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Abstract. We extend the difference analogue of Cartan’s second main theorem for the case of
slowly moving periodic hyperplanes, and introduce two different natural ways to find a difference
analogue of the truncated second main theorem. As applications, we obtain a new Picard type
theorem and difference analogues of the deficiency relation for holomorphic curves.

1. Introduction

In 1933, Cartan [1] obtained a generalization of the second main theorem to
holomorphic curves. Cartan’s result is a natural extension of Nevanlinna’s second
main theorem for the n-dimensional complex projective space, and it has, somewhat
surprisingly, turned out to be a powerful tool for important problems in the complex
plane as well. Examples of such problems appear in relation to considering Fermat-
type equations, and Waring’s problem for analytic functions, etc. A thorough review
due to Gundersen and Hayman of the applications of Cartan’s second main theorem
to the complex plane can be found in [4]. See, for instance, also |10, 11] for detailed
presentations of Cartan’s value distribution theory, and |2, 9| for Nevanlinna theory.

Difference analogues of Cartan’s second main theorem have been recently ob-
tained, independently, by Halburd, Korhonen and Tohge [8|, and by Wong, Law and
Wong [12]. In order to state the Cartan second main theorem for differences, we define
the n-dimensional complex projective space P™ as the quotient space (C"*l\{O}) ] ~,
where

(a0>a1>"'aa'n) ~ (b0>bla"'>bn)
if and only if
(ao,al,...,an) = A(bo,bl,...,bn)
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for some A € C\ {0}. The Cartan characteristic function of a holomorphic curve
g=lgo:-- :gn]: C—=P",
or its associated system of n + 1 entire functions g;,
G :=(g0,...,9n): C — C"\ {0},
is defined by

do

(1.1) Ty(r)=T(r,G) = /0 7ru(rew)g —u(0),

where » > 0 and
u(z) = max log|gi(z)|.

Here gy, . .., g, are entire functions such that for all complex numbers z the quantity
maxo<k<n |gx(2)| s non-zero, that is, the g;’s have no common zeros in the whole
of C. We call the holomorphic map G a reduced representation of the curve g. The
hyper-order of ¢ is defined by

log log T, (r)

— 1
s(9) i sup — 7

Let ¢ € C, and let P! be the field of period ¢ meromorphic functions defined in
C of hyper-order strictly less than one. The following theorem is a difference ana-
logue of Cartan’s result, where the ramification term has been replaced by a quantity
expressed in terms of the Casorati determinant of functions which are linearly inde-
pendent over a field of periodic functions.

Theorem 1.1. [8] Let n > 1, and let go,...,g, be entire functions, linearly

independent over P!, such that max{|go(z)|,...,|gn(2)|} > 0 for each z € C, and
§Z:§(g)<1, g:[gogn]
Let € > 0. If fo,..., f; are ¢ + 1 linear combinations over C of the n + 1 functions

9o, - - -, gn, Where ¢ > n, such that any n + 1 of the ¢ + 1 functions fy,..., f, are
linearly independent over P!, and

fofi - Jq
C(Qnglv cee 7gn>’

I —

then ) T ()
,
(@ =07y < 8 (r.7 ) = N0 +o (42 ) + o),
where r approaches infinity outside of an exceptional set F of finite logarithmic
measure (i.e. fEﬁ[l o) dt/t < o0).

Comparing the operators Df = f and Af = f(z+1)— f(z), a natural difference
analogue of constant targets for f’ is the periodic targets case for Af. For instance,
linear differential equations with constant coefficients can be exactly solved modulo
arbitrary constants, while for linear difference equations the same statement is true
but with arbitrary periodic functions. Also, as shown in [7], the natural target space
for the second main theorem in the complex plane is the solution space of

L(f) =0,
where L is a linear operator mapping a subclass N of the meromorphic functions

in C into itself. Taking L(f) = DJf gives constants as targets, while the choice
L(f) = Af yields periodic functions. Also, as in the above Theorem 1.1, the condition
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“entire functions ¢1, g9, . . ., g, linearly independent over C” is changed naturally into
“linearly independent over P!”. A natural difference analogue of Cartan’s second
main theorem would therefore be for slowly moving periodic target hyperplanes,
rather than constants as is the case in Theorem 1.1. In this paper we remedy this

situation by introducing the following theorem.

Theorem 1.2. Letn > 1, and let g = [go : ... : gn| be a holomorphic curve of C
into P"(C) with s := ¢(g) < 1, where gy, . .., g, are linearly independent over P}. If

fj:Zaijgi j:0a~~~>an>n,
=0

where a;; are c-periodic entire functions satisfying T'(r, a;;) = o(T,(r)), such that any
n+ 1 of the ¢ + 1 functions fo, ..., f, are linearly independent over P}, and

 hbd,
(12) S rr—.

then

(13 (0= wTy(r) < 8 (v ) = N0 +olTy )

where r approaches infinity outside of an exceptional set E of finite logarithmic
measure.

In Section 4 below we will show how Theorem 1.2 leads to two difference analogues
of the truncated second main theorem, which are based on natural discrete versions of
properties of the derivative function. Now, we will show that Theorem 1.2 implies the
difference analogue of the second main theorem obtained in |6, Theorem 2.5] in the
general case of slowly moving periodic targets. (Theorem 1.1 implies only the special
case of constant targets.) To this end, let w be a non-periodic meromorphic function
of hyper-order ¢(w) < 1. Let gy and g; be linearly independent entire functions with
no common zeros such that w = go/g;. Let a; be c-periodic meromorphic functions
that are small with respect to w for all j =0,...,¢ — 1. Denote

(0% .
Cl,j:—]., ]E{O,...,q—l},
J

where a; and f; are c-periodic entire functions, and define f; = 8,90 — ojg1 and
fq = g1. Then Theorem 1.2 yields

(14) (@ -V50) <N (1] ) = N L) +oT0)
where
I = fOfl_' ) 'f_q—191’
9091 — 9oI1

and r approaches infinity outside of a set of finite logarithmic measure. The counting
function N in the difference analogue of the second main theorem is defined in [6] by

(1.5) N (T’ L) _ /T n(t, a) ;ﬁ(o,a) dt +n(0,a)logr

w—a 0

where n(r, a) is the number of a-points of w with multiplicity of w(zy) = a counted
according to multiplicity of a at zp minus the order of zero of A.w := w(z+¢) —w(z)
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at zp. By combining (1.4) with (1.5), it follows that
~ = 1 1
_ < _
(¢g—1D)T(r,w) < N(r,w)+ » N (r, — aj) No (7’, Acw) + o(T'(r,w))

—0

<

where No(r,1/A.w) is the counting function of those zeros of A.w which do not
coincide with any of the zeros or poles of w —a;, and r approaches infinity outside of
a set of finite logarithmic measure. We have therefore shown that |6, Theorem 2.5]|
follows from Theorem 1.2

The remainder of the paper is organized in the following way. Section 2 contains
a key result (see Theorem 2.1 below) on linear combinations of entire functions over
the field of meromorphic functions, which is a crucial tool in the proof of Theorem 1.2
in Section 5. Applications of the difference analogue of Cartan’s theorem to Picard’s
theorem are in Section 3, while deficiencies and difference analogues of the truncated
second main theorem can be found in Section 4.

