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Abstract. We prove partial regularity for minimizers of vectorial integrals of the Calculus of
Variations, with general growth condition, imposing quasiconvexity assumptions only in an asymp-
totic sense.

1. Introduction

In this paper we study variational integrals of the type
F(u) = / f(Du)dz for u: Q — RN
Q

where € is an open bounded set in R®, n > 2, N > 1. Here f: R — R is a
continuous function satisfying a p-growth condition:

[f(2) < C(L+e(2]), VzeRM™,
where C'is a positive constant and ¢ is a given N-function (see Definition 2.1).
Some examples of N-functions are the following:
p(t)=1t7, 1<p<oo,
o(t) =tPlog*(1+t), p>1 and a> 0.
If ¢ is an N-function satisfying the As-condition (see Section 2), by L?(£2) and
W1#(Q) we denote the classical Orlicz and Orlicz—Sobolev spaces, i.e. u € L?(Q) if

and only if [, ¢(Jul)dz < co and u € WH#(Q) if and only if u, Du € L?(Q). The
Luxembourg norm is defined as follows:

. u\x
fullsey =inf {a> 05 [ (1M ) ar <1},

With this norm L¥(2) is a Banach space.
If there is no misunderstanding, we will write |ju|l,. Moreover, we denote by
Wy #(Q) the closure of C2°(Q) functions with respect to the norm

[ulle = lully + [ Dull,
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and by W~1¢(Q) its dual.
We will consider the following definition of a minimizer of F.

Definition 1.1. A map u € W (Q, RY) is a Wl¥-minimizer of F in  if
Fu) < Flu+€)
for every & € Wy #(Q, RY).

Let us recall the notion of quasiconvexity introduced by Morrey [32]:

Definition 1.2. (Quasiconvexity) A continuous function f: RN — R is said
to be quasiconvex if and only if

g f(z+D§)dx = f(2)

holds for every z € R and every smooth function ¢: B; — R with compact
support in the unit ball B; in R".

Let us note that by scaling and translating, the unit ball in the definition above
may be replaced by an arbitrary ball in R".

The quasiconvexity was originally introduced for proving the lower semicontinuity
and the existence of minimizers of variational integrals of the Calculus of Variations.
In fact, assuming a power growth condition on f, quasiconvexity is a necessary and
sufficient condition for the sequential lower semicontinuity on W1P(Q, RM), p > 1 (see
[1] and [31]). In the regularity theory a stronger definition, the strict quasiconvexity,
is needed, a notion which has nowadays become a common condition in the vectorial
Calculus of Variations (see [24, 2, 7]).

In order to treat the general growth case, we consider the notion of strictly W -
quasiconvexity introduced in [14] (see also [6]).

Definition 1.3. (Strict W¥-quasiconvexity) A continuous function f: RN" —
R is said to be strictly Wh¥-quasiconvex if there exists a positive constant & > 0
such that

f(=+ DE)da > f(2) + k][ o1/(1DE]) dx

Bl Bl

for all £ € C}(By), for all z € RN, where @, (t) ~ t?¢"(a + t) for a,t > 0.

A precise definition of ¢, is given in Section 2.

In this paper we will exhibit an adequate notion of strict Wh¥-quasiconvexity at
infinity which we will call W1¥-asymptotic quasiconvexity (see Definition 2.5).

We note that in recent years a growing literature has considered the subject
of asymptotic regular problems: regularity theory for integrands with a particular
structure near infinity has been investigated first in [9] and subsequentely in [29, 35,
10, 17, 30, 33, 26, 27, 16, 18|.

We deal with the problem wondering if, when you localize at infinity the natural
assumptions to have regularity, this regularity breaks down or not. It is the same
question faced in [5| and [4], where you do not require a global strict convexity or
quasiconvexity assumption: all the hypotheses are localized in some point z; and
you obtain that minimizers are Holder continuous near points where the integrand
function is “close” to the value zj.

Thus, after establishing several characterizations of the notion of W*-asymptotic
quasiconvexity (see Theorem 4.1) we will prove the following result.
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Theorem 1.1. Let f satisfy (H1)-(H5) (see Section 2.3). Let zy € R" with
|z0| > M + 1 so that (7.2) holds in B,(xg), let u € W'#(Q,R") be a minimizer of

F,and V(2) = /EL0 2 If for some zq € Q

||

(1.1) lim |V (Du) — V(z)|*dz = 0,

r—0 B’r(mo)
then in a neighborhood of xy the minimizer u is CY® for some @ < 1.

In order to achieve this regularity result, we have to prove an excess decay esti-
mate, where the excess function is defined by

B(Ba(an).0) = | V) = (VD)

In the power case the main idea is to use a blow-up argument based strongly on the
homogeneity of ¢(t) = tP. Here we have to face with the lack of the homogeneity
since the general growth condition. Thus one makes use of the so-called .A-harmonic
approximation proved in [14] (see also |37, 19, 20, 21, 22| for the power case). Such
tool allows us to compare the solutions of our problem with the solution of the regular
one in terms of the closeness of the gradient.

Moreover, we will prove that minimizers of F are Lipschitz continuous on an
open and dense subset of 2. More precisely we define the set of regular points R(u)
by

R(u) = {x € Q: u is Lipschitz near =},
following that R(u) C € is open.

Corollary 1.1. Assume that f satisfies (H1)—(H5). Then, for every minimizer
u € W2 (Q RY) of F, the regular set R(u) is dense in 2.

We remark that a counterexample of [36] shows that it is not possible to establish
regularity outside a negligible set (which would be the natural thing in the vectorial
regularity theory). So, our regularity result generalizes the ones given in [36] and
[8] for integrands with a power growth condition which become strictly convex and
strictly quasiconvex near infinity, respectively.

2. Definitions and assumptions

To simplify the presentation, the letters ¢, C' will denote generic positive con-
stants, which may change from line to line, but does not depend on the crucial

quantities. For v € L}, (R) and a ball B,(z5) C R" we define
1

V)B,(z0) ‘= v(z)dr = —— v(x) dz
( )Br( 0) ]{3r(mo) ( ) |Br(l'0)| Br(z0) ( )

where | B,.(zo)| is the n-dimensional Lebesgue measure of B,.(xg). When it is clear
from the context we shall omit the center as follows: B, = B, (zo).

2.1. N-functions. The following definitions and results are standard in the
context of N-functions (see [34]).

Definition 2.1. A real function ¢: [0,00) — [0, 00) is said to be an N-function
if ©(0) = 0 and there exists a right continuous nondecreasing derivative ¢’ satisfying
¢'(0) =0, ¢'(t) > 0 for t > 0 and tlim ¢'(t) = oo. Especially ¢ is convex.

—00
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Definition 2.2. We say that ¢ satisfies the As-condition (we shall write ¢ € Ay)
if there exists a constant ¢ > 0 such that

©(2t) < cp(t) forall t>0.
We denote the smallest possible constant by As(¢p).

We shall say that two real functions ¢; and ¢y are equivalent and write @1 ~
if there exist constants ¢j,co > 0 such that c101(t) < pa(t) < copq(t) if ¢ > 0. Since
o(t) < @(2t) the Ag-condition implies ¢(2t) ~ (t). Moreover, if ¢ is a function
satisfying the As-condition, then ¢(t) ~ ¢(at) uniformly in ¢ > 0 for any fixed a > 1.
Let us also note that, if ¢ satisfies the As-condition, then any N-function which is
equivalent to ¢ satisfies this condition too.

