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Abstract. We study the action of fractional differential type operators on the space of point-
wise multipliers between holomorphic Triebel-Lizorkin spaces on the unit ball B of C". As an
application, we obtain new characterizations and examples of multipliers on Hardy—Sobolev spaces,
and we improve some well-known results about the integrals operators I, and Jp.

1. Introduction and main results

For 0 < p < oo, let HP be the Hardy space in the unit ball B of C". For
7 € R, denote by (I + R)™ the bijective linear fractional differential operator on the
space H of holomorphic functions on B, defined on the monomials by (I + R)™2* :=
(1 + |a|)72%, where a = (aq,---,,) is a multiindex of non-negative integers and
ol = a3 + -+ a,. For 0 < p < oo and s € R, the Hardy—Sobolev space H? on B
consists of all the holomorphic functions f on B such that (I + R)*f € HP, that is,
H? := (I + R)"*HP.

The Hardy—-Sobolev spaces H? for 1 < p < oo and s < n can be described in
terms of fractional Cauchy operators, namely, H? = C,[L*] where C; is operator with

kernel do(¢)
o
CS(Za C) = (1 _ ZZ)H_S’

(see [16]). Here do denotes the normalized surface measure on the unit sphere S and
Cs is a bijective operator from H? to H? which plays in some sense the same role
that (I + R)~*, as we will detail in the forthcoming sections.

One of our motivations arises as a natural question derived from the above rep-
resentation: Find a description of the functions ¢ € LP(do) for which Cs(p) is a
pointwise multiplier on H?. For the cases s > n/p or s < 0 the answer to this ques-
tion is known (see for instance [25]). If s > n/p, H? is a multiplicative algebra and
consequently Cq(yp) is a pointwise multiplier on H? for any ¢ € LP(do). For s < 0,
the space of multipliers of H? coincides with H*, and C,(y) is a pointwise multi-
plier on H? if and only if Cs(¢) € H*®. Our approach to obtain this description for
0 < s < n/pis based, among other ingredients, in the behavior of fractional differen-
tial operators on the algebra of pointwise multipliers between Hardy—Sobolev spaces.
These results, which are interesting by themselves, permits to describe the spaces
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of pointwise mutipliers in terms of trace measures on S and in terms of Carleson
measures on B, which complete the ones given in [25].

A non-negative Borel measure p on B is a Carleson measure for H? if H? C LP(p).
When s = 0, these measures are characterized by the condition u(T(Q(¢,7))) S ™,
for any Carleson box Q(¢,r7) = {z € B;1 — |z| < r,z/|z| € B((,r)}. In this
characterization the Carleson boxes can be substituted by tents. The proof of this
result in several variables can be obtained using the methods of the classical theorem
in one variable, due to Carleson (see [12] and [13]).

For general s > 0, we recall, for instance, that if n — sp < 1, the Carleson
measures for the spaces H? can be characterized by a capacitary condition on open
sets in S (see [18]) and for H?2 and any s > 0, was obtained (see [29]) a non-capacitary
characterization. A non-negative Borel measure p on S is a trace measure for H?,
s > 0, if the space of all the boundary values of the functions H?, also denoted by
H? is in LP(du).

There is a large number of works dealing with the theory of pointwise multipliers
acting in pairs of spaces of differentiable functions on R"”. We refer to the book
of Maz’'ya and Shaposhnikova [21]| as a survey of some of the main results in this
topic. The fact that we are dealing with spaces of holomorphic functions, where
the non-isotropic metrics play a main role, allows us to use different arguments and
techniques to the ones used in the real case, which in some situations can not be
applied directly to the holomorphic case. One trivial example of this situation is the
fact that for kp > n, the functions in H} are continuous up to the boundary, whereas
for real Sobolev spaces on B, the regularity holds for kp > 2n.

One second motivation was the study of the integral operators I, and J, with
holomorphic symbol b defined by

NG = [ W RNET. HE = [ ) ()T

Observe that I,(f)(z) + Jo(f)(2) = (bf)(2) — (bf)(0). These operators have been
thoroughly studied in different settings, and there is a wide literature on the subject.
See for instance the classical articles [5], [4] and [20], the recent paper [26] and the
references therein.

We study the relationship of these operators with the multipliers, extending some
classical results on this topic. Since the techniques used to prove the main theorems
are not more involved, we state our results in the general setting of Triebel-Lizorkin
spaces which include both the Hardy-Sobolev spaces H? and the Besov spaces B?.
Recall that BP consists of all the f € H such that (1 — [2]?)*=*(I + R)*f(z) €
LP ((1 — |2[*)~'dv(2)) for some (any) non-negative integer k > s. Observe that BY,

is the classical Bergman space AP := LP(dv) N H and therefore B? = (I + R)™*~ /P AP,
Here, dv denotes the normalized Lebesgue measure on B.

For 0 < p,q < oo and a positive Borel measure p on B, the non-isotropic tent
space TP%(u) consists of all measurable functions ¢ on B such that

p/q
d
I lnage = | ( ; |¢<w>\q%) do(¢) < oo,

where ¢ = {w € B: |1 — w(| < 2(1 — |w|?)} is the usual admissible approach region.
We extend the above definition to the case p = ¢ = oo defining 7°> := L°.



Fractional derivatives of pointwise multipliers between holomorphic spaces 759

Let 0 < p,qg < oo and s € R. The holomorphic Triebel-Lizorkin space FP4
consists of all holomorphic functions on B such that

Fllezs = |1 =12 + R)*F(2)]| g,y < 00,

for some (any) non-negative integer k > s. Note that if s < 0 then we can take k = 0.

The same techniques used in [23] to prove that the norms are equivalent for
different non-negative integer values of k£ permit to obtain equivalent norms replacing
(I + R)* by other differential operators, as (I + R)7, 7 > s not necessarily integer,
or the operators defined in (1.1) and in Remark 2.5. See for instance Chapter 6 in
[31] for more equivalent norms on Besov spaces.