2. Zeros of linear combinations of entire functions

One of the key problems in the proof of Theorem 1.2 has to do with finding a lower
bound for linear combinations of entire functions over the field of small functions
in terms of moduli of their base functions. In the case of constant coefficients |4,
Lemma 8.2| yields the desired results, but for non-autonomous linear combinations
the situation becomes much more delicate due to possible poles and zeros of the
coefficients. The key idea, which enables an applicable result needed for the proof of
Theorem 1.2, is to formulate the estimate using a positive real valued function A(z)
for which the proximity function

do

2T
m(r, A) = / log™ |A(re™) .
0 s

can be evaluated as m(r, A) = o(T,(r)), despite of the fact that A is not meromorphic.
The zeros of the coefficients in the linear combinations can then be included in a small
error term of the growth o(7,(r)). The exact formulation is as follows.

Theorem 2.1. Let n > 1, and let g = [go : ... : gn| be a holomorphic curve of
C into P"(C), where gy, . . ., g, are linearly independent over P}. If

n
f]zzawglv j:07"'7q7q>n7
=0

where a;; are entire functions satisfying T'(r, a;;) = o(T,(r)), such that any n + 1 of

the q + 1 functions fq, ..., f, are linearly independent over P}, then there exists a
positive real valued function A(z), such that
(2.1) 19;(2)] < A(2) - | fm, (2)],

where 0 < j <n, 0 <v <q—n, m(r,A) = o(T,(r)) and the integers my, ..., m, are
chosen so that

(2.2) o ()| 2 | fomi (2)] 2 -+ = | fing (2)]-

In particular, there exist at least ¢ —n+ 1 functions f; that do not vanish at z for all
r outside of a set of finite logarithmic measure, and moreover the integrated counting
function N*(r) of common zeros of more than n functions f; satisfies

(2.3) N*(r) = o(Ty(r))-
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The following lemma due to Gundersen [3], which is used to prove Theorem 2.1,
is an estimation of the logarithmic measure about the total moduli of the zeros and
poles of a meromorphic function. Its statement and proof have been embedded as a
part of the proof of [3, Theorem 3|.

Lemma 2.2. (3| Let f(z) be a meromorphic function, and let Ey = {r: z €
C, |z] =r, f(2) =0or f(z) = oo}. Then the set Ey is of finite logarithmic measure.

Proof of Theorem 2.1. The first part of the proof follows the basic idea behind
the proof of [4, Lemma 8.2]. At the end we need to use other methods to find
an estimate for the proximity function of A(z), and to deal with the zeros of the
coefficient functions in the linear combinations.

Since each f; is a linear combination of the functions g, ..., g, with small coef-
ficients,
(24> f]zzawglv jzoa"'vqa q>n,
i=0
where T'(r, a;;) = o(T,(r)). For each z, let mg, mq,...,m, be the integers in (2.2),
which depend on z, and let v be any fixed integer satisfying 0 < v < ¢ —n. Then
(2'5) |me(Z)|§|me(Z)|, p=q—nqg—n+1,...,4q,

and letting {io,...,i,} C{0,...,q}, it follows from (2.4) that

Fu(2) = a4 (2)gi(2), k=0,1,....n,
j=0

that is,
fio(2) agig(2) -+ nig(2) 90(2)
(2.6) fz'lz(z) _ aOil;(Z) am'l:('z) . 9152)
fin(2) aoi, (2) -+ i, (2) gn(2)
We set the determinant d;, ;, (z) by
aOio(z) Tt Qg (Z)
Qpi; \ 2 st Qpig 2
(27) Bz = | )
ao'in(z) e anin (Z)
Since gg, - -, gn and f;,, ..., f;, are linearly independent over C (since C C P}), we
get d;,..i, (2) #Z 0. Otherwise, since f;,, ..., fi, can be expressed by using go, ..., Gn,
from (2.6) we would have
oo (2) ++ anig(2) aoio(2) <+ anig(2)  fig
ailz am-lz Qpi, \ 2 Qpi \ 2 i1
rank of 0:() Ny () = rank of 01,() ) 1() f
aoi, (2) -+ ani,(2) agi, (2) -+ ani,(2) fi,

But from d;, ; (z) = 0 and from the fact that f;,,..., f;, are linearly independent,
we have a contradiction. Thus d;, ;, (z) #Z 0 as we claimed.
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By using Cramer’s rule, for each j =0,1,...,n, we have

0ig @j-tig  fio @jt1ig Qnig
Qoiy A5 14y fi1 Aj414y Gy
Q0i,, A5 14, fiq Q5414 Qni,,
dio...in(z)
Qo4 Aj—1iy  Aj41iy Qniy
o 1)1+i+1 Qoiy, Aj—1in,  Qj+1iy Qniy,
- (_ ) d. ( ) : fio
20-.-in z
Q0ig Aj—1ig  QAj+1ig Anig
A0iq Aj_1ip  Aj41ig Qniy
)2+ A0iy, j—1in  Aj+lin (ni,
Qg Q514 Q414 Anig
Qi A1y Qj41iy Apiy
1 n+14+j5+1 aOinfl aj_linfl aj+1in71 aninfl
_I_ (_ ) d : fin‘
io...in (%)
By setting
Qi Aj—1i;  Qj41iy Qpiy
) ( ) o (_1)1+j+1 a'Oin a’j_lin a’j"f‘lin anin
Cipj(2) = T ( )
10---In <
Qg Aj—1ig  Qj+1ig Qg
Qoiy Aj—1iy  Qjt1ig Aniy
(2.8) Cii(2) 1= (—1)2HiH! 0in, Aj—tin  Gjtlin i,
11] T d
zozn(z)
Q0ig 514 Q5414 Qpiy
Qoiy A5 —1iq Aj11iq Qpiq
b (2) = (1)t B T Gty i Qi
v diyi(2)
10---In <
it follows that
n
gj(z) = Clkj(z)flk (Z)7 J= 07 17 , 1,
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where ¢;, ; are meromorphic functions satisfying

T(r,c,;) = (ZZT T, Qg ) = o(T,(r)).

=0 7=0

Thus we have
(29) ‘gj ‘ < Z‘Clk] |flk )‘ ij,l,...,n.

For a particular choice of z € C, let sequence i - - -4, be M4y, - - - my. Then, combin-
ing (2.9) with (2.5) we have

19;(2)] < Z | (2)] - | frmy (2)] < Z i (2)] | frm,, (2)]

k=q—n k=q—n
< ( Z |kaj(z)|) |fmu = (Z Z |Cmu ) |fmu(z)|?
k=q—n Jj=0 k=q—n

where v =0,...,g—nand 7 =0,1,...,n. By defining

:Z Z |C7mcj(z)

7=0 k=q—n

we have

(2.10) 19;(2)] < A(2) - [ fm, ()]

forallv=0,...,g—mnand 7 =0,1,...,n, where

<ZZ (1, s (2)) = 0T (r)).

7=0 k=q—n

Next we prove that A(z) is non-zero for all z € C. From the assumption
that ¢ = [go : ... : gn| is a holomorphic curve of C into P"(C), we have that
max{|go(2)],...,|gn(2)|} > 0 for all z € C. Since f;, (2)(k = 0,...,n) are entire
functions, it clearly follows that |f,,,(z)| gives a finite real number for all z € C. If
there exists 2y € C such that A(z) = 0, then from (2.10), we have that |g;(20)| = 0 for
all 7 =0,1,...,n, which contradicts with the fact that max{|go(2)|,...,|g.(2)|} > 0.
Thus A(z) # 0 for all z € C.

Finally, we will prove that there exist at least ¢ —n + 1 functions f; that do not
vanish at z for all r outside of a set of finite logarithmic measure. To this end we
define the sets

(2.11) A:={z€C:dyy i (2) =0, {io,.... 1} €{0,...,q}.}
and

Ey=A{r:|z| =7 ze A}
Then we have

Ey C U Eq, ..

where Fy, . is defined as in Lemma 2.2. From Lemma 2.2, we have that

iQ..in

d d d
Lo ey f e
Ey U X T Eq X

{iQseees m} covin {20y-++yin } iQ-.in
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So it follows that the set Ey is of finite logarithmic measure.

