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Abstract. In this paper we study gradient Ricci-harmonic soliton metrics and quasi Ricci-
harmonic metrics (both metrics are called Ricci-harmonic metrics). We establish several formulas
for these two metrics. Then we can show that any compact expanding or steady gradient Ricci-
harmonic soliton metrics are trivial in the sense that f is a constant function, now the metric
is harmonic Einstein. Rigid properties for the compact quasi Ricci-harmonic metric will also be
proved. We derive the lower bound estimates of the scalar curvature for these two metrics in the
noncompact case. Based on which we get the estimates of the growth of the potential function and
the bottom of the L?»—spectrum. Eventually, we discuss the diameter estimate on the compact case.

1. Introduction

Let (M™,g) and (N™,h) be smooth Riemannian manifolds without boundary.
We assume that N is isometrically embedded into some Euclidean space (N" h) <
R? for d large enough [29]. As in [23, 24|, we identify maps ¢: M — N with
eyog: M — Reif ey : N — R denotes above embedding. Hence ¢ can be rewritten
as ¢ = (¢*)1<xr<a- It is well known that harmonic maps ¢: M — N are critical points
for the energy functional [10]

E(9) = /M VoL v,

where by using the Einstein convention, in a local coordinate system, |V¢|? =
gV ,;¢*V ;¢ denotes the local energy density.
In |23, 24], Miiller introduced the following Ricci-harmonic flow

dig(x,t) = —2Ricy(z, 1) + 20(t)V(z, 1) @ Vo (x, 1),
at¢(x> t) = qub(l', t),

where a(t) > 0 depends only on m and t, ¢ = ¢(t): (M,g(t)) — (N,h) is a family
of smooth maps between (M, g(t)) and a fixed Riemannian manifold (N,h), and

T,¢ = trace Vd¢ [10] denotes the tension field given by the evolving metric g(t).
When (N, h) = (R, dr?), the flow (1.1) becomes the Bernhard List’s flow

dig(w,t) = —2 Ricy(z, 1) + 20(t)Vo(x, 1) ® Vo (x, 1),
at¢(x> t) = AgQS(:L” t)>
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which is connected to the general relativity [18, 19]. When ¢ is a constant function,
the Bernhard List’s flow becomes the well-known Ricci flow

0ig(z,t) = —2 Ricg(x, 1),

which plays an important role in the proof of the Poincaré conjecture [4, 22].
For some given potential function f, the shifting Laplacian is Ay = A =V f-V.
For 7 > 0, the 7-Bakry-Emery curvature is defined by

1
Ricy, = Ric + Hess f — ;df ®df.

Then the (co-)Bakry-Emery curvature is Ric ¢ = Ric+ Hess f. It is well known that
the Bakry-Emery curvature connects with A ¢ by the following weighted Bochner’s
formula [16, 35|

1
§Af|Vu\2 = |Hessul®> + VA ju - Vu + Ricp(Vu, Vu)
(1.2)
1
= |Hessu|® + VA ju - Vu + Ric, (Vu, Vu) + ;|Vu V2

Recall that a complete Riemannian metric g on a smooth manifold M is called a
gradient Ricci soliton metric if there is a potential function f and a soliton constant
A so that Ricy = Ag. A gradient Ricci soliton metric is called shrinking, steady or
expanding, if A > 0, A\ = 0 or A < 0, respectively. Gradient shrinking Ricci soliton
metrics arise often as singularity models of type [ singularities of the Ricci flow
[12, 21, 28]. In fact, people often do not distinguish between the gradient shrinking
Ricci soliton metric and the self-similar solution of the Ricci flow [9]. In fact, Gu-Zhu
[14] had shown that the complete gradient shrinking Ricci soltion metric must be the
self-similar solution of the Ricci flow, so they are the same.

Many fundamental theorems in the Ricci flow have been extended to the Ricci-
harmonic flow. For example, no breather theorems, non-collapsing theorems |23, 24],
Perelman’s entropy formulas [17], monotone volume formulas [25], and volume growth
estimates [44]. Miiller [23] introduced the following gradient Ricci-harmonic soliton
metric, which is similar to the gradient Ricci soliton metric.

Definition 1.1. Let (N™ h) be a fixed Riemannian manifold. A metric g of
M is a gradient Ricci-harmonic (with respect to h) soliton metric, if for some map
¢: (M,g) — (N,h), some potential function f: M — R and some constant A, g
satisfies the following coupled system

Ricy —aVo @ Vo = Ag,
Ts¢ = Vo - VFf.

We call a gradient Ricci-harmonic soliton metric shrinking, steady or expanding, if
A>0,A=0or A <0, respectively.

If (N,h) = (R,dr?) and ¢: M — R is a constant function, then the gradient
Ricci-harmonic soliton metric defined in (1.3) is a gradient Ricci soliton metric. The
works on the gradient Ricci soliton metric can be referred to [2, 3, 11, 26, 27, 30|
and the references therein. When the potential function f is a constant function, the
gradient Ricci-harmonic soliton metric is called harmonic Einstein, which satisfies
the following coupled system

(1.3)

(1.4) {Ric —aVo Vo =g,

T = 0.
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Obviously, harmonic Einstein metrics are natural generalizations of Einstein metrics.

Recall that a complete Riemannian metric g on a smooth manifold M is called
a 7-quasi Einstein metric for some constant 7 > 0 if there is a potential function f
and a constant A so that

(1.5) Rin;r = )\g.

