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Abstract. We analyse the asymptotic behaviour of several types of moments of Borel proba-
bility measures on R¢. In particular, we prove that the asymptotic behaviour of the moments of a
measure is intimately related to the local dimensions of the measure.

1. Introduction

The purpose of this paper is to analyse the limiting behaviour of (different types
of) moments of measures. In particular, we show that that there is a relationship
between the asymptotic behaviour of the moments of a measure and the so-called
local dimensions of the measure.

1.1. Local dimensions of measures. Let p a Borel probability measure on
R?. For x € R?, we define the lower and upper local dimension of u at = by

1 B
(1) dim (1 7) = lim it 2EA5E 7))
r\0 logr
and
. 1 B
(1.2) dimyee(p; ) = lim sup log n(Blz, 1))
N0 log r
respectively. If the lower and upper local dimension of i at x coincide, then we write
dimyee (5 ) for the common value, i.e. we write

. oy i log p(B(x, 1))
(1.3) dimyee(p; ) = }‘I{%T

provided the limit exists. The detailed study of the local dimensions of measures is
known as multifractal analysis and has received enormous interest during the past 20
years; the reader is refereed to the texts [Fa2, Pe| for a more thorough discussion of
this. It is now generally believed by experts that local dimensions provide important
information about the geometric properties of measures.

1.2. Moments of measures. For a metric space X, we write
P(X) ={p | p is a Borel probability measure on X}
and
Peo(X) = {1 | p is a Borel probability measure on X with compact support}.

In addition, we used the the following notation throughout the paper. Namely, if
p € P(X), then we will denote the support of x by supp i, and if z € X, then we
will denote the Dirac measure concentrated at x by d,.
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For p1 € Peo(RY) and ¢ > 0, we define the ¢’th moment of u by

(1.4) My(u) = [ lal?dufa),

It is clear that if p € P([0,1]) satisfies p({1}) = 0, then M, () — 0 as ¢ — oc.
It is therefore natural and of interest to ask for estimates of the rate at which
M, (p) converges to 0 as ¢ — 00, i.e. we ask for estimates of liminf, % and
%. For example, as an application of our main results we obtain the

following result providing estimates of liminf, % log 11\(/)1;(: ) in

terms of the lower and upper local dimensions of u at 1.
Theorem 1.1. Let 1 € P([0,1]) with 0,1 € supp . Then

log M, log M.
dimy,. (45 1) < liminf L‘I(m < lim sup L‘I(“)

g —logq g—oo  —l0gg

limsup,_,

and limsup,_,

S mloc(ﬂ; 1)

log Mg ()
—loggq

In particular, if the local dimension dimy..(y; 1) exists then the limit lim,_,
exists and
log M,
lim og M,(1)
q—oo  —loggq
Proof. This follows from Corollary 2.8. U

It is natural to consider other types of moments. In particular, in this paper, we
will consider the following moment. For p, v € Po(R%) and ¢ > 0, we write

(15) M, (1, v) = / & — yl7d( x V) (@, ),

= dimyec(p; 1).

ie. M,(p,v) is the ¢'th moment of the average distance between two points x and
y where x is chosen with respect to the distribution p and where y is chosen with
respect to the distribution v. As above, it is clear that if u,v € P([0,1]) satisfy
(n x v){(z,y) € (0,1 | [z —y| = 1} = 0 (ie if (ux ){(0,1)} = 0 and (u x
v){(1,0)} = 0), then M,(,v) — 0 as ¢ — oo. It is therefore natural and of interest
to ask for estimates of the rate at which M,(u,v) converges to 0 as ¢ — oo, i.e.

we ask for estimates of liminf, . W and limsup,_, %. As a further

application of our main results we obtain the following result providing estimates of

logﬂfw and lim sup log Ms(11) i\ terms of the lower and upper local
—loggq q—0  —loggq

dimensions of ¢ and v at 0 and at 1.

liminf,

Theorem 1.2. Let pu,v € P([0,1]) with 0,1 € supp 1 and 0,1 € suppv. Then
¢ log My(u, v)

inf dim, . (p; x) + dimy, . (v; < limin
et oy Toc(#: 7) ocl79)) < lin —logq
. log M, (1, v) . - S
<limsup =L~ < inf dimyee(p; ) + dimyee (v y) ) -
goo  —logg (2,9)€{(1,0),(0,1)} ( (32) 1))
In particular, if the local dimensions dimye(;0), dimee(p; 1), dimyee(v;0) and
dimye.(v; 1) exist, then the limit lim, % exists and
. log My(p,v) . . .
lim 4772 — inf dimyge (1 7) + dimyee (V5 y)) .
T g et oy (dmee(Hi @) (3 9))

Proof. This follows from Corollary 2.7. O
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We emphasise that Theorem 1.1 and Theorem 1.2 are special cases of the more
general main results in Section 2. In particular, the results in Section 2 are not
restricted to measures on R but apply to measures in all higher dimensional Euclidean
spaces.

2. Statements of results

2.1. The extremal distance d(u,r) and the extremal set E(u,v). For
v € Peo(R?), we define the extremal distance d(u, ) of u and v by
(2.1) d(p,v) = sup |z —yl,

xCsupp p
yEsupp v

and we define the extremal set E(u,v) of u and v by

(2.2) E(p,v) = {(z,y) € suppp x suppv | |v — y| = d(u,v)} .

It is clear that the extremal distance d(u, v) is positive, i.e. d(u, v) > 0. It is also clear
that if d(u, v) = 0, then there is a point (29, yo) € R x R%, such that X v = 0(3.4),

log Mq(p,v)

whence M, (p,v) = |zg — yo|? for all ¢ > 1, and so — 00 if |zg —yo| < 1 and

—loggq
% — —o0 if |xg — yo| > 1. We may therefore assume that d(u,rv) # 0. The
next results show that if d(u, ) # 1, then the limiting behaviour of M is also
trivial.
Proposition 2.1. Let p,v € Peo(RY).
(1) If 0 < d(p,v) < 1, then
i 108 Mo(p,v) _
o —loggq
(2) If 1 < d(p,v), then
i 08 M) _
g0 —logq
Proof. (1) If 0 < d(p,v) < 1, then My(p,v) < [d(p,v)?d(pxv)(z,y) = d(p,v)?
for all ¢ > 1, and so % — log(d(u, )) owg — O°-

(2) Assume that d(u,v) > 1 and choose R such that 1 < R < d(u,v). Now write
G={(z,y) eR*xR?| |z —y| > R}.
It is clear that G is open. Next, we show that
(2.3) G Nsupp(p X v) # @.