By (¢')7: [0,00) — [0,00) we denote the function

(¢')7H(t) == sup{s > 0: ¢(s) < t}.

If ¢ is strictly increasing, then (¢’) ! is the inverse function of ¢’. Then ¢*: [0, 00) —
[0, 00) with

(1) = / ()" (s) ds

is again an N-function and for ¢ > 0 it results (¢*)'(t) = (¢')~'(¢). It is the comple-
mentary function of ¢. Note that p*(t) = sup,s,(st—p(s)) and (¢*)* = ¢. Examples
of such complementary pairs are

p
o) = () (InInt)? .- (Inln- - In )™,
p
q
o(1) = Z[nt) " (Inlnt) = -~ (Inln---Ing)n]e!
q

with 1 < p < o0, % + % = 1 and ~; are arbitrary numbers.

If ¢, p* satisfy the As-condition we will write that Ay(p, ¢*) < co. Assume that
As(p, p*) < 0o. Then for all § > 0 there exists ¢; depending only on Ay (¢, ¢*) such
that for all s,¢ > 0 it holds that

ts < dp(t)+cse(s).
This inequality is called Young’s inequality. For all ¢ > 0
t < B)(e") M) < 2,

59 (5) <o < 100,
s@(go*t@) < @'(t) < s@(wz(t))-
Therefore, uniformly in ¢ > 0,
(2.1) p(t) ~t'(t), @ (1) ~ (1),

where constants depend only on Aq (¢, ¢*).

Definition 2.3. We say that an N-function ¢ is of type (po,p1) with 1 < py <
P < oo if

(2.2) @(st) < C'max{s™, s" }o(t) Vs, t>0.

The following Lemma can be found in [14] (see Lemma 5).
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Lemma 2.1. Let ¢ be an N-function with p € A, together with its conjugate.
Then ¢ is of type (po,p1) with 1 < py < p; < oo where py and p; and the constant
C' depend only on As(p, ¢*).

Throughout the paper we will assume that ¢ satisfies the following assumption.

Assumption 2.1. Let ¢ be an N-function such that ¢ is C*([0,+00)) and
C?(0,400). Further assume that

(2.3) () ~ " ().

We remark that under this assumption As(p, ¢*) < oo will be automatically
satisfied, where Ay(p, p*) depends only on the characteristics of .

We consider a family of N-functions {¢, }.>0 setting, for ¢ > 0,

t
o (1) = "(s)d ith ¢ (t) = ¢ t )
eult)i= [ ps)ds with (o) = et

The following lemma can be found in [12] (see Lemma 23 and Lemma 26).

Lemma 2.2. Let ¢ be an N-function with p € A, together with its conjugate.
Then for all a > 0 the function ¢, is an N-function and {¢,}a>0 and {(p.)*}a>0 ~
{ap;, (a)}azo satisfy the A, condition uniformly in a > 0.

Let us observe that by the previous lemma ¢, (t) ~ t¢/ (t). Moreover, for t > a
we have o, (t) ~ ©(t) and for t < a we have p,(t) ~ t?¢”(a). This implies that
©a(st) < es?p,(t) for all s € [0,1], a > 0 and t € [0, al.

For given ¢ we define the associated N-function v by

P(t) = V' (1)
Note that

RN S0 1/, N\ )
Wt)‘?(so'(t)t“) ; ‘5<¢<t>t“> -

It is shown in [12] (see Lemma 25) that if ¢ satisfies Assumption 2.1 then also ¢*, ¥
and ¥* satisfy Assumption 2.1 and ¢"(t) ~ /" (t).
We define A,V : RY"* — RM" in the following way:

(2.4) A(z) = DO(2), V(z)=DVY(z),
where ®(z) := ¢(|z|) and ¥(2) := 1(]z]). About the functions A and V, the follow-

ing three lemmas can be found in [12| (see Lemma 21, Lemma 24, and Lemma 3,
respectively).

Lemma 2.3. Let ¢ satisfying Assumption 2.1, then A(z) = cp/(|z|)ﬁ for z # 0,
A(0) = 0 and A satisfies
|A(21) — A(z2)| < e (l2a] + |22])]21 — 2],
(A(21) = A(22), 21 — 22) > C@" (|| + |2]) |21 — 22|,

for z1, z € RN™.

The same conclusions of Lemma 2.3 holds with A and ¢ replaced by V' and .
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Lemma 2.4. Let ¢ satisfy Assumption 2.1. Then, uniformly in z;,zy € R",
‘Zl‘ + ‘22‘ >0
@"(lz1] + |z2])]21 — 22| ~ &, (|21 — 2a]),
¢ (|21 + [22]) |21 = 22 ~ @1z (|21 = 22)).
Lemma 2.5. Let ¢ satisfy Assumption 2.1 and let A and V' be defined by (2.4).
Then, uniformly in z, zo € RV,
(A(21) = A(22), 21 — 22) ~ [V(21) = V(22)]* ~ 91y (|21 = 22)),
and
|A(21) — A(z2)] ~ @1, (|21 — 22]).
Moreover
(A1), 21) ~ [V(20) P ~ @(la]),  [AG)] ~ ¢ (|2)),
uniformly in z, € RV",

2.2. Asymptotic Wh¥-quasiconvexity. Before introducing the notion of
asymptotic W1¥-quasiconvexity, let us consider a uniform version of the strict W1#-
quasiconvexity.

Definition 2.4. (Uniform strict W'¥-quasiconvexity) A continuous function

f: R" — R is said to be uniformly strictly W!'¥-quasiconvex if there exists a
positive constant k > 0 such that

(2.5) f(z+ D&Y dr > f(2) + k ][ o1412((|DE]) de

By
for all £ € C}(By), for all z € RM™, where @, (t) ~ t?¢"(a + t) for a,t > 0.

Definition 2.5. (Asymptotic W1¥®-quasiconvexity) A function f: R — R is
asymptotically Wh¥-quasiconvex if there exist a positive constant M and a uniformly
strictly Wh¥-quasiconvex function g such that

f(z) =g(z) for |z| > M.

Considering an N-function satisfying Assumption 2.1, we will work with the
following set of hypotheses.

2.3. Assumptions. Let f: R" — R be such that
1) f e C'RY) N C*RM\ {0});
2) V2 € R, [f(2)] < C(1+¢(|2]));
3) f is asymptotically Wh¥-quasiconvex;
4) V2 € RV \ {0}, |D*f(2)] < C'¢"(]2]);
5) Vz1, 22 € RN™ such that |2| < $|zo| it holds

|D?f(22) = D* f(2a + 21)| < C¢"(|22])]22] 7|2 )

for some 3 € (0, 1].

Remark 2.1. Due to hypothesis (#2), F is well defined on the Sobolev—Orlicz
space WH#(Q,RY).

Let us also observe that Assumption (H5), that is a Holder continuity of D?f

away from zero, has been used to show everywhere regularity of radial functionals
with p-growth (see [15]). We will use it in Lemma 6.2 below.
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3. Technical lemmas

For 21,2 € RM", 0 € [0, 1] we define 2y = 2, + 0(25 — 21). The following fact can
be found in [3] (see Lemma 2.1).