For any positive integer 7, 7-quasi Einstein metrics are closely relative to the existence
of warped product Einstein manifolds [1]. In fact, let (M,g) and (M7, h) be two
Riemannian manifolds, then for some potential function f on M, the warped product
manifold (M x M, g) with product metric

2
& =g ®exp (—%)h

is Einstein if and only if (M7, h) is Einstein and the Ricci curvature tensor of M
satisfies the 7-quasi Einstein equation (1.5) for some constant A. The works on the
quasi Einstein metric can be referred to [5, 6, 7, 15, 36, 37, 38, 39, 40| and the
references therein. Naturally, we will study the 7-quasi Ricci-harmonic metric, which
is defined as follows.

Definition 1.2. Let (N", h) be a fixed Riemannian manifold. We call a metric g
of M (7 > 0)-quasi Ricci-harmonic (with respect to h), if for some map ¢: (M, g) —
(N,h), some potential function f: M — R and some constant A\, g satisfies the
following coupled system

16) {Rlcfﬁ —aVe ® Ve = Mg,

7,6 =V V.

Remark 1.3. For convenience, the gradient Ricci-harmonic soliton metric and
T-quasi Ricci-harmonic metric are both called Ricci-harmonic metric.

In this paper we will study the properties of Ricci-harmonic metrics. In Sec-
tion 2 we establish several basic formulas. Based on these formulas, we derive rigid
properties on compact or complete noncompact manifolds by using the maximum
principle or the weak maximum principle at infinity, we do this in Section 3. In
Section 4 we get the lower bound estimates of the scalar curvature on noncompact
manifolds, these estimates play important roles in the study of geometric properties
of the Ricci-harmonic metric. In the next section, we get the growth estimates of the
potential function of the noncompact Ricci-harmonic metric. In the last section we
study the estimates of the diameter and the bottom of the L?-spectrum.

2. Basic formulas

In this section we establish basic formulas for the Ricci-harmonic metric. We
firstly consider 7-quasi Ricci-harmonic metrics.

Theorem 2.1. Let g be a 7-quasi Ricci-harmonic metric defined in Defini-
tion 1.2. Then one can get

2

1 T4+ 2 T—1 T—1

. 1
a(Tg¢)2 - RIC¢ —ER(z)g

m+7—1 m(m — 1)
— ———(Ry — mA -
(Rfi) m)<R¢ mir—1 ),

(2.1)
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where

(2.2) Ric, = Ric —aV¢ ® V¢
and

(2.3) Ry = trace (Ricy) = R — a|Ve|*.

Moreover, there exists a constant . such that

(2.4) Ro+ T2 VAP~ (m =)A= e,
(2.5) Af— |V =7A+ pe! =0.
Proof. By the contracted second Bianchi identity
VR = 2div Ric,
the fact that
(2.6) V|Vél® = 2V Ve
and

div(Vop ® Vo) = 1,0V + Vs Vo,
we have that
VR, = VR —aV|Ve|* = 2divRic — 2V, Ve
(2.7) = 2div Ric — 2a(div(Ve ® Vo) — 7,0V 9)
= 2div Ricg + 2a7,0V ¢.
Using the first equation in (1.6) and the identity [6]
divHess f = RicVf + VA,

we have

VR, =2div (\g + ldf ®@ df — Hess f) + 2a7,¢V¢
T
2 2
(2.8) = —2div Hess f + ;Afo + ;vaVf + 2a1,0V ¢

2 2

here in the last equality we have used the second equation in (1.6). Tracing the first
equation in (1.6) yields

(2.9) R¢+Af—%wf\2:m>\.
Plugging (2.9) into (2.8) leads to
(2.10) VR, :2R10¢Vf+§VVfo— %Afo.
From the first equation in (1.6), we have that

Ricy Vf +Vy;Vf — %|Vf|2Vf = \V/.

Plugging this equality into (2.10) leads to

T

T
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Hence
1 -1 1
(2.12) SOR, = T — div(Ric, V.f) + ~ div((Rs — (m — LAV ).

By (2.6) and (2.7) we have
div(Ric, V f) = (div Ricy) - V f + trace (Ric, o Hess f)

= (3VR~ alr0V6 + V5,¥6)) -V f
1
(2.13) + trace (Ri% o (;df Rdf + Mg — Ri%))
= %VR¢ -V f — a(ry¢)? + trace (Ricy o(Ag — Ricy))

1
By (2.11) we have
1 -1 1

(2.14) SVR,-Vf = TT Ricy(Vf, V) + =(Ry — (m = DAV ]
Plugging (2.14) into (2.13) leads to

div(Ricy Vf) = ﬁVR(ﬁ -V f — a(ry¢)? + trace (Ricy o(\g — Ricy))

Cr(r—1)

Plugging (2.15) into (2.12), we get

T+ 2 7—1

o VRy-Vf— - a(7g¢)2

—1 1
+ 7= trace (Ricy o(Ag — Ricy)) — ~(Ry — (m — DA (R —m)).

(Ry — (m =NV

L, -
(2.16)

It is easy to verify that

1P 1
(2.17) trace (Ricg o(Ag — Ricy)) = — ‘Ric(b —ER¢g + Ry ()\ - ER;,) .