Forall z € C\2, we get d;,._;,(z) # 0. Thus from (2.8), we have that ¢;, ;(2)(k, j =
0,...,n) are analytic on C\R(. Therefore 3 7 (> i |cm,;(2)] gives a finite real
number for all z € C\Q. If there exists a zg € C\2l such that |f,,, (20)| = 0 for any
v=0,...,¢—n, then from (2.10), we deduce that |g;(29)] =0 for all j =0,1,...,n,

which contradicts with the assumption that

max{|go(2)]; - -, [gn(2)[} > 0.

Thus |fm, (20)| # 0 for all v € {0,...,q — n}.

If zo € 2, then there may be a zero of f,, (z) at z = 2z, but the order of this
zero is bounded by the order of the zero of d;, ;. (z) at z = zp. By going through all
points z € A, and taking into account that T'(r,d;,. ,,) = o(T,(r)), we obtain (2.3).
This completes the proof of Theorem 2.1. O

3. Picard’s theorem

As an application of the difference analogue of Cartan’s theorem, in [8] Hal-
burd, Korhonen and Tohge obtained a difference analogue of Picard’s theorem for
holomorphic curves.

Theorem 3.1. [§] Let f: C — P™ be a holomorpic curve such that <(f) < 1,
let c € C and let p € {1,...,n+ 1}. If n + p hyperplanes in general position have
forward invariant preimages under f with respect to the translation 7(z) = z + c,
then the image of f is contained in a projective linear subspace over P! of dimension

< [n/p].
Here a preimage of a hyperplane H C P™ under f is said to be forward invariant
with respect to the translation 7.(z) = z 4 ¢ if

(3.1) (T {HD) < I HHD)

where f~'({H}) and 7.(f~'({H})) are multisets in which each point is repeated
according to its multiplicity. Finitely many exceptional values are allowed in the
inclusion (3.1) if the holomorphic curve f is transcendental.

As mentioned in the introduction, a natural difference analogue of Picard’s the-
orem would have periodic moving targets. In order to state our generalization to
that direction, we first need to define what do we exactly mean by a moving periodic
hyperplane.

First, we fix the numbers n and ¢(> n), and observe ¢ moving hyperplanes
Hj(z) associated with a; = (ajo(2),...,a;n(2)). Let us put @ := {0,...,¢} and
N :={0,...,n} for convenience. By K we denote a field containing all the a;(2)
(j € Q, k€ N) and also C, where a;;(%) are c-periodic entire functions.

Let H(z) be an arbitrary moving hyperplane over the field I in P", that is, a
hyperplane given by

(3.2) Hz)=Alxo: - :x,) € P": ap(2)xo + - - + an(2)z,, = 0},

where aq,...,a, are c-periodic entire functions. Thus H(z) is associated with a
holomorphic mapping

a(z) = (ao(z),...,a,(2)): C — C".
Letting = [zg : -+ - : x,], we denote

Ly(xz,a(z)) = (z,a(2)) = ap(2)xo + - - - + apn(2)xy,.
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For x =g =[go: - : gn], we then have

Li(g,a(2)) = (9(2), a(2)) = ao(2)go(2) + -+ + an(2)gn(2),
and we say that the curve g and the moving hyperplane H is free if Ly(g,a(z)) # 0.
Definition 3.2. Moving hyperplanes

H;i(z) = {[:co HERR Zaﬁ(z)xi = 0}

in P" over K, and holomorphic mappings a;(z) = (ajo(z), ..., a;,(2)) of C into C"**
associated with H;(z), 7 = 0,...,q, are given. Let IC be a field such that C C K.
We say that Hy(2),..., H,(2) are in general position over I, if ¢ > n and any n + 1

of the vectors a;(z), j =0, ...,q, are linearly independent over K.

In order to measure the growth of holomorphic mappings associated with moving
hyperplanes, we need a modified version of the Cartan characteristic function, and
the corresponding notion of hyper-order.

Definition 3.3. Let a(z) = (ag(2),...,a,(z)): C — C"! be a holomorphic
mapping. Then

2 ) de
1) = [ s loglare)l

je{ovvn}
is the characteristic function of a, and
log™ log™ T
¢*(a) = lim sup 2818 a(r)
r—300 log r

is the hyper-order of a.
We can now state our generalization of Theorem 3.1.

Theorem 3.4. Let f: C — P" be a holomorphic curve such that ¢(f) < 1, let
ceC, letped{l,...,n+1}. If n+ p moving c-periodic hyperplanes H; in general
position over P} with associated holomorphic mappings a;(z) = (ajo(2), ..., a;jn(2))
have forward invariant preimages under f with respect to the translation 7(z) = z+c,

and

(33) a,-l...,-nﬁ = (a,-lo, vy Qigny Aig0y + v oy Qjgny o v vy ain+20, e ,ain+2n)

satisfies ¢*(y,..;,,,) < 1 for all iy---i,yo, then the image of f is contained in a
projective linear subspace over P! of dimension < [n/p].

We have introduced the holomorphic mapping (3.3) only for the purpose of stating
the relevant growth condition for the coordinate functions aj; of ayp,...,a,4, in a
condensed form. Alternatively this assumption could be replaced with a stronger
but simpler condition that each of the coordinate functions aj; satisty ¢(a;;) < 1.
Note that in either case we do not need every element of a; to be of growth o(7,(r)),
what is needed here is just that the hyper-order of the holomorphic mapping (3.3) is
strictly less than 1.

Before going into the proof, we demonstrate the sharpness of Theorem 3.4 by
using the following example.

Example 3.5. Since ¢(z) := 7/I'(1 — z) = (sinmz)'(2) is an entire function
with only simple zeros on the set of positive integers, it follows that ¢g='({0}) = Z+,
is forward invariant under the shift 7(z) = z 4+ 1. On the other hand, the entire
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function h(z) := (sinwz)/T'(z) has simple zeros on Z( and double zeros on the set of
non-positive integers Z<(. Despite of this jump in the multiplicities at the origin, the
set of the zeros of h(z) is still forward invariant with respect to 7(z) in our definition.
We also note that the gamma function I'(2) is a meromorphic function of order 1 and
maximal type in the plane, in fact,

T(r,T) = (1+ 0(1))£ log 7
by, e.g., |2, Proposition 7.3.6], while
T(r,sinmz) =2r + O(1) = o(T'(r, 1)),

see, e.g., [2, p. 27|. Further, sinwz € Pi but I ¢ P.
Let us consider the holomorphic curve

o1 R I 2
/= F(z)'F(z)'F(z—l—l/Q)]_{l'l'F(z—i—l/Q) G2 P

which has its image in a subset of P? of dimention 1. Take the four moving hyper-
planes H;(z) over P! with ¢ = 1, each of which is given respectively by the vectors

(Sin 7z, 0, 0), (0, sinm(z 4+ 1), O), (O, 0,sin7(z + 1/2)),

and
(sin7z,sinm(z + 1),sinw(z + 1/2))

in (P})? in general position. Now it is easy to see that each of these hyperplanes has
a forward invariant preimage under f. For example, f~*({H.}) coincides with the
zeros of the above entire function h(z). This shows that Theorem 3.4 is sharp in the
case where n = p = 2.