Lemma 3.1. Let 3 > —1, then uniformly in z1, zo € RN™ with |2| + |22| > 0, it
holds:

1
/ [261” df ~ (|21] + | z2])”.
0

Next result is a slight generalization of Lemma 20 in [12].
Lemma 3.2. Let ¢ be an N-function with Ay({¢, p*}) < oo; then, uniformly
in 21, 29 € RN™ with |21] + |22| > 0, and in p > 0, it holds
Pt L) [ e,
pt a2 T E]
From the previous lemmas we derive the following one.

Lemma 3.3. Let ¢ be an N-function satisfying Assumption 2.1. Then, uni-
formly in zy, 29 € RN™ with |z1| + |22 > 0, and in pu > 0, it holds

1 1
/ / t" (1 + |21 + stz]) ds dt ~ " (p+ |z1] + |22]).
0 0

Proof. Using ¢/ (t) ~ t¢"(t), applying twice Lemma 3.2, and taking into account
that u + 21| + |21 + 22| ~ p+ |21] + |22 and ¢'(2t) ~ ¢/(t), we obtain

t
/ / to" (1 + |21 + stzs|) dsdt<c/ / @'tz +s Zdesdt
M+|Zl+8t22|

@' (p+ 2| + 2] + |21 + 22)
pA+ |z1] + |z + |21+ 22
¢ (p+ 21| + [2])
At |z + [ 2]
< ep’(p+ 12| + |22]).

Similarly, for the other inequality, we have

t
/ / tQO// ,U,"— ‘Zl +St22| det > C/ / /J“_‘_ |Zl + s 22|) ds di
p+ |z + stz

zc/t @' (1 + 21| + |21 + t22)
0 M+|Zl|+|21+t22|

C 1
2 Gl T, Pt lal et
0

where, in the last line, we used that ¢(t) ~ t¢'(t). Due to the Jensen inequality, we
go ahead and we obtain

1 1 1
C
to" (1 + |21 + stzo|) dsdt > @ </ (i + |z1] + |z +tz2|)tdt)
A(A (ut Tl 122D ¥ \Jo
5 o(p+ [21] + [22])

dt

C
>
T (] + 22))
@' (1 + |21] + |22])

> c "+ 21| + |2 ,
M+‘Zl|+|22| 2 (:u | 1| | 2|)
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thanks also to the equivalence between ¢ (2t) and p(t), p(t) and t¢'(t), and ¢'(t) and
to"(t). O

Remark 3.1. From the previous lemma we easily deduce that

1 1
/ / to" (V14 |21 + stzl2) dsdt ~ " (14 |21] + |22]),
0 0

since ' (t) ~ to"(t), ¢’ is increasing and ¢'(2t) ~ ¢'(t).
¥ ¥ ¥ g ¥ ¥

The following version of the Sobolev—Poincaré inequality can be found in [12]

(Theorem 7):

Theorem 3.1. Let ¢ be an N-function with As(p, p*) < co. Then there exist
a € (0,1) and k > 0 such that, if B C R" is a ball of radius R and u € W¢(B,RY),

then
Fo (=0 gy (o )

The following two lemmas will be useful later.

@

Lemma 3.4. Let ¢ satisfy Assumption 2.1 and py, p; be as in Lemma 2.1. Then
for each n € (0,1] it holds
Plal(t) < O o () + 0|V (a) = V (B,
(01a)"(t) < Cn' (o) " (1) + 0V (@) = V(b)]?
for all a,b € R", t > 0 and p = min{py, 2}, ¢ = max{p;,2}. The constants depend
only on the characteristics of .
For the proof see Lemma 2.5 in [13].

Lemma 3.5. Let ¢ be an N-function satisfying Assumption 2.1 and let us con-
sider the function z € R"™ w ¢(y/1+ |2|?). Then, uniformly in y,z € R"™ it

holds
(D*o(V1+ 24y )y y) ~ " (V1+ ]z +y?)|yl*

Proof. We can see that

Z+y
Do(v/1+]z+yl?) =¢' (V1+ [z +y?)

VIt]z+yP?
and
z2+y Z+y
Do(\/1+]z+yP) = ¢"(V1+ |z +y?)
Vitlz+y? 14|z +yP
+s@’(\/1+|2+y|2) oAty o Ety |
I+l + P VItE+E Ttz ol

where I € RM" is the identity matrix. Therefore

(DT T 9w y) = o' (VIT 2 7 g le el

L+ [z+y[?
LWyl {W _ \(Z+y,y)\2}
V1t lz 4yl L+ [z +yf?
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2
Using Assumption 2.1 and the fact that w
L+ |z 4yl

(D*o(V1+1]z+yP)yy) < wm)M

1+ |z + y|?

+y,y)?
+ T ) 1 -
©"( |z +yl?) |1yl R pE

< CY"(V1+|z+y?)lyl

< |y|?* we deduce

Similarly,

(D*o(V1+[z+yl*)yy)
> (VI o (TR T o) |l - 1200

L+ |z +yl? L+ ]z +yl?
+y,9)[?
=Y 1+ |z +vy2 2+1—C " 1+ |z+ 2“27
o ( |z 4+ y[?)|y]” + ( )" ( |z + v )1+|Z+y|2

> Co"(V1+]z+y?)|yl O

4. Characterization of asymptotic W ¥-quasiconvexity

In this section we will establish some characterizations of asymptotic Whe-
quasiconvexity.

Theorem 4.1. Fach of the following assertions is equivalent to the asymptotic
Wl¥_quasiconvexity of a function f: RN" — R

(i) If f is C? outside a large ball, then there exists a uniformly strictly W1#-
quasiconvex function g which is C* outside a large ball with

D) - D(2)
(4.1) L TED

(ii) If f is locally bounded from below, then there exist a positive constant M
and a uniformly strictly W1¥-quasiconvex function g such that

f(z)=g(z) for |z| > M

=0.

and
g<f on RN
(iii) If f is locally bounded from above, then there exist a positive constant M
and a uniformly strictly W¥-quasiconvex function g such that

f(z) = g(2) for |z[ > M
and
g>f on RY™
(iv) If f satisfies (H2), then there exist positive constants M, k, L such that

(12) fe+ D) do 2 f(2) 4k p(IDED do
81 Bl
for |z| > M and ¢ € C>°(By,RY), and
(4.3) |f(22) = f(21)] < L|zy — 20" (1 + |21] + | 22])

for all |z, |z2| > M.
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Proof. The proof stands on four steps.

Step 1: We want to prove that f asymptotically W%-quasiconvex is equivalent
to (i). Let us show that (i) implies the asymptotic W'¥-quasiconvexity of f, the
other implication being evidently true.

Let g be as in (1). We may assume that f, g are C’Z(RN"\B ) and taking h = f—g

we have that h € C?(RN™ \ Bi) In particular, by (4.1) it holds

(4.4) i 122RCE_
lel=e0 0" (2])
Our aim is to prove that
(4.5) im 12AG
elee @(l2])
and
(4.6) im G
J2l=0 p(2])
Let us consider |z| > 1. Take Z := ﬁ, then |Z| = 1 and
z
| Dh(2)]

<

¢'(Iz) — ¢'(I=0)

/0 |D?h(Z + t(z — 2))||z — Z| dt + | Dh(Z)|

_ [ DG D),
o PEFG=3D)  FD
DG+ =2 P (E =2 DRG]
*L;%wwwm> Z () T (E
=T +717 +TIT.

