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Abstract. In this paper, we investigate the spectra of invertible weighted composition opera-
tors with automorphism symbols, on Hardy space H?(By) and weighted Bergman spaces A2(By),
where By is the unit ball of the N-dimensional complex space. By taking N = 1, By = D the
unit disc, we also complete the discussion about the spectrum of a weighted composition operator
when it is invertible on H?(D) or A2 (D).

1. Introduction

Let By be the unit ball in CV and Sy denote the unit sphere. Let H(By) be
the space of all holomorphic functions on By. The Hardy space H?(By) is the set
of holomorphic functions on By such that

11 = sup / FrOP do(¢) < oo,

0<r<1

where do is the normalized surface measure on Sy. For a > —1, the weighted
Bergman space AP (By) is the set of holomorphic functions on By such that

11, = /B Cal F(IP(L = [2P)* do(z) < oo,

where dv is the volume measure on By and ¢, is a positive constant chosen so that
dva(2) = co(1 — |2 dv(2)

is normalized. When taking p = 2, the spaces are Hilbert.
Let ¢ be a holomorphic map from By into itself and ¢ be a holomorphic function
on By. Then we can define a weighted composition operator on H(By), by

Copf = - foup.
By taking ¢ = 1 we get the composition operator C,, and when ¢ is identity on D,
we get the analytic Toeplitz operator Ty.
Weighted composition operators arise naturally in the study of many subjects.
For example, Forelli [9] showed that all surjective isometries of the Hardy space
HP(D) are weighted composition operators when the space is not Hilbert. A similar
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result on weighted Bergman space A (D) is due to Kolaski [17]. It has also been
shown that the commutants of analytic Toeplitz operators whose symbols are finite
Blaschke products are exactly the multiple valued weighted composition operators,
which is defined in [7].

Over the past fifty years, composition operators have been actively investigated
from a various points of view. The recent papers or books such as [4, 3, 5, 6, 8, 12,
13, 18, 19, 20, 21, 22, 23] are good sources for information on the developments about
the theory of (weighted) composition operators.

The spectral properties of weighted composition operators on the spaces of an-
alytic functions on the unit disc D have also been discussed in many papers. Most
of them are originated from the work of Kamowitz in [15, 16], which is still instruc-
tive until now. For a non-automorphic symbol ¢ with a fixed point in D, Aron and
Lindstrom [2| completely described the spectrum of a weighted composition operator
Cy,, acting on the weighted Banach spaces of H*-type.

In 2011, Gajath Gunatillake [11] showed that a weighted composition operator
Cy., 1s invertible on H?*(D) if and only if both ¢ and i are bounded on D and ¢
is an automorphism of D. Then he investigated the spectrum of Cy , on the space
H?*(D) when it is invertible, with an extra hypothesis of the continuity of ¢ on D.
He got a complete result when ¢ is either elliptic or parabolic, see Theorem 3.1.1,
Theorem 3.2.1 and Theorem 3.3.1 in [11].

In 2013, Hyvérinen et al [14] generalized Gunatillake’s results into more spaces,
such as HP(D), AL(D) and Hp¥(D). Moreover, for a hyperbolic automorphism ¢,
they get the spectral radius of Cy . Then they find out the spectrum of Cy ., in
the case when [¢(a)/¢'(a)®| is no less than [¢(b)/¢'(b)*], where a is the attractive
fixed point of p, b is the repulsive fixed point of ¢ and s depends on the space. See
theorem 4.9 in [14].

The thing remains is the case when [i(a)/¢'(a)®] is less than [¢(b)/¢'(b)*]. In
this paper, we continue the discussion in [11, 14] and give the result for this case, as
a corollary of our main results. In fact, the spaces we consider in this paper consist
of functions defined on By instead of the unit disc D, such as H?(By) and A2 (By).
Then we determine the spectrum of invertible Cy , when ¢ is an automorphism of
By with no fixed point in By, which are Theorem 3.11 and Theorem 4.7.

Finally, we get Corollary 3.12 as a special case of Theorem 3.11, which give a
complete result about the spectra of invertible Cy, , on H*(D) and A%(D) when ¢ is
hyperbolic.

2. Preliminaries

2.1. Spaces. The spaces being considered throughout the paper are H?(By)
and AP (By) when p = 2, or equivalently, when they are Hilbert spaces.
Recall that the reproducing kernel or the point evaluation kernel at w of H*(By)

(=)

and its norm is (1 — |w[?)”""%. Also, in A%(By) the kernel for evaluation at w is

(i)

)—(N+1+a)/2

1S

and its norm is (1 — |w|?
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Let {8(n)}52, be a sequence of positive numbers. Then we define H?(3, By), if
possible, as a Hilbert space, in which the monomials form a complete orthogonal set,
consisting of holomorphic functions on By such that

IF17 = B I follze < oo,
s=0

where f =30, f, is the homogeneous expansion of the function.

We are particularly interested in the cases when 3(n)? = (1 +n)'=7 with v > 1.
When « = 1, the space H*(3, By) is exactly H*(By). When v > 1, it is not hard to
check by Stirling’s formula that H*(3, By) and A2_,(By) consist of same functions,
and the norms on the two spaces are equivalent.

For more details about H?(3, By), one can turn to Section 2.1 in [§].

Remark 2.1. By the equivalence of the norms, if 3(n) = (n+ 1) with v > 1,
then the spectra of a weighted composition on H*(3, By) and A2 ,(By) are same.
Thus, we may as well equip H?(3,By) with the norm on A? ,(By). Hence we can
focus on the spaces H%(3,By) for 3(n) = (n+1)'™" with v > 1, instead of H*(By)
and A2(By). Straightforwardly, throughout this paper, by writing H?(3,By) for
B(n) = (n+1)'"7 we just mean H*(By) when 7 =1 and A2 ,(By) when v > 1.