Thus, the operator (I+R)" is a bijective operator from FP? to F2%.. We then have
that If p < oo and ¢ = 2, the characterization of H? in terms of the area functions
gives that FP? = HP (see for instance [2]). If p = ¢ < oo, then FP? is the Besov
space BP. For p = oo, if s > 0 the space B := F>>* is the holomorphic Lipschitz-
Zygmund space H N A;. The space F;”™ is the Bloch space B§° of holomorphic
functions on B satisfying sup,.g(1 — |2]*)|Rf(2)] < oc.

Given a couple of quasi-normed spaces X and Y of holomorphic functions on B,
we denote by Mult(X — Y) the space of pointwise multipliers of X to Y. If X =Y,
then we simply write Mult(X).

Our first result shows that the differential operator (I + R)7, which is a bijective
operator on holomorphic Triebel-Lizorkin spaces, is also a bijection between two
spaces of multipliers of Triebel-Lizorkin spaces.

Theorem 1.1. Let 0 < p,q < oo and s,s" € R.
(i) If ¢ < s then g € Mult(FP9 — F59) if and only if for some (any) 7 > s’ — s,
(I + R)"g € Mult(FP1 — F7? ).
(ii) If s = &', then g € Mult(FP9) if and only if g € H*® and for some (any)
7 >0, (I+R)g € Mult(FPe — FP9),
(iii) If s > s, Mult(FP9 — F59) = {0}.

The above theorem permits to describe the space Mult(FP4 — F5?), ' < s,
in terms of TP4-Carleson measures, that is, in terms of positive Borel measures pu
on B such that FP? C TP%(y). Indeed, g € Mult(FP? — F5?) if and only if for
7 > max{s’,s — s}, (I + R)"g € Mult(FP? — F59 ). Taking the norm in F&_
corresponding to k = 0 > s — 7, we obtain f(I + R)"¢g € F7?_ if and only if
fe HNT?(pu,), with

dpg(2) = (I + R)7g(2)[*(1 — |21~ du(z).

Thus, assertion (i) in Theorem 1.1 is equivalent to:

(") For ' < s, g € Mult(F?? — F5?), if and only if for some (any) 7 >
max{s’, s’ — s} the measure y, is a T?9-Carleson measure for F.

Theorem 1.1(ii) gives Mult(FP?) = H* N (I + R)"" Mult(FP? — F”?). The
space (I + R)™" Mult(FP? — F”%) appears in the study of the boundedness of
Hankel type operators on Hardy—Sobolev and Besov spaces (see for instance (6], [14]
and the references therein).

The following corollary details the main properties of the action of the operator
(I + R)® on spaces of multipliers for the particular case of Hardy—Sobolev spaces:

Corollary 1.2. Let 0 < p < oo and s > 0. The following assertions are equiva-
lent:

(i) g € Mult(H?).
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(i) g € H* and for some (any) 7 > 0, (I + R)"g € Mult(H? — HY_)).
(i) g € H* and for some (any) T > s the measure

dpg(2) = |(I+ R)"g(2)[(1 — [2]*)*7*)du(2)

is a TP2-Carleson measure.
(iv) g € H*® and (I + R)*g € Mult(H?(S) — HP?(S)), that is g € H* and the
measure doy(¢) = |(I + R)*g(¢)|Pdo(() is a trace measure for H?, that is,
H?(S) C LP(ay).
The next applications of Theorem 1.1 give norm-estimates of the integral opera-
tors I, and Jp,, with a holomorphic symbol b already defined.
Since Rfol h(tz)% = h(z) for any holomorphic function h on B with h(0) = 0,
we have RI,(f) = bRf and RJ,(f) = fRb. Thus,
Ib: I, is bounded from F™9 to F5? if and only if b € Mult(F?% — FL9)).
Jb: Jy is bounded from FP? to F59 if and only if Rb € Mult(FP9 — F59)).

In this case Theorem 1.1 and Jb give:

Corollary 1.3. Let 0 < p,q < oo. If s < s, then J, is bounded from FP? to
FB% if and only if b € Mult(FP? — F59).

In[5]forn =1andp > 1, [4] forn = 1 and p < 1, and more recently in [26] for any
n > 1 and p > 0, it is shown that the operator J, is bounded on H? if and only if b €
BMOA, that is, if and only if Rb € BMOA_;, where BMOA; := (I + R) "' BMOA
for any ¢t € R. Recall that BMOA consists of all holomorphic functions f on B such
that |(1 + R)f(2)]*(1 —|z|*)dv(z) is a classical Carleson measure, that is, a Carleson

measure for some (any) H” (see for instance Theorem 5.9 in [31]).
Thus, Jb gives Mult(H? — H”,) = BMOA_; and by Theorem 1.1 we have:

Corollary 1.4. If 0 < p < oo and ¢’ < 0, then Mult(H? — HY) = BMOAy,
that is, the pointwise multipliers from H? to HY, are the holomorphic functions g on
B such that (I + R)*g € BMOA.

Our main result about the boundedness of the operators I, and J, is the following:

Theorem 1.5. Let 0 < p,q < co. Then, we have:

(i) If & < s < 1, then I, maps boundedly F™ to F%? if and only if b € B ..
(i) If &' < s =1, then I, maps boundedly HY to H?, if and only b € BMOAy_;.
(iii) If s —1 < s <0, then J, maps boundedly F?? to F';? if and only b € BY__.
(iv) If & < 1, then J, maps boundedly H? to HY, if and only b € BMOA,.

As we stated before, one of our motivations is the description of the space

XP:={p e LP(do): Cs(p) € Mult(HE)}, p>1, 0<s<n/p.

The study of this space requires the knowledge of the fractional Cauchy operator
Cs on spaces of pointwise multipliers of Hardy—Sobolev spaces. Since the study of
the analogous problem for fractional Bergman operators may be interesting, we give
a unified treatment of these problems considering the following integral operators
PN,N—H'.
For N >0 and 7 > —n — N, let PVV*7 be the integral operator with kernel
dvy (w)
(1 _ ZE)H+N+T’

where duy (w) = S (1 — [w[)N ! du(w).

