Annales Academise Scientiarum Fennicee
Mathematica
Volumen 41, 2016, 973-1004

INFINITELY MANY SOLUTIONS FOR QUASILINEAR
ELLIPTIC EQUATIONS INVOLVING DOUBLE CRITICAL
TERMS AND BOUNDARY GEOMETRY

Chunhua Wang and Chang-Lin Xiang

School of Mathematics and Statistics and Hubei Key Laboratory of Mathematical Sciences
Central China Normal University, Wuhan 430079, P. R. China; chunhuawang@mail.ccnu.edu.cn

Yangtze University, School of Information and Mathematics, Jingzhou 434023, P. R. China
and University of Jyviskyld, Department of Mathematics and Statistics
P. O. Box 35, FI-40014 University of Jyviiskyld, Finland; Xiang math@126.com

Abstract. In this paper, we study the following problem

2 +a(z)|ulP~2u in Q,

u=20 on 012,

—Apu = u|u|NN_*pP*

where 1 < p < N, 0 < s < p, 4 > 0 are constants, A, is the p-Laplacian operator, Q C R" is a
C? bounded domain with 0 € Q and a € C'(Q). By an approximation argument, we prove that
if N > p?+p,a(0) > 0 and € satisfies some geometry conditions if 0 € 99, for example, all the
principle curvatures of 02 at 0 are negative, then the above problem has infinitely many solutions.

1. Introduction and main results

In this paper, we study the following quasilinear elliptic problem

—Ayu = plulP" "2u + W + a(z)|ulP~?u in Q,

u=>0 on 0f),

where 1 <p < N, 0 <s <p, p*=Np/(N—p),p*(s) = (N—s)p/(N—p)and p >0
are constants,

(1.1)

N
Apu = Z 8wi(|vu‘p_28:mu)7 Vu = (8901u7 e 78$Nu)

i=1

is the p-Laplacian operator, & C R is a bounded C? domain with 0 € Q and
a € CY(Q). Equation (1.1) is known as the Euler-Lagrange equation of the energy
functional I: Wy () — R defined as

(1.2) Hm:%LQWM—M@MWM—ﬁAW

p*

. 1 ulP" )
Pdr — - /| dx
p*(s) Jo |zl
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for u € VVO1 P(€). All of the integrals in energy functional I are well defined, due to
the Sobolev inequality

(/Wﬂpm) so/WV@%w Ve W),

where C' = C(N,p) > 0, and due to the Caffarelli-Kohn—Nirenberg inequality (see
[51)

p/p*(
( dx) < C'/ IVolPdr, YoeW,?(Q),
o |zf° 0

where C" = C'(N, p, s) > 0.

Equations of type (1.1) has been studied extensively in the literature. A prototype
of equation (1.1) is the following semilinear equation
{—Au = [ul* 2u+Au in Q,

1.
(13) u=>0 on 0,

where A > 0 is a constant. As one of their main results, Brézis and Nirenberg [4]
proved that equation (1.3) has a positive solution if and only if 0 < A < A; when
N >4, or \* < XA < Ay when N = 3, where }\; is the first eigenvalue of the Laplacian
in the domain 2 with respect to zero Dirichlet boundary condition and \* € (0, ;)
is a constant. For more existence results, we refer to e.g. [2, 3, 8, 9, 13, 15, 30| on
semilinear problems and |6, 11, 12, 14, 16, 20, 21, 26, 34| on quasilinear problems.

A natural question arises from the results of Brézis and Nirenberg [4] is whether
equation (1.3) has infinitely many solutions. This problem has been answered affir-
matively by Devillanova and Solimini [15] for all A > 0, under the assumption that
N > 6, see also the references therein for more related results.

Since we are interested in quasilinear elliptic equations, let us first consider equa-
tion (1.1) without the Hardy term |x|~*|u[P"®)=2u. Then equation (1.1) is reduced
to

(1.4) {_Aw=MWW*u+wmw%% in 0,

u=20 on 0f2,

where > 0 is assumed. By the same idea of Devillanova and Solimini [15], Cao,
Peng and Yan [6] proved the existence of infinitely many solutions to equation (1.4)
under the assumption that N > p? + p and a = constant > 0. We remark that their
results can be extended directly to equation (1.4) in the case when N > p?+p, u > 0
and a € C1(Q) with a(0) > 0.