Similarly, when n = 3 and p = 2,3, the bound [n/p] = 1 is attained by the six
hyperplanes given by following vectors in (P1)* in general position with the primitive
fourth root of unity w:

(sinwz)(l,0,0,0), (sinwz)(O,l,0,0), (sinﬂz)(l,w,wz,w?’),
(cosmz)(0,0,1,0), (cosmz)(0,0,0,1), (cosmz)(1,1,1,1)
and the curve f: C — P? is given by

f._ 1 . 1 . W . 1
o _F(z)' I(z) T(z+%) TI(z+3)
R TR A R A €
= |1:-1: TeeD) Tea]|

This f is linearly degenerate in the sense that
f(C) = {[zl czp gty EPP 2420 =0, 23+wz4:0} ~ P!

A counter-example is also given to show the best-possibility of the restriction of
hyper-order < 1.

Example 3.6. Consider the holomorphic curve f(z) := [1 : expe®™]: C — P!,
and three two-dimensional constant vectors (1,0), (0, —1), (1, —1) associating to three
hyperplanes of P! in general position. It is easy to see that the roots of the linear
equation

((1,expe®™), (1,-1)) = 1 —expe®™* =0
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are forward invariant with respect to 7(z) = z + 1, since they are of the form
1 1
= log(2mm) £ >
2= og(2mm) 1 +k
for m € Z-o and k € Z. (For 7(z) = 5= log(2mm) & ; + (k+1).) On the other hand,
[n/p] = [1/2] = 0, but f(z) satisfies f & P.

In order to prove Theorem 3.4, we need to introduce the following lemma, which
is a generalization of [8, Theorem 3.1]. Since the proof is a simple modification of
the proof of [8, Theorem 3.1|, we omit the details.

Lemma 3.7. Letc € C, and let g = (go, - - -, gn) be a holomorphic mapping such

that ¢*(g) < 1 and such that preimages of all zeros of gy, . . ., g, are forward invariant
with respect to the translation 7(z) = z + ¢. Let

SiU---US
be the partition of {0, ...,n} formed in such a way that i and j are in the same class

Sy, if and only if g;/g; € P}. If
(3.4) > cigi=0,
i=0

where ¢; € P!, then

Z ¢ig9; =0

€S
for all k € {1,...,1}.

Proof of Theorem 3.4. Let x =[x : ---: x,], and let Ly, (2) (j =1,...,n+p) be
the linear forms defining the hyperplanes H;(z) = 0 as in (3.2). Since by assumption
any n+ 1 of the hyperplanes H;, j =1,...,n+ p, are linearly independent over P},
it follows that any n + 2 of the forms Ly, (z) satisfy a linear relation with coefficients
none of which vanishes identically in P!. By writing 7(z) = 2z + ¢, it follows by
assumption that the functions h; = Ly, (f,a) = ajofo + - - - + ajn [, satisfy

{r(h; ({0})} < {h; ({01}

for all 7 = 1,...,n + p, where {-} denotes a multiset which takes into account the
multiplicities of its elements.

The set of indexes {1,...,n+ p} may be split into disjoint equivalence classes Sy
by saying that i ~ j if h; = ah; for some a € PI\{0}. Therefore

N
{1,...,n+p}:USj
j=1

for some N € {1,...,n+ p}.

Suppose that the complement of Sy has at least n + 1 elements for some k €
{1,...,N}. Choose an element sy € Sk, and denote U = {1,...,n+ p}\Sk U {so}.
Since the set U contains at least n + 2 elements, there exists a subset Uy C U such
that Uy N Sy = {so} and card(Uy) = n + 2. Therefore, there exists ¢; € P\{0} such
that

(3.5) Z cih; = 0.

Jj€Uo
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Denote h = (h;,, ..., hi,,,). In order to apply Lemma 3.7 to deduce a contradic-
tion, we need to prove ¢*(h) < 1. To this end, let

u(z) = sup log|fu(2)]
ke{0,...,n}
and

w,(2) = sup loglae()| (Gi=1....n+2)
ke{0,...,n}

Then we have
log ‘hij| = log ‘@ijofo + et aijnfn| < log (‘az’jofo‘ +t |aijnfn‘)

(3.6) <log(n+1)-e"-e" <u+v; +O(1)
= sup log|fil + sup loglaix| +O(1)
ke{077n} ke{ovvn}

for any z satisfying |h;;(2)| # 0 and supgego oy |ai;(2)| # 0. Thus we have
sup loglhi,| < sup log|fy[+ sup  sup loglaik| + O(1)
je{l,....,n+2} ke{0,...,n} je{1,...,n+2} k€{0,...,n}

for any z satisfying
sup |hi,(2)] # 0,

sup sup |ai;x(2)] # 0.
JE{1,...n+2} kef0,...,n}

(3.7)

This gives that

2m 2m
/ sup  log |y, (re”)|— S/ sup log |fi(re®)| ==
(3.8) 0 je{l,..n+2} 21 7 Jo kefo,..n} 27

2m
+/ sup sup log|aij,€(rei‘9)\ﬁ +O(1)

0 je{l,...n+2} ke{0,...n} 27
for those positive r for which the functions in (3.7) have no zeros on |z| = r.

Suppose that supje(y . n40y [hi;| has infinitely many zeros on the circle {z: |z| =
r} (where r > 0). Then from Bolzano—Weierstrass theorem, there exists a convergent
subsequence z; — zy as t — oo satisfying

sup  |hy;(z)| = sup  [hi;(20)] = 0.
Jje{1,...,n+2} je{1,...,n+2}
Thus we have |h;;(2)| = |hi;(20)] =0 (j = 1,...,n +2), ie, hy(z) = hi;(20) =
0(=1,...,n+2). Since h;; (j = 1,...,n + 2) are all entire functions, it follows
from the identity theorem of holomorphic functions, that h;; =0 (j =1,...,n+2), a
contradiction. Similarly it follows that also Sup;e1, _,+2) SUPkefo,..n} |@i;%| can have
at most finitely many zeros on the circle {z: |z| = r}.

If either one of the functions sup;cy 10y SUPkeqo, .y @ik | AN SUD ;e yoy| B |
have a finite number of zeros on the circle {z: |z| = r} (where r > 0), we refer to
[4] for the method of proof on how to deal with this case. Here in convenience for
the readers, we give the details of the proof for (3.8), following [4]. For those r
where there are zeros on the circle of radius r, we modify the path of integration
slightly in order to avoid having zeros on the path. This is done by integrating the
two integrands in (3.8) around a curve v = ~y(r,d) consisting of arcs of |z| = r and
small “recesses” of sufficiently small radius § about each zero of sup;c(y 42y [hi;| and
SUDje(1,..n+2} SUPkefo,...n} |@i;k| 01 [2[ =7, such that these functions have no zeros on
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the new path of integration for any 6 > 0. In this case, (3.8) holds when the path of
integration is replaced by ~. Letting 6 — 0, it follows that on each small recess the
integrands on both sides of the inequality (3.8) are of the form O(—logd), and the
length of the recess is of the form O(d). This implies that the corresponding integrals
around each recess tend to zero as 6 — 0. Since the curve  approaches the circle
|z| = r as 0 — 0, it follows that (3.8) holds on |z| = r.

We have shown that (3.8) holds for all positive r. We set

ri)= [ log [, (re)| 22
r) = sup  log |h;. (re")|—,
" 0 je{l,...n+2} ! 27
2T
o df
T7(r) :/ sup log | fu(re)|—,
! 0 ke{0,..n} 27
and
i} 21 0 de
1int2 0 je{l,...n+2} kefo,...n} 2m
Then from (3.8) we have
(39) Ti(r) < T{) 4T, (1) +O().

