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Abstract. For graph-directed sets, we obtain that a C''-embedding implies an affine embed-
ding. We only pose the open set condition for the image sets. We can apply our result to self-similar
sets with overlaps, for example all A-Cantor sets.

1. Introduction

There are many works devoted to the bilipschitz embedding between fractals.
For example, Mattila and Saaranen [9] investigate the bilipschitz embedding between
Ahlfors-David regular sets, Llorente and Mattila [7] study the bilipschitz embedding
between subsets of self-conformal fractals, Deng, Wen, Xiong and Xi[l] obtain the
bilipschitz embedding for self-similar sets.

Feng, Huang and Rao [3] recently established the following relation between C'-
embeddings and affine embeddings for self-similar sets:

Theorem 1.1 of [3]. Let £ and F' be self-similar sets. Suppose that the open
set condition holds for F' and

where dimg(-) is the self-similarity dimension. If there is a C''-embedding from F to
F, then E can be embedded into F affinely.
Here are several minor comments for the conditions of the theorem.

1° Under the assumption (1.1), the IFS of E does not contain complete overlaps.

2° The theorem requires the C'-embedding globally, but by the self-similarity,
it seems a local C'-embedding will be enough.

3° As we will see later, some overlapping self-similar sets can be viewed as the
attractors of graph-directed IFSs satisfying the open set condition. And we
are led to discuss the embeddings between graph-directed sets.

The main result of this note is Theorem 1 below which generalizes that [3, The-
orem 1.1] from the three points mentioned above.

We started with some basic definitions and notations which will be used later.

For two compact sets K C R™ and K’ C R™2, we say that an embedding f
from K to K’ is affine if there exists a € R™? and a nondegenerate (mq x m; )-matrix
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M such that f(x) = Mz + a for all x € K. Here M is said to be nondegenerate,
if rank(M) = my < mg, ie., Mz = 0 for x € R™ if and only if z = 0. We
say that an embedding g from K to K’ is C!, if there is an extension g of g such
that g € C'(O,R™2) for an open neighbourhood O of K and the Jacobian Dg, is
nondegenerate at each x € K.

Recall the graph directed construction [10] as follows. Given a directed graph G =
(V, €) with vertex set V and the edge set £, the graph directed sets { K;(C R™) }iey
on G with contracting similitudes {S.: R™ — R™}.c¢ are non-empty compact sets
satisfying

(1.2) K; = Ujev Uee&’j S.(K;) forallieV,

where &; ; is the collection of directed edges from ¢ to j, and S, has similarity ratio
r. for any e € £. In particular, if V is a singleton, we obtain a self-similar set. We
say that the open set condition (OSC) holds for graph-directed sets { K; }iey, if there
are non-empty and bounded open sets {O;};c satisfying the disjoint union

(1.3) Ujév Uee&_d S.(0,) Cc O; forallieV.

A path e = ejes - - - e is said to be admissible, if the ending vertex of e; is exactly
the starting vertex of e;;; for every ¢. Throughout the paper, when we talk about
a path, we always mean an admissible one. If for any vertices i # j € V, there is a
path from ¢ to j, we will say that the transitivity condition holds for {K;};cy. For
more characterizations of graph-directed sets, please see [11|-[16].

Given a A-Cantor set E) = FE)\/3U (E\/3 + \/3) U (E\/3 4+ 2/3), Hochman [4]
proved the Furstenberg’s conjecture that dimy Ey\ = 1 for every A € Q. When A € Q,
Kenyon [5], Lagarias and Wang [6], Rao and Wen [14] proved that dimg E) = 1 for
any A = p/q € Q with (p,q) = 1 and p = ¢ #Z 0(mod 3). In these two cases, we have

dlmH EA = dlmS E)\.

Using graph-directed sets, Rao and Wen [14]| proved that if A = p/q € Q with
(p,q) = 1 and p # g(mod 3), then

(14) dlmH E, < dimSE,\

and there are graph directed sets {E&l)(: Ey\),--- ,E/(\k)} satisfying the OSC. In
particular, for any A\ = 2/3" with n > 1,

34+v5

dlmH E2/3n = 10g3 < dlms E2/3n =1

and the transitivity condition holds for corresponding graph-directed sets {Eﬁl)(:
ED) E® .. p@)
)\)> A y }

Remark 1. Let a=! > 1 be a P.V. number, for example, a~! is 1+2\/5, V2+1or
a positive integer greater than 1. An interesting fact is that we can obtain certain
graph-directed sets satisfying the OSC from the IFS {aPiz + b;}7*, with p; € N and

b; € Q for all i. For details, we refer to see [14, 8, 11, 17].
Now we state our main result.