Recently, some attention is paid to elliptic problems with double critical terms
together with boundary geometry conditions on the domain. For instance, among
other problems, Hsia, Lin and Wadade [23] considered the following equation
22, |U|2*(s)_2u

—Au = plu| in €,

(1.5) |z|*

u=>0 on 0f),

where p > 0. Note that equation (1.5) is the special case of equation (1.1) when
p = 2 and a = 0. Assuming that 0 € 902 and the mean curvature of 02 at 0 is
negative, Hsia, Lin and Wadade [23| proved the existence of positive solutions to
equation (1.5) for all 0 < s < 2 when N > 4, and for 0 < s < 1 when N = 3. For
more results in this respect, we refer to e.g. [10, 18, 19, 24].
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As to the existence of infinitely many solutions to equations of type (1.1) with
double critical terms, to our best knowledge, the first result was obtained by Yan and
Yang [33] in the semilinear case (p = 2). Note that |z|~* is unbounded in 2 since
we assume that 0 € Q. This brings extra difficulties and requires careful analysis for
Yan and Yang to study their problem. Under the assumptions that N > 6, a(0) > 0
and that Q € C3 satisfies the following geometry condition:

(1.6) all the principle curvatures of 92 at 0 are negative when 0 € 0f),

they proved the existence of infinitely many solutions for equation (1.1) with p = 2,
see [33, Theorem 1.2]. In this paper, our aim is to extend the results of Yan and
Yang [33| to the quasilinear setting. That is, we consider equation (1.1) for all
1 < p< N. We will use the same idea as in Yan and Yang [33], which was originally
from Devillanova and Solimini [15]. But in the quasilinear setting, it is expected that
there are much more complexity that will be encountered than that of Yan and Yang
[33]. In the following, we first illustrate the idea that will be used in this paper, and
then give the main results of this paper. See also [6, 7, 33| for more applications of
the same idea.

Note that the functional I defined by (1.2) does not satisfy the Palais—Smale
condition at large energy level. So it is impossible to apply the mountain pass lemma
[1] directly to obtain the existence of infinitely many solutions for equation (1.1).
Thus, to derive approximation solutions to equation (1.1), we turn to the following
perturbed problem:

p*(s)—2—eu

—Ayu = plulP" "2y + + a(z)|ulP~?u in Q,

|u
|z[*
u=20 on 05},

(1.7)

where p*(s) —1 > € > 0 is a constant which will tend to zero in the end. The
functional corresponding to equation (1.7) is given by

Ie(u):l/ (|VulP — a(z)|ulP)dz — a /|u|p*_edaj
b Ja —€Ja

p*
1 / |u
p*(s) —€ Jo

foru € VVO1 P(Q). Now I, is an even functional and satisfies the Palais—Smale condition
in all energy levels. It follows from the symmetric mountain pass lemma [1, 28] that
equation (1.7) has infinitely many solutions. See also [17, 20, 27, 29]. Precisely, for
fixed €, € > 0, there are positive numbers ¢; and critical points e, [ = 1,2,---,
such that

(1.8)

p*(s)—e
. dx
2]

I(ue) =ce— 00 asl— oo.

Moreover, for each fixed | > 1, the sequence {¢;(}es0 is bounded and thus can be
assumed to converge to a finite limit ¢; as € — 0. To obtain the existence of infinitely
many solutions for equation (1.1), the first step is to investigate whether u,; . converges
strongly in VVO1 P(Q) as € — 0 for fixed [. That is, we need to study the compactness of
the set of solutions for equation (1.7) for all € > 0 small. If u; . is proven to converge
to some 1, strongly in W,? (), then 1 is a solution to equation (1.1) and I(u;) = ¢.
The next step is to investigate whether we obtained infinitely many different critical
values of {¢;};. This step will be disposed via index theory in case {¢}; is a finite
set, see e.g. [6, 7, 15, 17, 27, 33|. Both steps being confirmed implies that equation
(1.1) admits infinitely many solutions.
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Now it is time to present our assumptions in this paper. Throughout the paper,
we use || - || to denote the norm of W,*(€2). We assume that Q is a bounded C?
domain satisfying the following geometry condition:

(1.9) z - v <0 in a neighborhood of 0 in 92 when 0 € 012,

where v is the outward unit normal of 0Q2. Examples of domains that satisfy (1.9)
will be given in the below. Our main results are the following theorems.

Theorem 1.1. Suppose that a(0) > 0 and Q2 € C? satisfies the condition (1.9).
If N > p? + p, then for any u, (n = 1,2,---), which is a solution to equation (1.7)
with € = ¢, — 0, satisfying ||u,| < C for some constant C' independent of n, u,
converges strongly in Wol’p(Q) up to a subsequence as n — 0o.

Combining Theorem 1.1 together with index theory, we obtain the following
existence result for equation (1.1).

Theorem 1.2. Suppose that a(0) > 0 and Q) € C? satisfies the condition (1.9).
If N > p? + p, then equation (1.1) has infinitely many solutions.

Note that our assumption (1.9) on the boundary geometry of {2 when 0 € 09 is
slightly different from (1.6) of Yan and Yang [33]. In fact, our assumption (1.9) is
slightly weaker than (1.6). Indeed, suppose that Q € C3 and 0 € 99 such that (1.6)
is satisfied. Then we can choose a coordinate system such that

(1.10) QN Bs(0) ={z: zy > p(2")} and 90N Bs(0) = {z: xx = p(2')},

where ¢ > 0 is a small constant and ¢: {2/ € RV!': |2/| < §} — R is a C? function
that has the following expansion at z’ = 0:

N-1
p(z') = — Z a;zi + O(|2']?)  for [2'| small enough
j=1

with constants a; > 0, j =1,---, N — 1. Then the outward unit normal v of 92 in
Bs(0) is given by
I/(SC> = (8961(,0(1’/), U 78-'EN—1S0('T,)7 _1)

V1205 1000

for x € 02N B;(0).