Let K, be the point evaluation kernel at w of H?(3,By), then according to

Remark 2.1,
1 2K
)= (=)

where K = (N + 1 — ~)/2. Also we have

1 K
K,=|——— .
1Kl (1_|w|2)

2.2. Automorphisms of By. Let ¢ be an automorphism of By. If ¢ has no
fixed point in By, then by Proposition 2.2.9 in [1]|, ¢ has at least one and at most
two fixed points on Sy. Moreover, Theorem 2.83 in [8] shows that ¢, converge to one
of the fixed points uniformly on compact subsets of By. We call it the Denjoy—Wolff
point of ¢. Thus an automorphism ¢ of By with no fixed point in By falls into one
of the two classes below:

v fixes two distinct points on Sy. Then one of the fixed points is the Denjoy—

Wolff point of ¢.

v fixes one point on Sy. Then the only fixed point is the Denjoy—Wolff point

of .
Note that the two classes above are exactly the generalization of hyperbolic and
parabolic automorphisms of the unit disk D respectively. We will treat the two cases
separately in this paper.

For any automorphism ¢ of By we have

1— |2 — |af?)
1= (za*

1 () = |

This equation will be used repeatedly.

For any two points z and w in By, define d(z, w) = |¢,(2)|, where ¢, is the the
involutive automorphism that exchange 0 and a. Then d(-,-) gives a metric on By.
We call it the pseudo-hyperbolic metric of By and d(z,w) is the pseudo-hyperbolic
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distance between z and w. It is easy to check that the pseudo-hyperbolic distance is
invariant under automorphisms of By, that is,

d(e(2), p(w)) = d(z, w)
whenever ¢ is an automorphism of By. Moreover, we have
1—2) (1 = Jwf)
1= (z,w)?
Let ¢ be a holomorphic map from By into itself. We use ¢; denote the k-th
iterate of ¢ for £ € N. If ¢ is an automorphism of By, ¢ is invertible. Then we
define p_; as the k-th iterate of ¢! for K € N. When k = 0, we set ¢y be the

identity map on By. We use Aut(By) to denote the set of all automorphisms of By
throughout the paper.

1 —d(z,w)* = (

2.3. Weighted composition operators. Here we list some basic facts about
the weighted composition operators. They are the fundamental of our discussion.
All the facts can be checked easily.

Proposition 2.2. Suppose Cy, ,, and Cy, ,, are bounded on H*(3,By), then
Ciyr.o1Cp p 18 also a weighted composition operator on H?*(3,By).

Let ¢ be a holomorphic map from B into itself and ¢ be a holomorphic function
on By. We define

k-1
Yy =[[voe;
=0

for £ € N*. Then according to Proposition 2.2, we can check easily that
C{g’@ - C%L)Wn'

For a holomorphic function ¢ on By, we say ¢ is bounded away from zero if
inf.en, |¥(2)] > 0. Note that ¢ is bounded away from zero on By if and only if i
is bounded on By.

Proposition 2.3. Suppose ¢ is an automorphism of By, then Cy,, is invertible
on H*(3,By) if and only if v is both bounded and bounded away from zero on By.

Proof. Since ¢ is an automorphism of By, then the composition operator C,,
is invertible on H?(3,By), and C’;l = C,-1. So if Cy, is invertible on H*(5,By),
then Cy,C," is also invertible on H?*(3,By). However, Cy ,C " = My, which is
the multiplication induced by . Thus the invertibility of M, shows that v is both
bounded and bounded away from zero on By.

On the other hand, if ¢ is both bounded and bounded away from zero on By,
then ﬁ is bounded on By. So C_ 1, is bounded on H?(3,By). Then by

V)O‘P71 P

Proposition 2.2, we have
c;loc . =C_. @7101;’;:[.

-1 =
Tﬁ#P 1!]0@717%0 Pop—1?

Thus we have

Cpp=C O

In most situations we require that ¢ is continuous up to the Sy. So throughout
this paper, we always consider the weighted composition operator C ,, such that ¢
is an automorphism of By and ¢ € A(By) is bounded away from zero. Here A(By)
denotes the set of functions that are holomorphic on By and continuous up to the

boundary Sy.

—T.p 71
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If ¢ is an automorphism of By and ¢ € A(By) is bounded away from zero, we

also define
LS|
ven =]
j=1

Yop_y
for k € N. When k = 0, we set ¢ = 1.

Remark 2.4. Another useful observation of Uy, is that we can write
Cdmo = Mwa
whenever ¢ is an automorphism of By and ¢ € A(By).

The next proposition is about the adjoint operator of Cy . We also omit the
proof here since its quite simple.

Proposition 2.5. Suppose C,, is bounded on H*(3,By). Then we have

Copls = ¢¥(2) Ky
for all z € By.

2.4. Some other notations. Let z be a point in CV, we will write
z= (2 2 AN,

where zUl is the j-th component of z. Also we will let 2’ denote the last N — 1
components of z, that is, z = (2!, 2/) and

=B Ny e oL

By writing e; we mean the point (1,0’), whose first component is 1 and other com-
ponents are 0.
Fix a ¢ € Aut(By), we call the sequence of points {z;, }/>° __ an iteration sequence

for ¢ if 241 = @(2x) for all k € Z. For a operator T on a Hilbert space, we use o(7T')
denote the spectrum of 7" and r(7") denote the spectral radius of T'.