We will now prove (2.3). Since R < d(, V) = SUP,cqupp pyesuppy [T — Y|, We can find
xo € supp p and yy € supp v such that |zg — yo| > R. This implies that (zg,y0) € G
and that (z¢, yo) € supp p X supp v = supp(u x v), whence (xg, yo) € GNsupp(pu xv),
and so G Nsupp(p X v) # &. This proves (2.3).

Since G is open and G Nsupp(p x v) # & (by (2.3)), we conclude that a =
(xv)(G) > 0. Next, we note that M, (p,v) > [, \x—y\qd(,uxy)(:c y) > fG R%d(px
V)(z,y) = aR? for all ¢ > 1, whence 22Ma0) < _10(g) L _ Jog(R) L

1 < — —0Q
ogq log g log q
because R > 1 and a > 0. O
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It follows from Proposition 2.1 and the preceding discussion, that if d(u,v) # 1,

then the limiting behaviour of % is trivial. Hence, below we will always assume
that
d(p,v) = 1.
2.2. The main results. The first main result, i.e. Theorem 2.2, provides an
log Mg (p,v

upper bound for limsup,_, ., ) and our second main result, i.e. Theorem 2.4,

—logg

. . . log M, . .

provides a lower bound for liminf,_, °g+(”’u). Below we use the following notation,
—logg

namely, if C' is a subset R™, then we write dimp C' for the Hausdorff dimension
of C' and we write dimy C' and dimp C' for the lower and upper box dimension of
C, respectively; the reader is referred to [Fal] for the definition of the Hausdorff

dimension and for the definitions of the lower and upper box dimensions. We can
log Mg (p,v)

now state our first main result providing an upper bound for limsup,_, oz q

Theorem 2.2. Upper bound for limsup,_, ., %. Let p1,v € Peo(R?) and

assume that d(u,v) = 1.

(1) We have
log M, _ -
lim sup M < —dimyg E(p,v) +  sup (dimloc(,u; x) + dimyee (v; y))
q—00 - log q (z,y)EE(u,v)
(2) We have
i log M, (u, v) ) - S
limsup ——2> 2 < inf (dlmOC x) + dimyge (v )
DD T og g (e \ o5 T) oc(39)

The proof of Theorem 2.2 is given in Section 4 using the preliminary auxiliary
results from Section 3,

In order to state our second main result providing a lower bound for liminf, .
%, we introduce the following covering condition. Below we use the follow-

ing notation. If C' is a subset of R™ and r > 0, then we write B(C,r) for the r
neighbourhood of C| i.e.

B(C,r)={x € R™ | dist(z,C) < r}.
The extremal set covering condition. Let u,v € P,,(R?) and assume that
d(p,v) =1. For 0 <r <1, write
(2.4) E, ={(z,y) € suppp x suppv | |z —y| > 1—r}.

We will say that p and v satisfy the extremal set covering condition if there is a
constant ko > 0 and a number 0 < rq < 1 such that

(25) ET, g B (EQ, ]{?0’/")

for all 0 < r < rg.

Before presenting our second main result, i.e. Theorem 2.4, we first note that all
measures 1 and v in R satisfy the extremal covering set condition; this is the content
of Lemma 2.3 below.

Lemma 2.3. Let pu,v € P (R) and assume that d(pu,v) = 1. Then p and v
satisfy the extremal set covering set condition.
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Proof. Since p and v have compact supports, we can find real numbers s, t, u, v
such that u € P([s,t]) with s,¢ € supp p and v € P([u,v]) with u,v € suppr. Now
write

{(s,v)} if [s —v| > |u—t;
E=d{(s;v),(tw)}t if |s—v|=|u—t
{(t,u)} if |[s —v| < |u—t,

and note that £ = E(u,v). For 0 < r < 1, let E, is defined as in (2.4). Since
E = E(u,v) = Ep, it is easily seen that

E, C{(zy) € st x [w, 0] [ |z —y[ > 1 =1}

([s,5+7] x [v—7r,v] C B(E,\/2r) = B(Ey,/2r)
forO<r<1l—|u—tlif|s—v|>|u—t

(2.6) ([s,s+7] x [v—r,7])U ([t —7,t] X [u,u+7]) C B(E,V2r)
= B(Ep,V2r) for0<r<1if|s—v|=|u—t|

[t — 7 t] x [u,u+71] C B(E,v2r) = B(Ey, V2r)

(for 0 <r<1—|s—o|if |[s—v| <|u—t.

N

It follows immediately from (2.6) that p and v satisfy the extremal set covering
condition. U

Theorem 2.4. Lower bound for liminf, %. Let p,v € Peo(RY) and

assume that d(u,v) = 1. If u and v satisfy the extremal set covering condition, then
we have
log M, S 1 B
lim inf log My (11, v) > —dimpF(p, v) + liminf  inf o8y X v) ((:L’,y),r)‘
q—00 —logq ™NO  (x,9)€E(uv) log r

The proof of Theorem 2.4 is given in Section 5 using the preliminary auxiliary
results from Section 3.

While the second term in the upper bound for limsup, . % in Theo-

rem 2.2.(1) and the second term in the lower bound for liminf, % in The-

orem 2.4 resemble each other, they represent two opposed set of ideas: the second
term in upper bound for limsup,_, % in Theorem 2.2.(1), i.e. the term

sup (di—mloc(,u; ) + dimy (v y))
2.7) (z,y)EE (V)
. 1 B 1 B
~ (i SEEEED y 5B0)

(@9)EE(y) \ N0 log r N log r

is obtained by first letting r tend to 0 (leading to the local dimensions dimy,c(u; )
dimyee(v; y)) followed by forming an extremum, whereas the corresponding term in

lower bound for lim infg e % in Theorem 2.4, i.e. the term
1 B
(2.8) liminf  inf og(p x v)B((z,y), r)’
™0 (x,y)EE(u,v) lOg r

is obtained by first forming an extremum (the infimum inf, e p() log(p X'{())gr(,(x’y)’r))

followed by letting r tend to 0. However, under an additional condition, namely
Condition (2.9) below, the term (2.8) can be brought into a form that is similar to
(2.7); this is the statement of Corollary 2.5 below. In order to state Condition (2.9)
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in Corollary 2.5, we introduce the following notation. For a probability measure ~
on R™, we write

' . lOg’}/ B z,p
dimye(y; 237) = inf %

It follows immediately from the definition of dim, . (v;z;7) and dim, .(7y; ) that
dim, . (y; 2;7) / dimy (v;2) for all z € R™ as r N\ 0.
In particular, we conclude that if p, v € Peo(RY), then
dimyo (1 X ¥; (2, )i 7) /7 dimgoo (s x v; (5,)) for all (z,) € RY x R as 1, 0.