Thus
=N g+ O

V1+ S0 0 ()2

x-v(x) for z € 002 N Bs(0),

which implies that
z-v(x) <0 for x € 002N By (0),

for some 0 < ¢ < § small enough. That is, (1.9) is satisfied. Thus we conclude that
assumption (1.6) is slightly stronger than our assumption (1.9).
On the other hand, assumption (1.9) does allow more possibilities than that of

(1.6). For instance, consider the case when 0f2 has a piece of concave boundary close
to 0 if 0 € 9. Precisely, let ¢ € C! be such that (1.10) holds, and

0=p(0) < p(a’) + 2_: Oz, p(2")(0 = )
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for 2’ small enough. Then we have

e () = LI T Q@) O —3)

VI 205 0k () 2

for 2/ small enough. That is, (1.9) is satisfied. In particular, if Q2 has a piece of flat
boundary in a neighborhood of 0 when 0 € 0f, then (1.9) is satisfied, while in such
case all the principle curvatures of 0f2 vanish in a neighborhood of 0, which is against
(1.6).

Our paper is organized as follows. In Section 2 we establish some integral es-
timates. In Section 3 we establish estimates for solutions of equation (1.7) in the
region which is close to but also suitably away from the blow up point. We prove
Theorems 1.1 and 1.2 in Section 4. In order to give a clear line of our framework,
we will list some necessary estimates on solutions of quasilinear equation with Hardy
potential in Appendix A, a decay estimate for solutions of equations with critical
Sobolev growth in Appendix B, some estimates on solutions of p-Laplacian equation
by Wolff potential in Appendix C, and a global compactness result for the solution
u,, of equation (1.7) in Appendix D, respectively.

Our notations are standard. Bgr(z) is the open ball in RV centered at x with

radius R. We write
1
][ udr = —/ udx,
E El g

whenever F is a measurable set with 0 < |E| < oo, the n-dimensional Lebesgue
measure of E. Let D be an arbitrary domain in R". We denote by C5°(D) the space
of smooth functions with compact support in D. For any 1 < r < oo, L"(D) is the
Banach space of Lebesgue measurable functions u such that the norm

||u||rD:{<fD|u|r>f i1 7 < oo

esssupp |u| if r = o0

is finite. The local space L] .(D) consists of functions belonging to L"(D’) for all

D' cc D. We also denote dpu, = |z|™ dz and |[v]lq., = (f |v|qdu8)1/q when there
is no confusion on the domain of the integral. A function u belongs to the Sobolev

space W'T(D) if uw € L"(D) and its first order weak partial derivatives also belong
to L"(D). We endow W7(D) with the norm

[l = [lullro + [Vl

The local space W, (D) consists of functions belonging to W' (D’) for all open
D' cc D. We recall that W' (D) is the completion of C$°(D) in the norm || - ||1,.p.
For the properties of the Sobolev functions, we refer to the monograph [35].

2. Integral estimates

Let u,, n =1,2,..., be a solution of equation (1.7) with € = ¢, — 0, satisfying
|un]| < C for some constant C' independent of n. In this section we deduce some
integral estimates for u,. For any function u, we define

N—p

(2.1) pra(u) = A7 u(A(- — 1))
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for any A > 0 and € R". By Proposition D.1, u, can be decomposed as

_u0+zp%wn3 +w”

Here z,; =0for j=k+1,...,m

To prove that u, converges strongly in W,”(Q), we only need to show that
the bubbles p,, ; x,,(U;) will not appear in the decomposition of u,. Among all the
bubbles, we can choose one bubble such that this bubble has the slowest concentration
rate. That is, the corresponding A is the lowest order infinity among all the A
appearing in the bubbles. For simplicity, we denote by A, the slowest concentration
rate and by z,, the corresponding concentration point throughout the paper.

For any ¢ > 1, denote

folla = ([l ([ 1l

and ¢ = q/(q — 1). Here we write du, = |z|*dz. For any p*/p’ < ps < p* < py,
a > 0and A > 1, consider the following relation

* S O{,
22) {Hmn

N
[zl p, < QAP P2

é)q

and define
(23) ||u||*7;01,p2,>\ = infav

where the infimum is taken over all &« > 0 for which there exist wuy,us such that
lu| < uy + up and (2.2) holds. Our main result in this section is the following
estimate.

Proposition 2.1. Let u,, n = 1,2,..., be a solution of equation (1.7) with
e =€, — 0, satisfying ||u,|| < C for some positive constant C' independent of n. Then
for any p1,ps € (p*/p',00), pa < p* < p1, there exists a constant C' = C(py,p2) > 0,
independent of n, such that

||unH*,p17p2,>\n <C
for all n. Here \,, is the slowest concentration rate of u,,.