Theorem 1. Suppose {K;}; and {E;}; are graph directed sets, the OSC holds
for {K;}; and the transitivity condition holds for {E;};. If there is a C'-embedding
from Ej;, to K;, for some i and jy, then there exists an index ¢ such that there is an
affine embedding from E; to K; for every j.
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Since any self-similar set has graph-directed construction satisfying the transi-
tivity condition, we have

Theorem 2. Let E and F' be self-similar sets. Suppose F; = F C R™ and
{F},--+, Fy} are graph directed sets satisfying the OSC such that

(i)

(1.5) by = U Sij(F

Sij: R™ — R™ is the similarity for each (i,7). If there is a C'-embedding from E
to F, then E can be embedded into F' affinely.

Taking & = 1 in Theorem 2, we have the following corollary which is Theorem 1.1
of [3] without the assumption (1.1).

Corollary 1. Let E and F' be self-similar sets and assume that the OSC holds
for F. If there is a C'-embedding from E to F, then E can be embedded into F
affinely.

Remark 2. (1) In Theorem 2, we pose no additional conditions for E, such

s (1.1). Then we can take £ = FE) in Theorem 2 where A\ = p/q € Q with
p+ ¢ = 0(mod 3) and pg # 0(mod 3), in this case, we have (1.4).

(2) If ™! > 1is a P.V. number and F = [J;" | (a?' F + ;) with p; € N and b; € Q

for all ¢, then there are graph directed sets {Fi(= F),---, F}} satisfying the OSC

such that
t(i)

U (¥ F +¢; )
where ¢;; € Z and ¢;; € R, that means (1.5) holds in Theorem 2. We also obtain
graph-directed sets satisfying (1.5) for A-Cantor set E,/, with p + ¢ # 0(mod 3) and
pq # 0(mod 3) [14].
(3) In Theorem 1.1 of [3], the C'-embedding ¢ € C'(R™,R™) is a C'-diffeo-
morphism on R™. Our result only need g € C'(O, R™) for an open neighbourhood
O of a compact set E.

The paper is organized as follows. In Section 2 we give some preliminaries,
including graph-directed construction and nearly affine mappings. In Section 3, using
Arzela—Ascoli theorem and Baire category theorem, we prove the main theorems. To
avoid the notational confusion, we draw a figure to illustrate the proof.

2. Preliminaries

For subsets A, B of R™, let dist(z, A) = inf c4 |v—y|, dist(A, B) = inf,ca yep |2 —
y| and |A| the diameter of A. For a given Euclidean space, let B(x,r) be the open
ball centered at = with radius r > 0, and B(x,r) its closure.

2.1. Graph-directed construction. Let {K};cy be the graph directed sets
on G = (V, ) with contracting similitudes {S,}.ce. For any path e = ejey - - - e, we
denote its length |e| = k. For e = e;---¢e; and € = ey - exepi1 - - €xrm, we denote
by e < €. Then we give a partial order. Suppose € = ejes - - - € is a path from vertex
i to vertex j. Then Se = Se1 08, 008, is a contracting similitude from K; to
K;, with ratio re = r¢,7e, - - -7, . Write K¢ = Se(K;). If the OSC holds as in (1.3),
then K; C O; for all j € V. For any path e from vertex i to vertex j, we also have
Oe Wlth its closure Oe. Then K = Se(K;) C Se(0;) = Ok.
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Claim 1. If the OSC holds as in (1.3), then for every path e we have Ko C O,.

Claim 2. When the transitivity condition holds, then for all pair (i,7) € V X V,
y € K; and € > 0, there exists a similitude S such that S(K;) C B(y,e) N K;.

Proof. Given y € K;, there exists an infinite path e* =e;---¢e;--- such that

ﬂk21 Koy = {y}

where e(k) = e;---e,. Then there is an index j' € V and an infinite sequence
ky < -+ <k, <k <--- of integers such that e, is ending at the vertex j' € V
for all 7. By the transitivity condition, there is a path €' from j' to j. Therefore, we
obtain that

Yy e Ke(ki) and Se(ki)Se’(Kj) C Ke(ki) with |Ke(ki)| — 0 as 1 — o0.

Take i large enough with |Ker,)| < €, then S = Se(i,)Se is the contracting similitude
required. O

Denote by €(x, €) the collection of all paths with their copies, whose diameters
are comparable to e, intersecting the closed ball B(z,¢), i.e.,

Qx,e) = {e: B(z,e) N K, # @ and (Hlelgl’l“e) e < K| <e}.

The following lemma is natural from the OSC, we give its proof for self-containedness.