While simple examples show that dim, (¢ X v;-;7) does not necessarily convergence
uniformly to dimy, . (uxv;-) asr N\, 0, Condition (2.9) in Corollary 2.5 below stipulates
that dim, (x4 X v;-;r) converges uniformly to dim, .(u X v;+) on E(u,v) as r \, 0.
We can now state Corollary 2.5.

Corollary 2.5. Lower bound for liminf, %. Let p,v € PCO(Rd) and

assume that d(u,v) = 1. If p and v satisfy the extremal set covering condition and
(2.9) dim, . (u X v; ;1) — dim,, (¢ X v;+) uniformly on E(u,v) as r 0,
then

o Jlog My(pv) 0 —— . . :
liminf ——2"-2 > —dimgFE(u,v) +  inf dim, . (p; z) + dimy  (v5y)) .
minf £SO > T B+ inf (g i) + dinn ()

Proof. 1t is not difficult to see that (2.9) implies that

2.10) lim inf dim xv;(x,y);r)= inf lim dimy (¢4 x v; (x,y);7).
(2.10) iy nf | dimee(pxvi(z,y)ir) = ikl dimg(px v (2, y)ir)
Using the fact that dim, (1 X v; (z,y);r) = infoc <, log(“xﬁgﬁ(m’y)’p) combined with
the fact that lim,~ o dim,  (p X v; (2, y); ) = lim inf,~ o log(“(B(xiZQ:(B(y’r))), (2.10) can

now be rewritten as

log(p x v)B((z,y),p)

lim inf inf
m™N\O (z,y)€E(u,v) 0<p<r log p
1 B B
it lmint (08(B(z. 1) v(B(y,r)))
(zy)eB(pr) ™0 log r

Next, since clearly

it e 8w x»B@y)p) e e lose x 1)B((y).p)

0<p<r (z,y)€E(1,v) log p (z,y)EE(1,v) 0<p<r log p

)

we now deduce from the previous equality that
1
Coe e los(ux ) Bl y).7)
m™NO  (zy)EE(uY) log r
log(u x v)B((,y), p)

= lim inf inf
N0 0<p<r (z,y)EE(1,v) log p
(2.1 log(1 x ) B((#,), )
0
= lim inf inf 2B\ XV T.9).P
N0 (z,y)EE(py) 0<p<r log p

i limin 08B 1)) v(Bly, 1)
(zy)€E(py)  T™NO logr
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However, since B((x,y),7) C B(x,7) x B(y,r) for all (z,y) € R¢x R? and all » > 0,
we conclude from (2.11) that

liming  inf 08 xv)B((@.y).7)
™0 (zy)€B(pv) log r

log(u(B(x, 1)) v(B(y, r)))

> inf lim inf
(zy)eB(pr) ™0 log r
(2.12) _ wf  Liminf log u(B(z, 1) N logv(B(y,r)
(zy)€E(uy) N0 log r log r
1 B 1 B
> it (liminf 2BABED) L losv(Bl)
(@y€B(py) \ ™0 log r ™0 log r
= inf dim, . (p; z) + dimy . (v5y)) .
() e B () (dimy (15 ) loc (V3 Y))
The desired statement now follows from (2.12) and Theorem 2.4. U

Before presenting several applications of Theorem 2.2 and Theorem 2.4, we first
made the following two comments.

Remark 1. For u, v € P (RY), write

Alp,v) = inf dimyoe(p; ) + dimyee(v;
Ay, v) (W)EE(W)( toc (5 ) oc(39))

and

A(:U’u V) = sup (ﬁloc(ﬂ;x) _'_mloc(y; y)) :
(zy)eE(uv)

Using this notation, Theorem 2.2 says that if d(u,v) = 1, then the numbers

— dimy E(p, v) + A(p, v) and A(p, v) are upper bounds for limsup,_, ., %, ie.
log M, —
lim sup log Mq(p1,v) < —dimg E(p, v) + A(p, v)
q—00 —logq
and
log M,
limsup B MUEY) o n )

q—00 —loggq

We will now provide examples showing that, in general, there is no relation between
the upper bounds — dimy E(u,v) + A(p,v) and A(p,v). More precisely, we will
1

construct measures f,, v € Pyo(R?) for 0 < p < 1 such that — dimy E(u,, v) +

Ay, v) > App,v) for 0 < p < &, —dimpy E(pp, v) + Ay, v) = Ay, v) for p =3
and — dimy B, v) + Ay, v) < A(py, v) for 3 <p < 1. Fix 0 <7 < & and define
S1,S9: [0,1] = [0,1] by Si(z) = rz and Sa(x) = rz+1—r. Let C be the self-similar
set associated with the list (5;);, i.e. C' is the unique non-empty compact subset of
[0,1] such that C' = U;S;(C). Also, fix 0 < p < 1 and consider the probability
vector (p1,p2) = (p,1 — p). Next, let 7, be the self-similar measure associated with
the list (S;,pi), i.e. m, is the unique Borel probability measure on C such that
T, = Y. pimp 0 S;t. We now define ¢: [0,1] — R? by ¢(t) = (cos(2nt), sin(27t)).
Finally, we define p,, v € Peo(R?) by p, = my0p~ and v = §(9). Since supp m, = C,
it is clear that supp u, = ¢(C'). It is also clear that supp v = {(0,0)} and d(u,, v) = 1.
The previous remarks imply that

(2.13) E(pp, v) = supp(p, X ) = supp p, X supp v = (C) x {(0,0)}.
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Since dimy ¢(C) = dimyg C' (because ¢ is bi-Lipschitz) and dimy C = —ﬁ%

[Fal]), we conclude from (2.13) that

(see

log 2

(2.14) dimpy E(pp, v) = dimp ¢(C) = dimy C = — .
log r

Next, we note that it is well-known that sup,.. dimjec(mp; t) = max; lﬁ)ggﬁ = % and

infec dimye (7,5 t) = min; 11?;} = 10%;” ) see [CaMa] or [Fa2]. Since it is also not

difficult to see that dimjee(m,;t) = dimyec(p,; p(t)) for all t € C, we therefore conclude
that

é(:uzh V) = inf (dimloc(,up; ZL’) + dimloc(y; y))
(2 15) (:E7y)€E(lu’p7l/)
’ . T N log(1 —p)
= mel;l(fc) dimyee(pp; ) = %g(g dimyee (5 t) = W.

iggf. Combining this and (2.14) gives

Similarly, we prove that A(ju, v) =
log2 logp log2p

+ = .
logr  logr log r
It follows immediately from (2.15) and (2.16) that

(2.16) — dimg E(pp, v) + A(pp, v) =

—dimg E(pp, v) + Alpp, v) > Apy,v) for 0<p <z
—dimy E(pp, v) + Alpp, v) = Ay, v)  for p =3
— dimy E(pp, v) + Ay, v) < Alpp,v) for &+ <p < 3.