Plugging (2.17) into (2.16), we arrive at (2.1).
For (2.4), by (2.11) we have

(m —7)

V(R¢+7;1|Vf|2)—§<R¢+T;1\Vf\2)Vf+2 Avr=o.
This identity can be rewritten as
\% [e‘gf <R¢ + 7 ; 1|Vf|2) — (m— T))\e_%f] = 0.
Hence there exists a constant u so that
(R + TEHOIR) — (= e =

which is (2.4). From (2.4) and (2.9), we arrive at (2.5). O

By a discussion similar to the proof of Theorem 2.1, we can derive formulas for
the gradient Ricci-harmonic soliton metric. Similar formulas for the gradient Ricci
soliton metric can be found in [11].
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Theorem 2.2. Let g be a gradient Ricci-harmonic soliton metric defined in
Definition 1.1. Then one can get

2

! (Rg —mA) Ry,

m

1 1 . 1
(218)  SARy=VRy- V[~ a(7,0)” — |Ricy — L8

where Ric,, and R, are defined in (2.2) and (2.3) respectively. Moreover, when A # 0,
by adding some constant on f, we have

(2.19) Ry +|VfI2—2)f =0,
(2.20) Af — |V +2)f = mA.

When X = 0, for some constant u, we have

(2.21) Ry+ VS = n,
(2.22) Af =V =—p.

Proof. Similar to (2.8), we have

VR, = 2div (A\g — Hess f) 4+ 2a1,¢0V¢

2.2
(2:23) = —2divHess f + 2a7,0V¢ = —2(Ric, Vf + VAS),

here in the last equality we have used the second equation in (1.3). Tracing the first
equation in (1.3) yields

(2.24) Ry + Af =mA.
Plugging (2.24) into (2.23) leads to
Hence

1

§AR¢ = diV(RiCd) Vf)
Similar to (2.13) we have

1
div(Ricy Vf) = §VR¢ -V f — a(ry¢)? + trace (Ricy o(\g — Ricy)).
Hence
1 1

(2.26) §AR¢ = §VR¢ -V f — a(ry0)? + trace (Ricy o(Ag — Ricy)).

Plugging (2.17) into (2.26), we arrive at (2.18).
For (2.19), by (2.25) we have

V(Ry+ |[VF]?) —2AVf = 0.

When A # 0, by adding some constant on f, we get (2.19). From (2.19) and (2.24),
we arrive at (2.20). When A = 0, there exists a constant y, such that (2.21) holds.
From (2.21) and (2.24), we arrive at (2.22). O
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3. Rigid properties
In this section, we study rigid properties by using the maximum principle or the
weak maximum principle at infinity.

Theorem 3.1. Let g be a gradient Ricci-harmonic soliton metric on a compact
manifold M.

1) If X > 0, then Ry > 0, i.e., R > a|Ve|?.

2) Any expanding or steady gradient Ricci-harmonic soliton metric should be
trivial in the sense that f is constant. Now the metric is harmonic Finstein
(see (1.4) for the definition of the harmonic Einstein metric.)

Proof. Since a > 0, from (2.18) we have
1 1 1
. - < VR4 -Vf——(Ry— .
(3 1) QARd) = 2VR¢ Vf m(R¢ m)\)R¢
By the maximum principle, we know that the minimal value of R4 on M satisfies

(R(j),mim - m)‘>R¢,min < 07

which implies that Ry mim > 0 when A > 0, and Rg mim > mA when A < 0.

We assume that A < 0. Above discussion tells us that Ry, > mA, from (2.24)
we know that Af < 0. The Hopf’s maximum principle tells us that f is a constant
function. O

Remark 3.2. Part 2) of Theorem 3.1 was previously proved both by Miiller [24]
when introducing Ricci-Harmonic metrics, as well as by Williams [42].
Theorem 3.3. Let g be a T-quasi Ricci-harmonic metric on a compact manifold
M. We also assume that T > 1.
1) If X >0, then
m(m — 1)
Ry> — "2
T mrr—17
ie.
-1
R> vl + MUy
m+7—1
2) If A <0, then Ry > m, i.e., R > a|Vo|* + mA.

Proof. Since a > 0 and 7 > 1, from (2.1) we have

+2 m+7—1 m(m — 1)
3 Ve V- — (qu—m)(&‘mk)‘

T

1

By the maximum principle, we know that the minimal value of R4 on M satisfies

m(m — 1)
Rmim_ )\ Rmim_i)\ Soa
(s, m)< & m+7—1 )

which implies that

m(m — 1)

m+7—1"

when A > 0 and Ry min > mA when A < 0. [

R(j),min >
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Remark 3.4. It was proved in [6] that the scalar curvature of a compact T-quasi
Einstein metric satisfies
R > M A
m+7—1
Theorem 3.5. 1) Any 7-quasi Ricci-harmonic metric with A < 0 on a com-
pact manifold M should be trivial in the sense that f is a constant function.
2) Any T-quasi Ricci-harmonic metric with A > 0 on a compact manifold should
be trivial if 4 <0, here u is the constant in (2.4).