PN,N-FT(

zZ,w) =
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We extend this definition to the case N = 0 by considering the fractional Cauchy
type kernel Cy(z, (). In order to unify notations we write diy := do and P> = C_,.
Observe that PV := PNV is the orthogonal projection from L?(dvy) to the weighted
Bergman space H N L*(dvy) and that PY := P%0 is the Cauchy projection C from
L*(do) to H?.

The operator plays a role similar to the differential operator (I + R)" as
we will see in Sections 2 and 3. We refer to the book [31] for the main properties
of these operators. Observe that if k is a positive integer and R¥, L > 0, is the
differential operator defined by

(1.1) Rﬁz(IJr%)m(IJr%),

it is immediate to check that for f € B! U H!,

PN,N—l—T

(1.2) PYNTE(f) = Ry n PN (f) = Ruon f.

Hence, PN-N+F is a bijective operator from FP7 to F% . These results for Bergman

spaces can be found for instance in [31].

The following theorem is the version of Theorem 1.1 for the operators PVV+7.

Theorem 1.6. Let 0 < p,q < oo and s,s' € R satisfying s < s. Let N >0
such that FP C B! y U H'.

(i) If ¢ < s then g € Mult(FP9 — F59) if and only if for some (any) 7 > s’ — s,
PNNITg € Mult(FP? — Fi9 ).
(ii) If s = &', then g € Mult(FP9) if and only if g € H*® and for some (any)
7> 0, PVt € Mult(FP4 — FP9).
The proof of the above theorems for integer values of 7 follows from some basic
properties of the pointwise multipliers of F”? and the Leibnitz’s formula. The general
case needs also some adequate Taylor expansions with precise estimates of the error

term. As a consequence of this result we will obtain the following description of the
space XP, that is, the space of functions ¢ € LP(do) such that Cs(¢) € Mult(H?).

Theorem 1.7. Let 1 < p < oo and 0 < s < n/p. Let ¢ € LP. Then, Cs(¢p) is a
pointwise multiplier for H? if and only if Cs(p) € H* and the measure |C(p)[Pdo is
a trace measure for H?.

For p > 1 and 0 < s < n, consider the non-isotropic Riesz potential space
K, (LP) = {/ P9 o(0): pe Lp(do—)} .
s [L—n(|ms

A trace measure for K (LP) is a positive Borel measure g on S such that
1K) 2oy S Nl@llLr(do). When 0 < s < n/p, these measures can be character-
ized in terms of non-isotropic Riesz capacities (see [1] and [17]).

The following results provide examples of pointwise multipliers for H?.

Theorem 1.8. Let p > 1,0 < s < n/p and let ¢ € LP(c) such that | |Pdo is a
trace measure for K (LP). Then, Cs(v)) € Mult(H?) if and only if Cs(¢)) € H™.

The next theorem gives other examples of functions in X?.

Theorem 1.9. If 0 < p < 0o and 0 < s < n/p, then HY* N H>® C Mult(HP).
In particular, if p > 1, ¢ € L™*(do) and Cs(p) € H®, then ¢ € XP.
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This is a generalization of a result of [11], where the authors prove this result for
a positive integer s < n/p.

The paper is organized as follows. Section 2 is devoted to state some basic
properties of the multipliers of Triebel-Lizorkin spaces, which permit us to prove
Theorems 1.1 and 1.6 for integer values of 7. In Section 3, we prove our main
theorems. In Subsection 3.1 we prove Theorem 1.1 and Corollary 1.2. We prove
Theorem 1.6 in Subsections 3.3 and 3.4. Both theorems use properties of the integral
operator, whose study is postponed to the subsection 3.5. In Subsection 3.2 we
give some applications of Theorem 1.1 and in particular we prove Theorem 1.5.
Subsection 3.6 is devoted to the study of the spaces XP?. In this subsection we prove
Theorems 1.7, 1.8 and 1.9.

Throughout the paper, the notation f(z) < g(z) means that there exists C' > 0,
which does not depend on z, f and g, such that f(z) < Cg(z). We write f(z) ~ g(z)

when f(2) S g(2) and g(2) S f(2).
Acknowledgment. The authors thank the referee for his careful reading of the
manuscript and his observations that have improved the final version of the paper.

2. Multipliers and proof of Theorem 1.1 for integer values of T

In this section we state some properties of the space of pointwise multipliers from
FPato F? s < s. We will need the following proposition.

Proposition 2.1. Let 0 < p,q < o0 and s € R.

(i) For any s > t, FP C F* C By, .
(i) f0<p<u<ooands—n/p>t—n/u, FP? C F"" for any v > 0.
(iii) Let 0 < u < p. If either s =t and ¢ <wv or s > t, then F»7 C F,"".
(iv) If 0 < w < min{p, ¢} and s —n/p <t —n/u, then By C FP1.

v) If either 0 <p <1 and s =n/p or s > n/p, then F»7 C H®.
(vi) If 0 < p,q < 00, sg,81 €E R, 0< 0 <1 and s = (1—0)sy+ 0sy, then

(FPa, FPay, = FPa.

so ! S1
Here (X,Y)y denotes the intermediate space between X and Y obtained by
the complex interpolation method.

Proof. The above assertions for Besov and Hardy—Sobolev spaces can be found
for instance in [10], [8], [30] and [31]. A proof of (i), (ii) and (iv) can be found for
instance in Theorem 4.1 in [24]. Part (iii) for p = u, s = t and ¢ < v is also proved in
Theorem 4.1 in [24]. For u < p, s =t and ¢ = v this follows from Holder’s inequality.
Combining the above cases we prove (iii) for u < p, s =t and ¢ < wv. If s > ¢, we
apply (i) with u, > p satisfying ¢t — n/u. = s — n/p, to obtain F»? C F/"" C F"".
The last embedding follows from (iii) for u < u., s =t and ¢ = v.