Since by assumption ¢(f) < 1 and ¢*(ay,..i, ,) < 1, it follows by (3.9) that
(3.10) ¢"(h) <1

and we can hence apply Lemma 3.7.
By using Lemma 3.7, from (3.5) we get that

Csohsy = 0,
which is a contradiction. So we have that the set {1,...,n + p}\Sk has at most n
elements. Hence S; has at least p elements for all k = 1,..., N, and it follows that
N < (n+p)/p.

Let V' be any subset of {1,...,n + p} with exactly n + 1 elements. Then the
forms Ly, j € V, are linearly independent. By denoting V;, = V' N S, it follows that

N
V=W
k=1

Since each set Vj gives raise to card(V}) — 1 equations over the field P!, it follows

that we have at least
al n + n
(card(Vk)—l):n—l—l—N2n+1——p:n__
k=1 p p

linearly independent relations over the field P!. Therefore the image of f is contained
in a linear subspace over P! of dimension < [n/p|, as desired. O

4. Difference analogues of truncated second main theorem

In this section we introduce two alternative difference analogues of the truncated
second main theorem, and give corresponding difference deficiency relations. We
start with a definition of the difference counterpart of the concept of truncation.
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Definition 4.1. Let n € N, ¢ € C\ {0} and a € P. An a-point 2, of a
meromorphic function h(z) is said to be n-successive and c-separated, if the n entire
functions h(z 4+ vc) (v = 1,...,n) take the value a at z = z, with multiplicity not
less than that of h(z) there. All the other a-points of h(z) are called n-aperiodic of
pace c. By Ng["’c] (r, Ly) we denote the counting function of n-aperiodic zeros of the
function Ly(g,a) = (g(z),a(z)) of pace c.

Note that N'™9(r,Ly) = 0 when all the zeros of Ly(g,a) with taking their
multiplicities into account are located periodically with period c¢. This is also the
case when the hyperplane H is forward invariant by g with respect to the translation
T(2) = z+ ¢ ie. 7.(¢7'({H})) C g ({H}) holds. In fact, it follows by definition
that any zero with a forward invariant preimage of the function Lg(g,a) must be
n-successive and c-separated, since

g ({H}) C (g7 ({H})) C T-u-ne(9™ ({H})).

In addition, we denote

N,(r,Ly) = N (r, @) =N (T’ m>

Ne(r,0) = N ( m) |

We give the following short notation to be used through the remainder of this
paper. Let g(z) be a meromorphic function, and let ¢ € C, we set

and

9(2)=g, g(z+¢)=7, g(z+2c)=7 and g(z+ nc) = g"

to suppress the z-dependence of g(z). The Casorati determinant of gy, ..., g, is then
defined by
go 91 --- Gn
90 gl e Gy
C(g(]u~~~7gn): : : ... :
g g

With these definitions in hand we can show the following auxiliary result.

Lemma 4.2. Let g be a holomorphic curve of C into P"(C), let n € N and
q € N be such that ¢ > n, and let

a;(z) = (ajo,---,ajn), J€{0,...,q},
where a;i(z) are c-periodic entire functions satisfying T'(r,a;;) = o(T,(r)) for all
j,k €{0,...,q}. If the moving hyperplanes
(4.1) Hj(z) = {[wo: - : x,]: Ly, (z,a;(z)) =0}, je{0,...,q},
are located in general position over P!, then

(4.2) i Ny(r, Ly,) — No(r,0) < q NI™(r, Ly,) + o(Ty(r)).

=0
Proof. By Theorem 2.1 the counting function N*(r) for those points where more
than n functions Ly, vanish simultaneously is of the growth

(4.3) N*(r) = o(Ty(r))-
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The contribution to (4.2) from such points can therefore be incorporated in the error
term.

Suppose now that zp is an n-successive c-separated zero of Ly, for some j €
{0,...,¢}. By (4.3), and Theorem 2.1, we may assume that there are at most n
indexes within {0, ..., ¢} such that Ly, (z9) = 0. Therefore, by reordering the indexes

if necessary we may assume that L, (2) # 0 for all j € {n,...,q}, and thus there is
no contribution to the counting functions Ny(r, Ly, ), ..., Ny(r, Ly,) from the point
20-

Now, there are integers m;(> 0) and holomorphic functions h,(z) in a neighbor-
hood U of z, such that

(4.4) Ly, (z+ ke) = (g(z + kc),aj(z + ke)) = (2 — 20)™ hj(z) for 0 <4,k <n.

Here, for convenience, we set m; = 0 whenever (g(zo),a;(20)) # 0. Since
Ly, (2) = (9(2), a;(2)) = Zajk(z>gk(z)u
k=0

where aj; are c-periodic entire functions satisfying 7'(r, a;x) = o(T,(r)), it follows
that

Ly, Lw, --- Ln, go 91 On
Ly, Lg, -+ Lm, Jo 91 " Gn
= . . X A,
Ly, Ly - Ly, a g gl
where
Qoo @10 Qno
ap1 Q11 Gn1
A=
Aon, A1p Ann

Since the hyperplanes (4.1) are in general position over P!, we may invert A and
obtain

C(go, ce ,gn) = C(LHO, ceey LHn) det(A_l) s
where T'(r,det(A™')) = o(T,(r)). The cases where z, is a zero of det(A™!) can

therefore be incorporated in the error term o(7,(r)). Hence, assuming that det(A~")
is non-zero at zy, we have by (4.4),

n

C(Qm . ,gn) = H(Z — )" h(z),

=0
where h(z) is a holomorphic function defined on U. Thus C(go, . .., ¢,) vanishes at z
with order at least Z?:o m;. This, by going through all points zy € C, together with
definitions of Ny(r, Ly, ), Ne(r,0) and N, Ly,) implies the assertion. O

The following difference analogue of truncated second main theorem is an appli-
cation of Lemma 4.2 and Theorem 1.2.
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Theorem 4.3. (Difference analogue of Cartan’s second main theorem) Let n >
1, and let g = [go : ... : gn] be a holomorphic curve of C into P™"(C) with ¢ := ¢(g) <
1, where gy, . . ., g, are linearly independent over P!. Let

aj(z):(a'j()?"'aa'jn)a je{oa"-aq}a

where a;,(2) are c—periodic entire functions satisfying T'(r, a;r) = o(T,(r)) for all
J,k € {0,...,q}. If the moving hyperplanes

Hj(z) = {[wo: - :@]: Ly, (z,a;(z)) =0}, je{0,...,q},

are located in general position over P!, then

(g =n)Ty(r) <> Nr, Lu,) + o(Ty(r))

5=0
for all r outside of a set F/ with finite logarithmic measure.

From Theorem 4.3 we can obtain a difference analogue of the truncated deficiency
relation for holomorphic curves.

Corollary 4.4. Under the assumptions of Theorem 4.3, we have

q
> om0, L) <m+1,

=0

where

. N[n,c] r, LH
o0, Ly;) =1 — hfisoljp %

Instead of n-successive points, we can consider points with different separation
properties. For instance, we say that a is a derivative-like paired value of f with
the separation c if the following property holds for all except at most finitely many
a-points of f: whenever f(z) = a with the multiplicity m, then also f(z 4+ ¢) = a
with the multiplicity max{m — 1,0}.

Before introducing Theorem 4.6, we give the following definition of the usual
truncated counting function first, please refer, for instance, to [4] for details.

Definition 4.5. For a meromorphic function f satisfying f #Z 0 and a positive
integer j, let n;(r,0, f) denote the number of zeros of f in {z: |2| < r}, counted in
the following manner: a zero of f of multiplicity m is counted exactly k times where
k = min{m, j}. Then let N;(r,0, f) denote the corresponding integrated counting
function; that is,

M@mjwzmmnjn%r+/WMu@n;nﬂ@&ﬂdt
0

With this definition we may state the second difference analogue of the truncated
second main theorem.

