5. Non-existence of reflectionless measures for
other Calderé6n—Zygmund kernels

In this section we consider the vectorial Calderén-Zygmund kernels
(5.1) K (z) = (7 /]2["")

where z = (21, ,24) € R\ {0}, 0 < s < 1 and n is an odd positive number.

For s = 1 and d = 2 it was shown in [CMPT] that for sets £ C R? with finite
length the L?(H!| E')-boundedness of the singular integral associated with any kernel
of the form 7 /|z|" ™ (or 2% /|x|"™!), n odd, implies rectifiability of E, extending the
theorem of David and Léger |[Lé|. In [CP], the kernels (5.1) where considered to study
the capacities related to them. It was shown that, on the plane, the capacity associ-
ated with the vectorial kernel (5.1) is comparable to the Riesz capacity C’% (2-5),3 of

d
=1
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non-linear potential theory. Furthermore, in [CP|, an extension to higher dimensions
of the aforementioned result [CMPT| was given.
For three different points x1, z2, x5 € R, consider the quantity

1

Psn(T1, T2, 73) = 3 Z K" (1(2) — Zo1)) - K" (@0(3) — To(1)),

o

where the sum is taken over the six permutations of the set {1,2,3} and “-” denotes
the scalar product. In [CP, Corollary 3.2| it was proved that

1

max{|z; — To|, |x1 — X3, |19 — W3]}

(5-2) ps,n(x17x2ax3) ~

We are now interested in studying the singular integral operator T*" = (T;"")L,,
defined formally as

T (1) (z) = / K2 (a — ) () dpu(y),

for a real Radon measure y; as well as the truncated operators
o) = [ K- n)duly). wE R <> 0
ly—z|>e

For a function f € L'(u), we consider the operators T5"(f) := T*"(fdu) and
Tor(f) == T2"(f dp). We say that T is bounded in L*(u) if the truncated 77 are
bounded in L?(x) uniformly in &, and we set

1T 222 = $UP T2 22 220
£

As for the s-Riesz transform, using (5.2) and following [Pr| one can deduce prop-
erty (1.2) for the operators 7™*. And hence, by analogous arguments as in the proof
of Theorem 1.1 one can prove:

Theorem 5.1. There are no non-trivial reflectionless measures for T5" if 0 <
s < 1.

By saying a measure p is reflectionless for 7%" we mean that p has no point
masses, 75" is bounded in L*(u), and (1.3) holds replacing R* by 7"
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