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Abstract. For 1 < p < oo and 0 < s < 1, we consider the function spaces QF(T) that appear
naturally as the space of boundary values of a certain family of analytic Mobius invariant function
spaces on the the unit disk. In this paper, we give a complete description of the pointwise multipliers
going from QP'(T) to OQP>(T) for all ranges of 1 < p1,p2 < oo and 0 < s,7 < 1. The spectra of
such multiplication operators is also obtained.

1. Introduction

An important problem of studying function spaces is to characterize the pointwise
multipliers of such spaces. For Banach function spaces X and Y, denote by M(X,Y)
the class of all pointwise multipliers from X to Y. Namely,

M(X,)Y)={f: fgeY forall ge X}

If X =Y, we just write M(X,Y) as M(X) for the collection of multipliers of X. For
any g € M(X,Y), denote by M, the multiplication operator induced by g, that is,
M,(f) = gf. By the closed graph theorem, M, is a bounded operator. In this paper
we characterize the pointwise multipliers between a certain family of function spaces
on the unit circle. These spaces appear in a natural way as the boundary values of
a certain family of analytic Mobius invariant spaces on the disk [32| that has been
attracted much attention recently.

Denote by T the boundary of the unit disk D in the complex plane C. Let
H (D) be the space of all analytic functions on D and let H> be the class of bounded
analytic functions on D. For 1 < p < oo and s > 0, consider the analytic Besov type
space B,(s) consisting of those functions f € H(D) with

1/p
1 Nl ,05) = (/D|f’(2)\p(1— |Z\2)p_2+sdz4(2)) < o0,

where dA denotes the Lebesgue measure on D. A norm in B, (s) is given by |f(0)|+
| f1|B,(s)- For a € D, let
a—z

O-(I(Z)Z 1_629 ZGD,

doi:10.5186 /aasfm.2016.4113

2010 Mathematics Subject Classification: Primary 30H25, 30J10, 46E15.

Key words: Pointwise multipliers, Carleson measures, Blaschke products, Q?(T) spaces.

G. Bao is supported in part by NSF of China (No. 11371234). J. Pau was supported by SGR
grant 2014SGR289 (Generalitat de Catalunya) and DGICYT grants MTM2011-27932-C02-01 and
MTM2014-51834-P (MCyT/MEC).



200 Guanlong Bao and Jordi Pau

be a Mobius transformation of D. The space B, = B,(0) is Mdbius invariant in the
sense that || f oo, = || f|lB,, and B is the classical Dirichlet space. For s > 0 and
1 < p < oo, we denote by QP(D) the M&bius invariant space generated by B,(s),
that is, f € Q¥(D) if f € H(D) and

HfHQP(D = Slelg |fo aaH%p(s) < 0.

The spaces QP(D) are special cases of a class of Mdbius invariant function spaces
studied in [38| and coincide with F'(p, p—2, s) where F(p, q, s) is the family of function
spaces studied in [23]| and [32]. In particular, for s > 1 the spaces Q?(D) are the
same and equal to the Bloch space B (the “maximal” Mobius invariant space) which
consists of all functions f € H(D) with

1flls = 338(1 — 2P)|f(2)] < .

When p = 2, one has Q?(D) = Q4(D) the holomorphic Q spaces introduced in [4]
and widely studied in the monographs [30, 31]. In particular, Q;(D) = BMOA, the
space of analytic functions with bounded mean oscillation [11]. Essén and Xiao [9]
gave that if 0 < s < 1 and f is in the Hardy space H?, then f € Q (D) if and only
if f € Q,(T), the space of functions f € L*(T) with

R Sy oy V7 (S B (01
1y = sup e [ [ = EA ] < oc,

where |/] is the length of an arc I of the unit circle T (a version of these spaces for
several real variables was studied in [8]). If s > 1, Xiao [29] pointed out that Q4(T)
are equal to BMO(T), the space of bounded mean oscillation on T. For p > 1, via
the John—Nirenberg inequality (see [11, 14]), one gets

I srorm, = sup oo [ 17(6) = fiPlacl

where f; is the average of f over I, that is

1
fi = m/ff(é)\dﬂ-

In view of that it is natural to consider, for 1 < p < oo and s > 0, the spaces QF(T)
consisting of functions f € LP(T) such that

L[ Q= S
cr |1[* /I/I IC— 2 |dC||dn| < oo.

1.1 = su
(L1) | £ gy = sup

A true norm in Q¥(T) is given by ||f[l..or(r) = || fllze(r) + || flloz(r). We are going
to study these spaces, and we will see that if f is in the Hardy space HP, then
f € 9¢(D) if and only if f € QP(T). Also, we give a complete description of the
pointwise multipliers M (QP*(T), Q?*(T)) for 1 < p1,p2 < oo and 0 < s,r < 1.
It is worth mentioning that Stegenga [24| characterized the multipliers of bounded
mean oscillation spaces on the unit circle (see also [17]), and Brown and Shields [5]
described the pointwise multipliers of the Bloch space. A characterization of the
pointwise multipliers M (Qs(D)) was obtained in [18] proving a conjecture stated in
[28]. See [10, 17, 22, 25, 27, 35| for more results on pointwise multipliers of function
spaces.
The following is the main result of the paper.
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Theorem 1.1. Let 1 < py,p2 < 0o and 0 < s, < 1. Then the following are
true.
(1) If p1 < pg and s < r, then f € M(QP'(T), QP*(T)) if and only if f € L>(T)
and

L2\ LR = Sl
(12) s 7 (o) [ aclan < e

ICT
(2) Letp; > po and s <. If% > 117;2’", then f € M(QP(T), Qr2(T)) if and only
if f € L*(T) and f satisfies (1.2). If% < 1});2’", then M(QP(T), Qr2(T)) =
{0}.