3. Automorphisms with no fixed point in By and two fixed points on Sy

3.1. Preparations. First, we assume temporarily that the Denjoy—Wolff point
of pis e; = (1,0") and the other fixed points of ¢ is —e; = (—1,0’). The next lemma
shows that this can benefit us much in simplifying the calculation.

Lemma 3.1. Suppose ¢ € Aut(By) fixes the points e; and —e; only, with
Denjoy—Wolft point e;. Then

o) = ( Mt s mz’)

14 s2l177 14 g2l

for some U unitary on C¥~1 and s € (0,1).
Proof. Let
M = {(zm,z') €By: 2 =0}.
Note that M is the only affine subset in By of dimension 1 that contains e; and

—ey. Since the image of any affine subset in By under ¢ is also an affine subset in
By of the same dimension (see Theorem 2.74 in [8]), ¢ acts as an automorphism
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when it is restricted on M. So ¢(0) belongs to M. Thus we can write p~'(0) as
a= (& 0) for some £ € D. Then

_ L TR
pa(2) = (5 Ll )

1—¢&=07 1 —¢gzl

gives the involutive automorphism that exchange 0 and a. So ¢ = ¢ o ¢, is an
automorphism that fixes the point 0, hence a unitary map. Moreover, since M is
invariant under ¢ and ¢,, it is also invariant under ¢, which means that

o(z) = (e?11, V)
for some # € R and V unitary on CV~!. Therefore

0(2) = ¢ opy(2) = <6i6 §— 21 —Vw/l — |§|22/> |

1— &=’ 1— &1

By using the conditions ¢(e;) = e; and ¢(—e;) = —e;, we get the following
equations

eie(é‘ - 1) =1 _Eu
e(E+1)=—-1-¢.
So we have ¢ = —1 and ¢ = £ € R. By taking U = —V and s = —¢, we get the

expected expression of .
Finally, since e; is the Denjoy—Wolff point of ¢,

Opll] _1-s
0211 (er) = 1+s
Thus we have s € (0,1). O

<1

Remark 3.2. The lemma above shows that if ¢ € Aut(By) fixes the points e;
and —e; only, with Denjoy—Wolff point e;, then

Wt s
W(y) = =
PR = T
for some s € (0,1). It is trivial to check that the inverse is also true.
The next lemma is just a restatement of some familiar results by our notations.

Lemma 3.3. Suppose ¢ € Aut(By) fixes the points e; and —e; only, with
Denjoy—Wolff point e;. Then

(] N+1
wip) = (555 @)

for all z in By and

b \Y
in(ele) = () do(0

for all ¢ on Sy.
Proof. By Remark 3.2, we can find U unitary on C¥~! and s € (0, 1) such that

( A 4s V1 s%”)

14 s2l177 14 g2l

p(z) =
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Then by a simple computation we get

1—s2 0
sz[1]
<P'(Z)=<(1+01)2 Niers )

1+s2[1]

1_ g2 (N+1)/2 il (N+1)/2
det SOI(Z> = (7(1 n Sz[l]>2) = <—az[1} (Z)) .

Therefore we have

(1] N+1
ilpla)) = ldet g (P aot:) = (G55)) )

Since ¢ is holomorphic in a neighbourhood of By, the equation above also holds
for any ¢ on Sy. Thus in polar coordinate we can write

[1] N+1
ire(©) dotel0) = (557(©)) Q) dotc)

So

However,
dr(e(Q)) . 1—lpw)] . T—l|p) . 9ol gpll
dr(¢) _}U@C 1 — |w] _}ulinm 1 — |wl? _}vlin&‘ 9.0 W T 5 (€)-
So

b A\Y
in(el0) = (G50 ao(0) 0

In order to generalize our discussion to the cases when the fixed points of ¢ are
not +eq, the next lemma is also needed.

Lemma 3.4. Suppose p € Aut(By), with no fixed point in By, has two distinct
fixed points a # b on Sy and a is the Denjoy—Wolff point of ¢. Then we can find
¢ € Aut(By) such that

popog(z) =

2 4 s U\/l — 522/
T+ s21177 14 52U
for some U unitary on C¥~1 and s € (0,1). Moreover, the spectral radius of the

matrixs ¢'(a)~! and ¢'(b) are both 12

Proof. According to Corollary 2.2.5 in [1], we can find ¢ € Aut(By) such that
$(a) = e; and ¢(b) = —e;. Then p = ¢po o ¢! is an automorphism of By that
fixes +e; only, and the Denjoy—Wolff point of ¢ is e;. Thus by Lemma 2.1 we can

write
(A rs VT =82
=) = (1 + 521177 1 4 g2l )
for some U unitary on C¥~! and s € (0,1).
Since both ¢ and ¢ are holomorphic in a neighbourhood of By, we have

Pler) = ¢'(a) - ¢'(a) - (671 (er) = ¢(a) - ¥'(a) - ¢'(a) .
So ¢'(a), as a matrix, is similar to @'(e;). Likewise, ¢'(b) is similar to ¢'(—ey).
By a simple computation, we get

1-s 1+s
¥'(e1) s and  §'(—e1) R
1 e s —€1 = s .
0 /=Uu 0 /iU

1+s
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Since U is unitary, 1% is the spectral radius of @'(—e;) and @'(e1)~", hence by the
similarity, is also the spectral radius of ¢/(b) and ¢'(a)~t. O

3.2. Spectral radius. In this section, we find out the spectral radius of Cy,
by, of course, estimating the norm of Cj , = Cy, o, For this purpose, we will turn
to the Siegel upper half space. Recall that the Slegel upper half space Hy is defined
by

Hy = {we CY: Im vl > |u'|?},

and the Cayley transform ¢ given by
.e1+z
1

d(z) = o

is a biholomorphism between By and Hy. Moreover, ® extends to a homeomorphism
of By onto Hy U0Hy U {co}.