This concludes the first remark.

log My (p,v) -

Remark 2. The second term in the lower bound for liminf, . azg D

Theorem 2.4, i.e. the term
log(u x v)B((x,y),r)

lim inf inf
(2 17) ™0 (zy)eE(u,v) logr
. .. lOg Sup(m y)EE(p u)(:u X I/)B((I,y)ﬂ")
= lim inf ’ ’ ,
N0 log r

is closely related to the so-called lower co-Rényi dimension of px v and the concentra-
tion function of p x v. We will now explain these connections. For a Borel probability
measure v on R™ and ¢ € [—o0, 00|, we define the lower ¢-Rényi dimensions of v by

1 log B(z,r))" dvy(z
D.(q) = liminf Jauppy V(B 1)) dy(2)
! ™Nog—1 log r

lo d
D.(1) = liminf Joupp 108 7(B(z, 7)) dv ()
v r™\0 log r

for g € R\ {1},

Y

and

loginf B
D (—00) = liminf —&e€suppy V(B(z,r))
! ™0 log r
1 B
D_(c0) = lim inf 08 SUPyesuppy V(B(7, 7))
! ™0 log r

Y

The upper Rényi dimensions are defined analogously by replacing lim inf by lim sup.
It is clear that if F(u,v) = supp(p x v) (and this may happen, see, for example,
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(2.13)), then the second term in the lower bound for liminf, log Myltv) i Theo-

—loggq
rem 2.4, equals lower oco-Rényi dimension of p x v, i.e.

log(p x v)B((x,y),7) 10g SUP ;. e p(u) (1 X V) B((2,9),7)

liminf inf = lim inf
m™N\O  (2,y)€E (1) log 7 N0 logr
=D, (00).

The Rényi dimensions were essentially introduced by Rényi [Rél,Ré2| in 1960 as
a tool for analyzing various problems in information theory. The main significance
of the Rényi dimensions, is their relationship with the multifractal spectrum of the
measure 7. We define the Hausdorff multifractal spectrum function, f,, of v by

fy(a) = dimy {x cR lim og

In the 1980’s it was conjectured in the physics literature [HaJeKaPrSh| that for
“good” measures the following result, relating the multifractal spectrum function f,
to the Legendre transform of the Rényi dimensions, holds: the multifractal spectrum
function f, coincides with the Legendre transforms of the functions 7., 7,: R = R

define by 7.(¢) = (1 — ¢)D,(q) and 7,(q) = (1 — ¢)D,(q), ie. fy(a) = Ti(a) =
72 () for all @ > 0 where 77 and 77 denote the Legendre transforms of 7, and 7,
respectively. This result is known as the Multifractal Formalism. During the 1990’s
there has been an enormous interest in verifying the Multifractal Formalism and
computing the multifractal spectra of measures in the mathematical literature, see
[Fa2, Pe].

The term in (2.17) is also related to concentration functions. If P is a Borel
probability measure on R™, then the concentration function @Qp: (0,00) — R of
P is defined by Qp(r) = sup,erm P(B(x,r)), see [HeTh|. Using this notation and
terminology, it is now clear that if E(u,r) = supp(p X v), then the term in (2.17)

lOgQuXu(

equals liminf,\ o ogr ") This completes the second remark.

2.3. Applications of the main results. We now present several corollaries of
Theorem 2.2, Theorem 2.4 and Corollary 2.5. In particular, we consider the following
two special cases: (1) the extremal set E(u,v) is finite, and (2) the measures p and
v are measures on the real line R.

Corollary 2.6. Let p,v € P(R%) and assume that d(u,v) = 1. If y and v
satisfy the extremal set covering condition and F(u,v) is finite, then

log M, log M,
inf (di—mloc(lu’; :1;‘) + di—mloc(y; y)) < lim inf w < lim sup 0g q(:uv V)
(z,y)eE(w,v) q—00 — log q g—00 _ lOg q

< inf dimyee (1 ) + dimyee (v .
_(mﬁy)eEW)( toc (145 ) loc(V39))

Proof. Since E(u,v) is finite we conclude that Condition (2.9) is satisfied and
that dimy E(u,v) = dimgE (i, v) = 0. The desired result follows immediately from
this and Theorem 2.2 and Corollary 2.5. U

Corollary 2.7. Let p € P([s,t]) and v € P([u,v]) with s,t € suppp and
u,v € supp v and assume that

max(|s — v|, |u —t|) = 1.



854 Lars Olsen

Write
{(s,v)} if |[s —v| > |u—t|;
E=q{(s0),(tw)} if|s—o| =[u—t];
{(t,u)} if [s — o] < |u—t.
Then
0t (it (15 2) + dime (7)) < lim inf % s limsup %
< inf (di—mloc(,u; ) + dimy. (v; y)) :

(z,y)EE

Proof. 1t is clear that d(u,v) = 1 (since max(|s — v|,|u — t|) = 1) and that
E(u,v) = E . Next, we observe that p and v satisfy the extremal covering condition
(by Lemma 2.3) and that E(u,v) is finite (since E(u,v) = E). The desired result
follows immediately from this observation and Corollary 2.6. O

Recall, that for p € Peo(R?) and ¢ > 0, we write

— [ et duta)

Our final corollary provides estimates for lim inf,
for p € P([0,1]).
Corollary 2.8. Let u € P([0,1]) with 1 € supp . Then

log M, log M
dim,. (4 1) < liming 8Nl g o, 108 Malit)

g0 —logyq g—oo  —loggq

log My (1)
—logq

log My (1)
—logq

and limsup,_, .,

< dimyee(p; 1).