Proof. When X # 0, (2.5) can be rewritten as

N B R Y )

When A < 0, the maximum principle tells us that e~ — £ is a constant function.
When A > 0 and p < 0, from (3.3) we get that

(=) <2 (- )

By the Hopf’s maximum principle we know that e~ — £ is a constant function.
When A = 0, integrating (2.5) against measure e~/ dV,, we get

" / =AY, = — / div(e 'V f)dV, = 0,
M M

which implies that 4 = 0. Then (2.5) becomes A;f = 0 and f is a constant function.
0

Remark 3.6. Note that a 7-quasi Ricci-harmonic metric defined in Definition 1.2
satisfies Rics, > Ag. Hence a manifold with a 7-(7 is finite)quasi Ricci-harmonic
metric is automatically compact when A > 0 [31]. Lii-Page-Pope [20] constructed
nontrivial 7-quasi Einstein metrics with A > 0 and 7 > 1, which also satisfy p > 0.

When considering rigid properties on noncompact manifolds, we need using the
weak maximum principle at infinity. Recall that the weak maximum principle at
infinity for A holds if for a given C? function u, sup,; u = u* < +o0, there exists
a sequence {z,} C M, such that u(z,) > u* — %, and Aju(z,) < L. The following

Lemma was given in [32].

Lemma 3.7. Let (M,g) be a complete weighted manifold satisfying the volume
growth condition

(3.4) /1 Tog 1 (Bo()) dr = o0,

where 11(Bo(r)) denote the weighted measure of a geodesic ball with radius r. Then
the weak maximum principle at infinity for the weighted Laplacian Ay holds on M.

Lemma 3.8. The weak maximum principle at infinity for /A ; holds on a complete
manifold M with metric g satisfying the coupled Ricci-harmonic systems (1.3) or
(1.6).

Proof. The weighted volume comparison theorem established in [41] states that

if the oo-Bakry-Emery curvature of a smooth metric measure space (M,g,du =
e~/ dV) satisfies Ric; > X for some constant ), then for some fixed Ry > 0, there
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exist constants A, B, C' > 0 such that for all » > Ry,

T

(3.5) w(Bo(r)) < A+ B/ e Mgy,
Ro

Obviously, (3.5) is valid for Ricci-harmonic metrics defined by (1.3) or (1.6). Then
Lemma 3.7 tells us that the weak maximum principle at infinity for A; holds. O

After almost the same discussions as in [33] and [36], we can prove the following
rigid properties.

Theorem 3.9. 1) Let g be an expanding or steady gradient Ricci-harmonic
soliton metric on a complete noncompact manifold M. If
(3.6) sup {|V f[*(x)} < oo,
xeM

then f is a constant function and g is a harmonic Einstein metric.

2) Let g be a T-quasi Ricci-harmonic metric with A\ < 0 on a complete noncom-
pact manifold M. If

2\

m+7

(3.7) jgﬂg{lvflz(x)} < -

then f is a constant function and g is a harmonic Einstein metric.

Proof. By Lemma 3.8, there exists a sequence {x;} C M, such that

1
1V F2() > sup [V~ 7.
M
and
1
AV @) < 1

Proof of 1). By the weighted Bochner’s formula (1.2), the first equation in (1.3)
and (2.20), we have

1
§Af|Vf|2 = | Hess f|? + VA Vf+Ricy(Vf,Vf)
= |Hess f|* = MVf]*> +a|Vo - V£~

(3.8)

If A <0, from (3.8) we have that at xzy,

1 1
— > Af\Vf\2(xk) > —A\Vfﬁ > -\ sup|Vf|2 —=].
2k M

k

N —

Letting k — oo leads to sup,, |V f|? < 0, which implies that f is a constant function.
If A =0, by (2.20) and (3.8), we have

1 1 1
—A 2> (AP = 4
5 AV £ _m( f) mIVfI

11 1\?
—>—<sup\Vf\2——) .
m M k

Letting k — oo leads to sup,, |V f|?> < 0, which implies that f is a constant function.

Hence
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Proof of 2). By the weighted Bochner’s formula (1.2), the first equation in (1.6)
and (2.5), we have

1 1
iAf|Vf|2 = |Hess f|> + VA - Vf + Ric; (Vf, Vf) + ;|Vf|4

1 20 2 1
> S (Af) = T [VIP = AVIP +alVe- VP + |Vl

1 2f 20 2f 1
> (VP + 70— pe¥)? = ZeF VIR = XS+ 2|V
m+T
> — VAP = AV
Then at x;,
m+T
VS 1) = NS ) < 57
By (3.7) we conclude that for k large enough,
cup [V — 1 < V) < —\7% + \/7‘4)\2 2(m+ 1)
s k= g 2(m+7)

Letting k — oo leads to sup,, [V f|* < 0, which implies that f is a constant function.
OJ

4. Scalar curvature estimates

Lower bound estimates for the scalar curvature on complete noncompact mani-
folds play important roles in the study of geometric properties of the Ricci-harmonic
metric. We firstly give the scalar curvature estimates for the gradient Ricci-harmonic
soliton metric.

Theorem 4.1. Let g be a gradient Ricci-harmonic soliton metric on a complete
noncompact manifold M.

1) If X >0, then Ry > 0, i.e., R > a|Vg|*.

2) If A <0, then Ry > mA, i.e., R > a|Vé|* +mA. Moreover, Ry > m\ unless g
is a harmonic Einstein metric and the gradient Ricci-harmonic soliton metric
is trivial.

Proof. We firstly assume that A > 0. Consider a smooth function 6(t) :

[0, +00) = [0, 1],

1, 0<t<l1
41 oty =4 = =7
(4.1) (t) {o, > 2
so that
(4.2) ~1002 < ¢ <0,6" > —10.