Several lemmas are needed to prove Proposition 2.1. In the rest of this section,
let us fix a bounded domain D such that Q CC D and set r = zdist(Q2, D).

Lemma 2.2. Let w € W, (D), w > 0, be the solution of
{—pr = (a1(z) + a‘i(‘f))vp_l in D,

(2.4)
w=20 on 0D,

where ay,as,v € L*>®(D) are nonnegative functions in D. Then for any pi,ps €
(p*/p',00), po < p* < p1, there is a constant C' = C(py,ps) > 0, such that for any
A>1,

1

(2.5) |l prper < C (larlz + llagll =, )™ 0llppan
p p—s

Proof. Let a, o > ||v]|xpypo.r, De an arbitrary constant. Then by the definition
of ||v|«py.ps.r, there exist vy, vy such that |v| < vy 4+ vy and (2.2) holds with u; = v;,
i=1,2
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Let w; € Wy (D), w; >0, i = 1,2, be the solution of equation (2.4) with v = 2uv;.
Then Corollary A.2 implies that

1

P—
(2.6) lwillep < € (larlls + laallazs )7 Hoilleg
Let @ € Wy*(D), @ > 0, be the solution of equation

{—mw:amw+wwﬂcmw4+mmwwina

ER

w=20 on 0D.

Applying Corollary A.2 gives us

L 1
il < € (el + flazllae )™ [ (20" + (2=

—s
p—s sHs

*p2
1

—1
(2.7) < C (lanlly + Nazll e, )™ (lenleps + l2].0)

< C (lally + laallzzs ) o
P

p—s

Thus for any x € €2, we have

1

i 1
P D—1
(2.8) Bil%fc)ﬂ} < <]{3 ( )ﬁ)f”?dy) 2 <C <||CL1H% + ||CL2H1:::7MS)P '

Note that vP=! < (201)P7! 4+ (2v9)P~!. Thus w < w by comparison principle.
Applying Proposition C.1 gives us

w(z) <w(x) < C’Bir%f)ﬁ} + Cwy(z) + Cwy(x), Vo e

Let w,(z) = Cinfp, ;) W+ Cwi(z) and wo(x) = Cwy(x) for z € Q. Then w < Wy + 10,
in . By (2.6) and (2.8), we have that

1

~ -1
[@lepn < C (larlly + llal =z, ) e

p—s

and that

1
— N N

[@lege < C (laalls + laallazs )7 @A 772,

Hence by definition (2.3), we obtain that
1

==
lolleprpan < € (larlly + o)z, ) o
P p—s
Since & > [|v]|4py.pox 1S arbitrary, we obtain (2.5). The proof of Lemma 2.2 is
completed. O

We also have the following result which will be used in the proof of Proposi-
tion 2.1.

Lemma 2.3. Let w € W, (D), w > 0, be the solution of

{—pr = 2uoP ! 4 2”7)*(?71 + f?s

2] E inD,

(2.9)
w=20 on 0D,

where v > 0 is a bounded function and A > 0 is a constant. Then for any pi,ps €
(p* — 1, %(p* — 1)), p2 < p* < p1, and for any A > 1, there exists a constant
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C' = C(p1,p2) > 0, such that

p*—1

(2.10) [wllsqgx < C||U||*p1pz>\+c’
where q1, qo are given by
(p — I)Nﬁl . ~ Npl
W= ——F— Wlth P1 = 9
1 N — ppy ! (p*(s) — 1)N + spy
and ( )Np
p—1)Npo . N b2
Q2 N _ pr W1 D2 p* -1

Proof. Let a, o > ||v]|xpy po.r, De an arbitrary constant. Then by the definition
of ||v|«py.ps.r, there exist vy, vy such that |v| < vy 4+ vy and (2.2) holds with u; = v;,
i=1,2

Let wy € W, ”(D), wy > 0, be the solution of equation (2.9) with v = 2v;. Let

by = min{ 1 Np; }
p* =17 (p*(s) = 1) N + spy

such that (p* — 1)p; < p; and (p*(s) — 1)(% ZZ)‘T < W ]\f) By the assumptions on

the parameters N, p, s and p;, we obtain that

. Np: < N )
D1 = 7 ell,—).
(p*(s) = 1) N 4 spy p
Then applying Proposition A.1 gives us

1

-1 * p—1
s < € (IF s+ 1 + All g, )

<c <|

-1 = p -1
_'_H 1||(N s)p H+1 < Cart +C,
where ¢; = (p — 1)Np1 /(N — pp1).
Similarly, let w; € Wl’p(D)a wy > 0, be the solution of equation

UV TS)P1
{ prg—vap_1+2”p()l in D,

|[*
wy =0 on 0D.