Theorem 4.6. Assume that the hypotheses of Theorem 1.2 hold, and 0 is a
derivative-like paired value of f; with the separation ¢ for alli € {0,..., q}. Then we
have

N(r0,0) < 32 Nalr,0, ) + 01,

J=0
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and this gives

(¢ —=n)Te(r) < p  Na(r,0,f;) = N(r, L) + o(Ty(r)),

=0

where r approaches infinity outside of an exceptional set of finite logarithmic measure.
For the proof of Theorem 1.2 and Theorem 4.6, the following lemma is needed.

Lemma 4.7. [8] If the holomorphic curve g = [go : - -+ : g,) satisfies ¢(g) < 1
and if ¢ € C, then C(qgo, ..., g,) = 0 if and only if the entire functions gy, . . ., g, are
linearly dependent over the field P!.

Proof of Theorem 4.6. Suppose that ao, ..., a,—,—1 are any g—n distinct integers
in the set {0,1,...,q}, and let by, by, ..., b, denote the remaining integers in the set
{0,1,...,q}. From the assumptions of Theorem 4.6 (the same as the assumptions of
Theorem 1.2), we have that

[ G g ao, -+ don,
(45> f:bo . fbn _ g.O ce gn ' a1.50 Ca alibn |
72‘} . 7&‘} y([;"] ... gl Gty o+ G,

where

Aopy,  **+ Qob, Aoby "+ Onbg
(4.6) a1:b0 alzbn _ a(?bl afbl s ()

G, || am, e am,
Lemma 4.7 yields C(go, ..., gn) Z 0. Since fy,, ..., fp, are linearly independent over

Pl it follows that the determinant (4.6) of the coefficient matrix of (4.5) satisfies

dby--1, (2) # 0,

and so also C'(fy,, - -, fr,) Z 0 by (4.5). Since

fbo (Z> Aoby  *** Qnbg gO<Z>
(47) fblz(z) _ @(261 “f:bl _ glfz) |
o, (2) aoh, 't Qnb, In(2)

by using Cramer’s rule, we get that

aobo e ai—lbo fbo ai—l—lbo te anbo
a0b1 e ai—lbl fbl ai—l—lbl e anb1
o, 0 @i, o, Givwn, G,

9 e
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Qob, Ai—1b;  Ai4+1by Apb,
; Qob,, A;—1b,, Ai+1b, Anb,,
— (_1)1+z+1 'fb
by b, (2) ’
A0p A;—1by  Ai+1bg Anby
a’Obg a’i—lbz a’i—i—lbz anbz
; Qop @i—1b, Ait1b, Anb,,
T - o
=) g5, (2) '
Qob, A;—1bg Ai+1b Anby
Qb Ai—1by Q416 Anb,
+ (_1>n+1+z+1 a'Obnfl a'i_lbnfl a"l"l‘lbnfl a'nbnfl . fb )
db0~~~bn(z) "
We set
aObl ai—lbl a’i—i—lbl anbl
; Qo Qi—1b, Ai+1b Anb
¢ (z) = (=1)t - . - -
bgz( ) ( ) dbo---bn(z)
Qobg Qi—1by  Ai+1bg by
Q0by Qi—1by  Ai41by Qnby
; a a;_ a; a
(48) g (2) = (i L e =
bobn (2)
A0p A;—1bg Ai4+1bg Anby
Apb, Ai—1by Ait1by Anby
Czni(z> = (_1)n+1+7j+1 aObnfl ai—lbdn—l ai+1bn—1 anbn—l
bo-—bn (2)
to obtain
gogzg Czoo(z) Czlo(z) Cznogz; fbogzg
g1(z o (z) (2 ¢ (2 fo, (2
(4.9) = " R
gn(2) Chon(2) G n(2) Chon(2) fo, (2)
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where ¢ ; (k=0,...,n; j =0,...,n) are c-periodic meromorphic functions. Thus
foralli=1,...,n,
_[i] —li] —li] —li] il
9o (2) C_lﬁo(z) C_z[n]o(z) C_t[;no(z) [ﬁ(z)
5[14(2’) _ C*bol(z) C*b11(z) e C bnl(z) ) fbl(z)
#ie ) \elle e - e/ \Fe
(4.10) —1i]
Goo(2)  Golz) oo ¢ o(2) _Im(z)
B Cgol(z) 0211(2) Can(Z) fbl(z)
CZOn(Z) Czln(z> e C;Ln(z) 71[:] (Z)
and so
90 9n
?0 gn
_n] _in]
90 n
(4.11) s 7 . . .
_b() _b" CboO (Z) Cbol (Z) Cb()n (Z)
- fb() fbn Czlo Z) CZ11 < sz z
71[)2] _I[Z] ba0(2)  ¢,1(2) Gn(2)
implying

(4.12) C(gos- v 9n) = C(fogs s fon) -

Gool(2) Ga(z) - Gal2)
For simplicity, we set
Gol2) a2 ()
(413 Ao (2) = | P01 B GnE
Go(2) Ga(z) - 6 a(2)

and then we have App,..b,(2) Z 0 from (4.9) and T'(r, Apyp,..b, (2)) = 0o(Ty(r)) from
(4.6), (4.8) and (4.13).
From (1.2), (4.12) and (4.13), we have

fOfl"'.fq . faofal.'.faqfnfl

(4.14) b= Abobr"bn(z)c(fboa fb1> S fbn) B Abobr“bn(z)H 7
where
1 . 1
Fool oo =+ fo/ fon
(4.15) S |

b e T

and App, .., (%) is a meromorphic function satisfying T'(r, Apgp, b, (2)) = o(Ty(7)).
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We set 2 as in (2.11) in the proof of Theorem 2.1. Let zy € C\2 be a zero
of L of multiplicity . Then from (1.2), at least one of the functions fy, f1,..., f,
has a zero at zy. For each zy € C\2, from Theorem 2.1 we can choose the integers
ap, @1, . ..,0qn—1 to be a particular set of integers 0,1, ..., q satisfying

(416) fao (zo)flll (ZO> T faq—nfl(zo) 7£ 07

and we use these integers in (4.14). From (4.13), (4.8) and (4.6), we have Ay,..;,, (20) #
oo. Thus combining (4.14), (4.15) with the above analysis, we get that zy is a pole
of H with the multiplicity at least p. From inspection of the form of H in (4.15),
we deduce that the poles of H arise from the zeros of f,, (i = 0,...,n). For each
J =0,...,n, 2 is a zero of f;, of multiplicity my,, where m;, > 0. Since 0 is
the derivative-like paired value of f; with the separ(atiQ? ¢, we have that whenever
fv. (z+ic
e
my, — max{my, — 1,0} = min{i, my, } except for at most finitely many zeros of f;, .
Hence

fv;(2) = 0 with the multiplicity m,,, we get that = oo with the multiplicity

n
< Z min{my,,n}
=0

except at most finitely many zeros of fy,, ..., fp,. Thus the conclusions hold. OJ

Theorem 4.6 immediately implies the following deficiency relation for derivative-
like paired values of holomorphic curves.

Corollary 4.8. Under the assumption of Theorem 4.6, we have
q
j=0
where

g N <T’ fi>
om0, f;) =1 — limsup ——2%.
g ( f]) r—)oop Tg (’f’)

Theorem 1.2 can also be used to obtain a sufficient condition, in terms of value
distribution, for the growth of a holomorphic curve to be relatively fast. For this, we
first need the following definition from [6].