For some constant Ry > 1 large enough, define smooth cutoff function p: M — R by
_ p(rx)
() = 0(%

), where r(z) = dist(O, ) is the distance function determined by a fixed

point O € M. Then Vy = %VO". Theorem 2.1 in [41] states that if the Bakry-Emery
curvature satisfies

Ricy = Ric+ Hess f > Kg
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for some constant K > 0, then for any given minimal geodesic segment ~y(¢) and

To > O,
(Agr)(v(t) < (Agr)(y(ro)) — K(E —ro)
holds for all t > ry. Let
D= sw (b))
x€0Bo(1)
We then get that (Agr)(r(z)) < D for a shrinking or steady gradient Ricci-harmonic
soliton metric when r(x) > 1. Hence for y € Bo(2R,),
A A VL
4.3 A =Ap—-Vp -Vf=— > — .
(4.3) 1o(y) = Do =V -Vf 2R SRR
Let Q = Ryp. We will finish the proof by contradiction. Assume that for some
Ry large enough, the minimal value of Ry on Bp(Ry) is negative. We also assume that
the minimal value of @ on Bp(2R)) is achieved at xg. Then p(x¢) > 0, VQ(xo) =0
and ArQ(xg) > 0. In the following we will estimate at x,. Note that

RV
VRy = — )
é ()02
Hence
JAN 2|Vl|?
(44) Af@ = S;[SOQ - | ;@ Q —|—<,0AfR¢.
By (4.3) and (4.4), we get
2lVolPQ  Q—m) 210+ 10DR Q — m\
0< Ao 2VPQ 2Q< - —0- 0.
m R3 m
Hence 210 + 10DR
Q> —% mAe.
0
Let . R
U(Ro) _ ‘mf Bo(Ro) R¢ .
MIBs(2Re) 19
Since

i < < i ,
elo) inf Ry < @(wo)Ro(wo) < inf R,

We have that
Hence for all z € Bo(Ry),
(4.5) Ry(x) > Q(z0) > —210%1201)%
0

which implies that R, is bounded from below. Then o(Ry) — 1 as Ry — oo. Letting
Ry — oo, we have R, > mA > 0, which contradicted to the assumption. Hence
Ry > 0.

Now we assume that A < 0. In this case, the method of our proof comes from
[33]. Rewrite (3.1) as

m + mAo(Ry),

1 1
(4.6) 507 < _ER??; + ARy,

From the volume growth estimate (3.5) and Corollary 13 in [33|, we get that
Rgjui = inf 1Ry(2)} > —oo.
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Lemma 3.8 tells us that there exists a sequence {x} C M such that

1 1
Rgint < Rg(wr) < Ry jut + iz Af(Rg)(xr) > —Z

Setting © = zy, in (4.6) and letting k — oo, we conclude that
= (Rpint)® + ARg s > 0
m ¢,inf ¢,inf — Y,

which implies that Ry > Ryt > mA. Now we assume that Ry(z9) = mA < 0 for
some xy € M. Note that Ry — mA satisfies

1
§Af(R¢ - m)\) S —>\(R¢ — m)\)
By the maximum principle [13| we know that Ry —mA = 0. Then (2.18) tells us that
Ri ! R A
1 = — =
Co = 1106 = 28

and 7,¢ = 0. Hence g is a harmonic Einstein metric. O

Remark 4.2. Chen [8] proved that the scalar curvature of a steady or shrinking
gradient Ricci soliton metric is nonnegative. The scalar curvature of an expanding
gradient Ricci soliton metric satisfies R > mA, which was proved in [45].

Corollary 4.3. Let g be a nontrivial steady gradient Ricci-harmonic soliton
metric on a complete noncompact manifold. Then the constant u, appeared in (2.21),
is positive.

Proof. Part 1) of Theorem 4.1 tells us that R, > 0. We deduce from (2.19) that
> 0. If 4 =0 then |[Vf| = 0. Hence f is a constant function, which is impossible
since g is nontrivial. U

Corollary 4.4. Let g be an expanding nontrivial gradient Ricci-harmonic soliton
metric on a complete noncompact manifold M. Then f has no lower bound.

Proof. If we assume that for some constant C' > 0, f > —C. From (2.19) and
Part 2) in Theorem 4.1, we have

IVfI? < —mA —2C\ < +o0.

Then Part 1) of Theorem 3.9 tells us that g is trivial. This is a contradiction and we
finish the proof. O

In the following we will study the scalar curvature estimate for the nontrivial
complete noncompact 7-quasi Ricci-harmonic metric. Firstly we establish a gradient
estimate for f.

Lemma 4.5. Let g be a T-quasi Ricci-harmonic metric on a complete noncom-
pact manifold M. If A <0 and p < 0, where pu is the constant in (2.4), then

(4.7) V(@) < —A

holds for all x € M.
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Proof. By the weighted Bochner’s formula (1.2), (2.5) and the first equation in
(1.6), we have

%Af|Vf|2:\Hessf\z+Ricf(Vf,Vf)+VAff-Vf
(4.8) > AVf +alVe- VI + |Vf|4 2 LtV

1
> AV + -V

Let p(x) =46
(1.6

r(z) ) be the cutoff function used in the proof of Theorem 4.1. The first
equation in t

0) ells us that
Rics, = aVo @ Vo + Ag > Ag.