Let

$y = min { P2 Npo }
2 — )
pr =1 (p*(s) = L)N + sps
such that (% Zﬁf’ 2 < (N;\f)p 2 and (p* — 1)p2 < py. Then by the assumptions on the
parameters N, p, s and ps, we obtain that

A P2
= 1, N/p).
b2 p*—le( ) /p)

Applying Proposition A.1 as above, we obtain that

N

2]l < (CaF +C) 275
where go = (p—1)Npy/(N —pp2). To obtain the above estimate, we used the equality
that

<N N) p-1 N N

" P

p—1 p g
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- 1 ~ . .
Let w € Wy*(D), w > 0, be the solution of equation

{_Ap@ =2 ((21}1)7’*_1 + (202)1)*—1) _|_2(2v1)”*(5)’1+(2v2)7’ (o)1 + A D,

ER ER

w =0 on 0D.
Estimate as that of (2.7). We obtain that

*_
[]|.gy < Ca'sT +C,

which implies that

1

inf w < (][ u?‘de)q2 SCozppi:ll +C, Vzel.
B, (z)

By ()
Note that w < w in €. Argue as that of Lemma 2.2. We prove Lemma 2.3. This
completes the proof. O
Now define u,, = 0 in D\Q. It is easy to see that
|u|P" () =27y 2ulP Pt 4 A

+a(@)ul’u| < 2pful 7+

s

|z[* Edh

for sufficiently large constant A > 0. Let w,, € VVO1 (D), w, > 0, satisfy

B o p—1 2|un‘p*(8)*1 A
(2.11) Apton = 2ptfunl” ="+ T+ g in D,
wy, =0 on 0D.
Then by comparison principle,
(2.12) lun| <w, in D.

Moreover, note that |lu,| < C. Multiply both sides of equation (2.11) by w, and
then integrate on the domain D. We easily obtain that

(2.13) ||wn p*(8),1s < C,

where C' > 0 is independent of n.
To prove Proposition 2.1, it is enough to prove the estimate of Proposition 2.1
for w,,. We have the following result.

pr T [|wn,

Lemma 2.4. There exist p1,ps € (p*/p',00), p2 < p* < p1, and constant C' =
C(p1,p2) > 0, independent of n, such that

(2'14) ||w7L||*,P1,P27>\n < C.

Proof. By Proposition D.1, u,, can be decomposed as

k m
Up, = Up + Z Py i An,j (UJ) + Z p07)\7l,j(Uj) + wn.
j=1

j=k+1

Write z,,; = 0 for j = k+1,...,m. In the following proof, we denote
Uno =Uo, Uny =D pr,ine,(Up), and upa = w,.
j=1
By (2.12), we have

. u, [Pt A 2
1 n
T S e S O (e

24| un,
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Let w, € WyP(D), 1, > 0, satisfy

2
~ ‘unz
—A = E - :

(2.15) Wy, =C (|um

p*(s)—p) w14 A
par jz*

Wy, =0 on 0D.

*_
PP+

Comparison principle implies that
w, <w, IinD.

Multiply both sides of equation (2.15) by @,. By (2.13) we obtain that

(2.16) ||111n p* + ||111n P*(8) s < C.
Thus we have
(2.17) Birtf)u?n <C, VzeQ.

Now let w; € Wol’p(D), w; > 0,1 =0,1,2, be the solution of equation

|p*(s)=p AS.
) s A
|z]

w =70 on 0D,

respectively, where dpp = 1 and d;9 = d99 = 0. Then by Proposition C.1 and (2.17),
we obtain that

(2.18) Wy (z) < C + Cwy(z) + Cwy(x) + Cwq(z), Vel

In the following we estimate w;, + = 0,1, 2, term by term.
First, we use Proposition A.1 to estimate wy. Since 0 < s < p, we can choose
q > 1 such that

s p—1 1 p p—1 p*—1
— + <-< =+ =
N o p g N p p*
and that
qg < N/p.
e (- 1N (=D =
p— q b— —S)q
L 2 s d < p*(s).
N_pg TP N s p*(s)
Let p; = @ ];ilfzq. Applying Proposition A.1 to wy gives us
* 1 * 1 ﬁ
lwollep, < C <H|Un0 P Pwh” Hq + H|Un,0 P (8)=pqyp- +AHM L )
N—sq s
1
p—1 p—1 P
(2.19) <C (Hwn I+l vz, +1

<C (||wn||(p_1)q +llwnll worsa |, + 1)
<C (Hwn p*(s)ps T 1) <C.

Here in the second inequality we used the boundedness of u, o = up and in the last
inequality we used (2.13). So this gives estimate for wy.

Next, we use Corollary A.3 to estimate w;. We will choose py < p*, ps close to
p* enough such that

pr T [|wn,

N N

(2.20) [r]lege < CAZ 2.
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Indeed, applying Corollary A.3 to w; gives us that
1
*(s)—p p=1
1 + H|u"71 Hrz#s) ||'wn||*,p*a

lwlepa < © ([atnal -

where 71,7y are defined as in (A.4), that is

1 (_1)<i_i)+% and %:(p—1)<<N_S>p2—p*tS))+

"o p2 P
By (2.13), we have
1
221) sl < € (il )
: pHTQHUIS.