Assertion (v) for s > n/p is a consequence of (i) and the fact that if » > 0, then
the Lipschitz space B2 is in H*. The proof of the case 0 < p <1 and s = n/p for
Besov and Hardy-Sobolev spaces can be found in Theorem 1.4 in [8]. The general
case is proved in Theorem 4.3 in [24].

Assertion (vi) for the case p = ¢ is proved in Theorem 1.3 in [9]. An independent
proof for 1 < p < 0o and 1 < ¢ < oo can be found for instance in Corollary 3.4 in
[23]. We does not know an explicit reference for the cases 0 < p # ¢ and n > 1, but
the same proof for the case p = ¢ given in [9], based in the representation formula
f = PY(f) and in norm-estimates of the operators PV*V*7 can be adapted to prove
the interpolation result for the case p # q. O
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The following corollary gives conditions on p, ¢, s so that the operator PVV+7 is
well defined on FP4.

Corollary 2.2. The spaces B!\ and H' satisfy the following relations:

(i) The space B!y U H' coincides with H' if N = 0 and with B! if N > 0.
Therefore, PMN*7 is well defined in B, U H.
(i) The embedding FP C B!\, N > 0 holds in the following cases:
(a) p<lands—n/p>—-N —n,
(b) p>1and s> —N,
(¢c)p=1,s=—N and q < 1.
(iii) FP4 C H' holds in the following cases:
(a) p<lands—n/p>—n,
(b) p>1ands >0,
(¢c) p=1,s=0and q <2.

Proof. These results are a consequence of Proposition 2.1 and the equalities
B'y = F', and H' = F,*. More precisely: Part (i) for N = 0 follows from
Proposition 2.1(iii). The case N > 0 is a consequence of Proposition 2.1(iii), with
s =0>t=—N. In both cases (ii) and (iii), part (a) is a consequence of Proposition
2.1(ii), parts (b) and (c) are consequences of Proposition 2.1(iii). O

Now we use these results to prove some properties of the pointwise multipliers
of the Triebel-Lizorkin spaces. Some of these results for Hardy—-Sobolev and Besov
spaces are well known. However, we do not know explicit references for all the
considered cases. So, we include a briefly proof of all of them.

Proposition 2.3. Let 0 < p,q < oo and s,s" € R. Then, we have:

(i) If either p > 1 and s > n/p or 0 < p < 1 and s > n/p, then Mult(FP?) =
Fra.
(ii) If s’ < s, then Mult(FP? — F5?) C BY .NFY?. In the particular case where
s’ < s <0, we have Mult(FP? — F59) = B |
(iii) Mult(FP?) C H* N FP4. If s < 0, then Mult(FP9) = H™.
(iv) If & < s and 7 > 0, then Mult(FP? — F5?) C Mult(FP? — F57 ).
(v) If s > s, then Mult(FP? — F57) = {0}.

Proof. Assertion (i) follows easily from the fact that F? C H* (see Proposi-
tion 2.1(v)). Indeed, for a non-negative integer j, a real ¢ > 0 and h a holomorphic
function on B, let D;,(h)(2) := (1 — |2|*)? (I + R)’h(z).

As we have observed in the introduction, the norm of h € FP9 is equivalent
to the norm of (27 + R)™h in F™  for any non-negative integer m. Hence, for a
positive integer k > s, we have || fg||zra = |[(1 — |2]?)*75(2] + R)**(fg)(2)||s.a.
Since (21 + R)(fg) = g(I + R)f + f(I + R)g, Leibnitz’s formula and the fact that
for s > n/p, FP? C H* C B, give

k 2k
1fallere S D NDs0(N) el Dan—jsgllrra + D [1Dar—s09 ]l | Dys(f)llzra
=0 j=k+1

S flla=llgllzze + gl a=< [ fllrpe S N ppallgllzee,

which proves that Mult(FP?) = FP4.
Let us prove (ii). Since FP9 contains the constant functions, then it is clear
that Mult(FP? — F?) c F% If s > n/p, then by Proposition 2.1(i), we have

P,q
ot c By, CBY,.
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Now we prove the case s < n/p. By Proposition 2.1((iv) and (i)), B*

C
s—n/p+n/u
FP9 u < min{p, ¢}, and F* C BP . Thus,

Mult(qu — qu) C Mu].t( s—n/p+n/u — Bs n/p)

(A—|z)" N

Twzynr - By Proposition 1.4.10 in [27], for N large enough
~ (1 — |2%)"P=s. Therefore, for g € Mult(FP4 — F59),

Fixed z € B, let f,(w) =
we have that || f. |z

n/p+n/u
(L= )" |g ()] < 11 = [wl?)*"*~ g(w) fo(w) |z = |9 f2 ]l

< ||gHMult Bv —B% )(1 — ‘Z| )”/P—S’

s—n/p+n/u s'—n/p

(2.3) Bt

which gives

lglls = sug(l — 129 ()1 S Ngllueczorra.
S

Hence g € BY N FH9.If, now, s’ < s <0 and g € BY__, we have

lgfllrze = llg(2)f(2)(1 = |2*) " lrwa S (2)(1 = [2[*) [l zva
~ gl [If

which gives [lglueree o S lgllss

(2.4)

FPa,

Assertion (iii) is a consequence of the fact that the point evaluation is bounded
on FP4. Indeed, let g € Mult(F??). For any f € FP? and z € B, then

h() g1l e |7 (2)]

(6N < sup g naarrnll e
rerpa hllpze = e Tl
h#£0 h£0

which gives [|glco < [|g]lnu(zrey- The same arguments used to prove (2.4) show that
if s < 0, then the converse 1nequahty holds. Thus (iii) is proved.

In order to prove (iv), note that assertions (ii) and (iii) show that Mult(FP? —
FLY) C Mult(FZ) — FI? ) for any so > 0. Therefore (iv) follows from the above
mentloned interpolation result in Proposition 2.1.

Now we prove (v). Note that if s < n/p, (2.3) gives |g(2)| < (1 — |2[>)*~*, and
by the maximum modulus principe g = 0. The case s’ > n/p can be reduced to the

above case. Indeed, by part (ii), Proposition 2.1(i) and part (ii), we have
Mult(FP? — FJ7) C FI' C By, ), C H™ = Mult(F7y).