By the weighted Laplacian comparison theorem [16, 35|, we have that for all x €

1" / 1" (m—l—T—l)H/ 1+ prep— —— R,
(4.9) 0 +9Af7“>9_ ( Vo + mtr—1 )

Aret) =t zmt R

Let P = |V f]%. Assume that for Ry large enough, the maximal value of P on
Bo(2Ry), achieved at o, is positive. Then p(xg) > 0, VP(zo) = 0 and AP (zo) < 0.
By using (4.8) and (4.9), similar to the proof of Theorem 4.1, we have the following
estimate at xg,

2
“P 4 |20 —
.

(%
1.

210 4 10(m + 7 — 1) 4+ 10y/=(m + 7 — 1) AR,

P <0.
R -

Solving this inequality leads to

105+ 5(m+7 —1) +5y/—(m + 7 — 1)AR,
R2 '

P(xg) < —1A+7

Hence for all x € Bo(Ry),

105 +5(m+7—1)+5/—(m+7—1)AR,
R2 '
We arrive at (4.7) by letting Ry — oo in the above inequality. OJ

IVf[*(w) = P(x) < P(xo) < —7A+

Corollary 4.6. Any T-quasi Ricci-harmonic metrics with A = 0 and u < 0 on
complete noncompact manifolds should be trivial.

Due to Remark 3.6 and Corollary 4.6, we know that constants A and p of a
nontrivial 7-quasi Ricci-harmonic metric on a noncompact manifold should satisfy
A<0,or A\=0and > 0.

Theorem 4.7. Let g be a T-quasi Ricci-harmonic metric, with A < 0 or A = 0
and p > 0, on a complete noncompact manifold M. Then

(4.10) Ry(z) = R(x) — oz\qu|2(x) > mA
holds for all x € M.

Proof. We firstly assume that 4 < 0 and 0 < 7 < 1. By using (2.5), we have

4 2 2
Afe% = ﬁe%f|Vf|2+ erfAff> —€EfAff_—eT (TA — ,uef )
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Let S = ger!, where o(z) = 9(%?) is the cutoff function used in the proof of
Theorem 4.1. We assume that S achieves its maximal value on Bp(2Ry) at xg. Then
o(xg) > 0, VS(x9) = 0 and ApS(xp) < 0. By (4.9) and a standard discussion, we
conclude that

(4.11) 2 < T

i
Plugging this estimate into (2.4) leads to (4.10). When x> 0 and 0 < 7 < 1, (4.10)
directly comes from (2.4). When p < 0 and 7 > 1, let ¢(x) = 9(%?) be the cutoff
function used above. Let Q = Rg¢p. We assume that for Ry large enough, the minimal
value of @) on Bp(2Ry), achieved at x,, is negative. Hence at xgy, ¢ > 0,VQ = 0 and
ArQ > 0. Based on (2.1), we have that at x,

2 . — —
0< g0 - Vg T VoG 20T (g mag - MMy
2 _ —
< npp0 - AV 2V 2 T2 gy - M D),

where the second inequality comes from Lemma 4.5. After a standard discussion as
above, we arrive at (4.10).

The only rest case is that > 0 and 7 > 1. We use the method given in [37] and
list the main steps as follows. Let

G = Ry + 2ter/

for t > 0, and p(z) = 9(%?) be the cutoff function used above. Set H = Gp. We
assume that for Ry > 0 large enough, the minimal value of G on Bp(Ry) is negative.

We also assume that the minimal value of H on Bp(2Ry) is achieved at xy. Then at
zo, ¢ > 0,VH =0 and AyH > 0. By (2.4) we get

(4.12) Vi =y T 2y T =Ty
T—1 T — T—1
Note that
(Ao 2 2
(4.13) Afef = (§|Vf| +;Aff) €.
By using (4.12), (4.13) and (4.2), we have that for all € > 0,
1 4t —1 -1
In,a< Ppapp mAr =l g mAT oL
2 det mr mr
N 2m—2+7')\_ € G_m(m—l))\2+ m-T
T (=1 T (r=Dg¢
APmAT -1+ thueéf [ 4t(m — 1)A e+ p) if
mr T (tr—1)p
holds at zy. Since G(x) < 0, we have
1 -1
NG < -2 VGP - MAT e
2 €T mT
N 2m—2+7‘>\_ € G_m(m—1)>\2+ m-T
T (=1 T (=1
mT 4t(m — 1))\ _e(2t+p) ?
16t2(m + 7 — 1) + 8mtpu T (r—=1)p /)
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Now a standard discussion as above shows that for all x € M,

(m+1—1)(m—1)2t
2t(m~+1—1)+mpu

m(2m—2—|—7‘)+m\/7'2+ g
2(m+1—1)
We arrive at (4.10) by letting ¢t \, 0 in (4.14). O

(4.14)  G(x) = Ry(z) + 2ter/@ > Al

5. Potential function estimate

Potential function estimates for the gradient Ricci soliton metric have been stud-
ied in literature. For example, Cao—Zhou [3] proved that the potential function of a
noncompact shrinking gradient Ricci soliton metric with A = % should satisfies the
following growth estimate

1

1) — o < (&) < 30r@) +

where r(x), the distance function determined by some fixed point O € M, is large
enough, and c is a positive constant depending only on m and the geometry of g
on the unit ball Bo(1). Also in this paper, based on the estimate of the potential
function, the authors proved that any gradient shrinking Ricci soliton metric has at
most Euclidean volume growth. Cao—Zhou’s result was generalized to the shrinking
gradient Ricci-harmonic soliton metric in [44]. We state the generalized result as
follows.