If ¢ fixes the points e; and —e; only, then 0 = ® o p o &1 is a automorphism of
Hy that fixs 0 and oo only. By Proposition 2.2.11 in [1], we can write

o(w) = (r2wl, rUw)

where U is unitary on C¥~!and 0 < r < 1.
Suppose ¢ € A(By) is bounded away from zero, then for any ¢ > 0 we can find
neighborhoods V; and V5 of e; and —e; respectively such that

[¥(2)] < (1 + eymax{le(er)], [ (—ed)[}

for all z € (V4 UV2) N Sy. Since ®(e;) =0 and ¢(—e;) = 0o, we can find R > 1 such
than {w € OHy: |w| < £} C ®(V4 N Sy) and {w € dHy: |w| > R} C ®(V2 N Sy).
By noticing that|o(w)| < r|w|, there exist ny € N such that

on(w) € {w € OHy - |w] < %} C B(Vi N Sy)

whenever n > ng and

1
w € @ (Sv\(V1UVe)) C {w € OHy: 4 < |w < R},

which means that ¢, (2) € V1 NSy whenever z € Sy\ (V3 U V3). So for all z € Sy, at
most ng elements of the set {y;(2): j =0,1,2,...} are not contained in (V;UV2)NSy.
Thus for n > ny,

[P lloe = max <H [0 w;(z ) < 1158 [(1 + eJmax{[yh(en)], [ (—ea) [} .

By the arbitrariness of e,
Tim [|¢n) 130" < max{[(eq)], [¢(—eq)[}.
However, since ¥, (e1) = t/(e1)" and th)(—e1) = 1h(—e1)", we have
[hml| 3" = max{[e(e)], [(—e1)[}-

Thus we can get

Jim [ l|2" = max{fyen)], [9(—ex)]}

This limitation plays a critical role in our next lemma.
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Lemma 3.5. Suppose ¢ € Aut(By) where

(1]
W)= 2 15
©H(z) [T 520" 0<s<1

and ¢ € A(By) is bounded away from zero. Then the spectral radius of Cy, on
H?*(8,By), for f(n) = (n+ 1) with v > 1, is no larger than

max{|w<e1>\ Gfi)KW‘el)' G;)K}

where K = (N — 1+ 7)/2.
Proof. For any fixed n € N,

n—1 n—1 w o n—1 a(p[l] K
b = [ =1l = <H RED O%)
L. b (22
e K
(o) (2
o (00 T ) a1

" o\
v v= [ S
(Bl /921" 9zl |

= HMv(n)CV,sonHl/n < Hv(n)Hién [1Cy

Let

then w(n) =Um) " V. So

||Ong||1/n = ||cw(n),% 1/n

yPn

Since v € A(By) is bounded away from zero, the argument before the theorem shows
that

lim v [3" = max {|v(e1)], [u(—e)[}

o :max{w<e1>\ Gfi)KW‘el)‘ G;i)[{}

Now we estimate the norm of C, ,,, we treat the situations whether v = 1 or not
separately. When « = 1, the space is H*(By). So for any f in the space,

N

(1]
O do(z).

57 (2

|G I = / 1 0 pul2) PI(2)| do(z) = / 1F o pul2)?

Since ¢, also fixes +e; only, by taking w = ¢,,(z), Lemma 3.3 shows that

|G fI2 = / | (w) Pdo(w) = || ]

Thus we have ||C,, || = 1.
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When v > 1, H*(8,By) is equipped with the norm on the weighted Bergman
space A2 ,(By). So for any f € H*(,By),

ICo e fII* = /B cy-2lf 0 en(2)PIv(2)[*(1 — [2*) 7 dv(z)

1] N—1+v
2 2\yy—2 don
= [ enlrep@Pa -2 S dte
1] N+1
2 2\y—2 don
= [ eralfopn@P - leu@ 2|22 dn(e).
By 82[]

The last equality above follows from the fact that

a Ll} 1— n 2
o | 1=l
0z11] 1—1z]2

Again by Lemma 3.3, taking w = ¢, (2) we get
G fII? = /B | f(w) P(1 = [w]?) 72 do(w) = || f[|*
N

Thus for any n € N* and v > 1, the norm of C,,,, on H*(3,By) is 1. So

H(Cyg) = lim ORI < lim o [ o /"

:max{|¢<el>| (22) oten (};)K} 0

Corollary 3.6. Suppose ¢ € Aut(By) where

[1]
M,y 2 15
%) (Z)_1+sz[1l’ 0<s<1

and 1) € A(By) is bounded away from zero. Then the spectrum of Cy, , on H*(3,By),
for B(n) = (n + 1)'=7 with v > 1, is contained in the annulus

{3 min {J(en) 0, [o(—en)lo™} < A < max {Julen)|o", [b(—en)lp ¥ }}
where p = 1% and K = (N — 1+ 7)/2.
Proof. By Lemma 3.5, the spectrum of Cy, , is contained in the disk
{0 1A < max {Jo(en) |, [v(—e)lp ™ }}

In order to determine the inner radius, let

1

o~ _ -1, 4-1 T -1
S0_¢O(p O¢ ) ¢—¢O¢_10¢ )
where ¢(z) = —z. Then it is easy to check that
(1]
S = () = 2 T
F(e) = p(z) = 2

and 1) € A(By) is also bounded away from zero. Moreover, since

Clsz =C .

Ppop

—T.p 1
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for any f S H2(ﬁ7 BN)7
ColCuLCs(f) =t fo@=Cy(f).