Lemma 1. If the OSC holds as in (1.3), then there exists an integer Ny such
that for any € > 0 and = € K,

#Q(I, 8) < No.

Proof. Suppose z € K; and B(y;,r*) C Oj for all j with some small 7* > 0.
Write O, = Se(0;) and Be = Se(B(y;, 7)) if the path e is ending at j.
For any path e = eje5 - - - e_1€5, denote e~ = ejey---ep_1. Let

O (x,e) ={e: |Ke| < &,|Ke-| > e}(C Qx,¢)).
Let N is an integer satisfying (max.ce r.)" < mingeg re, we have

sup #{e € Qr,e):e <€} < (#E)N

ecQ*(z,e)

Therefore, we obtain
#Q({L’, 5) < (#g)N ’ #Q*(Ia 5)'
Using the OSC, we find that Os N Oy = & whenever e # €' € Q*(z, ). Now,

Be COs and B.N By =@ for e#e €Q(x,e).

Denote by R the radius of Be. If e is ending at j, then R, = r*re and

2.1) mineeere o Kl :
maxey |G|~ % |Kj| T miney [Ki|
Hence [ 72<e8ce < Re < -lpe.

Notice that K. C O, (Claim 1) and B(x,e) N K, # &, we obtain that
max;ey |Oy) )
——c .

min;ey |Kz|

B.C O, C B (x,5+rem%x|0i\> C B(I,&?—l—
[4S]
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Write ¢; = 1+ %‘M and ¢y = %ﬁ% Now {Be}ecar(s,e) are pairwise disjoint

open balls in B(z, ¢;¢) and the radius Re > coe for each e. We obtain

(H#(2,0)L(B(x,ce)) < Y L(Be)=L| |J Be| <L(Bx,c19)),

ecQ*(z,e) ecQ*(z,e)
where L is the Lebesgue measure on R™. Therefore, we have
# (,2) < (2)"

Co
The lemma follows. OJ

2.2. Bilipschitz and nearly affine mapping. Suppose K € R™ and K’ C
R™2. Given an embedding f: K — K’ , we denote

@@ e @) = )
V= Ty M= T ey
It is clear that

U(fog) <U(f)U(g) and L(fog)=> L(f)L(g),
and
US)=L(S)=r
for any similitude S with ratio 7. For nondegenerate matrix (linear transformation)
M: R™ — R™ we have L(M) > 0. Throughout the paper, when we say that the

mapping f(x) = Mz + a is affine, we mean that the matrix M is nondegenerate.
Hence L(f) > 0 for any affine mapping f.

Claim 3. If g: K — K' is a C'-embedding, then g is a bilipschitz mapping.

Proof. Suppose g € C'(O,R™2) for some open neighbourhood O of K with

Jlxk = g. We can take a small number r € (0,dist(K, R"™\O)/2) such that
0= dist(lyl,lfg)SrL(Dgw = st Ubg,) < co.

We obtain finitely many open balls {B(z;,r)}._; centered at K such that K C
UY_ B(z;,r). Take ¢ be the Lebesgue constant of the open covering {B(z;,r)}_;.
Notice that the Cl-embedding ¢ is a continuous embedding, we only need to esti-
mate %ﬁ‘%/)l for x,2’ € K with 0 < |z —2'| < 4.

We can verify that L(g) > 0. In fact, whenever 0 < |z — 2/| < 4, there exists an
index ¢ < p such that x,2’ € B(z;,r). Therefore, we obtain a point £ € B(z;,r) in
line segment between x and z’ such that

_ / D— !
o) = oG] _Dale =) e g
|z — /| |z — /| dist(y,K)<r

In the same way, we can obtain U(g) < oco. O
Let K, K’ be compact sets as above and ¢ > 0 is fixed. We say that a sequence
(i K = K2 C{f e < L) < U(f) < o)
is nearly affine, if there is a sequence {A4,}7°, of affine mappings satisfying

lim sup | fi(z) — A¢(2)] = 0.
t—)OOxeK

Using Arzela—Ascoli theorem, we have
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Lemma 2. If {f,}°, is nearly affine, then there is an affine mapping A and a
subsequence {f, }; of {fi}+ such that

lim f;,(x) = A(x) uniformly on z € K.
11— 00

Fix positive constants M, N € N and ¢ > 1. Suppose E, {B;; }1<i<co,1<j<n and
{C;}M, are compact subsets of Euclidean spaces. We assume that for all i > 1,
(22) E - Bi,l U Tt U Bi,Na

and for every j, there is a family {f; ;}3°, of nearly affine mappings and an index set
{a(i,7)}2, with 1 < «(i,j) < M for all i such that