(3) If s > r, then M(QP(T), Q»(T)) = {0}.

Note that, when p; = ps = 2 and s = r, part (1) of Theorem 1.1 proves Conjec-
ture 2.5 stated in [28]. However, as seen in the proof, this conjecture is an immediate
consequence of the results and methods in [18].

Next we give an application. Let T be a bounded linear operator on a Banach
space X. The spectrum of T is defined as

o(T)={A € C: T — \F is not invertible},

where F is the identity operator on X. Allen and Colonna [2] gave spectra of multi-
plication operators on the Bloch space. In this paper, we also consider the spectra of
multiplication operators on QP(T) spaces. For f € QF(T), let R(f) be the essential
range of f. Namely, R(f) is the set of all A in C for which {¢ € T: |f({) — | < ¢}
has positive measure for every ¢ > 0. By [6, p. 57|, if f € L*(T), then R(f) is a
compact subset of C.

Theorem 1.2. Suppose 1 < p < o0 and 0 < s < 1. Let f be the symbol of a
bounded multiplication operator My on QP(T) space. Then o(My) = R(f).

The paper is organized as follows. In Section 2, we give some preliminaries as well
as basic properties of QP(T) spaces, such as inclusion relations or a characterization
in terms of Carleson type measures. The proof of Theorem 1.1 is given in Section 3.
Particularly interesting is the proof of part (3), where we are in need to use the results
of Nagel, Rudin and Shapiro [15], on tangential boundary behavior of functions in
weighted analytic Besov spaces. In Section 4, we prove Theorem 1.2, and in the last
section, we give the analytic versions of Theorems 1.1 and 1.2.

Throughout this paper, for a positive number A and an arc I C T, denote by
Al the arc with the same center as I and with the length A|I|. The symbol A ~ B
means that A < B < A. We say that A < B if there exists a constant C' such that
A< CB.

2. Preliminaries and basic properties

An important tool to study function spaces is Carleson type measures. Given an
arc [ on T, the Carleson sector S(I) is given by

I
S(I):{TCED:1—|2—‘<T<1, ¢el}.
T
For s > 0, a positive Borel measure p on D is said to be an s-Carleson measure if
p(S))

cr |1
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When s = 1, we get the classical Carleson measures, characterizing when H? C
LP(D, u), where for 0 < p < oo, HP denotes the classical Hardy space [7] of functions
f € H(D) for which

sup M,(r, f) < oo.
0<r<1

2m 1/p
My = (g [ rtetpan)

By [4], 1 is an s-Carleson measure if and only if
1~ |af? )8
su —— | du(z) < 0.
o [, () 0

1f o oallg, ) I/D\f'(zﬂp(l—\le)”_z(l—|0'a(z)|2)3dA(Z)a

we can immediately see that f € QF(D) if and only if |f/(2)[P (1 — |2|?)P~*"* dA(2) is
an s-Carleson measure.

A function f € H(D) is called an inner function if it is an H*°-function with radial
limits of modulus one almost everywhere on the unit circle. A sequence {ax}2,; C D
is said to be a Blaschke sequence if

Here

Because

o

D (1= |ag]) < o

k=1

The above condition implies the convergence of the corresponding Blaschke product

B defined as

et lag| ar — =z
B = LA
(Z) I:fl;[l Qg 1—CL_kZ

We also need the characterizations of inner functions in Q?(D) spaces. Essén and
Xiao [9] characterized inner functions in Q(D) spaces. Later, Pérez-Gonzalez and
Réttya [21] described inner functions in Q?(D) spaces as follows.

Theorem A. Let 0 < s < 1 and p > max{s,1 — s}. Then an inner function
belongs to QP(D) if and only if it is a Blaschke product associated with a sequence

{zk}721 € D which satisfies that ), (1 — |z|)®0., is an s-Carleson measure, that is

supz (1 —oa(zk)?)” < 0.
aceD 1

The proof of Theorem 1.1 will also use the Rademacher functions {r;(t)}52,
defined by

1, 0<t<jg,
ro(t) = ¢ -1, +<t<l,
1
0, t: 0, 5, 1
ra(t) =1o(2"), n=1,2,---.

See [39, Chapter V, Vol. I] or |7, Appendix A] for properties of these functions. In
particular, we will use Khinchine’s inequality.
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Theorem B. (Khinchine’s inequality) If {c; }3>, € (2, then the series >, | cxri(t)
converges almost everywhere. Furthermore, for 0 < p < oo there exist positive con-
stants A,, B, such that for every sequence {c;}32, € ¢* we have

0o 5 1] o p 00 5
A, (Zm?) < [ D amn()| dt< B, (Zm?)
k=1 k=1 k=1

For 1 < p < oo and 0 < s < 1, the following result shows that we can regard
QP(T) as a Banach space of functions modulo constants.

Lemma 2.1. Let 1 < p < o0 and 0 < s < 1. Then Q?(T) C BMO(T).
Furthermore, QP(T) is complete with respect to (1.1).