Theorem 5.1. Let g be a shrinking gradient Ricci-harmonic soliton metric on
a complete noncompact manifold M. Then f satisfies

A A

(51) S(r(@) — 0 < fo) < Sr(a) + o,
where r(z) is large enough and ¢ > 0 is independent of x. Moreover, there exists
some constant C' > 0 such that V(Bo(r)) < Cr™ holds for r > 0 large enough.

Corollary 4.4 says that the potential function of any expanding nontrivial gradi-
ent Ricci-harmonic soliton metric on a complete noncompact manifold has no lower
bound. The following theorem gives a specific estimate of f and a growth estimate
of the volume.

Theorem 5.2. Let g be an expanding gradient Ricci-harmonic soliton metric on
a complete noncompact manifold M. Then f satisfies
A : A
(5.2) 22— erivInr < sup (—f)(z) < =Zr® 4 cr,
2 2€d(Bo (1)) 2

where r(x) is large enough and ¢ > 0 is independent of x. Moreover, there exists
some constant C' > 0 such that

(5.3) V(Bo(r)) < CeV=2Xm=1r
for r > 0 large enough.

Proof. We use the method given in [27] and list the main steps as follows. From
(2.19) and Part 2) of Theorem 4.1, we have

(5.4) IVf] =2 M — Ry < \/2\f —m),

or
IVA/2Mf — mA| < —A.
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Hence

V2Af(z) —mA = \/2Af(O) — mA < —Ar(z).
Then the second inequality in (5.2) follows.
Now we can prove volume growth estimate (5.3). Let dV |exp,re) = J(7,§) drd€
be the volume form in a normal coordinate centered at O for r > 0 and & € Tp(M).
Then the Ricatti equation shows that along any minimizing geodesic starting from

0,
I I A
(7) )+ (7) (r) + Ric(8,,8,) < 0
In the followmg we use cq, Ca, . .. to denote positive constants independent of r. Set
u(r) = :]]( Integrating above inequality from 1 to r > 1 and using the first equation

n (1.3), we have
1 T
u(r) + m/ u?(s)ds < f'(r) = Ar +c1 < =21 + ¢y,
-1/
where we have used the fact that |V f|(z) < —Ar(z) + ¢3, which comes from (5.4)
and the second inequality in (5.2). By the Cauchy-Schwarz inequality we have

1 r 2
(55) U(T) + m (/1‘ U(S) dS) S —2)r + Ca.
We claim that

m — 1

(5.6) /; u(s)ds < /=2A(m — 1)r +4/— T

To prove (5.6), for r > 1 we set

v(r) =1/ —=2A(m —1r+\/ 2)\ 02—/

Obviously v(1) > 0. We assume that v(r) does not remain positive for all » > 1 and
let R > 1 be the first number such that v(R) = 0. Then

R
1
/u(s)ds=V—2A(m—1)R+ _m2)\ Co
1

Hence ,

ﬁ (/IRU(S) ds) > _9AR + 20s.

Plugging this inequality into (5.5) we conclude that u(R) < —co < 0, which implies

that v'(R) > 0, so there exists a small positive number 6 such that v(R—0) < v(R) =

0. This contradicts with the choice of R. Hence (5.6) holds. Note that (5.6) can be

rewritten as

m —1
2\

InJ(r) —InJ(1) < /=2X(m — 1)r + Ca.

We easily arrive at (5.3) from above inequality.
When we replace the scalar curvature to be Ry and let A = —% in the proof
of Theorem 5.1 in [27], we will get that for an expanding gradient Ricci-harmonic

soliton metric with A\ = —%,

1
2€0(Bo (1)) 4
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Then the first inequality in (5.2) follows by rescaling of the metric. O

Potential function estimates for the 7-quasi Einstein metric were established in
[40]. By using (2.4), (2.5) and the method used in [40], we can derive potential
function estimates for the 7-quasi Ricci-harmonic metric.

Theorem 5.3. Let g be a T-quasi Ricci-harmonic metric with 7 > 1 on a com-
plete noncompact manifold M. We use ¢ > 0 to denote some constant independent
ofr > 1.

1) If A\ <0, u <0, then forr > 1,
T, TA T
5.7 ——In— < sup (—f)(x) < vV =Ar+ec.
(5:7) 2 p wE@Bo(r)( @) VT —1
2) If A <0 and p > 0, then for r > 1

2T
vV=Ar—c< su —f(x
vVm+5r —1+ym+71—1 —xeaBEm( Hi)

-
< vV =\ .
S o r+c

(5.8)

3) If A\ <0 and p = 0, then for r > 1,

(5.9) \/ﬁ\/——)\r —c< xeggg(r) (—f)(z) < m\/——)\r +c.