Hence, by Proposition 2.1(vi), for 0 < # < 1 such that (1 —6)s’—6 < n/p, we obtain
Mult(FP? — F59) C Mult(F(plq@)s 0 = Fg’z(,)s,_e) =0. O

We conclude this section proving Theorem 1.1 for the particular case where 7 is
a positive integer and that will be used as a tool to prove Theorem 1.1.

Proposition 2.4. Let 0 < p,q < co. We then have:
(i) Let s < s. If g € Mult(FP? — F,?), then for any positive integer k,
(I + R)*g € Mult(FP4 — FH1).
ii) Let s’ < s. If (I + R)*g € Mult(FP? — F29 ) for some positive integer k
(i) g : o p ger k,
then g € Mult(FP9 — F59).
(iii) g € Mult(FP9) if and only if g € H*® and (I + R)*g € Mult(FP? — FP?)
for some (any) positive integer k.
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Proof. Throughout the proof we use the previous mentioned fact that f € FP? if
and only if (I + R)™f € F™ . By iteration, it is enough to prove the assertions for
the case k = 1. Let f € FP9. Since g € Mult(FP? — FH?) C Mult(F?% — FY)
(see (iv) in Proposition 2.3), we have f(I + R)g = (I + R)(9f) — gRf € F7?,. This
proves (i).

Let us prove (ii) and (iii). Assume that (I + R)g € Mult(F?? — F/? ). We want
to prove that if s’ < s then g € Mult(FP? — F5?), and that if s = s and g € H*,
then g € Mult(FP9). In order to prove these results, it is sufficient to show that
(I4+ R)™(gf) € F?  for a positive integer m > s. By Leibnitz’s formula we have
I+ R)™(gf) =>Lgc;(I + RYgR™ 7 f. If s < s and j > 1, then assertion (i) and
Proposition 2.3 give

(I+ R)'g € Mult(FP" — F5?.) C Mult(F2Y_, — Fo2 )

s+j—m
and thus (I+R)/gR™ 7 f € F? . If ¢ <sand j =0, then (I +R)g € Mult(FP? —
FB) C BY ,_,. Therefore, g € B , = Mult(FY?, — F2 ) and gR™f € F} .
Finally, s’ = s and j = 0, then g € H>* = Mult(F?% ) and gR™f € F? . The
necessary condition in (iii) is a consequence of (iii) in Proposition 2.3 and the above
part (i). O

Remark 2.5. The results in the above proposition have been stated in terms
of the bijective operator (I + R)¥, but the same proof shows that they are valid for
operators (A I+ R) - (Ml + R), A1, -+, \x € C, and in particular for the operators
RE_ . Since PYN¥R(g) = RF g, this gives a proof of Theorem 1.6 for integer values
of 7.

3. Proof of main results

3.1. Proof of Theorem 1.1. In this section we will begin with the following
proposition, which will be used in the proofs of both Theorems 1.1 and 1.6. We
postpone the proof of this result to the end of this section.

Definition 3.1. For ¢ € L0, 1], let ® be the operator on the space of holomor-
phic functions H defined by

B(h)(2) = /0 S(1)h(t2) dt.

Proposition 3.2. Let ¢ € L'[0,1] such that |¢(t)| < (1 —t)*! for some k > 0
and tg <t < 1. For 0 <p,q < oo and s’ < s, we have:
(i) The operator ® maps FP? to FP4.
(ii) If &' + K < s, then ® maps Mult(FP? — FI?) to Mult(FP9 — FY ).
Proof of Theorem 1.1. Using the integral expression of (I + R)™" for £ > 0 (see
for instance [3])

1+ By = s | 1 (1og 1) f=)

for a positive integer [ > 7 we have
1 1 1 l—7—1 l
1 T = — log — 1 tz)dt.
1+ R o) = s | () R

Let us prove the first assertion (i) in Theorem 1.1. If 7 > ¢ — s and ¢ €
Mult(FP4 — F59), Proposition 2.4(i) gives (I + R)!g € Mult(FP4 — FL9). By
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Proposition 3.2(ii) with ¢(t) = ﬁ (log %)I_T_l and Kk =l —7 < l+s—5, we
obtain (I + R)"g € Mult(FP? — F5H9 ).

Conversely, if (I + R)™g € Mult(F?? — F? ) for some 75 > s’ — s, the same
argument shows that (I+R)"g = (I+R)" ™([+R)™g € Mult(F?? — F7? ) for any
T > s’ — s, and in particular for any non-negative integer k > s’ — s. This together
with Proposition 2.4 finishes the proof of (i).

Let us prove assertion (ii). By Proposition 2.4(iii), g € Mult(F?9) if and only if
g € H* and (I + R)*g € Mult(FP? — FP%) for some positive integer k. By part
(i), (I + R)*g € Mult(FP4 — FP%) if and only if (I + R)"g € Mult(FP? — FP9) for
any 7 > 0, which concludes the proof.

Assertion (iii) was proved in Proposition 2.3(v). O

Remark 3.3. If s’ < s, Theorem 1.1 shows that if 7 > s’ — s, then ({ + R)™ is a
bijective operator from Mult(FP?9 — F5?) to Mult(FP9 — FH9 ). If 1 =s— 5 >0,
then Mult(FP9) = H>® N (I + R)"" Mult(FP? — F”). In the case 7 > s — s’ > 0,
we have

(3.5) (I+ R)™" Mult(FP? — FR9) ¢ B O Mult(FP9).

s/ —s+T1

Indeed, if g € Mult(FP? — F5?), then, by Proposition 2.3(ii), g € B, and therefore
(I+R)7ge By, . CH*ass —s+7>0. Since F)? C FP'9 | g € Mult(FP? —
FP ) and (I+R)""g€ H*N(I+ R)"" Mult(FP? — F9) = Mult(FP9).