Proof. Let f € QP(T). For any arc I C T, it follows from Holder’s inequality

that
zt Zt 20
‘]|/|f f1|dt ‘]|2//|f )|d9dt
|f )| 1/p
<|[‘ // ‘elt_euﬁ)‘Q S dedt) ,

because |e — €| < |I] when e and ¢ are in I. Thus QP(T) € BMO(T) with
| fll Baro () per)- Now let { f,} be a Cauchy sequence in Q(T). Then it is also
a Cauchy sequence in BMO(T). Hence f,, — fin BMO(T) for some f in BMO(T)
and there exists a subsequence {f,,, } C {fm} such that limy_,o fin, (€?) = f(e), for
a.e. e € I. By Fatou’s lemma, it follows easily that

which implies that f,,, — f in QP(T). Since

1fi = Fllozery < [ fim very + | fn — fo
this finishes the proof. O

s(T)»

2.1. Characterizations of QP(T) spaces. To prove our main results in this
paper, some characterizations of QP(T) spaces are necessary. Given f € L'(T), let
f be the Poisson extension of f, that is,

1

21 Jo

-2

|619 _ Z|2

f(z) = f( iy - —1F_4p . eD.

We will characterize OQF(T) spaces in terms of Carleson type measures. Before doing
that, we state and prove some auxiliary results.

Lemma 2.2. Supposep > 1 and 0 < s < 1. Let f € LP(T) and let F € C'(D)
with lim, F(re“) = f(e") for a.e. " € T. For any arc I C T, we have

|f _ 20)‘17 < D 2\p—2+s A
\6 —é \ S(31)

In particular, if [VF(2)|P(1 — |2|*)P72**dA(z) is an s-Carleson measure, then f €
().

Proof. We use an argument used in [16] and [3, p. 1294]. After a change of
variables, it is easy to see (it is done in the same way as in [16] or [30, Chapter 7|
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where the case p = 2 was obtained) that

[ Mg e [ [ senran)a

For any arc I with [I| <  and t € (0,]I]), set 7 = 1 — . Then

() = f(e)]
}f 9+t F(Tei(e—l—t))‘ + ‘F(rei(9+t)) _ F(mw)} + ‘F(mie) _ f(eze)‘

t 1
< / |VF (29| da + / |VF (re! )| du + / |VE (ze)| da.
r 0 r

Since p > 1, we can use Minkowski’s inequality to obtain

/ F(EOD) — f(e®)rdo < < / 1 ( /I IV F (i) de) v dx)
+ ( /0 t < /I |VF(rei<9+“>)\pd9) " du)p+ ( / 1 ( /I |V F(ze?)|P de) " d:c)
< (/1 (/3 |V F(zé' )|”d9) i dx>p+ (/Ot (/I|VF(rei<9+“>)|pd9> " du)p

= (1) + (J2).
For p > 1 and 0 < s < 1, applying the Hardy inequality (see [26, p. 272|) gives

p

p

p

/0'” t21—8 (Jl)dt:/ol 2 (/ (/ IVE(d Z9)|pd9) " dy) dt

() [ ([ -wora)
= (163) /1|I| (/ VF (el )\pde)( )P dg

< / o [FFEPO ey da)

We also have
p

[ hsesf [ fea
= [ ([ rori - nenpas) a

< / o [TFCP— =2 dAG)

Combining the above estimates, we obtain the desired result. 0

We also need the following result which is a generalization of Stegenga’s estimate
in [25].

Lemma 2.3. Forp >1and 0 < s < 1, let f € L’(T) and let I, J be two arcs
on T centered at % with |.J| > 3|I|. Then there exists a constant C' depending only
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on p and s such that

[, [FFRP = ey aac)

£(e®) — f(et))? iy ’
0 p 0 .
// |e’9 —e’tl2 e+l (/|t>;|J FEE) - 1lE ) ]

Proof. Without loss of generality, one may assume that 6, = 0. Following
Stegenga, we let ¢ be a function with 0 < ¢ < 1 such that ¢ =1 on %J, supp ¢ C %J,
and

<C

|6i€ _ 6it|

(2.1) [6(e”) — ¢(e)] S 7]
for all 6, ¢t € [0, 27). Now we write

f=U—fo+(f=f)A=0)+fi=fi+fat fo

Since f3 is constant, we have Vﬁ, = 0. For z = re' in the Carleson box S(I),

N LS| iy
VRGNS [ G S [, 50

and hence

R | AN
[ IVEEPQ -y aae) s jipe ( [CGE fJ|t—§> .
S(I) t|>%]J]|

For the integral over S(I) of |Vfl|p, replacing S(I) with the unit disc D and using
Proposition 4.2 in [3], we obtain

/ VAP = 2P+ dA(2) //WﬁWh%MZJVwﬁ

26 26 it
/ /’|ﬁ9 i@ ww+/ /’ LAle 9-% W a0t
67’9€J ezt cJ ‘62 - €Z ‘ s 67’9€J 6”6 7 ‘61 _ el ‘ S

29 it\|p
/ / ) = D a1+ T
eitgJ 6296 J

620 _ ezt|2 s

For estimating 77, we see first that, due to the condition (2.1), for ¥, e € T,
[f1(e) = fule)] S ) = feD)] + [T e — e[ £ (") — f41.
By Hoélder’s inequality, we deduce that

f Zt f p 1 ; . e
|J|p//|Lz€_6zt|2 Li|p dt:w[]|f(et)—fJ|p /J|69—6t|p 254 ) dt
1

(") — fylP dt

1—5
|f )P
// |629 _ ezt|2 s d dt.
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£ (€’ e)[?
T < )
/ / |62€ _ ezt|2 s d@ dt

For Ty, using that f(e® ) =0 for € ¢ J, one gets

26 it p zt p
e‘%J ete2] |el _6Z| - eing eite2] |62 —€Z| o

B Pt < fle i do dt.
N ‘J|l s |f f | |€z€_ezt|2 s

The estimate of T3 is similar to T5. The above inequalities implies the lemma. U

Thus,

The following theorem characterizes QF(T) spaces in terms of Carleson type
measures. [t generalizes the corresponding result of Q,(T) spaces in [16].