Definition 4.9. [6] We say that a is an exceptional paired value of f with the
separation c if the following property holds for all except at most finitely many a-
points of f: Whenever f(z) = a then also f(z + ¢) = a with the same or higher
multiplicity.

Corollary 4.10. Let n > 1, and let g = [go : ... : gn] be a holomorphic curve of
C into P"(C), where gq, . . ., g, are linearly independent over P}. If

n
szzawglu j:07"'7q7 q>n,
=0

where a;; are c-periodic entire functions satistying T'(r, a;;) = o(T,(r)), such that any
n+ 1 of the ¢ + 1 functions fq, ..., f, are linearly independent over P} and 0 is an
exceptional paired value of f; for alli € {0,...,q}, then we have ¢(g) > 1.
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Proof of Corollary 4.10. Suppose that ¢(g) < 1. Then from Theorem 1.2, we
have that

(1.17) (0= 0T00) < 8 (r.7 ) = N0 ) ol )

where r approaches infinity outside of an exceptional set E of finite logarithmic
measure.

But combining (4.15) with the assumption that 0 is exceptional paired value of
fi, we deduce that H(z) does not have poles. Thus L(z) does not have zeros on
z € C\ 2, where 2 C E is defined as in the proof of Theorem 2.1. So we get a
contradiction from (4.17), and thus we have ¢(g) > 1. O

5. Proof of Theorem 1.2

In order to prove Theorem 1.2, we introduce some lemmas firstly. The following
lemma is about the growth of non-decreasing real-valued functions.

Lemma 5.1. [8] Let T: [0,+00) — [0,+00) be a non-decreasing continuous
function and let s € (0,00). If the hyper-order of T is strictly less than one, i.e.,
loglog T'(r)

limsup ————= =¢ < 1
r—00 log r

and ¢ € (0,1 —), then

T(r+s)=T(r)+o (T(;")) ,

,
where r runs to infinity outside of a set of finite logarithmic measure.

The following lemma is an extension of the analogue of the lemma on the loga-
rithmic derivative for finite-order meromorphic functions (|5, Lemma 2.3|, [6, Theo-
rem 2.1]) to the case of functions with the hyper-order less than one.

Lemma 5.2. [8] Let f(z) be a non-constant meromorphic function and ¢ € C.
If(f)=¢<1ande >0, then

(1) (32

for all r outside of a set of finite logarithmic measure.

The following lemma shows that Cartan and Nevanlinna characteristic functions
are essentially the same in the one-dimensional case.

Lemma 5.3. [4| Let hy and hy be two linearly independent entire functions that
have no common zeros, and set f = hy/hy. For positive r, set

1
o

27

Ty(r) /0 u(re®®) df — u(0), where u(z) = sup{log|hi(2)|,log |ha(2)|}.

Then
Te(r)=T(r,f)+0(1) as r — oo.
For two meromorphic functions f and g (where f # 0 and g # 0), let N(r,0; f, g)
denote the counting function of the common zeros of f and g, counted in the following

manner. If zy is a zero of f with multiplicity m and a zero of g with multiplicity n,
then N(r,0; f,g) counts z exactly k times, where k = min{m, n}.
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The following lemma is a generalization of [4, Lemma 8.1]. The difference is that
in the original version, f; are linear combinations of the functions gy,..., g, with
constant coefficients, while in the following version, we generalize the coefficients
into small entire functions.

Lemma 5.4. Let g =[go: - : gn] with n > 1 be a reduced representation of a
non-constant holomorphic curve g. If

n
szzawglu j:07"'7q7q>n7
=0

where a;; are entire functions satisfying T'(r,a;;) = o(T,(r)), such that any n + 1 of
the ¢ + 1 functions fy, ..., f, are linearly independent over P!, then we have

T(r,9;/9m) + N(r,0; 95, gm) < (1 +0(1))T,(r), as r— oo,
and for any p and v, we have

T(r, fulfo) + N(r,0; fu, fo) < (1 +0(1)T,(r), as r— oo,
where p and v are distinct integers in the set {0, ..., q}.

Proof. The proof of the first inequality is the same as the proof of the corre-
sponding inequality in [4, Lemma 8.1]. Next we prove the second inequality. Parts of
the proof are based on modifications of the ideas behind the proof of [4, Lemma 8.1].
Suppose that f, and f, are any two distinct functions of the functions fo, fi,..., f;.
Since

fi= Zaijgi J =,
i=0
it follows by the definition of u(z) in (1.1) that
c(2) := sup{log|f,(2)],log | f,(2)[}

= sup {log Z ain(2)gi(2) }
< sup {IOg <Z @i (2)] - |9i(2)|> ,log <Z |laj,(2)] - |9j(2)|) }

i=0 §=0

sup « lo " a2 e ] 1o - a;,(z ez
65.1) < p{ g(;l (2)] ) g<;| (2)] )}
< u(z) + sup {log <Z |am(z)|) ,log <Z |aj,,(z)|> }

1=0

< sup log|gi()| +sup {bg* <Z Iaiu(2)|> Jlog* (Z |aju(2)|>}

< sup loglgi(2)] + Y log* [aiu(2)| + Y log™ aj,(2)] + 2log(n + 1),
} i=0 j=0

1€{0,...,n

,log

> an(2)gi(2)

whenever z € C.
Since f,, and f, are linearly independent entire functions, there exist entire func-
tions hy,, hy,,w,,, where hy,, h, are linearly independent and have no common zeros
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such that

(5.2) fu="hw, and f, =hw,
where N(r,0,w,,) = N(r,0; f, f.). Set

(5.3) t(z) = sup{log |h,(2)|,1log |h,(2)|}.

By applying Lemma 5.3 to h, and h,, we obtain

GA) T fulf) =Tl hufh) = 5
From (5.2) and (5.3), we have

t(z) = sup{log|h,(2)|,1og|h,(2)|} = sup {log j”

0%

2m
/ t(re®)do +O(1) as r — oo.

= sup{log |y, log | f,|} — log |wyuw|

for any z satisfying sup{|f.(2)|, |f.(2)|} # 0 and |w,,(2)| # 0. Thus we have
2 1 2

' ' 1 2T )
t(reydh = — c(re) df — 7 / 10g |wyu (re)| df
T Jo

o 0 2m Jo
for those positive r for which sup{|f.(2)l,|f.(2)|} and |w,.(z)| have no zeros on
|z] = 7.

If sup{|f.(2)|,|f.(2)|} or |w.(z)| have zeros on the circle {z: |z| = r} (where
r > 0), then following a similar argument as in the proof of Theorem 3.4, we will
obtain that (5.5) holds on |z| = r. Hence (5.5) holds for all positive r.

Following a similar method as above, we obtain from (5.1) that

o

Wy

,log

(5.5)

1 21

6o 5

c(re)do < T,(r —i—Zmraw +Zmrajy )+ O(1)
holds for all positive r. Hence, combining (5.4), (5.5) and (5.6), we obtain that

T(r, ful fv) = iﬁ /027T c(re) df — i /27r log |w,., (re’®)| df + O(1)

1 2m ;
(5.7) < T,( +Zmraw +Zmraﬂ, ——/0 log |w,., (re®)| df + O(1)

")+ ;m(r, ain) + ; m(r, a) — (m(r, W) — (n wi)) L o)

as r — 00. Since wy, is entire, then from Nevanlinna’s first main theorem, we get

m(r, @) —m (r, ! ) = T(r,wu) — N(r,wu) — (T (r, wi) - (T’ Wi))

(5.8) _N (n wi) |

Since T,(r) — oo as r — oo, we have that O(1) = o(T,(r)), and so from (5.7) and
(5.8), we have

T(r, fu/ ) < (1 +0(1))Ty(r) = N(r, 0, W)
= (1+0(1)Ty(r) = N(r,0; fu, f,) as r — oo.
Thus the conclusion holds. ]

Wy
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Proof of Theorem 1.2. By Theorem 2.1, the auxiliary function
(5.9) h(z) = max 10g|fi,(2) -+ S, (2)]

(kY123 {0, )

gives a finite real number for all z € C\ 2, where the set 2 is of finite logarithmic
measure as defined in Theorem 2.1. We let {ay,...,a4—n—1} C{0,...,q}, and

{bg,...,bn}:{O,...,q}\{ao,...,aq_n_l}.