Proof. This corollary follows from applying Corollary 2.7 to the measures p and
v = §p noticing that M (i, 6) = M,(1). O

3. Proofs of Theorem 2.2 and Theorem 2.4. Preliminary results

The purpose of this section is to provide various auxiliary results that will be
used in the proofs of Theorem 2.2 and Theorem 2.4. The two main results results
are Lemma 3.2 and Lemma 3.4. Lemma 3.2 provides an alternative expressing for
the moments M, (u, ). This expression will (see Section 4 and Section 5) allow us
to bound M, (u,v) by an integral of the form fll_ 5 qui(1 —u)® du for suitable choices
of 4 and a, and Lemma 3.4 establishes the asymptotic behaviour of the integral
fll—é qui(1l — u)*du as ¢ — oo.

Before stating and proving the first main auxiliary result, namely Lemma 3.2, we
first recall the following well-known result from analysis.

Lemma 3.1. Let X be a separable metric space and let m be a Borel measure
on X. If f: X — [0,00) is a positive Borel function, then

[ ram=["mts = )a

Proof. This result is proven in [Ma, Theorem 1.15]. O
Lemma 3.2. Let u,v € Pe(RY) and assume that

sup |z —y|=1.
TEsupp p
yEsupp v
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Fix 0 < ¢ < 1. Then there is a function h: (0,00) — R such that

1
M) = [ qu (o o) (o) € ROx RY | fo ] = ) du+ bia)
1-6

and |h(q)] < (1 —9)9 for all ¢ > 0.

Proof. Define f: RY x R? — [0,00) by f(z,y) = |z — y|? It now follows from
Lemma 3.1 that

0= [ fauxv) - / (0 x v)({f > t}) dt

(3.1) —/0 (nx ){(z,y) eRIx R | |z —y|? > t}dt

— [ wx () € RUXRY o -y > 15 de.
0
Introducing the substitution u = ta into the integral in (3.1), it now follows that

M) = [ aut nxo){(ew) € RO R o~y = u}du,
0

and the assumption SUp,cqupp yyesuppy |2 — ¥l = 1, therefore implies that

(32 M) = / qut™ (5 x ){(,y) € R x RY | |z — y| > u} du.

It follows immediately from (3.2) that
1
Myev) = [ qu o o)) € REx RY o ] = ) du+ bl
1-5

where h(q fo qui=( ,u x v){(z,y) € R¥x R | |z — y| > u} du. In particular, we
conclude that |h(q)] < fo qui™tdu = (1 —§)7 for all ¢ > 0. O

Next, we will state and prove the second main auxiliary result in this section,
namely, Lemma 3.4. However, we first prove lemma 3.3 below.

Lemma 3.3. Fix0 < <1 and a > 0. Then there are functions f,g: (0,00) —
R and a real number ¢ such that

/1_5 qu (1 —u)*du=cf(q) g "+ g(q)

and f(q) = 1 as ¢ — oo and |g(q)| < (1 —9)? for all ¢ > 0.
Proof. Define the function f: (0,00) — R by f(q) = ¢“ F{(\l(-[i]-—lil_il and note that it
follows from [Ol, p. 119] that f(¢) — 1 as ¢ — oo. Also, define the real number ¢ by

c=T(a+1),
Next, define the function g: (0,00) > R by g(q) = — fo qui™(1 — u)* du, and
note that |g(q)| < fo qui™' (1 —u)*du < f ? qui~ 1du: (1—9) for all q > 0.
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_ I'(¢9)r'(a+1)

Finally, since it is easily seen that fol w1 —u)*du = TatarD > We have

-6
/1; qui™t (1 —u)*du = /01 qui™ (1 — )" du — /01 qui™H(1 — )" du
I'(g)T'(a+1) ~ T(g+1)I(a+1)
L(g+a+1) +ola) = Llg+a+1)
cfla)a™+9(q)
for all ¢ > 0. U

Lemma 3.4. Fix0<d <1,a>0andm > 0. Let h: (0,00) — R be a function
and assume that |h(q)| < (1 — )7 for all ¢ > 0. Then

log (m f11_6 qu?™(1 — u)*du + h(q))
lim =a.
q—+00 —loggq

+9(q)

=4q

Proof. It follows from Lemma 3.3 there are functions f,g: (0,00) — R and a
real number c¢ such that

/1 qut (1 —u)"du=c f(q) "+ g(q)

-5
and f(q) — 1 as ¢ = oo and |g(q)| < (1 —9)7 for all ¢ > 0. In particular, this shows

that
1

m | qut (1 —u)*du+ h(q) = mef(q)qg™" + mg(q) + h(q) = ¢ *¢(q)

where the function ¢: (0,00) — R is defined by ¢(q) = mcf(q) + mq®g(q) + q*h(q),
and so

- log (m [LLgau™ (1= )" dut @) rogplg)

—logq log g
However, we clearly have [¢"g(q)| < ¢*(1 —6)? — 0 as ¢ — oo and |¢*h(q)| <
q*(1—0)? — 0 as ¢ — oo, and so p(q) = mef(q) +mq®g(q) +q*h(q) — mc as ¢ — oo.
The desired result follows from this and (3.3). O

4. Proof of Theorem 2.2

The purpose of this section is to prove Theorem 2.2. We first introduce the
following notation that will be used in this and the following sections. Namely, if C'
is a subset of R™ and r > 0, then we let N,.(C') denote the largest number of pairwise
disjoint balls of radii equal to » and with centres in C), i.e.

N, (C) =sup{card I | (B(z;,7))ies is a family of balls with:
(1) z; € C for all i;
(2) B(x;,r) N B(xjr) =@ for all i # j}.

It is well-known that lower and upper box dimension of C' are are given by

log N,
dimpC' = lim inf log N+ (C)
N0 —logr
and
log N,.(C)

dimpC' = lim sup
N0 —logr



Asymptotic behaviour of moments and local dimensions of measures 857

respectively.
We now turn towards the proof of Theorem 2.2. We begin with the following
small lemma.

Lemma 4.1. Let p, v € Poo(RY). For each integer n and € > 0, write
o log p(B(z, 7))
- log r

logv(B(y,r))
log r

1
A, = {(:c,y) € R x R | dimyoe (13 2) + € for0<r < —
n

1
and dimyo.(v;y) + € > for0<r< —}.
n

Let C' be a Borel subset of supp p X supp v. Then

—dimp(A, . NC) + sup (dimyge(p; ) 4 dimee(v;5y)) + 26 >0
(z,y)eC

for all positive integers n and all ¢ > 0.