Theorem 2.4. Let p > 1 and 0 < s < 1. Suppose f € LP(T). The following
conditions are equivalent.

(a) f e QUT).

(b) [Vf(2)P(1 - |z| )p_2+SdA(z) is an s-Carleson measure.

s >\p( 1 Jaf? )
s [ f G C > \C—ally—a]) 19Clidnl < oo

Proof. We first show that (b) is equivalent to (c¢). By Proposition 4.2 in [3], one
gets

22 [1vRepa-Errraae < [ [T

for all f € LP(T). Note that m = f o g, for any a € D. Replacing f by f oo, in
the above formula and making a change of variables, we get

/ VRGP - |z|2>p-2+8 i LIl RS
|1 —az|?
2 2 zt 2 s
e W 1-lal
/ / 620 6“"2 s |1 _ a€i€||1 _ aeit| d@ dt

This gives that (b) is equivalent to (c).

By Lemma 2 2, we see that (b) implies (a). Next we verify that (a) implies (b).
Let f € Q¢(T). Then fis alsoin BMO(T) by Lemma 2.1. For an arc I centered at
e let J = 3I. Then Lemma 2.3 gives

/ VFEP — 22+ dA(2)
S(1)

p
f S % dt
< [ [LD T vy ([ e - i)
[t1>3]J]

Since, by [30, p. 71],

|J| |f () — fJ|t2N||fHBMO (T)s

[t|>2]J]

we have

sup

1 Dy —2+4s
8/ IVF)P(Q = 2P~ dA) S 1 f e ery + 1 pmomy-
et 11 Jsn
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The proof is complete. O

If p>1and 0<s <1, then Q/(D) C BMOA C H?. Thus functions in Q?(D)
have boundary values. As noticed before, an analytic function f belongs to Q?(D)
if and only if | f/(2)[P(1 — |2]?)P~2™*d A(z) is an s-Carleson measure. Combining this
with Theorem 2.4, one gets the following result immediately.

Corollary 2.5. Let p > 1 and 0 < s < 1. Suppose f € H'. Then f € Q?(D) if
and only if f € QP(T).

Remark 1. Let p > 1 and 0 < s < 1. We say that f € L2 if f € LP(T) and
2T 2 19
(e P
11, _/ / | |6n 62(9'2 O 4t < oo,

The condition (c) of Theorem 2.4 gives that f € QP(T) if and only if

sup || f o oql|z < co.
aeD

Thus if we set
[ f[llozery = sup || f o oall e,
aceD

then QF(T) is a Mobius invariant space in the sense of that
AWl ezery =

for any f € Q(T) and a € D.

2.2. Inclusion relations. Applying Theorem 2.4 and Corollary 2.5, we can
obtain a complete picture on the inclusion relations between different QP('T') spaces.

s(T)

Theorem 2.6. Let 1 < py,ps < oo and 0 < s,r < 1.
(1) If p1 < po, then QP*(T) C QP2(T) if and only if s < r.
(2) If p1 > pa, then QP (T) C QP2(T) if and only if% > =T

P2
Proof. We first consider the inclusion relation between the analytic spaces QP (D)

and QF?(D). Note that QF'(D) is a subset of the Bloch space B. Let f € QP*(D). If
p1 < pg and s < r, then

Sup/ [F/ ()12 (1= [2)272 (1 = |ou(2)?)" dA(2)

aeD JD
< Il sup / PP (L= 22772 (1= [ou(2)2)° dA(2),

which gives QF'(D) C 9P2(D
By [34, Theorem 70], 1f p1 > pa, By, (s) € By, (r) if and only if % > %. Note
that f € Q'(D) if and only if

sup || f o oa — f(a)llB,,s) < 0.
aeD

Thus QP (D) C QF*(D) for p; > py and % > %.
For s > r, it is easy to construct a Blaschke sequence {z;} satisfying that >, (1—
|2])%02, is an s-Carleson measure and ), (1 — |z|)"6,, is not an r-Carleson measure

(see Lemma 3.3 where such a sequence is constructed with even more properties).
Applying Theorem A, we get that the corresponding Blaschke product B satisfies

B e Q'(D)\ Q*(D).
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Let =5 < %. By [32, Theorem 5.5, the lacunary series

p1

)= D 2T € orp)\ or(D)

If py > ps, s < r and 5 = the lacunary series

Z 2"
=0
Therefore, if p; < py, then QP'(D) C OF*(D) if and only if s < r. If p; > po,
then OF'(D) C O*(D) if and only if % > 117;2’". Hence it is enough to prove that
the inclusion relations between QF'(D) and QF?(D) are the same as the inclusion
relations between QF'(T) and QF?(T).

Suppose QF'(D) C QF2(D). Let g € QP (T). Without loss of generality we
may assume that g is real valued. Denote by ¢ the harmonic conjugate function of
g. Set h = g+ ig. The Cauchy-Riemann equations give |Vg(2)| = |h'(z)|. Then
Theorem 2.4 shows that |1/(2)[P*(1—|z|?)P*~2**d A(z) is an s-Carleson measure. Thus
h € Qr(D). So h is also in QP2(D). Then |V§(2)[P2(1 — |2z[*)P22"dA(z) is an 7-
Carleson measure, that is ¢ € QF?(T). Hence QP'(T) C QP*(T). On the other
hand, if QP*(T) C QF2(T), then Corollary 2.5 shows QP (D) C QF2(D). The proof
is complete. O]

=0
=r
P2

Wk e Q(D)\ QD).

Remark 2. If 1 < p; < p < o0, O<7‘<s<1and1S>p—;,1tlseasyt0

check that any lacunary series in Q' (D) must be in QP?(D), but Q?*(D SZ or:(D
Thus we are in need to use inner functions to determine the inclusion relation in the
proof of Theorem 2.6.