We only need to estimate ||[w,,1|P" pHn and H|u 1
For all 1 < 7 < m, we have
*—p)r1 dy = )\p?“l N/ |Uj|(p*—p)r1 dy.
N

[ o, @)

By Proposition B.1, forall 1 < 7 < m
C
vy e RN,

U;(y)l < =g
L+ [y[»=
as py — p*, we can choose py close to p* enough such that

Since JZ —<(p*—p)r1 = 25
N St (p*—p)ri > N. Then

/ |U;| 7P dy < oo
RN

Thus for all 1 < 7 < m,

/N P A (Uj) Py < C)\p”
R

*_

Therefore
p* p
H|un1 o P P)Tl = CZ Hpmnw An,j j)H(;:ip)Tl
(2.22)
Z)\(ﬁrlp)]\q i?;f < C)\P* %
<C " < CAn .
We used the equality
pri—N p—=p N N

(p*—pri p—1 p* po

in the last inequality of (2.22). This gives estimate for |||u,["" 77 ||
We can also choose py close to p* enough such that for all 1 < 7 <m

/ Nor o U dp < CALT
R

Indeed, we have
/ |pxn,j,)\n,j(Uj) T2 dlus — )\(ijs)rz—N+s/
RN o

*(s)—p)r2

|U; ()

dy.
N Y+ Ann)®
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Write y,, ; = — A, jon,;. Let
I - / U, ()| ®(5)=p)r2 by and I — / U, (y)| @ (5)=p)r a.
Bi(yn,;) 1Y = Ynsl° RN\B1 (yn,;) Y = Yn,jl°
Since U; is bounded and 0 < s < N, we have
L <C.
Let 6 > 0 be a number to be determined. By Holder’s inequality, we have

N+46—s

1 N3 (0* (5)—p)ra (N+6) N
I, < / TR / Ui(y)| v dy
RN\ B1(yn,;) \y - yn,j| RN \B1 (yn,;)

6—s

N+
(" () —p)ra (N+9) TN+S
< Cs (/ ‘Uj (y)| Nio—s dy) .
RN

Since
N—=p(s)=p)ra(N+35) = p(N—=s)(N+9)

p—1 N+d§—s5s —>(p—1)(N+5—s) wp

and
p(N — s)(N +9)

(p—1)(N+6—s)
we can choose ps close to p* enough and 0 > 0 small enough such that
N —p(p*(s) —p) ra(N +0)

p—1 N+d—s

> N for 6 > 0 small enough,

> N.

Then ( :
p*(s)—p)ro(N+35)
/ 10| T gy < oo,
RN

and we obtain

I, <C.
Combining the estimates of I; and I yields

[ b (O, < ONE
R

Hence we have

P*( (p *5)7"2 N+5 P *(s)—p
sl 227, = o SOSAET
(2.23)
N _N
<CON ™.

In the above inequality we used the equality
(p—s)ra=N+s p(s)—=p_N N
(p*(s) —p) 72 p—1 —p° p
Combining (2.21)—(2.23) gives (2.20).
Finally, we use Lemma 2.2 to estimate wy. By Lemma 2.2, we have

1
*_ * — j
2l pmn < € (NPl + POz )™ gt

(2.24)

< 2—Cq||wn||*7p17p27>\n7

since w, — 0 in W, ?(Q), where the constant C” is given by (2.18).
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Now combining (2.13), (2.18)—(2.20) and (2.24), we obtain that

||7~Dn||*7p17p27>m <C+ C||w0||*7p17p2,>m + C||wl||*7p17pz,>m + C||w2||*7p17p2,>m

1
< O+ Cllwollpy + Cllwilleps + Sllwnlleps pon,
1 .
<C+ §||wn||*,101,102,)\n>
which completes the proof. O

Now we can prove Proposition 2.1.

Proof of Proposition 2.1. Recall that w, is a solution to equation (2.11). It is
standard to prove Proposition 2.1 by Lemma 2.2 and Lemma 2.3. See details in
e.g. [6]. This finishes the proof of Proposition 2.1. O

3. Estimates on safe regions

Since the number of the bubbles of u,, is finite, by Proposition D.1 we can always
find a constant C' > 0, independent of n, such that the region
Av= (B L @a)\B_ ()N
" (é+5),\n’1’(x A C,\nfl’(x )

does not contain any concentration point of u,, for any n. We call this region a safe
region for u,. Also denote

A% = (B _1(z,)\B _1(z, )HQ.
" (é+4)An11’( A (C“-i—l))\n’l’( )
In this section, we prove the following result.
Proposition 3.1. Let u,, n = 1,2,---, be a solution of equation (1.7) with

€ =€, — 0, satisfying ||u,|| < C for some positive constant C' independent of n.
Then for any q > p, there is a constant C' > 0 independent of n, such that

/ |7 dz < CA, ™
AR

In order to prove Proposition 3.1, we need the following lemma.