(2.3) fii(Bij) € Cagiy)
and
(2.4) fig € {f: M S L(f) SU(S) < ¢}

Here B; ; may be empty set. Using Arzela—Ascoli theorem again, we have
Lemma 3. Suppose (2.2)—(2.4) hold. Then there is an integer N* < N and a
family of affine mappings {Aj}éy:*l, non-empty compact subsets {Bj}éy:*l and index
set {a(j)}X, such that
E=ByU---UBy~,
and A;(Bj) C Cyy) satistying A; € {f: ¢ < L(f) < U(f) < ¢}
Given compact subsets F and By, - - -, By« of some Euclidean space, if
E=ByU---UBy~,
using Baire category theorem, we have

Lemma 4. Suppose (2.2)—(2.4) hold. Then there exist an integer j with 1 <
j < N* and an open ball B(x,r) with z € E such that

ENB(z,r) C B,.

3. Proof of Theorems 1 and 2

Suppose {E;};eu are graph-directed sets on the graph (U, D) with vertex set U
and the edge set D satisfying

(3.1) E; = Uj/eu Udep‘ Tu(Ey) for all j €U,

where D;, j, = {d: edge d from j; to jo} and T} is the contracting similitude with
respect to edge d. Write Ey,..q = Ty, o --- 0Ty, (E;), where the path d; ---dj is
ending at vertex j.

Given j € U, using Claim 2, we obtain an affine embedding

fit By — Ej,.
To prove Theorem 1, we only need to verify
Proposition 1. There exists ¢ € V such that F;, can be embedded to K; affinely.
Proof. By the transitivity condition, we can find a path b from j, to itself. Write

b"=b---b.
~——

n
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Suppose xy € Fj, is the point with respect to b*, i.e.,

{l’o} = ﬂ Ebn.

Without loss of generality, we assume the diameter |Ej,| = 1. Assume that
g: E;, = K, is the corresponding C'-embedding, then by Claim 3, we have
(3.2) < L{g) <U(g) <c

for some constant ¢ > 0. Let Dg,, be the Jacobian at point z,. Fix an integer n.
Consider the similitude Ty» with ratio r,,. Then |Eyn| = r,|Ej,| = r,,. Then we have

Tyn: Ej, — FEypn with  Epn C B(zg, 7).

We also obtain a natural mapping

g|B(xo,rn) : B(xm Tn) — B(g(.l’o), CTn)

due to U(g) < c.
Let Q(x,e) be defined as in Section 2. For any path e in Q(g(x), cr,,), we have

a natural mapping

(Se)™': B(g(wo), crn) N Ko — Kye),
where a(e) is the ending vertex of e. Therefore,
(3.3) E,= |J Ben

e€Q(g(zo),crn)

where
Bey = (Ton)"'g ™ (g(Bwpn) N Ke) and  #Q(g(o), cra) < No,
where N, is defined in Lemma 1. Let
fen = (Se) ™" 0 g0 T,
then
(3.4) Jem(Ben) C Koe)-

S
g &% S
&
\
g(x)zg(xo)_l—(Dgxo) (x’xo) (Se”

Figure 1. The case with #Q(g(xq),cr,) = 3.

Now, we shall estimate U(fe,) and L(fe ). In fact, using (2.1), we have

(c1) Hrn) < (re) ™ < ealrn)”!
for some constant ¢; > 0 depending on ¢ and {K;};. Therefore, we have

U((Se) ™ 0 g0 Tpn) < U((Se) U (9)U(Tor) = (re) "' U(g)ra < ccr.
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In the same way, we have L((Se) ' 0 goTyn) > (re) ' L(g)r, < (cc1)™t. Now,
(35) (cer) ™" < L(fen) < U(fem) < cr.

We will show the family {fen}n is nearly affine. In fact, we have

9(y) = 9(xo) + (Dgay)(y — 20) + o(ly — o).
Therefore,
fen(x) = (Se) ™" 0 g 0 Tin(x) = Aeyu() + (Se) ™ o(|Tim () — o))

where Ag (%) = (Se) ™ [9(w0) + (Dguy ) (Ton (z) — x0)] is affine. Since

_ _ max;ey |Kz|
|(Se) ™ (Ton () — 20)| < (1e) 1 < Ilefilr"

max;ey | Kl o maxiey | K|

= (mineeg 7e) - (ery) " T (Mingegre) - €

we obtain that

sup |(Se) " o(|Ton (z) — 2ol)] = 0 as n — oo,

:BEE]‘O
i.e.,
(3.6) sup |fen(z) — Aen(x)] =0 as n — oo.
IEGEJ'O

Then the family {fe.}, is nearly affine for fixed e € Q(g(zo),cr,). Notice that
#Q(g(z0), crn) < Np.