Estimate for Z:

2 "(|\= =
I<Sm¢Dh@y/*z¢<vﬁwz g LIJ
0

wi>1 (Y] (2]
D*h(y)| 1 1
T e IR G N

Taking into account that

‘p<1+{zﬁ)< 1+ VB _ e+ VD

I AR TN wvo
e(1+ /12D o(+/12])
SO \ﬂﬂgcqﬂ4> =
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and using Lemma 2.1 we can find pp > 1 and C' > 0 such that

A |zl) = |Z| C —1 : zZl).
Then we obtain

S”(“'J?) o/ NE
(47) EI(E) =E) SEE Cm>

At this point, using (4.4) and (4.7), we can conclude that Z — 0 as |z| — +o0.
Now we estimate Z7:

|D*h(y

—0 as |z| = 0.

I7 < sup

|y‘>\/m ¢/,(|y|

< sup 120 . ) / 4tz — 1) (<] — 1) de

)) |z —z|dt
)
s D) P
)
)

| 1 "+t —2)])
/ '(I21)

D?h 1
< sup | 8 )|

- su |D2h(y)| 1 /Z o |Z|_1
=) P [“' )=s (” Vi )]

gy |, 20+ E)

= sup p — - 0 as |z| » o0
) EE)
where we used (4.4) and (4.7) to conclude. Finally,
1
T1T < e ?1|a>1<\Dh( y)|— 0 as |z] = oc.
Yy

|Din(z
”(\ D

Analogously we also obtain (4.6). We can see that if — 0 as |z| — oo for

L |D*h(z)|
i=0,1,2, then o 0 as |z| = oo.

Taking into account (4.4),(4.5) and (4.6), fixed v > 0, that we will choose later,
there exists M >> 1 such that if |z| > M, then

[D*h(2)| < ve"(1+12]),  |Dh(2)] S vg'(1+2]),  [h(2)] < ve(L+]2]).
Let us consider a cut-off function 7 defined by
0<n<1 ifl<|z| <2,
n=1 if x| > 2,
n=>0 if |z| < 1.
Set

RNn
). Then we have

« 1= max {sup | Dn|, sup |D2n\}

and let us consider ny/(z) = (=4

M+1
(%

D <
‘ TIM‘_M+1

(67
d |D? < —
an ‘ nM‘—(M_'_1>2
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Let ® := nysh; then for M < |z| < 2M we have
|D*®(2)| < [D*nar(2)[|1(2)| + 2| Dinaa (2)|| DR(2)] + [nar (2)] | D*h(2)].
Taking into account the previous estimates, (2.1), (2.3) and M < |z| < 2M, we have

vo (14 |2) + 2va
2% (M +1)

|D*®(2)| < @' (14 [2]) + v (1 + 2])

(M +
va 2va
| 2
oy TR G
In particular, we can conclude that
(4.8) |ID2®(2)| < Awvp”(1+|z]) Vze RN
Let £ € C°(B;); we can write

(14 1z]) + I/} (14 |2]) = A" (1 + |2]).

O(z + DE) = O(2) + (DP(2), DE) + /01(1 — t)(D*®(z + tDE)DE, DE) dt

Integrating over B; and by using (4.8), (2.3), Lemma 3.2, the fact
(4.9) L+ |2| + |DE+ 2| ~ 1+ |2| + | DE|
and o, (t) ~ ¢"(a + t)t? we get

]él O(z + DE) dw = ]il ®(z) dx +]£1(D<1>(z), D) da
4 [[a—nwhae+o)pe. D s
BiJ0

‘]i /1(1 — 1)|D*®(z + tDE))|| DE|* dt dw

Ay][/ D" (1 + | + tDE)|)| DE dt da
B1
O'(1+ |z +tDE|)
4.10 2
(4.10) )\Vc]{gl/ Py |DEJ? dt dx:

a D
> &(z) — )\Vc][ 1 1DEH 2D b2 gt gy
B, 14|z +|DE+ 2|

(LA 2]+ [DE]) | o
> —
> P(z2) )\l/c]il T T2+ D¢ | DEJ” dt dx

> (z) - A][ (1 + 2| + | DEN | DeP da

> d(z) — )\I/C]{S P1412(| DE]) da

Let us take G := g+ ® with g uniformly strictly W®-quasiconvex with constant
k > 0 and & satisfying (4.10). Consequently,

} 6+ D9 dr 2 6+ (k= ) | praa(IDE do
B1 B

—G(2)+ k][ r412(|DE]) da
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where k > 0 if we choose v < % Thus G is uniformly strictly W1¥-quasiconvex

with constant & > 0 and G(z) = f(z) for |z| > 2(M 4 1). This proves the asymptotic
quasiconvexity of f.

Step 2: We want to prove that f asymptotically W1#- quasiconvex is equivalent
to (ii), and it suffices to prove that asymptotic W1#-quasiconvexity of f implies (ii).
Assume f asymptotic W1¥-quasiconvex, i.e., there exist a positive constant M and
a uniformly strictly W#-quasiconvex function g such that f(z) = g(z) for |z| > M.
Now g is locally bounded and f is locally bounded from below, so we have that

a:= \Zg)w[g<z) — ()] < oo

Let R > M and n be a C2°(Bg) function, non-negative on R¥" and such that
(4.11) |ID*n(2)| < ve”(1+]2]) on RY and n(2) >a for |z| <M

where v will be chosen later. Let £ € C2°(B;); then we can write

0+ DE) = 1(2) + (Dn(2). D)+ | (1= (D*n(z +1DE)De. D) .

Integrating over B; it holds, by (4.11),
L w4 pgdr={ aeae f oo, Do ds
1
1 —t)(D? DEYDE, DE) dt d
[ a-owie+1ge Do drds
1
(4.12) Sn(z)+][ /(1—t)\D2n(z+tD§)||D§|2dtdx
By JO
1
" 2
§n(z)+u]il/0 &'(1 + |z + tDE])| De|? dt d

<n(z) + ][ o1410/(1DE)) da,

where we used, as before, ¢/(t) ~ t¢”(t), Lemma 3.2, (4.9) and ¢, (t) ~ " (a + )%
Now taking G = g — n, with g and 7 satisfying (2.5) and (4.12), we have

G(z + DE)dr > G(2) + k][ p1412(|DE]) de

B

where k& > 0 if we choose v = % This means that G is uniformly strictly W1e-

quasiconvex. But n(z) > a > g(z) — f(2) and n(z) = g(2) — G(2), so G(z) < f(z)
for |z| < M.

Step 3: The proof is similar to the previous one.

Step 4: Assume that f is a Borel measurable function, satisfying (#H2). Since
quasiconvex functions are locally Lipschitz (see [25]), we can see that (ii) implies
(iv). So it suffices to show that a function satisfying (iv) is asymptotically W1#-
quasiconvex.