Observe that the embedding (3.5) in general is not exhaustive. For instance, if
T > —s > 0, Mult(H? — HI) = BMOA, (see Corollary 1.4), BY,  C H*® =
Mult(H?) and (I + R) "BMOA, = BMOA,,, C B

= Tsi4T

Proof of Corollary 1.2.  The equivalence between assertions (i) and (ii) is a
consequence of Theorem 1.1 and the fact that H? = F?2. From the definition of
HY, = F?* with k = 0 > s/, we observe that for 7 > s, (I+R)"g € Mult(H? — H?_.)
if and only du,(z) = |(I + R)g(2)]*(1 — |2|*)"*dv(z) is a TP*-Carleson measure.
This gives the equivalence between assertions (ii) with 7 > s and (iii).

Analogously, note that (I + R)°g € Mult(H? — HP?) if and only do, = |({ +
R)*g|*do is a trace measure for H?, which gives the equivalence between assertions
(ii) with 7 = s and (iv). O

3.2. Consequences of Theorem 1.1. We start this section with the proof of
Theorem 1.5.

Proof of Theorem 1.5. (i) Assume s’ < s < 1. Then, by property Ib, the
operator I, is bounded from FP? to F? if and only if b € Mult(F?% — F5,). By
Proposition 2.3(ii) this is equivalent to g € B ..

(i) Assume s’ < s = 1. Then, by Ib, I, is bounded from HY to H!, if and
only if b € Mult(H? — HY,_|) = BMOAy_;. The last equality is a consequence of
Corollary 1.4.

(iii) Assume s’ — 1 < s < 0. Then, by Jb, the operator J, is bounded from FP
to F59 if and only if Rb € Mult(FP? — FH? ) = B . |, which is equivalent to
be BY

(iv) Assume s’ < 1. Then, by Jb the operator .J, is bounded from H? to H?, if and
only if Rb € Mult(H? — H!,_|) = BMOAy_;, which is equivalent to b € BMOA,.

This ends the proof. O
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Corollary 1.4 also gives a characterization of BMOA; in terms of Carleson mea-
sures.

Corollary 3.4. If s € R, then the following assertions are equivalent:
(i) g € BMOA;
(ii) For some (any) T > s, the measure |(I + R)"g(2)|*(1 — |2|?)2=*)"1dv(z) is a
Carleson measure.

Proof. For s < 0, g € BMOA, = Mult(H? — H?) if and only if the measure
lg(2)|?(1 —|2]*)"*7dv(z) is a Carleson measure for H? and thus for any H?. There-

fore, using that ¢ € BMOA; if and only if (I + R)"g € BMOA,_., we finish the
proof. O

As a consequence of Theorem 1.1, we obtain the following characterization of the
multipliers from F?? to F? that generalizes Proposition 2.3(i).

Corollary 3.5. Let 0 < p,q < oo and s’ < s. If either p > 1 and s > n/p or
0<p<1ands>n/p, then Mult(FP? — FH?) = FH.

Proof. By Proposition 2.3(i), we have Mult(F??) = FP4. Thus, if 7 = s—s > 0,
Theorem 1.1 gives

FPU= (I 4 R)* FP9 = (I + R)** Mult(F??) C Mult(FP? — F2%) C FB9,

which concludes the proof. O

3.3. Preliminaries for the proof of Theorem 1.6. We start recalling some
properties of the operators PY:¥*7. For any positive integer k and any f € B! yUH?",
(1.2) states that PVV*k(f) = RE .\ f. Consequently, PV¥** is the restriccion to
B! y U H! of a bijective operator from FP¢ to F"% for any 0 < p,q < oo and s € R.

Its inverse is given by PN+#N. Bt o U FY? — B!y U H' . Indeed, by Fubini’s
Theorem, PNFTEN(PNNTR( ) = PN(fPNTE(1)) = PN(f) = f. In fact, the bijectiv-
ity of the operator PNN+7: Bl U H' — B', _UFY? holds for 7 > —n — N. As
above, if 7 > 0, its inverse is PV*7V . For the general case 7 > —n — N, the inverse
can be given by f — PNTEHTN(RE . f) for any non-negative integer k > —7.
Indeed,

(36) PN+k+T’N(R2+N+TPN’N+T(f)) — PN-i-k-i-nN(PN,N—i-k—i-r(f)) — f

The following lemma shows that the operator PY'¥*+7 can be extended to the
space of holomorphic functions as an operator of the type introduced in Definition 3.1.

Definition 3.6. For N > 0 and 0 < A\ < n + N, let V¥~ be the operator on
H(B) defined by

1 1
N = sy [ 0D fi2)
Recall that the 8 function is defined by (N, M) = FF((N]\?JIZ%) = fol(l—t)N_ltM_ldt.

Lemma 3.7. Let N >0, \ <n+ N and f € H(B).

(i) For any non-negative integer k,
PYNA(f) = PN AR 1) = R (PN ().
(ii) If A > 0, then PVN=2(£)(2) = ®VNA(£)(2).
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(iii) For any positive integer k > —\,
PYNTA(f)(2) = @YRVTNRY y f)(2)-

Proof. 1t is enough to prove the result for monomials f(w) = w®. Using the
Taylor expansion of (1—zw)~"~N** and the orthogonality in L?(dv) of the monomials
w®, we obtain

PN ) (2) =

1 I'(n+ N =X+ |a) /| w1 dya).

nB(N,n) all'(n+ N —X)

(n—1)lal .
= To-trlan 81V

Now, integration in polar coordinates and the fact that ||¢%|| 12(do)
nla! _ nla!l(N)

(n—14+]a])!  Tn+N+|af)

/B w21 — |w?) N du(w) = BV, + |a)

Combining these results we obtain

(n+ N)I'(n+ N — X+ |a\)za
I(n+N—-MNT'(n+ N+ |al)

PNJV_)\(UJOC)(Z) = =: ANJV_)\ZOC.
Analogous arguments show that the above formula remains valid for N = 0.