Lemma 3.2. Let D be a bounded domain with 2 CC D and let w, be the
solution of equation (2.11). Then there exist a number v > p — 1 and a constant
C > 0 independent of n, such that

1 Bl
(3.1) <—N/ w) dz) <C, VyeQ,
™ J B (y)nQ

_1
for all r > C\, 7.

Proof. We will combine Proposition 2.1 and Proposition C.2 to prove Lemma 3.2.
Since w,, is the solution of equation (2.11), applying Proposition C.2 gives us a number
vye(p—-1,(p—1)N/(N —p+1)) and a constant C' = C(N, p, ) such that

1 1
1 5 R § 2|u,, [P~ ()1 A 1t
Y J B (yna r Bi(y) 2] || Y
1
R *($)=1\\ 7T

1 nl? dt
<C+ C’/ ( — / <|un lu : )) dt

r t p Bi(y) |ZI§'| t

*—1
oy
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for all 0 < r < R, where R = dist(2,0D). Let

R/ . Tt
I :/ ( N_p/ |un|P _1d:c) —
r\1 Bi(y) t

and
e [N [ ) =y
2= n
r tN-p Bi(y) |LU‘S t
such that
1 1
(3.2) (—N/ de:c)7 <C+CL+CI.
r Br(y)NQ

We now estimate Iy and I, for r > C_')\;l/p.
By Proposition 2.1, ||ty |[«p, pr < C for any py,ps € (p*/p',00), p2 < p* < p1.

Let p; > p* be a number to be determined and p, = p* — 1. There exist uy, 1, Un2
N N

with [t,]| < Up1 + Uno such that [ty 1]lep, < C and |[unollvp, < CAh "2, Then

p*-1

/ |t [P dr < C </ [t 1|7 da:) "By < oY,
Be(y) By (y)

and
* (ﬂ*—ﬂ)m p=N
/ [n " da = / |un 2P dz < COXa” 77 = CA”
B (y) B (y)
Thus
/ |un " da < C/ [Pt da + C’/ |t 2P~ da
Bi(y) Bi(y) Bi(y)
*— p=N
< oY L on
Since 1% (1 — p;:1> + E=F — S5 as pr — oo, we can choose p; large enough such
N (1) 4N
that Pt (1 o)t o > 0. Then

Therefore

(3.3)

0

This gives estimate for I;.
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Next we estimate I,. Let p; > p* be a number to be determined and p; =
N (p*(s) —1) /(N — s). There exist @1, U2 With |u,| < U,1 + U2 such that
N

N

I Tn1llep < C and ||Tpalsp, < CAE ™. Then

(p*(s)—1)N (p*(s)—1)N

. . e ==
/ |an,l|p (s)-1 d,us S </ |'an,1|NTp1 d,us) o (/ d:“s) o
B (y) Bt (y) B (y)

Nes— (p*(9)-1)N
P

< (Ct 1 ,
and
e p=N
/ i o7 dpty = / ol N7 dpy < CO7
By (y) Bt (y)
Arguing as above yields

if we choose p; large enough. This gives estimate for .
By (3.2)—-(3.4), we obtain (3.1). The proof of Lemma 3.2 is complete. O

Now we can prove Proposition 3.1.

Proof of Proposition 3.1. Let v > p — 1 be as in Lemma 3.2. Since |u,| < w,,
we have

_N
(3.5) / lu,|Ydz < CAp?, Wy € A2
Bkgl/p(y)

1 1
Let v,(z) = up(MnP2), z € Q, = {z; "2 € Q}. Then v, is a solution to
equation

-1 p*—p—e A |Un|p*(s)_p_en -5 p—2
—Apv, =N | oy, n 4 e +al|l\"x [va|P "0, € Qp,

v, =0 on 0€2,,.

1
Let z = My, y € A2%. Since B/\fl/p(y) does not contain any concentration point
of u,,, we can deduce that

[t e ) s < e [ (e Dl ds
Bi(z) Bi(2)

_N
< C’/ [un|?" dz + CA ¥ — 0,
B ,%(y)

/\n
and that
—1\P |y [P7(5)—p—en | B2 2 1y P (5)=p Nos
P TSy gy S (LA LS
Bi(2) || Bi(z) 2]
|un p* (8) _N=s
SO/ —dr+CX\y 7 =0,
B (v) |$|

D=

>\7L

as n — Q.
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Thus for any g > p*, we obtain by Lemma A.4 and (3.5) that,

1 5
=
]|Uan7Bl/2(z) <C (/ U] daj) =C ][ |, |” da <C.
Bi(2) By 1/p(0)

Equivalently, we arrive at

_N
/ |un|?de < CN, 7, Yy € A2,
BIA;1/P(y)

Now by a covering argument we proves Proposition 3.1 in the case when ¢ > p*.
For p < ¢ < p*, we apply Hoélder’s inequality to obtain that

1 1
q . e
<][ \un\qu) §<][ 27 d:c) <c
A2 A2

The proof of Proposition 3.1 is complete. U
Let

A =B 1(z,)\B Ci(xy) | N
" < (c‘+3>A;*1’(‘T A (é+2>An5’(x ))

In the end of this section, we prove the following gradient estimate for w,,.