Assume that f satisfies (iv) and consider the function

F(z) = f(2) —ep(v1+[2]%)
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for = € RN". Here ¢ > 0 will be chosen later appropriately. Now we prove that F
satisfies (4.2) and (4.3).
Let £ € C°(By). Since f satisfies (4.2), we can write

f(z+D§)dx—5][ oV 1+ |z+ DEJ?) dx

B1

@12 (DE) du — 5][ (V14 |2+ DEJ?) dx

B1

][ F(z+ D¢)dx =
B1

B1

(4.13) > f(z) +k ][

B1

:F<z>+k]£ w|z|<Ds>dx—e]£ o(v/TT 2+ DEP) — (/11 [2P)] da.

1

Note that
e(V1+]z+ DEP) = o(V1+[2°) + (De(v1+|2?), DS)
1 1
+/ / t(D*o(\/1 + |z + stDE2) DE, DE) ds dt.
0 0

Thus integrating over B and applying Lemma 3.5, Remark 3.1 and " (a+t)t? ~ ¢,(t)
for a,t > 0, it follows that

]é[@(\/1+|Z+D€|2)—<P(\/1+|Z|2)]d$=][ (Do(v/1+ [2[?), DE) du

B1

1 1
2 2
L[] 0/ T D) D, D) dsd s

1 1
(4.14) < C'][ / / to"(\/1 4 |z + stDE|?)| DE|? ds dt da
B Jo Jo

IN

c][ so"<1+|z|+|Ds|>|Ds|2dxsc][ 1412 (|DE)) da
B1 B

1

< c]i o1 (|DE)) da

for |z| sufficiently large. Using together (4.13) and (4.14), and choosing e small
enough, we have

| PGt D9z P+ K f g(1De) da
B1 B1

Moreover, taking into account that f satisfies (4.3) we deduce, for |z, |z2| > M,

[F(22) = F(z21)] < [f(22) = f(2)| +elo(V 1+ |21]?) — o(V1 + [22]?)]
< Lz — z1|¢' (1 + |21 + [22]) +elo(V1+ |21?) = o(V1 +[2)?)]

< (LA o)|z — 21]@ (1 + |21] + |22]).
Next we let

G(2) = inf {]i Fz+ D¢)da: € € C’,?O(Bl,RN)}

for z € R¥™. With this definition we have that G(z) < F(z) on R¥" and G(z) = F(2)
for |z] > M. Now our aim is to prove that G is locally bounded from below.



Partial regularity results for asymptotic quasiconvex functionals with general growth 831

Fix z € R" such that |2] < M + 1 and take Z € R""such that |z| = 2(M + 1).
We have

][F(z+D§)d:c:][ [F(z+D§)—F(z+D§)]dx+][ FZ+Dé)de=1+11

Since F' satisfies (4.2), we get

11:£F@+D@mngngé¢km%mm

Now we estimate [:

1
"= 1B F(z+ D) — F(z + DE)|d
| Bi [/{D€<3(M—i—l)}[ (2 + DE) — F(z + D¢)] dw

—I—/ [F(z+D§)_F(§+D§)]dx] :L[Il“‘lg].
{|DE|>3(M+1)} | By |

To estimate I; we use the fact that F is locally bounded: I; > C. Regarding
I, we take into account that F' satisfies (4.3), then we apply Young’s inequality,
©*(¢'(t)) ~ ¢(t) and the Ay condition to deduce

I / [F(z + DE) — F(z + DE)| da]
{IDE|>3(M+1))
> —L/ |z = Z|¢' (1 + |z + DE| + |Z + DE|) da
{IDE|>3(M+1)}

> —L(Sc/ o(1+ |z + D¢+ [+ DE|) dz

{IDE|>3(M+1)}
- 16 | (|~ 7l) da

{IDE|>3(M+1))

z-lﬁg/ o1+ 2| + | DE]) dx — Cy
{IDE|>3(M+1)}

> —Léc/ 1417(|DE]) dx — Cs
{IDE|>3(M+1)}

where in the last inequality we used @145 (| DE|) ~ ¢(14|Z|+|DE]) since | DE| > 14|Z].
Putting together estimates on Iy, I and II, taking into account that ¢ (t) ~
¢141z/(t) and choosing § suitably we have

| Fe+Dgdrz —cs [ o=(1DEN do+ F(2)
B1

{IDg[>3(M+1)}
+ k][ ez DEl) de—C = =C.
B1
So we get G(z) > —C for |z| < M + 1. Moreover for |z| > M + 1 we gain

G(2) = f(2) —ep(V1+[2?) = =C(1 + ¢(|2])
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and this proves the local boundedness of G from below. By Dacorogna’s formula'
we have that G coincides with the quasiconvex envelope QF of F', and thus it is
quasiconvex.

Finally we can prove that

g(2) = G(2) + ep(\/1 + |2]?) forz € RV

is a uniformly strictly W1¥-quasiconvex function. By the quasiconvexity of G we get

][ g(z+ D§) dx = G(2+D§)dx—|—€][ o(\/1+ |z+ DE|?) dx
B

B1

> G(2) +ep(v1+[27) + 6][ [o(V 1+ |2+ DE?) = o(v/ 1+ |2?)] da

~ 92+ §. [plv/ T+ DEP) = o(/T5 )] do.

Using Lemma 3.5, Remark 3.1 and ¢, () ~ ¢"(a + t)t? it holds

]i o(v/TT 12 DEP) — (/11 [2P)] de
:][(Dgp(\/l—l—|z|2),D§)dz—l—][//t(Dzap(\/1+|z+stD§|2)D§,D§)dsdtdx
B1 B1J0O JO

:][ /1 /lt(D2ap(\/1+\z+stD§|2)D§,D§) ds dt du
B1J0 0

B1

1 1
zc][ / / to"(\/1 4 |z + stDE|?)| DE|? ds dt da
B1JO 0

>Cf (1t ]el + IDEDIDE dn 2 € prara(1DE]) do
81 Bl
We deduce that g is uniformly strictly W h*-quasiconvex, i.e.

f s+ Doz g +ecf prura(DED

B1

Moreover we have that g(z) = f(z) for |z2| > M + 1. This proves that f is asymptot-
ically quasiconvex. ([l

5. Caccioppoli estimate

The starting point for the investigation of the regularity properties of weak so-
lutions is a Caccioppoli-type inequality. We need the following Lemma (see [14,
Lemma 10]):

Lemma 5.1. Let b be an N-function with ¢» € Ay, let r > 0 and let h €
LY (By, (o)) Further, let f: [5,7] — [0,00) be a bounded function such that for all

s<s<t<r
[h(y)]
f(s) <Of(t) + A/Bt(xo) (G (:) dy,

'In [11] Theorem 5 it is assumed that there exists a quasiconvex function from below F', and the
verification of this hypothesis is not immediate in our situation. However, we may still apply the
Theorem since the missing hypothesis is only needed to conclude that G is locally bounded from
below. Moreover, by (2.2) we can say that ¢(|z|) < c(1+ |z[P*), p1 > 1.
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where A > 0 and 6 € [0,1). Then
" < c0, Ay(w) A (M) d
£(5) < €6, @) /Br(wo)w Y

Theorem 5.1. Let u € W,2¥(Q) be a minimizer of F and let B be a ball such
that Bor € €). Then

u—q
/<pz(|Du—Z|)d$§0/ <Pz<| 7 |)d~”€
Br Bar

for all z € RY™ with |z| > M and all linear polynomials ¢ on R™ with values in RY
such that Dq = z.