Thus C’ . 18 similar to C'; 5.5 So the spectrum of C’w which is also the spectrum
of Cj 5, is contained in the disk

¢ ] e {en) | [~
{ { 3

= e ma { g ™ -

This means that the spectrum of (Y, is contained in the set

[A: A > min {[(en) o [ir(—en) [ 3} =

3.3. The spectra. Next lemma shows that the composition operators we
consider here are circularly symmetric.

Lemma 3.7. Suppose ¢ € Aut(By) where
W,y o A0S
1+ szl
and ¢ € A(By) is bounded away from zero. If A\ € o(Cy,), then for any § € R,
e\ € o(Cy,).
Proof. By the proof of Theorem 7.21 in [§], for any # € R we can found f €
H*>(D) bounded away from zero such that

foll(1,07) = e f (1)

© 0<s<l1

for all [/ € D. Now let
F(M,2) = f(=1),

then F' € H>*(By) and F' is also bounded away from zero. Moreover, we have that

Fop(l,2) = foll(ZM,2) = fo (20, 00) = e f(z10) = ¢ F (21, ).
So for any g € H*(By),

My CyoMp(g) = Mp' MyCoMp(g) = MyMg' (F o p) - (g0 )
=" My(gop) =e"Cyylg).

Therefore Cy , is similar to e?Cy, ,. Thus by the spectral mapping theorem and the
fact that similar operators have the same spectrum, we come to the conclusion. [

Corollary 3.8. Suppose ¢ € Aut(By) where

(1]
Wy = 25
©H(z) oL 0<s<1

and 1 € A(By) is bounded away from zero. Let 3(n) = (n+ 1)'=" with v > 1. If

1—s\" 1+s
peel (152) = wtent (122
where K = (N — 1+ ) /2, then the spectrum of Cy,, on H?*(3,By) is the circle

{A: M=l (152) =l (if)K}
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Proof. Since the spectrum of C, can not be empty, the conclusion follows
directly from Corollary 3.6 and Lemma 3.7. O

Lemma 3.9. Suppose ¢ € Aut(By) where

45
() —

1+ szl
and ¢ € A(By) is bounded away from zero. Let 3(n) = (n+ 1)'=" with v > 1. If

[(—er)] G;z)K < [i(er)| Gfi)

where K = (N — 1+ ) /2, then the spectrum of Cy,, on H*(3,By) is

{A: p-et (152)" < < wten) (i)K}

Moreover, each interior point of the annulus belongs to the point spectrum of Cy,.

@ 0<s<l1

Proof. Suppose \ € C satisfies
1—s\% 1+ s K
el (152) < <lvtent (1)
Then we can take R; and Ry such that

K K
(—er)| G:Lj) < Ry <|A < Ry < [¥h(ey)] G J_r i)

Smce e <1, we can find p > 0 such that

1+s

pe) (122) "< huand oieen) (152) > R

1+s

Define
g(z) = (1= 2MP. (14 My,
Now let z;, = ¢, (0) for k € Z. Since
(1]
W= 215
¥ (Z) - 1 —I—SZ[l]’
by Theorem 2.6.5 in [§], {z k__oo is a interpolating sequence for H>*(D). So we
can find f € H*(D) such that |f( 2, )| =1 and

A (0) - glz) - (z) >0
for all k € Z. Define
F(z) = f(z1), =€By,
then F' € H*(By). Also |F(zk)| 1 and

) (0) - g(2) - F(zk) > 0.

Let
+00

h—Z)xk ~g oy Foapk_gF—i-Zth—l—h)

k=—00 k=1
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where
k-1
i =" (H@DO%’) g ok Fopy
=0

and

hy = AF (E[

) “gop_i - Fop_y.
Then we have

Z A~ k. (Zk) F(Zk) > O,

k=—o00

so h # 0. Also it is easy to check that
(de — AM)h =

Thus we have A belongs to the point spectrum of Cy, ,, if we can show that h converges
in H2 (5, BN) .

For this end, what we should do is almost the same as what have been done in
the proof of Theorem 4.9 in [14]. Note that

hF =X C’IIZW(gF) and h; = \F- C_k S(9F),

so we just need to estimate the norm of C’{Z’@( F) and Cy (gF) for £k € N. Con-
sidering the length of our proof, we will only present the detalls for v > 1. When
v = 1, one can get the conclusion in exactly the same way and the calculation is even
simpler.

When v > 1, H?(3,By) is equipped with the norm on the weighted Bergman
space A2 ,(By). Since

-K

Holll
14 < Rl,

p-el (12) = el | 2

we can find a neighbourhood U of —e; such that for all z € U N By we have
O] K

9] < B | S5 2)

Denote Uy = UNBy and U,, = {z € U,_1: ¢n(2) € Up} for n € N. Then

ICY(gF)]1* = %—2/ [V (2)g(r(2)) F (pr(2)) (1 = [2]*)772 do(2)

By

<erallFIE [ w(@Plal) P ) del2)

+C”_2||FHC2’°/B\U. [V (2)Plg(er()P(1 = [2*)72 do(z).