. . _ I'(n+N)T (n+N+k+|a\)
Assertion (i) is a consequence of R}, y2* = T N IR Nl 2+ Which gives
B(An+N—X+|al)

the equality Ay n-_22% = Anpmv-aftn 2% IEA >0, then Ay y_y = Wy

Hence

1
BOwn+ N —

An Nz =

1
/ (1 _ t)A—ltn-i-N—)\—l(tZ)a dt,
A) Jo
which proves part (ii). Assertion (iii) follows from (i) and (ii). O

Remark 3.8. Observe that, combining (3.6), Lemma 3.7 and Proposition 3.2,
we obtain that if FP4 C B!, U H' then PYN*7 is a bijective operator from FP4
to FPL forany7'> n—N Inpartlcular ifl<p<ooand 0 < s <mn,C,is
bijective operator from H? to H?.

3.4. Proof of Theorem 1.6. The proof is similar to the one of Theorem 1.1. By
Lemma 3.7(iii), PVN*7(g) = NTENFTT(RE g) for any non-negative integer k > 7.
Since R\ is a bounded operator from Mult(FP¢ — F5) to Mult(FP? — FH9,)
(see Remark 2.5), Proposition 3.2(ii) gives that PYN*™ maps Mult(FP4 — F5'?) to
Mult(FPe — F29 ).

Conversely, for any non-negative integer k > —7, the inverse of PV:N*7 ig

PN—I—T—I—kN OR _ (I)N—I—T—I—kN OR

n+N+71 — n+N+1

(see (3.6)). Hence, the same argument used above shows that this inverse maps
Mult(FP4 — FB? ) to Mult(FP? — FB'?). Thus, the operator PV is bijective
from Mult(F?4 — F59) to Mult(FP? — F5 ). This concludes the proof of part (i).

Let us prove assertion (ii). By Remark 2.5, g € Mult(F?9) if and only if g € H*
and RE, g = PYNTR(g) € Mult(FP? — FP%) for some non-negative integer k. By
part (i), PVVTF(g) € Mult(FP4 — FP1) if and only if PVV*7(g) € Mult(FP? —
FP%) for any 7 > 0, which concludes the proof. O

3.5. Proof of Proposition 3.2. In order to prove Proposition 3.2 we will need
the following Taylor formulas.
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Lemma 3.9. Let 0 <t <1 and z,w € B. For any positive integers m and [,
1 _ zm: (11—t & 1 e (L =t)"H(zw)™

I L R :
o)™ 22 1 di (i tzwy (L aw)(I -~ fzw)
Proof. If |\| < 1, for any 0 <t < 1 we have
I z’”: 11—ty & 1 (1 — ¢)m+iym+l
1—X gloodti T —tA (1= N\)(1 —tA)m+t’

5=0
Choosing A\ = zw and applying the operator R?H_l (with respect to the variable z)
to the terms in the above identity we obtain the result. U

Lemma 3.10. Let m be a positive integer and assume that f € B!y for some
N > 0. Then, for 0 <t <1,

10 =Y U ST (D)0 p(6) + Bl .0,

|
=0 7 jais

21 and the function E,, (f)(z,t) satisfies

ow
pym | Ry f (w)[ (1 — [w]?)H+HAT
g |1 — zw|"*N|1 — tzw|mH!

where 0% =

[Em(f)(z,0)] S (1= dv(w),

for any non-negative integer k.

Proof. Since 1 — |w|* < 2|1 — 2w], it is enough to prove the result for integer
values of N. Using the representation formula f = PV (f) and Lemma 3.9 we obtain

B 1=ty df wan_1 (L=t (zw)m !
J(2) = ; J! dtﬂ / flw) R (1 —zw)(1 — tzw)m+! dvx(w).

Using the integration by parts formula

/godVN:/RfHFNQOdVNM, p € C*(B),
B B

N
which follows easily from Z/B % (wip(w)(1 — [w])N) dv(w) = 0, we obtain
— j

- : (1;!t)j _.< )z gzuj;(z)

la|=j

_ 4\m—+1 20 m—+1
o [ Ryt~ oy ¥t O D E ),

(1— 2w)(1 — tew)m !

This formula together with the fact that |1 — zw| < |1 — t2w| prove the result. O

<

Proof of Proposition 3.2. In order to prove (i), we will show that if f € FP?
and a non-negative integer [ > s + k, then

(I + RY®(f)(2) = / o(t)(I + R) f(tz)dt € FP._,

If h:= (I +R)'f, this is equivalent to prove that ||(1 - |z| )l 5= “@( )(2)||7ea SI(1—
|212):=% h(2)|| 7. Since for 0 < ty < 1, ®g(h = fo dt is holomorphic
on a neighborhood of B, for any &, (I + R)* f is also holomorphlc on a neighborhood
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of B and, consequently, (IDO(h) is in F5? . Hence, it is enough to prove the result for

s'+k"
the function &4 ( ft h(tz) dt.
Let N be large enough SO that Fp_q C B! . Then,
DN |h(w)]
|h(tz)| = }73 (h)(tz)} S 5 WOWN(U’)-
Since |1 —tzw| ~ 1 — t + |1 — zw|, Fubini’s theorem gives
1
h
e s [ ool [ ),
to B‘l_zw|n+ o

provided n + N — k > 0. Combining these results, we obtain that

(1 - |Z\2)l‘s‘“/ (1=t Hh(tz)| dt < BV (1= w]*) " h(w)) (2),

to
where BV denotes the Berezin type integral operator with kernel
(1 — JwP)N (1 — |z

|1 _ Zw|n+N+M

BNM (2 w) =

dv(w).

By Proposition 2.8 in [23], if 1 < p,q < oo and N, M > 0, the operator BN is
bounded on T74. Thus, in this case we have

(1 |22y / (1 — £y |h(tz)] de

to

SN = )= h(w)|zea.

TP.q
The proof of the cases 0 < p < 1 or 0 < ¢ < 1 can be reduced to the above
case, choosing 0 < 6 < min{p,q} and N large enough, and using the facts that
lillzpa = 117 || 7.0 and
BN’M(( - |w‘ )l s‘h<w>|)9 g B(n+N)9—n,(n+M)9—n ((1 . |w\2)(l_s)9|h(w)\9)

(see Corollary 5.3 in [7]).