Proof. Let 0 < s < t and consider B, C B, C Q. Let n € C°(B;) be a standard
cut-off function between B and By, such that |Dn| < . Define { = n(u — ¢) and
¢ =(1—n)(u—q); then D+ D( = Du — z. Consider

T:= / (= + DE) — f(2)] de.

By hypothesis f is asymptotically W1¥-quasiconvex, and by Theorem 4.1 we know
that f satisfies (iv), so for |z| > M we have

(5.1 T2k [ g(0e)) de

Moreover,

I- /B (= + DE) — f(Du) + F(Du) — f(Du— DE) + f(Du— DE) — f(2)] da
- /B (= + D) — f(=+ DE + DO) di + /B f(Du) — f(Du — D)) dt

T / [z + D) — f(2)]de = T, + Ty + T,
By

Note that Z, < 0 since u is a minimizer. Let us concentrate on Z;:

1
Il:_/gt/o Df(z+ D&+ 0DC)DC df da.

Analogously concerning Z3, we have

1
Is = / / Df(z+6D¢)D¢ df dx.
B: Jo
Thus we obtain that

Il+13=/8 /0 (Df(> +6DC) — Df (= + Dé +6DC)]| DC df da
_ /B /Ol[Df(z +0DC) = DF(2) + Df(2) — Df(= + DE + 0DC)|DC df da
:/B /0 (Df(=+0DC) — DF(2)|DC db dx

_/B /Ol[Df(z+D§+9D§) — Df(2)]DC df dx
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from which

1
L+13g/8/0 IDf(z+60DC) — Df(2)||DC| df da

1
+//|Df(Z+D€+9DO_Df(z)||DC|d9d:):.
B: J0O

By using hypothesis (#4) and Lemma 3.2 we have

1
/B /o [Df (2 +6D¢) = Df(2)|| D¢| db da
1 1
2 —
S// / D2 f(tz + (1~ t)(= + 0DC)| [0D¢] | DS i df de

1 el
" o 2
Sc/zst/o /0 Otz 4+ (1 —=t)(z+ 0DQ)|) | DC|* dt db dx

<o / (22| + = + DCJ) | DeJ? de
By

(22l + 12+ DD | o
< D(|* dx.
<< ), SnrRepe 0
Taking into account the A, condition for ' and @, (t) ~ ¢"(a + t)t?, it follows that
D
/ / IDf (2 +6DC) — Df(2)||D¢| db dz < ¢ / |||Z|++|l|)<|<| |DC|? d

/ (1] + | D)) DI da

C/ v12(1DC]) d

1
/B /o Df(z+ D& +0DC) — Df(2)||D¢| db da

Analogously we can deduce

1 1
2 —
= /B/O /0 |D?f(t(z + D&+ 0DC) + (1 — t)2)| [DE + 0DC| |D¢| dt db d

IN

c/Bt /01 /0180/,(|t(z+D§+9DO+(1_t)z|)|D§+9D<| \DC|dt do s

IA

C/B " (|2 + [DE| + |DC)) (I1DE] + | D) |DC| dw

IN

¢ / o/, (|D€| + [DC|) | D¢ da
Bi

IA

¢ / ol (1D | D¢ di + ¢ / ol (1DC)) D¢ de
<e / /., (|DEN) |DC| da + ¢ / o1(1DC]) da

where in the last line we used the equivalence ¢/, (t) ~ t¢”(a + t) and the fact that
2z (1DE] + 1DC]) < e, (1DE]) + e (1 DC]).
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Applying Young’s inequality for ¢, we have

T +T, < / so|z|<|D<|>da:+c/B ol.((IDED) | D¢ da

Bt

< / (DGl dr + o5 / eu(IDel)dr + Cy / o (1DC]) de

<G [ (Dchdrci [ o (DE)dr
Taking into account (5.1) and choosing § such that & — ¢é > 0 we conclude
[ autpendr<c [ o cde
Now, by the definition of ¢ we have D{ = (1 — n)(Du — z) — Dn(u — q) and we

can note that D( = 0 in B,. Moreover using the convexity of ¢|,| and the fact that
|Dn| < £, we have

1061 < g1 (1= mIDu =21 + ol

lu—q|
< cpp(|Du — 2[) + ey ( )

Hence

/ (1D dz < C / o0 (1DC]) do
By B\ Bs

gc/ <pz(|Du—z\)d:c+c/ D)z] <|7:_q|) dzx.
B:\ Bs B: -
Thus we have

/B o1e/(1 D — 2]) de = / o1 (1DE]) dr < / o1:/(1DE]) da

gc/ <pz(|Du—z|)dx+c/ Pz (u) da.
B:\ By B t—s

We fill the hole by adding to both sides the term ¢ [,; ¢|./(|Du— z|) dz and we divide
by ¢ + 1, thus obtaining

c [u —q|
A(IDu— 2y de < —— [ ou(|Du - z|)d : d
/Bsson(\ u—z|) x_c+1/Bt80||(\ u—z|) $+C/Bt<ﬂ<t_8) z

:)\/ @Z(\Du—z\)d:c—l—oz/ g0|z|<|u_q|)d:c
By B: t—s

where A := -5 <1 and a > 0. Now we can apply Lemma 5.1 to get the desired

result. O

An immediate consequence of the previous result is the following:

Corollary 5.1. There exists o € (0,1) such that for all minimizers u € W1#(Q)
of F, all balls By with Bor € Q, and all z € RN™ with |z| > M

o

]iR [V(Du) = V(z)[Pdx < ¢ <]£2R \V(Du) — V(z)]* d:):)
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Proof. By using Lemma 2.5, applying Theorem 5.1 with ¢ such that (u—q)g,,, =0

and Theorem 3.1 we have

]iR [V (Du) — V(z)|*dx < c]i 0 (|Du — z|) dx < c]é o <|u[g ql) i

R 2R

Bar

<e <]iﬁ ot (1D — =) dx) ’

<ec <]{3R V(Du) — V(2)[ dx) " O

Using Gehring’s Lemma we deduce the following result.

Corollary 5.2. There exists s > 1 such that for all minimizers u € W'¥(Q) of
F, all balls Br with Bog € Q, and all z € R"™ with |z| > M

(£ wow-vera) <of wvoo-veps

6. Almost A-harmonicity

In this section we recall a generalization of the A-harmonic approximation Lemma
in Orlicz space (see [14]). We say that A = (A%B) ij=1,.,n 18 strongly elliptic in the

P
a,B=1,n
sense of Legendre-Hadamard if

Ala®b,a®b) = kalal*b]*

holds for all a € R™,b € R™ for some constant k4 > 0. We say that a Sobolev
function w on Bg is A-harmonic if

—div(ADw) =0

is satisfied in the sense of distributions. Given a function u € W'?(Bg), we want to
find a function h that is A-harmonic and is close to u. In particular, we are looking
for a function h € W'?(Bg) such that

- le(ADh) =0 in BR,
h=u on 0Bg.

Let w := h — uw. Then w satisfies

{— div(ADw) = —div(ADu) in Bg,

6.1
(6.1) w =10 on JBp.