Proof. For brevity write

D= sup (dimc(; ) + dimee(r;y)) -
(z,y)eC

Fix a positive integer n and € > 0. For each 0 < r < %, we can choose a subset J,. of
A, . NC with

(4.1) card J, = N,(A,.NC)
and
(4.2) the family (B((z,y),7)) . ,)es, consists of pairwise disjoint sets.
We now prove the following two claims.
Claim 1. For 0 <r < +, we have N,(A,.NC) < 9=(g4e)y~(D+20) D ey, (1%
v)B((z,y), 7).

Proof of Claim 1. Noticing that B(z, ==r) x B(y, ==1) C B((z,y),r), we conclude

V2 f
that
S (uxn)B(@y)r) = S x v)(Bla ) x Bly, L)
(4 3) (z,y)€Jr (z,y)EJr
= Y u(B(x, 257)) v(Bly, %57))-
(z,y)€Jr

Next, we note that if 0 < < % and (z,y) € J, € A,.NC C A,., then it follows
dim oc( 'T)
from the definition of A,, . that ,u( (z, \}ir)) > ( ) T and v(B(y, ET)) >

dim oc(V3y)+e

<%r> l . We deduce from this and (4.1) and (4.3) that

mloc(:u';w)‘l'f': —_— .
> wx By = Y (L) (dyr) v e

(x,y)ETr (z,y)€Jr

dimoc (%) +dimyee (v;y)+2e D+2¢
o O e e
(z,y)€Jr (z,y)edr

> 9= (5+9) pD+2 card J, > 9= (5+e) pDt2e N.(A,-NC).
This completes the proof of Claim 1.
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Claim 2. For 0 <r < 1, we have > wyen (X V)B((z,y),r) < 1.

Proof of Claim 2. Indeed, since the family ( B((«,y),7) )(y)e., consists of pair-
wise disjoint sets (by (4.2)), we immediately conclude that >°, o, (kxv)B((z,y),r)

=(uxv) <U(x7y)6]r B((z,vy), r)) < 1. This completes the proof of Claim 2.
By combining Claim 1 and Claim 2, we see that for 0 < r < %, we have

No(DpeNC) < 2575~ P42) N (45 1) B((w,y),r) < 22+~ (P42,
(z,y)€Jr
This inequality clearly implies that
S— log N.(A,.NC
dimg(An. N C) < Tinp(An. N C) = limsup B (BeNC)
N0 —logr

We can now prove Theorem 2.2. The proof of Theorem 2.2 is divided into two
parts. First we prove Theorem 2.2.(1) and then we prove Theorem 2.2.(2).

Proof of Theorem 2.2.(1). For the benefit of the reader we start by recalling the
statement of Theorem 2.2.(1). Let u, v € P, (R?) and assume that
(4.4) d(p,v) = sup [z —y|=1.

xCsupp pu
yEsupp v

<D + 2e. U

Write £ = E(u,v). Then
: Mq(p,v) : —— N T
(4.5) limsup ———= < —dimyg F + sup (dlmloc(u, x) + dimyee(v; y)) )
goo  —logyq (@.y)eE
We will now prove (4.5). For a positive integer n and ¢ > 0, we let A, . be
defined as in Lemma 4.1, i.e.
log p(B(x, ) for 0 < r < 1
logr n
. logv(B(y, 7))

An@ = {(x,y) € Rd X Rd ‘ di—mloc(,li;l') + e Z

- 1
and dimye.(v;y) + € for 0 <r < —}.

log r n
For each positive integer n and ¢ > 0, we can find a positive number r, . such

that if 0 < r < r,., then W > dimp (A, . NE) —¢, and so

g T
(4.6) N,(Ap. N E) > p-dimp(AnenB)te

for 0 < r < r,.. Now, put 0, = min(r,., %) Also, for each u € (0,1), we can
choose a subset I, . of A, . N E with

(4.7) card [, , . = leTU (A, cNE)
and

(4.8) the family (B((x, Y), 1_T“))

consists of pairwise disjoint sets.
(xvy)EIu,n,s p J

It now follows from Lemma 3.2 that the is a function h, . : (0,00) — R such that
(4.9) My(p,v) = Ine(q) + hne(q)

where

1
Ina(q) = / ek {(eg) €RXRY 1o =y > ) du
1- n,e
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and |, c(q)] < (1 —6,.)? for all ¢ > 0. We will now estimate I,, .(¢). This is done in
Claim 1 below. For brevity, we write

D= sup (mloc(ﬂ; LL’) + mloc(y; y)) )
(z,y)eE

Spe =dimg(A, . NE), ane=—5n+ D+ 3¢,
in Claim 1 and below.
Claim 1. We have I,, .(q) 2mf11_5n qui™ (1—u)™ du where m=27(2y/2)~(P+29),
Proof of Claim 1. We first note th’at

(4.10) U (B( Luy ¥ B(y, )C{vw ER! xR | v —w| > u};
(z,y)€lun,e

indeed, if (z,y) € Iyne € Ape NE C E and (v,w) € B(z, 5%) x B(y,5%), then

L=d(p,v)=lz—yl < [z—v|+lv—w|+lw—y| = F*+v—w|+5* = [v-w|+1-u,

whence |v — w| > u. This proves (4.10). It follows from (4.10) that

1
Lne(q) = / qu'™" (u x v){(v,w) € R* x R | [v — w| > u} du
1 6ns
(4.11) .
> / x| (B 5% x By, 5Y) | du.
1_67L,5

(Zv,y)elu,n,s

Noticing that B((z,y), 5%) C B(z, %) x B(y, 55%) for all (z,y) € R? x R? and all
€ (0,1), we conclude from (4.11) that

(4.12) I-(q) > /1_5 qui™' (e x v) U By, 5 | du

(-’E,y)elu,n,g

Next, since it follows from (4.8) that the family ( B((2,y), 5%) )(@.y)clu.... CODSists of
pairwise disjoint sets, we conclude that

wxv)| |J Bl@y. 59 |= > (uxv)B((x,y) 5,

(,y)Elu,n,e (z,y)€lun,e

and we therefore deduce from (4.12) that

(4.13) Inelq) = /1_5 qu™ > (uxv)B((z,y), 54) du.

(-’E,y)elu,n,g

We now notice that B(z ,\/_1;“) X B(y,%l_T“) C B((z,y),5%) for all (z,y) €

R? x R? and all v € (0,1). This and (4.13) imply that

1
ez [ o S k) (Bla. 55 % By 515 du
1- n,e

(m7y)elu,n,5

(4.14) 1
:/15 '™ Y p(Bla, 5By, F5154) du.