Then we have (4.5) and (4.6). By using the same method as in the proof of Theo-
rem 4.6, we have (4.12) and (4.13).
Next, we set the auxiliary function

(5.10) Fo D T fy

0(907 e agn)
which is also well defined since C'(go, ..., gn) Z 0. Obviously, L is meromorphic.
Following the reference [8], we now prove
1 ~ 1
(5.11) N (r, f) —N(r,L) <N <7’, Z) — N(r, L) + o(Ty(r)).

Consider first the counting functions

(5.12) N <7°, %) <N <r 43, l)
77 fi

J

for j =1,...,n. In order to apply Lemma 5.1 to the right side of inequality (5.12),
we need to consider the growth of N(r,1/f;). Since each f; is a linear combination
of entire functions gy, ..., g, with small periodic coefficients, we have

n n n
1< 3 bl < 3l s bl < e b (z w) |
= = =

..........

So we have

log | f;] < log (ig}f}?fn\gﬂ (Z |aij‘>> = log (ii%?ffn\gﬂ) + log (Z \@z’j|>

i=0 1=0
= max log|g;| + lo a;;| | < sup loglg;| + log™ Qi
e loglol g@ A) oup_ g o + og <z| J|)

< sup log|gil + Y log" |ai| + O(1).
i=0,..., n i—0

Following a similar method as in the proof of Theorem 3.4, we get that

2 n
o | oglnre®)|d8 < Ty(r) + S mir,ay) + O(1)
0

1=0

holds for all positive r. By Poisson—Jensen formula we have that

1 m i, d0 .
¥ (rg) = [ reslhee g ST+ Y + 001)

= (1+o0(1)T,(r), as r— oo.

(5.13)
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Since ¢(g) < 1, it follows by (5.13) that

log log N (r, fi)

0; := lim sup Togr <<(g) <1
for all j = 1,...,n. Therefore, by Lemma 5.1, we have
1 1 N(r, 1)
(5.14) N(r—l—],?j) :N(T, f_]) +O<T1—6j—e , as r — oo,
where 7 = 1,...,n and r tends to infinity outside of an exceptional set Ej of finite

logarithmic measure. By using (5.13), the inequality (5.14) yields

1 1 T,
N\ = SN(T,_)jLo( 19(7”))’ j=1,...,n, as r — 00,
Vi fi riTeTE

J

outside of the exceptional set Fjy of finite logarithmic measure. Therefore,

N(r,%) — N(r,L)
=N (7’ C(g()??gn) ) _N (7’ fO?l le]fn—l—l fq)
fOTl"'T[:}fn—i-l"'fq C(9gos - - -+ Gn)
1 < 1 )
=N|r,— — ~N(rj——
( fofl---fi}fnﬂ---fq) C(g0r---+9n)
=) Nlr—=|+N N(r— =
jz:; ( 7 ) " ( fn-i—l fq) <T7 C(go,...,gn))

EN< fj)+N( [ fq) N(ﬁ)+<ﬂ))

,7_

=V (i) Y () o ()
:N(r,%)—N(T,L)—Fo(gg_(i)e)v

where r — oo outside of the exceptional set Ey with finite logarithmic measure.

Next, we prove the inequality (1.3) for the auxiliary function L. By substituting
(4.12) (4.13) into (5.10), we have

7 T T fy  foefy (Ga/0) (0 )
AbObl“'bn (Z)C(fbm fbu ceey fbn) Abobl"'bn(z>c(fbov fb17 ceey fbn)
B T fant s Fags  Gul ) T ) - Ui Fo) - o/ T
Abob1~--bn(Z)C(fbo7 fb17 sy fbn>
Fao - Fagonos - (Fof 1) - Ui S Fo) - (P f) = (fon /T

Abobl---bn(Z)fofo"'?([)n]c(fbo/vafbl/fO ----- fon/fo)
- —[n]
Joo Loy Fon,

IA
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Far o Fors - BT ) o) - BTN o) i)

(Abobl...bn(z)fo?o---?é”]cmo/fo,fbl/fo ..... fbn/f0)>

SooFoy T

Fao - Fans - (P ST [ o) - P SN S (Fo) fo)

Apgby b (2)C(fog [ fosfoy [ foses fon [ fo)
(oo /$0)-(Foy /T0)~(Fo /76"

Therefore,
S T
Apgpy b, (2)G(2)
where
< g/ for fon /6o fon /o) )

7 7.

(5.15) ) = N/ (fbl/fo>_[<1£bn_/{:]>
S/ Fu )/ o) - ([ o, ) (Fad fon)

By defining

w(z) = max log | Apgp, -6, (2)G(2)],

(o0, )

it follows that h(z) = log|L(z)| + w(z) for any z € C\A such that L(z) is non-zero
and finite. Thus we have

2 2 2
(5.16) / h(re')do = / log | L(re)| df + / w(re®) do
0 0 0
for all positive r outside of the set
Ey ={r: 2 C\, |z| =, L(z) =0 or L(z) = oo}

By using a similar reasoning as in [4, p. 451] or in the proof of Theorem 3.4, it
follows that (5.16) holds for all positive r outside of the exceptional set Ey. (Since
L is meromorphic, there is a possibility of skipping this step by adding another
exceptional set, according to Lemma 2.2.)

Let {mo,...,my_n_1} be the set of indexes for which the maximum in (5.9) is
attained for a particular choice of z € C\ 2. Then by Theorem 2.1 it follows that
(5.17) log |g;(2)| < log | fm, (2)] + log™ A(2)
forall0<j<mand 0<vr<g—n-—1, and so

1 2m )
(q=n)Ty(r) < 5= | h(re?)dd + (¢ — n)ym(r, A(z))
2m Jo
(5.18) N
1 g ,
<= [ h(re?) o+ o(Ty(r))
2w J,

as r — oo outside of the exceptional set Fy with finite logarithmic measure. Since
the function G in (5.15) contains only sums, products and quotients of fractions of the
form (fj/fk)m/(fj/fk)M where [,i € {0,...,n} satisfying i <[, and j, k € {0,...,q},
it follows by Lemmas 5.2 and 5.4 that

2T
G.19) o [ wlre) 8 <, G4 (A irm,) = 0Ty (1),
T Jo
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as r approaches infinity outside of an exceptional set E; of finite logarithmic measure.
Finally, by Jensen’s formula,

1 2m . ) 1 ~
(5.20) —/ log|L(re®)|df = N (7‘, :) — N(r, L)+ O(1)
2 0 L
as 7 — oo, and therefore by combining (5.16), (5.18), (5.19), and (5.20), we have
1 ~
(5.21) (g —n)T,(r) <N (r, f) — N(r,L) + o(Ty(r)),

where r approaches infinity outside of the exceptional set Fy U Ey U E;. Since FEy,
Ey and E; are all of finite logarithmic measure, their union Fy U Ey U E; is as well.
The assertion therefore follows by substituting inequality (5.11) into (5.21). O
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