We recall Theorem 14 in [14]:

Theorem 6.1. Let By € ) and let B C Q denote either Br or Bag. Let A be
strongly elliptic in the sense of Legendre-Hadamard. Let 1) be an N-function with
As(),9*) < 0o and let s > 1. Then for every ¢ > 0, there exists § > 0 depending

onn, N, ka, | Al, As(2p,*) and s such that the following holds: let v € W% (B) be

almost A-harmonic on By in the sense that

][ (A Du, D¢) dx
Br

< 5]{3 | Dul dz|| DE|| oo 5,)



Partial regularity results for asymptotic quasiconvex functionals with general growth 837

for all € € C°(Bg). Then the unique solution w € WY (Bg) of (6.1) satisfies

]éR@b(‘—]“%")dH BR¢(|Dw|)dx§g[< BR¢ (|Du)) d:):) ][¢|Du| ]

The following results can be found in [14].

Lemma 6.1. Let Bg C R" be a ball and let uw € W?(Bg). Then
| VDw — (VD) e~ V(D)= V(D) e
Br Br

Lemma 6.2. Let z := (Du)p,,. For all € > 0 there exists § > 0 such that for
every u € WH%(Q) minimizer of F and every By such that Bag € €, and for

][ |V (Du) — (V(Du))p,, |* dz < 5][ |V (Du)|? dx
Bar Bar
it holds

(6.2) D*f(2)(Du — z, D€) dx

Br
for every € € C°(Bg).

S«?@O"(M)][ Du — 2| de| DE| s,
Bar

7. Excess decay estimate

Following the ideas in [3| we will prove the following Lemma.

Lemma 7.1. Let 2o € R" such that |z| > 1. Let f € C*(Bay,(20)) be strictly
Wt¥_quasiconvex at zy, that is,

(7.1) [ 1+ D9 = feoldr > k [ 1uyIDED do
holds for all ¢ € CL(B,RY). Then, there exists p > 0 such that for all z € B,(z)
(12 1+ D9 = £ do = 5 [ (D8l da
holds for all € € C(B,RY).
Proof. Let

w, = sup{|D*f(z1) — D*f(22)|: 21,22 € By(20), |21 — 22| < p}
and fix z such that |z — 2| < p < §. For n € R"", define

G(n) = fz+n) = f(z0+n).
By using (7.1) we have

/B f(z + DE) — f(2)] da
- / [F(z0+ DE) — f(z0)]do + / (= + DE) — [0 + DE) + f(z0) — f(2)] de

B
> g / 1ol (| DE) i+ / G(DE) — G(0) — (DG(0), D)) da
B B
Now we split B as

X:{xEB:\Dg\S%} and Y:{xEB: |D£|>%}.
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Let us observe that
G(D€) = G(0) = (DG(0), DE) = 5(D*G(ODE) DE, DY)
with 6 € (0,1). Moreover if x € X then |D{| < §, so 2z + D € B, (2). Hence

/X (G(DE) — G(0) — DG(0)De] dx — % /X (D2G(0D€)DE, DE) dx

—_

> /X [D2f(= +0D€) = D*f(z + 0D€)| | DE [ do = =2 /X D da

> -2k [ aal + 1DENIDERdn = =222 [ 1y (1DE) do
X X
where we used the fact that on X we have
’ ¢'(|20] + |DE)) (1)
Pl 1P = T g = el + 3
Let us define H(z,z) = f(z+ D&(x)) — f(2) — (Df(z), D{(x)) so that
/Y[H(z,:c) — H(zp,x)]dx = / [G(DE) — G(0) — (DG(0), DE)] dx.

Y

> 0.

We can see that

/|H(z,x)—H(zo,x)|dz§/ |z — 20||D.H (T, )| dz
Y Y

<o [ [ D5+ D)~ Dyl ds+ | \D2f<f>||D§|dx} T +11)

Now we estimate Z. We use hypothesis (H4), Lemma 3.2 and the fact that |7| +
|DE + 7] ~ || + | DE| to get

1 1
2 "
Ig/Y/O |D f(r+tD§)HD§\dtdm§c/Y/0 " (|7 + tDE|)| DE| dt dx:

(|| + |De)) ,
gc/YWwadxsCJA¢<|ZO|+|D5|>|Dg|dx

where in the last inequality we used |7|+ |DE| < |z| + 20| + | DE| < p+2|20| + | DE| <
c(|zo| + |DE|) as well as |7| + |DE| > 1+ § =: ¢, on Y, if p is small enough.
Analogously, we estimate ZZ:

17 < C/YSO”(ITI)IDé“IdZE < C/Yw'(IZol + DN DE| da

since |7| < |z] + |20] < ¢(|z0| + |DE]). On the other hand, since on Y
(|20l + [DENIDE| < c0”(Jz0] + [ DEN) (|20] + | DE])|DE]
< c(|20], 0)¢" (|20] + [DENIDEI* < c(|20], 7)oz (| DE]),

we can say that
/Y G(DE) — G(0) — (DG(0), DE)] d > —p /Y o1eot(| DE) da,

where ¢ depends on the characteristics of ¢, o and |z|. Choosing p such that <2 +
cp < g we have the result. 0J

In the sequel we assume that zy € R", with |z9| > M + 1, so that (7.2) holds in
B,(z) with p < 1.
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We define the excess function

E(Ba(0).0) = V(D) = (V(Du))an P d

Br(zo)

The main ingredient to prove our regularity result is the following decay estimate:

Proposition 7.1. For all € > 0 there exists 6 = d(e,p) > 0 and 8 € (0,1), such
that, if v is a minimizer and if for some ball Bg(x¢) with Bag(zo) € €2 the following
estimates

73 BBl <ol VOWPd (D -l <o
Bar (o)

hold true, then for every 7 € (0, 1]
E(B.g(xo),u) < CTP(er™ ' + 1) B(Bag(x0), 1),

where C' = C(p,n) and it is independent of ¢.

Proof. Let ¢ be a linear function such that (u—q)g,, = 0 and z := Dq = (Du)p,,.
Let w := u—¢q. Fixe > 0 and ¢ as in Lemma 6.2, then w is almost A-harmonic

with A = 2@ Tt us observe that by Lemma 7.1 such A is strongly elliptic in the

PUEN
sense of Legendre-Hadamard, since for every a € RY and b € R,
D2 "
DT wmbamn) = C1ED P 2 oy
" (I2]) " (]2])

for zp € R™ with |29 > 1 and z such that |z — zy| < p, where ¢ depends on 2y, p and

©.
Let h be the A-harmonic approximation of w with h = w on 0 Bg. At this point
we can apply Theorem 6.1 and conclude that, for |z| > M, h satisfies

]{33 ¢2/(|Dw — Dhl)dz < e [(]{33 ory (| Du — 2) dx>i _|_]{32R @12/ (| Du — 2]) dx]

where s is the same exponent of Corollary 5.2. Applying Lemma 2.5 and Corollary
5.2 we have

1

(]é o1 (1D — z\)d:c); < C<]{3 V(D) - Vi),
<of, V@0 -V

from which, taking into account that z = (Du)g,, and using Lemma 6.1 we have

][ @z|(|Dw — Dhl) dx < EC][ |V(Du) — V(2)]* dx
BR BQR

(7.4) <cof VDW=~ (VIDW)s, o

= cc E(Bag, u).
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Now we want to compute E(B, g, u). Applying Lemma 6.1, Lemma 2.5 and Lemma 3.4
we get