(Zv,y)elu,n,s
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We now observe that if (z,y) € I, and u € (1 — d,.,1), then (z,y) € [, C
A,.NECA, . and 1 1u 5 < 1—u< 0, < l, whence

)dlmloc (:U' w)

1 1w
V2 2 )
Ll_)dlmloc(y y)
V2 2
We deduce from this and (4.7) and (4.14) that

Loz [ S (Bl v (B 5 an

(#,y)€lum,e

1

1
V2 2

_ Mloc (V§y)+€
u) U

dimuoc (p;2)+dimioc (Viy)+2e

du
(4.15) ’ (2.9) €l n e
! D+2¢
1 1 1—
2 /1 5 qu’ > (ﬁT) u
o (xvy)elu,n,s

[ay

1 11 D+2¢
qui™ (E %“) card I, ,, - du
1-0n,

' =11 1-u D+-2¢
- /1' On,e qu <ﬁT) NkTu (An75 m E) du

Finally, we observe that if u € (1 — d,,.,1), then 1 —u < 6, < 7, and (4.6)
therefore shows that

Nl—Tu (Anﬁ m E) Z (%) dln’lB(An gﬂE) > 2—6(1 _ u)—@B(An,EﬂE)+€'

This and (4.15) imply that

1
In s(q> = / quq_l (\%I_TU)D—HE 2_8(1 - u)—@B(An,EOE)+e du

=m qui™ (1 — w)™= du.
1_67L,5

This completes the proof of Claim 1.

Combining Claim 1 and (4.9) yields

1

(4.16) M,(p,v) =1,:(q) + hne(q) >m qui™ (1 — ) du + hoe(q),
1_67L,5

for all positive integers n and all € > 0, where |h,-(q)| < (1—=46,.)? for all ¢ > 0, and
ane = —Spe+D+3e = —dimg(A,.NE)+ D+3c > e > 0since —dimg(A, . NE)+
D +2¢ > 0 by Lemma 4.1. Since |h,.(q)] < (1 —d,.)? for all ¢ > 0, and a,, . > 0, it
follows from Lemma 3.4 and (4.16) that

: log M,y(p,v) _ . log( S 5, QU (1 — )™ du+hnve(Q))
limsup —————= < lim
g0 —logq g—00 —loggq
=y = —dimg(A,. N E)+ D + 3¢
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for all positive integers n and all ¢ > 0. Using the fact that dimy(A,. N E) <
dimp (A, . N E), we therefore conclude that

log M,
(4.17) lin sup 28 MK V)

< —dimyg(A,: NE)+ D + 3¢
g—00 —logg dimg (B, )

for all positive integers n and all £ > 0.
Since (4.17) holds for all n, we now deduce that

log M,
(4.18) lim sup log My (pv) < —supdimp (A, N E) + D + 3.

q—0o0 - lOg q n

However, it is clear that |J, A,. = R? x R? whence sup, dimy(A,. N E) =
dimg (U, (Ane N E)) = dimy £, and (4.18) therefore implies that

log M,
(4.19) lim sup log M, (u1,v) < —dimy F+ D + 3e.
g—00 —loggq
Finally, letting € ™\, 0 gives the desired result. 0

Proof of Theorem 2.2.(2). For the benefit of the reader we start by recalling the
statement of Theorem 2.2.(2). Let p, v € Peo(R?) and assume that

(4.20) d(p,v) = sup |z —y|=1.
T Esupp u
yEsupp v

Write £ = E(u,v). Then

. M, (1, v) . — ——
4.21 limsup —2——2 < inf  (dimyee(pe; ) + dimyee(v; y)) -
( ) q_mp “logq (Ly)EE( toc (5 ) loc y))

We will now prove (4.20). Fix € > 0 and fix (z,y) € E. We can find 6. > 0 such
that if 0 < r < d,, then

log uB(x,r) logvB(y,r)

(422) di—mloc(u; l’) +e 2 ) di—mloc(l/; y) +e 2

log r logr

It now follows from Lemma 3.2 that the is a function h.: (0,00) — R such that

MQ(Mv V) = Ie(Q) + hs(Q)

where

1
I.(q) = / qui™ (u x v){(v,w) € R* x R | [v — w| > u} du
1-5:

and |h.(q)| < (1 —§)9 for all ¢ > 0. We will now estimate /.(¢q). This is done in
Claim 1 below. For brevity, we write

D = dimyoe(pt; ¥) + dimpee(v;y),  a. = D + 3¢,
in Claim 1 and below.
Claim 1. We have I.(q) > m fll—és qu?™t (1 — u)® du where m = 27%.
Proof of Claim 1. We first note that
(4.23) B(z,5%) x B(y,5%) C {(v,w) € R x R4 | |v — w| > u};

indeed, since (z,y) € E, we deduce that |x —y| = d(u,v) = 1, and we therefore
conclude that if (v, w) € B(z, 15%) x B(y, 15%), then 1 = [z —y| < |z —v|+ [v —w| +
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w—y| =54+ v —w|+ 5% =|v—w|+1—u, whence |[v — w| > u. This proves
(4.23). It follows from (4.23) that

1

I.(q) = / qui™ (< v){(v,w) € R* x R* | |[v — w| > u} du
1-5-

(4.24) > [ ) (Bl 15 x By, 5) du

_ / (B, ) (B, ) du

We now observe that if u € (1 —6.,1), then 5% < 1 —u < §,, whence (using
(4.21))

(:l__u)mloc(VW)""a .

(B, 154)) = (54) ™ot p(B(x, 154)) = (4

2

v

We deduce from this and (4.24) that

1 . _ 1
Ie(Q) 2/1 ) qUQ—l(1—Tu)d1m10c(,u;m)+e(1—7u)dlmloc(u;y)+e du = m/l 6 quq_1(1 _u)as du.

This completes the proof of Claim 1.
Combining Claim 1 and (4.22) yields

1

M,(p,v) = 1.(q) + ho(q) >m qui™ (1 — u)* du + h.(q),
1-6.

where |h.(q)| < (1—9.)? for all ¢ > 0, and a. = D +2¢ > 2¢ > 0 since clearly D > 0.
Since |h(q)] < (1 —6.)? for all ¢ > 0, and a. > 0, it follows from Lemma 3.4 and
(4.22) that

log <m f11_5 qui™(1 — u)% du + hg(q)>
< lim -

q—r00 —logq T g¢—oo —logq

= Qe = mloc(ﬂ; I) + mloc(w y) + 2.

Finally, taking infimum over all (x,y) € E and letting € N\, 0 gives the desired
result. U

5. Proof of Theorem 2.4

The purpose of this section is to prove Theorem 2.4. We start by recalling the
following well-known covering lemma.