2.3. Logarithmic Carleson type measures. Let « > 0 and s > 0. A positive
Borel measure ¢ on D is called an a-logarithmic s-Carleson measure if

sup

sup ]1|S <log |27|) W(S(D) < oo.

By [33], 1 is an a-logarithmic s-Carleson measure if and only if

2 “ 1—|a®*\*
1 —_ d < 0.
2‘58<0g1—\a|2) /D(u—az\?) plz) < o0

Condition (1.2) in Theorem 1.1 can be described in terms of a-logarithmic s-Carleson
measure as follows.

Lemma 2.7. Let 1 < p < oo and 0 < r < 1. Then the following conditions are

equivalent.
D 1) < oo

1 1£(0)
1 NS/ J NI/
ICTw( gm) // C— nl”

(1) sup
(2) \Vf(z)|p(1 — |2|?)P~*" dA(z) is a p-logarithmic r-Carleson measure.
Proof. For an arc I C T, by Lemma 2.2, we have

FO) — F)P? S L AL
/I / LT aglan) < / o [TFP L 7 aa),

Thus (2) implies (1).
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Let (1) hold. Without loss of generality, let I be any arc centered at 1. Then

26 zt P < |I‘2
|f )|P dO dt ST

Combining this with Holder’s inequality, we deduce that

1 ) 1 ) 1/p
e - sas < (- 16 - s de)
1/p 1
29 zt p <
< (i [ [ - repanan) 5 e

Let J = 31. Using the above estimate and a same argument in [28, p. 499], we get

1
) =% ——
/|tz§|J t2 ™ |Ilog 7
Combining this with Lemma 2.3, we get that (2) is true. O

We also need the following result from [20].

Lemma C. Let p > 1 and s > 0. Let pu be a nonnegative Borel measure on D.
If p is a p-logarithmic s-Carleson measure, then

/ P du(=) S 71
D

for all f € By(s).

Now we are ready for the proofs of the main results of the paper.

3. Proof of Theorem 1.1

3.1. Proof of part (1). Assume first that f € M(Q(T), Q¥*(T)). Set
hy(z) =log =, w € D. From [20, Lemma 2.6],

sup [l 021 ) < o0
weD

for all 1 < p; < oo and 0 < s < 1. This together with Corollary 2.5 shows that
hw(e?) = log =2 belongs to QF'(T) uniformly for w € D, and hence the same
is true for g, = Reh,. For any arc I C T centered at ¢ with |I| < 1/3, take
a = (1 —|I|)e. Then g,(e?) ~ log% for all ¢ € I. Since f is a pointwise
multiplier, then fg, € QP*(T) and it follows by Lemma 2.1 that fg, € BMO(T).
By [24, Lemma 2.6],

1
a d a < a P
1 [ 1©0016] £ ol oo S i ey

Thus
1
1 / FOIC| < 5D gall gz ) < 00,
‘I| I acD

which shows f € L>(T).
Since

Gal€)(F(e) = F()) = (@) F(€") = ga(€®)F(€) + F(E) (ga(e”) = gule)),
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we get

|94 (") — f(e”)|
Tk // 629_6n|2 = d dt < 1|gaf gz iy + 117 oy 190l Gor (-

Note that g,(e??) =~ log 2 77 for all e’ € I. Thus
29 D2 IIr
//|f|6z€_ezt|2 2| dedt's | |2 p2>
(log m)
which gives (1.2).

Next, suppose that f € L>°(T) and (1.2) holds. We need to show f € M(Q?'(T),
Qr2(T)). The proof of this implication is based on a technique developed in [18§]

(see also [20]). By Lemma 2.7, |V f(2)[P(1 — |2[2)P2=2" dA(2) is a ps-logarithmic
r-Carleson measure. Thus

2 " ()P (1 = 22221 = |oa(2)[?)" z) < 00
sup (log 121 ) [ IVFRPL= BP0 - o)) dAG) <

aeD

For all g € QF'(T), we need to prove gf € QF?(T). Since ]? g is an extension of gf,
by Lemma 2.2, it is enough to prove that

I/D}V(fﬁ)(Z)}pz(l—\le)pﬂ(l—|Ua(z)|2)TdA(Z) <C

for some positive constant C' not depending on the point a € D. Using Theorem 2.4,
we have

a) S /D TPV (1 = 217772 (1 = |ou(2) ) dA(2)
+ /D VFP (G (1 = [217)772 (1= o (2) ) dA(2)
S A ey - N9 Gee oy /D\VJ?(Z)\’”@(Z)V’QG— 27721 = |oa(2) )" dA(2).

If p < py and s < r, Theorem 2.6 gives QP'(T) C QP2('T), and by the closed-graph
theorem, [|g||gr2(1) < [l9ll gr1 (1) for all g € QF'(T). Hence, we have

I{a) S W1 cr) - N9l e oy +/D|§(z)|p2 VF(2)P2(1 = 22272 (1 = |ou(2)P)" dA(2).