E(B. g, u) :]{3 |V (Du) — (V(Du))s, ,|* do < c]{g |V(Du) — V((Dh)g,, + 2)|* dz

<of Gome peallDu (D) — 2 do
BTR

= cfon, (1D = (D)ol da
TR

< on]i o1 Dw — (D)) d + n]i V((Dh)s, +2) — V(o) da

=1+171.
Using Jensen’s inequality, (7.4), the fact that

sup |Dh — (Dh)g_| < CT][ |Dh — (Dh)g,,| dz
Br

TR

(see [28]), the convexity of ¢, and the As-condition, we have

T< cn]i o1./(|Dw — Dhl) da + cn]i o1(IDh — (Dh)s. . |) do
TR TR

<Oyt e E(Bsg, u) + Crl2 (7'][ |Dh — (Dh)g,| d:L’) .
B

R

Taking into account that ¢,(st) < csp,(t) for all @ > 0, s € [0,1] and ¢ > 0, using
Jensen inequality and (7.4) we have

Pz (T]{zR |Dh — (Dh)g,| dfﬁ) < cTipp (]éﬁ, |Dh — (Dh)g,| d:c)

< T (]i |Dh — Dw|dx —I—]i |Dw — (Dw)g,,| dx)
R R

< cTop (][ |Dh — Dw| d:c) + T <][ |Dw — (Dw)g,| d:z:)
Br Br

s(:r][ ¢|z|<|Dh—Dw\>dx+cT][ o1(1Du — (Du)s,|) de
Br Br

< cre B(Bag, u) + CT][ @12(|Du — (Du) g, |) dx

Br

< c1e E(Bag,u) + cTE(Bag, u),

where in the last inequality we used

]iR 02(|Du — (Du)g,|) dx < C][

: soz<|Du—z|>dx+c][ o1e1(12 — (Du)sy|) da

Br
][ [Du — z] dz )
Br
< cE(Bag, u) + c][ @z|(|Du — 2|) dz
Br

S CE(BQR, U)

< CE(BQR,U) + cpp (



Partial regularity results for asymptotic quasiconvex functionals with general growth 841

So we have
I < Cyt "eE(Bag,u) + Cyre E(Bag, u) + C) 7 E(Bag, u).

Now we estimate Z7Z; taking into account that

sup | Dh| g][ |Dh| dz,
Br

BTR

using Jensen’s inequality, and (7.4) we obtain

2z <enf oulOmad) e < cnoy (f 1D0a)
B:r Br

< enep <]i |Dh — Dw|dx +]i |Dw|d:)3)
R R

< cnep (]{3 \Dh—Dw\dm) + N (]{3 \Du—z\d:c)
R R

< cn]é (Db — Dw\)dm+cn][ o/(1Du — 2]) da
R

Br

< cne E(BQR,U) + cn E(BQR,U).
Putting together estimates for Z and Z7 we have
E(B:r,u) < CE(Bag,u)[Cym e+ Cyme+C)T+ne+ 1),

1 1
choosing n = 7*, and consequently C,, = ————, with & < ——, we have
n Ta(p—l) p— 1
E(BTR, u) S C’TB(ET_n_l + 1) E(BQR, U)
where f = min{a, 1 — a(p —1)}. O

Proposition 7.2. Let v € (0,1). Then there exists 0 that depends on y and on
the characteristics of ¢ such that: if for some ball Br(xy) C €2

(15) BBl w) <5 WVDWPdr |(Du)s — 2l < 4
Bzr (o)

hold, then for any p € (0,1],

(7.6) E(B,r(10), u) < cp"” E(Bar (o), u),

where ¢ depends on the characteristics of ¢.

Proof. Let A(e,7) = C7P(e771 + 1) where C depends on the characteristics of
¢ and on n. Let € = £(7) such that

Ale,7) §min{<%)w,i}.

Let 6 = §(7) such that Proposition 7.1 holds true and so small that are verified

1
or

and c— <
TP

n

(147 )0t <

N

Y

N —

where ¢ and p will be specified later.

With these choices we can prove that the inequalities in (7.3) hold when we
replace Bop with B, g, the first one being necessary to obtain the first inequality
following exactly the lines of the proof of Proposition 28 in [23].
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Concerning the second inequality we first observe that
P
(D)5, = 20| < [(Dw)s, = (Du)pr| + 5.

Moreover, taking into account that ¢ is of type (po,p1) and using Lemma 2.5, for
some p > 1 we get

\Du — (Du)s, | do < <][ \Du— (Du)32R|pdx) ’

BTR

|(Du)g,,, — (Du)g,,| g][

BTR

1
<c (Ji Pl(Duys, | [ Dt — (D), 5 | dw)
TR

<e(f VD) = (VD) i)'
(f V(D) - V(D) )

1

<

\]
m:‘ )

<S4 <][ \V(Du)ﬁdx) s 05—2
TP BZR TP

where in the last inequality we use that by Lemma 2.5 and Jensen inequality

£ wwarag~f ooy
(77) Bar(z) Bar(z)

> s0<]£ L IDuldy) 2 (D) 2 200 > 0

So, the smallness assumptions in (7.3) are satisfied for B,z. By induction we get

B (B@’QR) < min { (%)W ’ 4—1;@} E(B2r)

which is the claim. O

Proof of Theorem 1.1. By Jensen inequality and Lemma 2.5 we have

Pz ([(DU) B, (2) — 20]) < P}z (]{3 o | Du — 2 dy) S]{g ( )90|zo|(|DU — z]) dy

< c][ |V (Du) — V(z)|* dy
Br(x)

from which by (1.1) we can conclude that

|(Dw)Byp(z) — 20| < p

for a suitable R > 0. Moreover by Lemma 2.5, Jensen’s inequality, (7.7), and (1.1)
we get

BBun(a)u) < f VD) - Via)Pdy<df  [V(Du)Pdy
Bag(z) Bag(z)

Hence we have that the assumptions of Proposition 7.2 are verified in a neighborhood
of g, say in Bs(zg). Then by (7.6) we have

E(B,r(7),u) < cp™ E(Bar(x),u) Vo € By(w)
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and by Campanato’s characterization of Holder continuity we deduce that u &
C1%(By(z0)) for some @ < 1. O

Let us recall that, for u € WH?(Q, RY), the set of regular points R(u) is defined

by
R(u) = {x € Q: wu is Lipschitz near z}.
Finally we prove Corollary 1.1.

Proof of Corollary 1.1.  Using the characterization (iv) of Theorem 4.1 we
can find M > 0 such that the assumptions of Theorem 1.1 are satisfied near every
29 € RN": |29| > M. By Theorem 1.1 we have that u € C% near every xo € 2 that
satisfies

lim |V (Du) — V(z)|*dz =0
r—0 By (z0)
and these points g belong to R(u).

By contradiction assume that some x € () is not contained in W; then in a
neighborhood of z we cannot find xy as before. Thus, V' (Du) is essentially bounded
by M on this neighborhood and w is Lipschitz near x. Consequently z € R(u) and
we have reached the desired contradiction. U
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