4) If A\ =0 and p > 0, then for r > 1,

T—1
5.10 ———Inr—¢< su —)x)<7tlnr +c.
(5.10) — s (=)@

Proof. Since Ry, > mA, we deduce from (2.4) that
2
9 T 2y TN
< - .
VI < T — 16 T—1
Then the second inequalities in (5.7), (5.8), (5.9) and (5.10) can be deduced from
above differential inequality easily after a same discussion as in the proof of (5.2).
The first inequality in (5.7) comes from (4.11). Due to (2.4), (2.5), when we replace

the scalar curvature in [40] by Ry, we will get the first inequalities in (5.8), (5.9) and
(5.10). 0

6. L%-spectrum and diameter

The bottom of the L%-spectrum is defined by

Vo|?e/ dV Vol*d

(6.1) A(M) = inf JulVore _ g JulVoPd

$ECS (M) fM p2e=1dV $ECS (M) fM ¢ dpu
and the bottom of the L2-spectrum is defined by

1 [ Vo2 dV

ecg) [y ¢?dV
There has been an active interest in the study of (M) under conditions about the
Ricci curvature. The upper bound estimate of A\f(M) was derived in [35] via the

7-Bakry-Emery curvature. If we assume that the (co-)Bakry-Emery curvature is
bounded from below and f is of linear growth, we can also get the upper bound

Y

(6.2) A(M) =
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estimate of A\¢(M) [27]. When we consider the lower bound estimate of A;(M), the
following lemma, established in [26], is useful.

Lemma 6.1. Let (M, g) be a complete noncompact Riemannian manifold and
f be a smooth function on M. If there exists a positive function v > 0 such that
Ajv < =)o for some constant A > 0, then A\s(M) > .

In [26], the authors proved that A;(M) = % holds for a nontrivial steady gradient
Ricci soliton metric, where p > 0 appears in the equality

R+ |V =p.
With the similar discussion as in [26], we can get the following result.

Theorem 6.2. Let g be a nontrivial steady gradient Ricci-harmonic soliton met-
ric on a complete noncompact manifold. Then

i

(6.3) Af(M) = 1
where (1 is the constant in (2.21).

Proof. Since R, > 0, from (2.21) we have that

(6.4) IVl < V.

We also note that Ric; = aV¢®V¢ > 0. Theorem 2.2 in [26] tells us that Ay(M) < 4.
On the other hand, by (2.22) and (6.4) we have

1 1 1 1 1
Afe% = 5 <Aff + §|Vf|2) 6% = 5 <—M—|— §|Vf|2> €é S —Zueé.
By Lemma 6.1 we get that A\s(M) > £. Hence (6.3) holds. O

The author [38] derived a gap estimate of Af(M) for a noncompact 7-quasi Ein-
stein metric. By a similar discussion as in [38], we can prove the following gap
estimate of Af(M) for a noncompact 7-quasi Ricci-harmonic metric.

Theorem 6.3. Let g be a 7-quasi Ricci-harmonic metric with 7 > 1 on a com-
plete noncompact manifold M. If A <0 and p > 0, then

T—1 m+71—1

< M (M) < .
TS < TG

(6.5) -
Proof. Since
Rics, = Ag+aVop® Vo > Ag.

The upper bound estimate of A\(M) directly follows from [35, 43]. For the lower
bound, we compute as follows

2
Afef;f _ ((7’4;21) VI + T ; 1)\ B T2_7_1,ueif) ey
T—1

= 4r
where the second inequality comes from the fact that

T 2
IVf]? < :(Me;f —TA),

T—1

(ue%f —T)\)e%lf < Aez

which follows by plugging (4.10) into (2.4). Hence the lower bound of A;(M) comes
from Lemma 6.1. O
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Remark 6.4. In fact the upper bound estimate in (6.5) holds for 7 > 0 and
A <0 [35, 43]. We can deduced from Theorem 6.3 that A;(M) = 0 holds for a 7-
quasi Ricci-harmonic metric with 7 > 1, A = 0 and p > 0 on a complete noncompact
manifold.

Now we study the diameter estimate for the Ricci-harmonic metric on compact
manifolds. Recall that there does not exist nontrivial expanding or steady gradient
Ricci-harmonic soliton metric on any compact manifolds (see Theorem 3.1). A recent
result in [34] says that the diameter of a shrinking gradient Ricci-harmonic soliton
metric on a compact manifold satisfies

2(v2 — D)

VA
By Theorem 3.5 we know that a nontrivial 7-quasi Ricci-harmonic metric on a com-
pact manifold M should satisfy A > 0 and x4 > 0. By a similar discussion as in

[39], we can derive the following gap estimate for the diameter of a nontrivial 7-quasi
Ricci-harmonic metric on a compact manifold.

diamj; >

Theorem 6.5. Let g be a T-quasi Ricci-harmonic metric on a compact manifold
M. Then the diameter of M satisfies

! —1
(6.6) (g — arcsin em“f) < diamy <7 %,
\/—7'07'>\ — 7272 N7

where
1
To = max{—l, ——} ,
-

wy = max f(z) — min f(z).

and

In particular, if T > 1, then

—1
(6.7) % < diamy; < 74/ %

Proof. Since
Rics, = g+ aVo @ Vo > Ag > 0.

The upper bound in (6.6) comes from the Myers theorem in the weighted case [31].
For the lower bound in (6.6), we replace Ric and R by Ric, and R, respectively in
[39], due to (1.6), (2.4), (2.5) and the fact that

Ric = Ricg +aVo @ Vo > Ricy,
by almost the same discussion as in [39], we can get the lower bound in (6.6). O
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