Now we have (3.3)—(3.6) for the family {Ben}en of compact subsets and the
family { fen}en of nearly affine mappings. By Lemma 3 there is an integer N* < N
and a family of affine mappings {Aj}ﬁ-v:*l, non-empty compact subsets {Bj}j-vz*l and
index set {a(j)}}Z; C {a(e)}e such that

E;, =ByU---U By-,

and A;(B;) C Ku) satistying A; € {f: ¢! < L(f) < U(f) < c}.
Using Lemma 4, there exist an integer j with 1 < 5 < N*
B(z,r) with x € E;; such that

Ejo N B(ZE,’T’) C B]

and an open ball

Applying Claim 2 to (jo, jo) and B(x,r), we can find a similitude S such that
S(Ej,) C E;y N B(x,7).
Then S(Ej,) C B;. Therefore, we have
(Aj 0 S)(Ej,) C Aj(Bj) C Kag),
then Proposition 1 follows. O

Proof of Theorem 2. By Theorem 1, we obtain that there exist F; and an affine
mapping A such that
£(4)
A(R) € F = | S.,(F)
j=1
Using Baire category theorem, we have x € A(E), r > 0 and j such that

A(E) N B(SL’,’/’) C SZJ(F)
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It follows from the self-similarity of E that there is a similitude S such that S(E) C
A~YB(xz,r)). Let T(x) = S;}(z), then

,J
(ToAoS)(E)CF. 0

References

[1] DENG, J., Z.-Y. WEN, Y. XIONG, and L.-F. X1: Bilipschitz embedding of self-similar sets. -
J. Anal. Math. 114, 2011, 63 97.

[2] FALCONER, K. J.: Fractal geometry. - Mathematical Foundations and Applications, Wiley,
2003.

[3] FENG, D.-J., W. HUuaNG, and H. Rao: Affine embeddings and intersections of Cantor sets. -
J. Math. Pures Appl. 102, 2014, 1062-1079.

[4] HocHMAN, M.: On self-similar sets with overlaps and inverse theorems for entropy. - Ann. of
Math. (2) 180, 2014, 773-822.

[5] KENYON, R.: Projecting the one dimensional Sierpinski gasket. - Israel J. Math. 97, 1997,
221-238.

[6] LAaGARIAs, J.C., and Y. WANG: Tiling the line with translates of one tile. - Invent. Math.
124:1-3, 1996, 341-365.

[7] LLORENTE, M., and P. MATTILA: Lipschitz equivalence of subsets of self-conformal sets. -
Nonlinearity 23, 2010, 875-882.

[8] Lau, K.S., and S. M. NGAL: Multifractal measures and a weak seperation condition. - Adv.
Math. 141:1, 1999, 45-96.

[9] MATTILA, P., and P. SAARANEN: Ahlfors—David regular sets and bilipschitz maps. - Ann.
Acad. Sci. Fenn. Math. 34, 2009, 487-502.

[10] MAULDIN, R.D., and S. C. WiLL1aAMS: Hausdorff dimension in graph directed constructions.
- Trans. Amer. Math. Soc. 309, 1988, 811-829.

[11] N1, T.-J., and Z.-Y. WEN: Open set condition for graph directed self-similar structure. -
Math. Z. 276:1-2, 2014, 243-260.

[12] Naar, S.-M., F. WanNg, and X. DoNG: Graph-directed iterated function systems satisfying
the generalized finite type condition. - Nonlinearity 23:9, 2010, 2333-2350.

[13] NGal, S. M., and Y. WANG: Hausdorff dimention of self-similar sets with overlaps. - J. Lond.
Math. Soc. 63, 2001, 655-672.

[14] Rao, H., and Z.-Y. WEN: A class of self-similar fractals with overlap structure. - Adv. in
Appl. Math. 20:1, 1998, 50-72.

[15] WEN, Z.-Y., and L.-F. X1: On the dimensions of sections for the graph-directed sets. - Ann.
Acad. Sci. Fenn. Math. 35:2, 2010, 515-535.

[16] X10NG, Y., and L. XI: Lipschitz equivalence of graph-directed fractals. - Studia Math. 194:2,
2009, 197-205.

[17] ZERNER, M. P. W.: Weak separation properties for self-similar sets. - Proc. Amer. Math. Soc.
124:11, 1996, 3529-3539.

Received 25 June 2015 e Accepted 4 March 2016