When z € U,_1, we have gpj(z) € Uy for j=0,1,...,k—1. So

K K

1

[1
Oy
1 azm (z>

8[1

[V (2
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Then by Lemma 3.3 we have

/U. | (2) Plg(er(2)P(1 = |2*)7 % dv(z)

<r [ 1% )P - )
1] N—+1
— B [ bl P GG )

< R* /B g(w)P(1 — WPy do(w) = B2 g|P.
N

Forn <k —1and z € U,_1\U,, we have ¢;(z) € U for j =0,1,...,n—1. So
K

|[U(t—n) (Pn(2))]-

K

10 [1
i [ty (n(2))] = RY

8[1

0
aﬁ( 2)

[V (2

Then again by Lemma 3.3 we have

/ [y (2) P19 (or(2))P(1 = |2*) 7% du(2)
Un—1\Un

8 g] 2K )
< 2R / %&) Wy (2n ()21 = i (2)| 2 (1 — [2]2)772 dw(2)
Unfl\Un z
8 N+1
= 2 Rn / W0 (0 (2)) 211 — (2) (1 — | (2)|2)™ ﬂ() du(z)
(1]
Unfl\Un az
< 2¥ R / [0y ()21 — i) (w)| (1 — |w]2)7~2 dv(w).
BN\U()
So
/ W (2)2g(er(2)) 2 (1 — |212)7 2 do(2)
Bn\Uk-1
k-1
< omg / e (2211 — L ()PP — 222 do(2)
n=0 BN\UO
k
=Y owRit / W ()21 — @l (2)|2(1 — |2]2) "2 do(z).
n=1 Bn\Uo

Since
1/n

GO
L jl:[OW%‘(Z)) (m)

lim (| ()] - [1 = @l (2)7) 7" = lim 52
~ el (152) <

n—oo
1+ s

we can find M > 0 such that
Wy (2)[11 — ol (2) P < R}
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whenever n > M. So for k > M we have

[ PP~

BN\U()

k
+ > 27RY / (1= |2[%)2dv(2)

n=M-+1 Bn\Uo

M
=Y owRitm / W) (2)211 — ()2 (1 — |2[2) "2 du(z)
n=1

M
< PRTCE = PP 4 (- 2P [ (1= P o)

n=1 By \Uo
2k 2k
< Clk’Rl + CgRl s
where c¢; and ¢y are positive constants. So

ICS (g F)II* = Cv—2/ [V (2)9(n(2) F (pi(2)) (1 = [2*)772 du(2)

By
< ¢yl | Fl%(erk + eo + llgl*) REF,

and

R
12 = A2 1 CE (g - F)I2 < e sl P <c1k+c2+||gu>(‘;|)

Since Ry < |A|, we have > 2 b converges in H? (ﬁ By).
On the other hand, by considering ¢! and 7 instead of ¢ and v, we can get

woso
that Y ;- h; also converges in H?(3, By). Thus h is well defined. O
Lemma 3.10. Suppose ¢ € Aut(By) where
(1]
(1] ZH 4+
eH(z) = FRpIE 0<s<1

and 1 € A(By) is bounded away from zero. Let 3(n) = (n+ 1)'=" with v > 1. If

plenl (122) < poient (152

where K = (N — 1+ ) /2, then the spectrum of Cy,, on H*(3,By) Is

{A: plenl (122) < <) (;)K}

Moreover, each interior point of the annulus belongs to the point spectrum of Cy, .
Proof. Let z = ¢ (0) for k € Z. Then

lim 2z, =eq, lim z, = —e;
k—+o0 k——o0

Ié T where K, denote the kernel for evaluation at z in H? (6,Bn). Then

by Prop081t10n 2.5,

Let gk =

C:Z,gpgk = UkGk+1,
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where .
—HKZkJrlH ( 1- ‘ZkP )
up = Y(z =Y(z) | ————
e= V@) T T VA T

A simple calculation shows that

1- |Zl~c+1|2 N &PM
T o |20 )
so we have
' |9l K Hpll K 1+s\%
i ol = oten] fim |25 G| = e 35| = vt (1
Also we have
fim o] = (e (L22)
hs TR DN\1+s)

Now suppose A € C satisfies

penl (122) << toent (352)

1+s
and let
+00
h=go+ Y (a9 +big-;),
j=1
where
7—1 —1 1
a; =27 [Jue. b=N ] =
k=0 K=—j Uk

Since limy_, oo ‘“—;‘ < 1, we can find ¢ € (0,1) and ng € N* such that

n—1
la,| = \)\_”Huk| <q"
k=0

when n > ng. Thus we have chxl; la;| < oco. Also by limy_,« ‘u—’\k’ < 1, we have
;;OT |b;| < 00. So h is well defined in H?*(3,By). It is easy to check that
(Cy.p — M)h =0,

therefore we have A belongs to the point spectrum of C7, , if we can show h # 0.

Again by Theorem 2.6.5 in [§], {z,[:]}J’OO is a interpolating sequence for H*(D).

k=—o0

So we can find f € H*(D) such that f(0) =1 and f(z,[j}) =0 when k # 0. Let
F(z) = f(zY), zeBy.
Then F' € H*(By) C H*(3,By). Also F(0) =1 and F(z,) = 0 when k # 0. So

£(0)
<F7h)\>:<F7g0>: =
e
Thus we have h # 0. So A belongs to the point spectrum of Cj, . Along with
Corollary 3.6, we get our conclusion. O

Now we are ready to generalize our result to the cases when the fixed points of
@ are not necessarily =+e;.
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Theorem 3.11. Suppose ¢ € Aut(By), with no fixed point in By, has two
distinct fixed points a # b on Sy and a is the Denjoy—Wolff point of p. Let ¢ €
A(By) be bounded away from zero. Then the spectrum of Cy , on H*(3,By), for
B(n) = (n+ 1) withy > 1, is

{Ar min{[y(a)|p", [(0)[p~"} < A < max{[g(a)lp®, [¥(0)|p~"}},
where K = (N — 1 +)/2 and p is the spectral radius of the matrix ¢'(a)™".