Now we prove (ii). Let g € Mult(FP? — FB9) with ' < s, and ' + kK < s. As
above ®y(g) € H(B) C Mult(F}?) for any t € R. Thus, it is enough to show that
®,(g) € Mult(FP? — F71 ). Since s’ + k < s, by Proposition 2.4, this is equivalent

s'+k
to prove that for a positive integer [ > s > s’ + K

(I+R)'®1(g)(2) = /t o(t)(I+R)'g(tz) dt = @1 ((I+R)'g)(2) € Mult(FP* — FJY, ),

that is, we want to prove that f®,((I + R)'g) € FI!, _, for any f € FP9. By Taylor

expansion in Lemma 3.10, this result will be true if for f € FP9 the functions

i /gb (1— Y0 f(t2)(I + R)g(t=) dt, || =j <m, and

/ SOV En(F)(2.)(I + R)'g(t2) dt

D.q
are in F; ek for some m.

By Propositions 2.4(i) and 2.3(iv) we have
(I+R)'g € Mult(FP? — F59) € Mult(F2% — Fi9,_ ).
As f € FP9 then 9*f € F, which gives (9°f) - (I + R)'g € Fi?,_,. Hence, part (i)

(with ¢(t) = (1 — t)7¢(t) and & = k + j) shows that F, € Fol .
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In order to prove that £ € F{, ,, we will show that for k > s,

I = [2?) = B @) e SN = (225 + R)* f(2) rwa.

Since s’ < s, (I + R)'g € B¥ ,_, and hence g € B _. Thus, form > 1+ s— s — K,
from
l—tlzl=1—t+1—|2| S|1—tzw| = 1—t+ |1 — 2w,

we obtain

(1= )"+ R)'g(t2)| < llglles

(1 _t>m+ﬁ — |m+K+s'—s—
@ty < lalleg [t = tammeremet

This estimate together Lemma 3.10 with N > s give

(1= )""E(x) S (1~ IZIQ)I_S/_“/ (L= ) Eu(f) (= )T + R)'g(tz)| dt

to

<llgl /1 |RE ] (W) (1= |w]?) P11 — [2f2) =
~ 119 B, w0 JB ‘1 _ Zw|n+N(1 —t+ |1 _ Zw|)l+s—s’—n+l

S lgl R f(0)|(1 = [ Y7 (1 — o)
~ g Bso/ofs |1 _ Zw|n+N+l+s_sl_H

dv(w) dt

dv(w)

= llgllzs BV (1 — Jwl) (L + R)* f(w)]) -

Now, as we stated before, the integral operator BN**!=*'~* is bounded on 779 and
lgllz [I(1 — |w|?)*=s|(I + R)*f(w)]|||7ea = 9] 5% || fllpra, which concludes the
proof. O

3.6. The space XP. In this section we prove the last results about the space
XP stated in the Introduction.

Proof of Theorem 1.7. TFor 0 < s < n, the operator C; = P%~* is a bijective
operator from H? to H?, whose inverse is P" Yo R" __(see (3.6)). By Proposition 2.4
(see also Remark 2.5), g € Mult(H?) if and only if g € H* and R!__.g € Mult(H? —
H?_.) and, by Theorem 1.6(i), this is equivalent to g € H> and P" *0(R"_.g) €
Mult(H? — HP), or equivalently to g € H* and the measure |[P" *°(R"__g)[Pdo is
a trace measure for H?.

Thus, if h € H?, we have C4(h) € Mult(H?) if and only if Cs(h) € H*> and the
measure |h|Pdo is a trace measure for H?. Since Cs(p) = C4(C(p)) for any ¢ € LP(do),
the above result applied to h = C(¢) concludes the proof. O

Proof of Theorem 1.8. Recall that a nonnegative weight w on S is in the
Muckenhoupt class A, if

e ap sy ) sy )

where B = B((,r)={neS;|1-(7| <r}, (€S andr > 0, denotes a non-isotropic
ball on S.

In the proof of this theorem we will use Lemma 3.1 in [22| which states the
following: Assume that |¢)|P do is a trace measure for the space K (LP). If g € L?(0)
satisfies that for any w in the Muckenhoupt class A,,

/|g\pwda < C(n,p, [w]p)/w\pwda,
S S

then the measure |g|Pdo is also a trace measure for K (L?).
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Since the Cauchy transform is a bounded operator on LP(w), we have that for
any w € A,

/\C VPwdo < C(n,p, [w /WF”wda

(See, for instance, |28, Corollary of Theorem 2, p. 205]). Hence, the above mentioned
lemma gives that du = |C(¢))|Pdo is also a trace measure for KS(L”).
Moreover, for any f € HP there exists ¢ € L, satisfying that f = C,(¢) and

1K@ azey = llpllp S 11f a2

But | f| < K,(]g|), and consequently dpu is also a trace measure for H?.
Finally Cs(¢0) = Cs (C(¢)) and we conclude the proof. O

In [15] there are obtained more detailed examples of pointwise multipliers for H?.

Proof of Theorem 1.9. Let us prove that Hi/* 0 H® C Mult(H?). By Corol-
lary 1.2, g € Mult(H?) if and only if ¢ € H* and (I + R)’g € Mult(H? — HP).
Thus, it is enough to prove that (I + R)SH"/S H™'* C Mult(H? — HP).

If0<p<oo,0<s<n/p,h € HY® and f € H?, then the embeddding
H? C HY s —n/p = —n/q (see Section 5 in [10] or Proposition 2.1) and Hoélder’s
inequality with exponent ¢/p give

1 f Lee < (A s

which proves the result.
If p > 1, the operator C, is bounded from L™* to H;L/s. Hence, if ¢ € L™* and
Cs(¢) € H>®, then C,(p) € H*® N H* which ends the proof. O

We remark that in [15] there are obtained more detailed examples of pointwise
multipliers for H?.
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