Without loss of generality, we may assume that ¢ is real valued. Let g be the
harmonic conjugate function of g. Set h = g + ig. The Cauchy—Riemann equations
give |[Vg(z)| = |h'(2)|. Then h € QP*(D) C QF*(D) and |g(2)| < |h(z)|. Hence

/D GV I (1= (2P (1= |ou(2)P) dA(2)
< /D [R(2)P [V F(2)[P (1= |22 (1 = Joa(2)]*)" dA(2)
5/ [R(@)[P [V ()72 (1= [2*)7 (1 = |ou(2) ) dA(2)

/ [h(2) = h(@)|”* [V ()7 (1 = |2[*)77 (1 = |ou(2) )" dA(2)
=~ T1 —|—T2.
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Since QP'(D) is a subspace of the Bloch space B, then any function h € QF'(D) has
the following growth:

Ih(=)] < Ihls log
for all z € D. Thus
T, < sup (1og — |) / VFEIP(L = 2721 = |oa(2)2) dA(z) < o0

aeD

2
12|

2
S l[hllgpr oy log
1—|z] -

Applying Lemma C, we see that

7= 1=y [ PR v e da

(1—az)m
5(1—|a|2>7”<|h<o> b+ | ("i%ﬁ)”)
S lapy il (s 2 )+ [P BP0 o)y aaG)
o [ e |z|2>m—2<1 ~ ()Y dAG:)

< ||h||Qp1(D /D |h(|i)__ahz(|z2)|p2 (1= [2[)P272(1 — |oa(2)]?)" dA(2).

By |20, Proposition 2.8], one gets
h(z) = ha) ) r
/D 1= azlr (1= =222 (1 = Jou(2)P)" dA(2) S 1Al -

Combining the above estimates, we obtain

p2

p2

(1 — [z dA(Z))

sup I (a) < oco.
aeD

Thus f e M(Q¢(T), Q7(T)).

3.2. Proof of part (2). Let p; > p, and s < r. If 1 -2 > p‘;, Theorem 2.6
gives the inclusion QP'(T) C QF?(T). Hence

M(QP(T), @ (T)) € M(Qy(T), Q*(T)).

Checking the proof in (1), one gets that f € M(QF(T), QP(T)) if and only if
f € L>(T) and f satisfies (1.2).

In case that % < 1});2’", as has been observed in the proof of Theorem 2.6, there is
a lacunary Fourier series in QP'(T)\ QF?(T). Then we get M (QF'(T), Q*(T)) = {0}
as a consequence of the following result.

Lemma 3.1. Let 1 < py, ps < oo and 0 < s, r < 1. If there exists a lacunary
Fourier series g(e) = 3.°° ape®? € Q(T) \ Q7(T), then M(QP(T), Q»(T)) =
{0}.

Proof. We adapt an argument from [10]. By Corollary 2.5 and the lacunary series
characterization of QP' (D) spaces in [32, Theorem 5.5, we see that

gl gy = D lanl? 28079 < o0
k=0
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and
Zlaklpz k1) —

Let {74 (t)}32, be the sequence of Rademacher functions and consider the function

— Zrk(t)akzzk, 0<t<1.
k=0

Then g, € QP'(T) with ||g,
For any a € D, we have

/ Lo f,a) db ‘/ // = |< n|2 ) (Cla_qji2)rled77dt
///If gtIC 77|§ T)gt( n)| <|< aHI;t\ |)T dc]|dn] de
[ Ot (Y,

Hence, using Fubini’s Theorem, we obtain

[ s [ 1,
L E n|2r|p2 (f wtorear) (s =) e

Since f € M(QF(T), Q2*(T)), then || fgellgr2(r) S llgllgrr(ry- Also, by Khinchine’s
inequality

)- Suppose f € M(Q¢(T), Q*(T)).

P2

1 o8] 2
/0 |ge(n) [P dt = (ZlakF) ~ gl S
k=0

because QF'(D) C H?. Combining these estimates with Theorem 2.4 we have

1
(3.) | 10t S Ly + N0y 17y <
0

because, as 1 € QP'(T), then f = f-1 € Q(T).
Now, if f # 0, then there exists a positive constant C' such that

(3.2) /0 ’ |f(e?)]do > C.

Fubini’s theorem and a change of variables give

1 27 dh 27 ] 1 ) )
[ aatsoraes [T [T iseas [ late?) - gt a
0 o M Jo 0

Applying Khinchine’s inequality again, we see that

P2
2
/ |gt 20 t 9+h ‘pgdt <§ :|ak‘ |1 22kh|2) )
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Hence, by (3.2),

/1 L0 dtm /27r (Z/;“io |ak|2|1 — ez‘2kh|2> 2 " /27r e ds
0 0

=T

2T
N/ﬁih/w ) gy (O P,
0o h*T

for any 0 € [0, 27). Thus, using (2.2) and the Khinchine inequality, we have

/ 10.(1,0) dt>/%,f§T/ /\g ) = (e dt d
N
< [ [ @ - e i) a
zL(A@@%@u—MWH“Mm

zLMMMﬁWO%%W*WMA

Since ¢'(z) is also a lacunary series, it is well known that Ms(|z|,¢") = M,,(|z|,¢)
(see [39] for example). Hence

[ it 0dez [ 00907 0= By aac)
/w (1= 2 dae)

szww“:

This contradicts (3.1). Thus M(Qf;’l( ), QP(T)) = {0}. O

3.3. Preliminaries for the proof of part (3). Lemma 3.1 shows that
M(QP(T), QP2(T)) is trivial for a wide range of values of the parameters p;, s,

po, 7. However Lemma 3.1 miss the case that p; < ps, s > r and % > 117;2’". In

this case, QP*(T) ¢ QP*(T), but any lacunary Fourier series in QF'(T) must be
in QP>(T). Thus, we are in need to look for another method to determine that
M(QP(T), QP2(T)) is trivial in this case. We are going to use the tangential bound-
ary approximation results of Nagel, Rudin and Shapiro [15] in order to handle this
case.