Proof. By lemma 2.4, we can find ¢ € Aut(By) such that
A ps V1 — 322’)

1+sz177 14 52U

05080005_1(2):(

where U is unitary on CV~! and 0 < s < 1. Also, we have
1+
1—s5
Now let = ¢popo ¢! and @E: Yo ¢~ Then for any f € H*(3,By),
C5'CyeCo(f) = O Cupp(fo ) =Co (Y- fodoyp)
=ypo¢ - fopopog =9 fol=Cpo
So (Y, is similar to C'A@, hence

0(Cyp) = U(C@@)-

p

Since @E € A(By) is also bounded away from zero, the results follow directly from
Corollary 3.8, Lemma 3.9 and Lemma 3.10. U

Finally, by taking N = 1, we get the result when ¢ is a hyperbolic automorphism
of D, which complete the discussion in [11] and [14] on H?*(D) and AZ2(D), as our
corollary below.

Corollary 3.12. Suppose ¢ is a hyperbolic automorphism of D with Denjoy—
Wolff point a and the other fixed point b. Assume that ¢ € A(D) is bounded away
from zero. Then on H?*(D), the spectrum of Cy, is

{A: min{[¢(a)|p"2, [0 (b)|p~1?} < A < max{[(a)|p?, [ (0)|p~"?}}

and on A2(D), the spectrum of Cy,, is

{A: min{[y(a)| D72 [ (0) p~ P2} <A < max{[y(a) [ p T2 [y (b)| p~ DY
Here p = ¢'(a)™" = ¢'(b).

4. Automorphisms with no fixed point in By and one fixed point on Sy

4.1. Spectral radius. Let us also start by estimating the spectral radius in
this situation.

Lemma 4.1. Suppose ¢ € Aut(By) fixes the point e; only, and ¥ € A(By)
is bounded away from zero. Then the spectral radius of Cy, on H?*(3,By), for
B(n) = (n+ 1)~ with v > 1, is no larger than |y (e1)|.

Proof. Let n
. €1 z

d(z) = 271 .
be the Cayley transform from By onto the Siegel upper half space Hy. Since e is
the only fixed point of ¢ in By, 0 = ® 0o oo ®~! is a automorphism of Hy that fixes
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oo only. Hence by Proposition 2.2.10 in [1] and the continuity of ¢ on Hy, we can
find U unitary on CN¥~! and a € 9Hy such that

o(w) = (Wl + oY + 20U, ), U’ + a')

for all w € Hy.

By our assumption, ¢(e;) # 0. Then for any ¢ > 0 we can find a neighborhood
V of e; such that

V()] < (1+e)f(er)]

for all z € Sy NV. Since ®, which maps e; to 0o, extends to a homeomorphism of
By onto Hy UJHy U {oo}, we can take A = ®(Sy\V) and A’ = {w +i: w € A}.
Note that A is a compact set on 0Hy and A’ is a compact set in Hy. Hence we can
find R > 0 such that both A and A’ are contained in the set {w € CV: |w| < R}.
Since e; is the Denjoy-Wolff point of ¢, ¢, converges to e; uniformly on compact
subsets of By as n — 400. Equivalently, o,, converges to oo uniformly on compact
subsets of Hy. Thus we can find a positive integer ng such that |o,(w)| > R+ 1 for
all n > ng and w € A’. By noticing that o,(w +¢) = 0, (w) + iey, for any w in A and
n > ng we have

lon(w)| = |op(w+1i)| —1> R.
Now suppose z € Sy\V, then ®(z) € A. So for any n > ng,

|[D(pn(2))] = |on(®(2))] > R,

which means that ¢,,(z) is no longer in Sy \V'. So for all z € Sy, at most ny elements
of the set {¢;(2): 7 =0,1,2,...} are not contained in Sy N V. Thus for n > ny,

n—1
¥ lloe = max (H o %(Z)I> < DI [+ (e .
j=0

By the arbitrariness of ¢,
T [l 147 < [tb(ea)].

However, since 1, (e1) = ¥(e1)", we have ||¢(n)||<1>én > |¢(e1)|. Thus we can get

T [ 1" = [(en)]

Proposition 7.11 in [8] shows that if ¢ € Aut(By) fixes the point e; only, then
the spectral radius of Cy, on H?(8,By) is 1. So
P(Cp) = lim €37 < tim [ |27 - € 7 = [(e)] - 1(Cy) = [er)]. O

Remark 4.2. The proof of Lemma 4.1 shows that if ¢ € Aut(By) fixes the
point ey only, then ¢, converge to e; uniformly on any compact subset of By\{e;}
as n — +00.

Corollary 4.3. Suppose ¢ € Aut(By) fixes the point e; only, and 1) € A(By
is bounded away from zero.Then the spectrum of Cy, on H*(3,By), for f(n) =
(n+ 1)'=7 with v > 1, is contained in the circle

{A Al = [w(ed)]}
Proof. By Lemma 4.1, the spectrum of Cy,, on H?(3,By) is contained in

{A: A< (e}
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On the other hand, since ¢! is also an automorphism of By that fixes e; only and
L is bounded away from zero on By, the spectrum of C';jo =C 1 is contained

P
in .
< —I},

Pl
which means that the spectrum of (', is also contained in the set

{A: Al = (e}
Thus the corollary is proved. O

4.2. The spectra.

Lemma 4.4. Suppose ¢ € Aut(By) fixes the point e; only. Then for any
0 € (0,1), we can find zy € By such that d(yj,(%0), ¢j,(20)) > § whenever j; # ja.
Here d(-, ) denote the pseudo-hyperbolic distance between two points in By.