Lemma 5.1. Let A be a subset of R™ and let r > 0. Then there is a finite or
countable subset I of A such that the family (B(x,r)).e; of balls with centres in I
and radii equal to r satisfying the following two conditions:

(1) Ifx,y € I and © # y, then B(x,r) N B(y,r) = .

(2) We have |, B(x,7) € U,e; B(w,5r).
Proof. The result is proven in [Ma, Theorem 2.1]|. O

We can now prove Theorem 2.4.
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Proof of Theorem 2.4. For the benefit of the reader we start by recalling the
statement of Theorem 2.4. Let y, v € Pe(R?) and assume that
d(p,v) = sup |z —y|=1.

T Esupp p
yEsupp v

Write F = E(u,v). Assume that p and v satisfy the extremal covering condition, i.e.
there a positive constant kg > 0 and a number 0 < ry < 1 such that E, C B(Ey, kor)
for all r with 0 < r < 1y where E, is defined in (2.4). Then

log M, — 1 B
(5.1) ]iminfw > —dimpE + liminf inf Og(:u X V) ((Zlf,y),T’).
a=o0 —logq ™0 (zy)eE logr

We will now prove (5.1). For brevity write

D = liminf inf log(p x v)B((x,y),r)
™0 (zy)el log r

We must now prove that liminf, W > —s + D. This inequality is clearly

satisfied if —s + D < 0, and we will therefore assume that —s + D > 0.

Fix € with 0 < & < 3(—s 4+ D). Recall, the definition of the box dimensions in
Section 4. In particular, recall that if C' is a subset of R™ and r > 0, then we let
N, (C) denotes the largest number of pairwise disjoint balls of radii equal to r and
with centres in C'. It follows from the definitions of the upper box d1mens1on and the
number D that we can find ., with O < 0, < 1o such that bg NT( < dimgFE + ¢ for

all 7 < 6. and inf(, e p e B@y)r) > o for all r < 5k05 In particular, this

5 s:di—mBE.

log 7
implies that
(5.2) N, (E) < p~dimsB-e
for all » < 9,, and
(5.3) (1 x v)B((a,y),r) <P~

for all (z,y) € E and all r < 5kyd..
Next, we conclude from Lemma 3.2 that the is a function h.: (0,00) — R such
that

(5.4) Mq(p,v) = Ic(q) + h=(q)
where )
L) = [ au ™ x o) € RYRY 12 =] 2 ubdu
1-0¢
and |h:(q)] < (1 —9.)? for all ¢ > 0. We will now estimate I.(¢). This is done in
Claim 1 below. For brevity we write
a.=—s+D —2¢

in Claim 1 below.

Claim 1. We have I.(q) < mfll 5 quiTt (1 —u)

Proof of Claim 1. We first note that if u € (1 — d.,1), then 1 —u < §. < ro,
whence Ey_, C B(Ey, ko(1 —u)) = B(E, ko(1 — u)) (because Ey = FE), and so
B(

(5.5) Erw CB(Eko(1—w) = | B((x,9), ko(1 —u)).

(z,y)EE

du where m = (5ko)P k"¢,
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Applying Lemma 5.1 to the family {B((z,v),ko(1 —u)) | (z,y) € E} (ie. the
family of balls with centres in E and radii equal to k(1 —u)), we conclude that there
is a finite or countable subset I, of E such that the family {B((z,y), ko(1 — u)) |
(x,y) € I,} of balls with centres in [, and radii equal to ko(1 — u) satisfies the
following two conditions:

(1) If (z1,y1), (z2,y2) € I, and (x1,41) # (22,y2), then B((x1,v1), ko(1 — u)) N
B((x% y2>7 kO(l - U)) =O;
(2) We have U(m,y)GE B((.fl}',y)’ k()(l - ’LL)) g U(I,y)Glu B((,’L‘, y)7 5]{0(1 — u))

Combining (5.5) and Condition (2), we now deduce that

1
I.(q) = / qut (1 x ) {(z,y) € R x RY || — y| > u} du
1-6¢

1
_ / qut (X ) (Br_y) du
1—6¢

(56) < /1 quq_l(’u’ X V) U B((S(Z,y), kO(l - U)) du

0 (w,y)€E

g/l qw (ux o) [ Bl y), k(1 — ) | du

o ()€l
<[ a3 e B, 51 = ) du

0 (@,y)€l

However, if u € (1—0., 1) and (z,y) € I, then (z,y) € E and 5ko(1 —u) < 5koo.,
and it therefore follows from (5.3) that (uxv)(B((z,y), 5ko(1—u))) < (5ko(1—u))P~=.
This and (5.6) imply that

I(g) < /1 qu'™ > (5ko(1 — )P du

(5.7) T o

1
= (51{:0)[)_‘5/ ) qui™ (1 — u)P~¢ card I, du.
1-0

Next, we observe that it follows from Condition (1) that the family ( B((z,y), ko(1—
1)) )(zy)cr, consists of pairwise disjoint balls with centres in I, C E and radii equal
to ko(1 — w). This clearly implies that

(58) card [u < Nko(l—u)(E)-

Combining (5.7) and (5.8) now gives

1
(5.9) I.(q) < (5ko)P¢ /1 ) qui™ (1 — u)P " Nyy1—u(E) du.

We also notice that if u € (1 — 6., 1), then k(1 — u) < kod., and (5.2) therefore
implies that

(5.10) Nig(1-u)(B) < (ko(1 — u))~mse.



Asymptotic behaviour of moments and local dimensions of measures 865

We deduce from (5.9) and (5.10) that

1 -
Ie(q> S (5k0>D_8/ quq_l(l — U)D_E(l{io(l — u))_dlmBE_E du
1-6¢

1
=m qui™ (1 — u)* du.
1-5.

This completes the proof of Claim 1.
Combining Claim 1 and (5.4) yields

(5.11) My(p,v) = I(q) + he(q) <m [ qui™'(1 —u)™ du + he(q)

152
where |ho(q)] < (1 —06.)? for all ¢ > 0, and a. = —s + D — 2¢ > 0 (because
0 <e < i(=s+D)). Since |h(q)] < (1 —0.) for all ¢ > 0, and a. > 0, it follows
from Lemma 3.4 and (5.11) that

log (m f11_55 qui=(1 — u)% du + h(q))

log M,
lim inf w > lim
g—00 —logq g—o0 —logq
=a. = —dimgE + D — 2e.
Finally, letting € ™\, 0 gives the desired result. 0
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