Given ( € T and a > 1, let

P(¢) = {z € D: [1 = 2| < a(l — |2])}

be a Stolz angle with vertex at (. If f € HP, then its non-tangential limit exists
almost everywhere. Namely, for almost every ¢ € T, the limit

f(€) = lim f(z)
2€Ta ()

z—(

exists. In order to handle part (3), for every ( € T, we need to construct a Blaschke
sequence {ay} converging to ¢ in a way that the associated Blaschke product is in
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or (D) \ @»(D). In view of Theorem A, >, (1 — |ag|)®d,, must be an s-Carleson
measure, but Y, (1 — |ag|)"d,, can not be an r-Carleson measure. According to [13]
this is not possible if the sequence {ay} converges to ¢ non-tangentially.
For ¢ > 0 and § > 1, consider the region
)

Then Q5.(0) touches T at ¢ tangentially. We say that a function h, defined in D,
has Qs-limit L at e if h(z) — L as z — € within Qs.(6) for every c. Nagel, Rudin
and Shapiro [15] obtained the following result.

p—10

sin

Q5.(0) = {rew eD:1-r>c

Theorem D. Suppose 1 < p < oo, f € L’(T), 0 < a <1, and
1 s 0 do
h(z) / _J(e)dh z € D.

~or (1= eiz)ia’

Ifap <1 and § = 1/(1 — ap), then the Qs-limit of h exists almost everywhere on T.

For f € R and 0 < p < oo, the Hardy—Sobolev space H g consists of analytic func-
tions f in D such that D°f € H?, where f(z) = Y -, axz" is the Taylor expansion
of f and

DPf(z) = (1+ k) apz".
k=0
Proposition 3.2. Let 1 < p < oo and 0 < s <t < 1. Suppose h € B,(s). Then
the €y ;-limit of h exists almost everywhere on T.

Proof. By Theorem D, it is enough to show that there exists f € LP(T) with
1 g 0 do
h(z) = / UG z € D.

o), (1-— e‘iez)l_%’

Thus we only need to prove that h € HY_,. Note that [36, Theorem 2.19]

P

/D ‘DH%h(z)‘pu—|z\)P—1+8—tdA(z)z /D B ()P (1 = |2)P2+* dA(2) < oo.

Thus D7 h € B,(1+ s —t). Since s < t, then 1 + s — ¢ < 1 and therefore B,(1 +
s —t) C HP (see [3, Lemma 2.4] for example). Hence we get h € HY_,. The proof is

p

complete. O

In case that p < 2, it is known [12] that one can take t = s in Proposition 3.2.
The following construction will be a key for the proof of part (3).

Lemma 3.3. Let 0 <7 <s<1and0 <t < 1. For every ¢ € T, there exists
a Blaschke sequence {ax}32, satisfying the following conditions.

(a) € is the unique accumulation point of {ay}.
(b) {ar} € Qi/1c(0) for some c > 0.

(c) > (1 — |ag|)®0q, is an s-Carleson measure.

(d) > (1 — |ag|) 0, is not an r-Carleson measure.

Proof. Set
ay = (1—k—%> Gt f=1,2,-
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where € > 0 is taken so that

r(l1—1t) <e <min{r,s(1 —1)}
and )

O, =k = +0.

Clearly, {a)} is a Blaschke sequence and e? is its unique accumulation point with
{ar} € Q4.(0) for some ¢ > 0. To prove that ), (1 — |ax|)®d,, is an s-Carleson
measure, it is enough to consider sufficiently small arcs I C T centered at . Since
e < s(l—t) < s, we deduce that

S a-jahr ¥ owix ¥ —m/(l)%x—zdmuzf

ar€S(I) _pl< £ 1]
0k —01<3 k()

which gives that >, (1 — |ag|)®0,
r(1—t) <e <r,one gets

1—
Z A= lad)” m/ xsdx~|l|t "— o0, as|I|—0.
()

apeS(I) ‘]|T
k

. is an s-Carleson measure. On the other hand, for

Thus (1 — |ag|)"d,, is not an r-Carleson measure. The proof is complete. O
We also need the following estimate.

Lemma 3.4. Let 1 < g <ooand 0 <r < 1. Let f € LYT) and S an inner
function. For a € D,

= [T (= SGID (= 2D7 (1 = lon(a)) dAG:)

<)), = |||<S - T(nmq<|ci;u‘§|ia\)w|d<|ldm-

Proof. We first consider the case a = 0. Using Fubini’s Theorem, we see that

o= [1rar ([ 1 K'S(Z@') (1= ) dA) ) o
/\f (/ el |§)' (L= ) dA)) lacl

~p
S0 = SEI" < [ 150 = S =gl

Consequently, by the estimate [17],

1— |7 1
JA() < ——
/|<—z|2|n—z|2 e

//(/ K_lz_Hf,' Z|2dA(z)) 1£(O121S(C) — S(n)||dn||dC]|

7 S
That iS,

/DW(z)(l—M)( ~ ey 2aag 5 [ MECEOZ S0 0100,

¢ — nP r

Note that

we have
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Replacing f and S by f oo, and S o g, in the above inequality respectively and
changing the variables, the desired result follows. ([

3.4. Proof of part (3). If s > r, for any ¢ € T, we take the sequence
{ar}2, € D constructed in Lemma 3.3, and let B be the corresponding Blaschke
product. Then Theorem A shows that B € Q*(T). If f € M(QP*(T), QP>(T)), then
fB € QF(T) and

Tl <>>|p2( ~af )
ap [ [ |< n|” C—ally—a]) 1%l

S I/ BIG

QPQ + ||f’ sz(T < 0.
Then Lemma 3.4 gives
sup [ [P0 = 1BED1 - 1) (1 = (2 dAG) < o0