1 —
’¢’°<P71 P

Proof. For any z € By and n € N*,

(1= =) — len(2)P)
1= (zen(2N

1—d(z,¢n(2))? =
Let M = {—re;: 0 <r < 1}. Since
lim ¢, (=rer1) = pn(—e1) # —er,

we have

_ | = 2 _ _ 2
1— lirr{ d(—re1, pp(—rer))? = lim (1= [=rea) = fen(=re))[) =0,
r—

r=1 L= (=rey, pn(—ren))
which means that
71}_:()1% d(—req, pn(—re1)) = 1.
Thus for each n € N*, we can find r, € (0,1) such that d(—req, p,(—re1)) > 9
whenever r € (1, 1).
Since M is a compact subset of By\{e1}, by Remark 4.2, we can find ny € N*

such that |p,(—re;) —e;| < 1—=4§ for all n > ng and r € (0,1). Thus, |@,(—rei)| > 9.
Also,

1 —Re (@g}(_ml)) < |pn(—re1) —er| < 1.
So Re <<pg](—rel)> > 0. Therefore,

|1 — (—rei, pn(—rer))| = 14+ rRe (apg](—rel)) > 1.
So for any n > ny and r € (0, 1) we have
o (L= l=rei)(d = lon(=re))?)
1= (=rew, pn(=re)[?

Now take rg > max{r;: 1 < j < mng} and zp = —rge;. Then the discussion above
shows that

<1-—6

1 —d(—re1, pn(—re1))

d(z07 @n(ZO)) >0
for all n € N*. Suppose j; # j2, then

(@, (20), 5> (20)) = d(z0, 11—/ (20)) > 0. 0
The next lemma strengthens the Theorem 7.11 in [§].
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Lemma 4.5. Suppose ¢ € Aut(By) fixes the point e; only. Then we have

L—lp(z)]* _

lim =1.

z—er 1 —|z]2

Proof. Since e; is the only fixed point of ¢ in By, the Wolff’s lemma in By (see
Theorem 2.2.22 in [1]) shows that

1R _ LA
L—lp(x)]2 = 1—[z?
for all z € By. However, e; is also the only fixed point of o=t in By, so
LR _ 1= (e
1—[z2 7 1—p(x)]?

Thus we have
[1—l(z)>  J1-20P2

L=lp(z)P 17
for all z € By. Let a = p=1(0). Then
[1—a? 1) _

— —1,
L—lal>  1—]p(a)]?
50 2 2 2
1— 1-— 11—
tim L 1PEE o _ 1-laP® _ 0
z—er 1 — 2|2 z—er |1 — (a, 2)|? 11— alll]2

Lemma 4.6. Suppose ¢ € Aut(By) fixes the point e; only, and ¥ € A(By)
is bounded away from zero. Then the spectrum of Cy,, on H*(8,By), for f(n) =
(n+ 1) with v > 1, is the circle

{A: Al = [¢(ed)]}-
Proof. By Corollary 4.3, it is sufficient to prove that each point on the circle

belongs to the spectrum of Uy, ,. Let m be a fixed positive integer, then by Lemma 4.4,
we can find a iteration sequence {z;};25 such that

1

2edm

(1 — d(z, zj)2)K <
whenever k # j. Here K = (N — 1+ 7)/2. Let

K (- l5P)"
95 = T~ 0= )

Then for any k # 7,

a9 = (

Also we have

1

2etm’

(L= |z (X = |2/
11— (2, 2) 2

) " 2\ K
= (1 — d(zk, 25) ) <
sz,gjgj = Ujg5+1,

uj:m(l‘iw)f(.

1- |Zj+1|2

where

Since z; — e; as j — +00, by Lemma 4.5 we have

1 — |z]?

lim_Jus| = fi(e)] Lim (1_|¢(Zj)|2) — (el

Jj—+oo Jj—+oo
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Now suppose that |A| = |¢(e1)|. Then for any m > 0 we can find ny € N* such
that

1—-—< <1+ —
m m
for allm > N. Let
m—1
b = Aj9no+j>
j=0
where ag = 1 and a; = \™J H?@;B Upo+j for j=1,2,...,m —1. Then
1., 1
I<(1l+—)Y <14+ —)"<e.
al < (1+) < (14 )" <
Also
1., 1 1
I>1-—)Y)>1-—)">-.
al > (1=~ > (1= )" > -
So
m—1
||h ||2 hmvh Z ‘aj|2 - Z ‘aj1||aj2‘ ) ‘<gno+jlvgno+j2>|
Jj=0 J1#72
m—1 m
2 2,2 __
> 2 lal" = > g = 5
Jj=0 J175J2
However,
(C:Z,gp = A hin = MamGngtm = Gno)s
where

m
—m
Ay = A Huno+k.
k=0

Since |an| < (1+ )™ < e, we have

1(Cy o = ADhn || < AP (Jam|* + 1) < [b(en)P(e® 4 1).
So

||(C;Z,<p - A])hm||2 < ‘w(e >|2 62(62 + 1)
< )
[P 12 m
Thus, by letting m — 400, we conclude that A belongs to the approximate point
spectrum of C7, . O
Finally we treat the general case when the fixed point of ¢ is not necessarily e;.

Theorem 4.7. Suppose ¢ € Aut(By) has no fixed point in By and a is the
only fixed point of ¢ on Sy. Let ¢ € A(By) be bounded away from zero.Then the
spectrum of Cy,, on either H*(By) or A%(By) is the circle

{A: (Al = [¢(a)[}.
Proof. Let U be a unitary map that takes a to e;. Then p=UopoU lisan

automorphism of By that fixes e; only. Let 1 = 1 o U™}, then a same discussion
with Theorem 3.11 shows that Cy, is similar to C' 5. So

0(Cyp) = 0(Cpz) = A N = [dlen)]} = {A: A = ()]} B
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