Since the sequence {ay} is Carleson-Newman, that is,

o0

sup Y (1= |oa(ar)?) < oo,
aceD =1

we have (see [3, p. 1292], for example) that

<1—\B<z>\>mz(z(1—|o—% ) >3 (-, €D,

k=1 =1
This gives
(33 2282 [ TTPE) (= o ()™ (=) (= () dAC) < o

where E(a,) = {w € D: |o,, (w)| < 1/2} is a pseudo-hyperbolic disk centered at ay.
It is well known that

(L= [2*)* = |1 = apel” = (1= Jaxl*)”
for all z € E(ay). Furthermore, by [37, Lemma 4.30],
1—|oa(2)]* = 1 — |oa(ax)l?
for all @ € D and z € E(ag). This, (3.3) and subharmonicity yield
sugz [F1(ar)) (1 = |ou(ar))" < oo.
ae

Since
o0

sup » (1 — |oa(ax)])" = oo,
aeD b1

this forces \/f\|(ak) — 0. Note that |f| € QF(T) and limy_ .o ar = €. Then

= |f| +i|f| € Q(D) C B,,(r) because of Theorem 2.4, since the Cauchy-
Riemann equations give |¢'(2)| = |V(|f|)(2)|. Take ¢ > r in Lemma 3.3, and apply
Proposition 3.2, to get

(L1 + il D)) = lim ([] + il f1) ()
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for almost every ¢ € T. This implies

|/f\|(ei9) = klim |/f\|(ak) =0 aec ¢?cT.
—00

If we take the normalized m with m( ) = 0, then the analytic function | fl+ Z| f|
vanishes on T almost everywhere. Hence | fl+ z| f| vanishes on the whole disk. Then

\f|( ) =0, z € D. This implies f(¢) = 0 for almost every ( € T. The proof is
complete.

4. Proof of Theorem 1.2

Let f be the symbol of a bounded multiplication operator My on QF(T) space.
If X\ & o(My), then M; — AE is invertible. Clearly, the inverse operator of M; — AE
is M A By the open mapping theorem, M . is also bounded on QF(T), and

Theorem 1.1 gives f_L/\ € L>=(T). Then
‘ 1

=5 <y e e

—1
L°°(T)>
has measure zero. Thus A & R(f).
Conversely, let A € R(f). Then there exists some positive constant 0 such that
the set {¢ € T: |f(¢) — A| < 0} has measure zero. Hence

1
fQ—=A7 6
Thus My — AE is injective. Using f € M(Q?(T )) and Theorem 1.1, we obtain

Namely, the set

CETwﬂO—Aw:GHT};

a.e. (€ T.

p

o
1 dl|ldn| <
?£u|<gm)// [dclldn] < oo.

Applying Theorem 1.1 again, one gets ﬁ € M(Qf;’( )). Then for any g € Q?(T),

we obtain %5 € QF(T) and

(My = AE)—— =9

f A
Then M; — AE is surjective. Thus M; — AE is invertible and hence A & o(Mjy).

5. The analytic version of Theorems 1.1 and 1.2

Theorem 5.1. Let 1 < py1,p2 < 0o and 0 < s, < 1. Then the following are
true.

(1) If pp < py and s < r, then f € M(Q(D), Qr*(D)) if and only if f € H*®
and

1 |f(C) = f(n)[r
(5.1) %&w(muo // g lldn] < co.

(2) Let py > py and s <. Iff > = thenf € M(Qr' (D), QP2(D)) if and only
if f € H® and f satisfies (5.1). If1 § < 1 , then M(QP'(D), 9P2(D)) = {0}.
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(3) If s > r, then M(Q?' (D), Q2*(D)) = {0}.
Proof. Just follow the proof of Theorem 1.1. Now we give a different proof of (3)

using zero sets. Set
1 0
Zn—<1—m)€ s n—2,3,-~-,

11
4= =23,

By [19, Theorem 8, >~ (1— \zn\) -, 1s an s-Carleson measure. Also, since Y >~ (1—
|zn|)t = 00, it follows from the proof of [15, Theorem 5.10] that {z,} is not a zero set
of B,,(r) (look also at the proof of Proposition 3.2). Let B be the Blaschke product
with zero sequence {z,}. Then B € Q?*(D) \ or*(D). If f € M(Q2 (D), Qr*(D)),
then fB € QP*(D) C B,,(r). If f # 0, then there exists an inner function S and an
outer function O such that f = SO. By |1, Proposition 4.2|, OB € B,,(r). Hence
{#,} is a zero set of B,,(r). This is a contradiction. Thus f = 0. O

Next we prove the analytic version of Theorem 1.2, without using Theorem 5.1.

where 7 < t < s and

Theorem 5.2. Suppose 1 < p < oo and 0 < s < 1. Let f be the symbol of a
bounded multiplication operator My on QP(D) space. Then o(M;) = f(D).
Proof. Let A € f(D). Note that My — AE = M/;_,. Clearly, M;_, is not
invertible. Thus A € o(M;). Since o(M;) is compact, we get f(D) C o(M).
Let A ¢ f(D). Then there exists a positive constant C' such that
inf lf(z) =\ > C,

which shows g(z) = +— € H*. Thus My — AE is injective. Clearly, f € H*. For
any h € QP(D), f h ( ). Consequently, for any a € D,

/ 9z )P~ Joul2)])* dAC2)

M — 2P = |ou(2)])* z
f() Apr (L 12D = loa(2)]) dA)

o |
/ FEREP = P21~ ()] dA(2)
S 1l + /D SR = P21~ ()] dAC)

oy + I I

Thus gh € Q2(D). Then we get g € M(Q2(D)). It follows that M;—\E is surjective.
Hence X & o(Mjy). The proof is complete. O
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