Proposition 3.3. We have

(3.6) / |Vu,|Pdx < C’/ (\un
A3 A2

In particular, we have

*

|, [P

]

p*_'_

(s)
+ 1) dx + C’)xn/ |un|P dx.
AR
p—N
(3.7) / VP de < CAL? .
A3

Proof. Let ¢ € Cg°(A?) be a cut-off function with ¢ =1 in A2, 0 < ¢ <1 and
1

|Vo| < CA;. Multiply the equation of u, by ¢Pu, and integrate on the domain A2.
We obtain that

I

Then we have

p*(s)—en

|un
jz*

|Vun|p_2vun . V(¢pun) dx = /

(Mlunlp*‘ﬁ" +
A%

+ a|un|p) ¢ dx.

2
n

*

p*(s)

/ \Vun|p¢pdx§0/ \V¢|p\u\ﬁdx+0/ (\un|p*+ [tn . +|un|p)¢pd:c.
A2 A2 A2 ||

(3.6) follows easily from above inequality.
Let ¢ > p*(s). By Proposition 3.1, we have

p*(s) a—p*(s)

¢p|un|p*(s) q _ sq q
— dr < ( B |, |? dx) (/ QP |x|” " dx)
(3.8) a7l A2 A2

_p*(eN  _ N

1(n_ _ sq q—p*(s) s—
< on ) gy

n

Now from (3.8), (3.6) and Proposition 3.1, we obtain that
p—N

_N p=N s=N p=N
/ [Vu,|Pde < CA\p* +CAN? +CA" <O\
A

This proves (3.7). The proof of Proposition 3.3 is complete. O
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4. Proofs of main results

In this section we prove Theorem 1.1 and Theorem 1.2. For notational simplicity,
we write p, = p* — €, and p,(s) = p*(s) — €,. Choose t,, € [C'+ 2,C + 3] such that

_s Pn(s)
/ (N\unV’” + [unl? + AT Vun [P 4+ An” = ) ‘o
@) 8B 1 (xn) ||
4:1 75"7)‘77,1)
1 _ﬁ‘ n pn(s)
< CM\, / <u|un|p" + [unl? + A VU [P+ A P 7] ) dzx.
3 x|s

n

By Proposition 3.1, (3.7) and (3.8), we obtain that

an [ (m%
OB 1 (zn)

t7l>‘n P

_s Pn(s) 1-N
pmu%V+xﬂv%w+Mp%ﬂ )dagc%p.
:L: S

We also have the following Pohozaev identity for u, on B, = B _1(z,) NQ

tnn ?
N N —p) / » / 1
—— U, [P* dx + [ax——Vax-:c—x ]unpd:c
(=) [ [ole) = 590l = 0]
N-s N —p) / |, [P (®) s / |1, | P (®)

+ — dx + o - x)dx
G =) L e o, o
N_ n n

— p / |V, [P~ Ou Updo + / |Vu,|P2Vu, - (z — xo)ﬁu do

p OB, ov 0B, ov
1
— —/ |Vu,|P(x — o) - vdo
P JomB,
1 1 |u,Pn®) 1 )
+/ (—un”"+ + —a(x)|u,|? | (x — x9) - vdo,
OBy pn| pa(s) |zf* p (@l ) € o)

where v is the outward unit normal to 0B, and zy, € R™. Since p, < p* and

pa(s) < p*(s), we have pﬁn — % > 0 and ;’ZZSS) — % > 0. Thus we deduce from

above the following inequality that

‘un‘pn(s)

/ [a(a:) — %Va(x) Sz — :):0)} [un|P dx + prjs) /Bn PRE (20 - x) dw

n

N — n n
< p/ |Vun|p_28u unda+/ |Vun|p_2Vun-(:)s—a:0)au do
p dBn ov OBn o
(4.3) |

_ _/ Vun|P(z — x0) - v do

P Joa,
1 1 npn(S) 1

[ (ot S @) - v

o8, \Pn pu(s) |z p

Now we can prove Theorem 1.1.

Proof of Theorem 1.1. Since {z,,} C € is a bounded sequence, we may assume
that x, — z* € Q as n — co. We have two cases:

Case 1. z* = 0;

Case 2. x* # 0.
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In Case 1, choose xg = 0 in (4.3). Then we obtain that

/Bn [a(:v) — %Va(z) [L’] |un|P dx

N - n — n
e / Va2 28 o+ / Va2V, - 222 do
p OB, ov OB, ov

(4.4) X

——/ |Vu,|Pz - vdo
D JoB,

1 1 n Pn(s) 1
+/ (—|un|p" + Ju + —a(:)s)|un|p) x - vdo.
0B, \Pn Pa(s) x> p

Decompose 0B, into 0B, = 0;B, U 0,B,,, where 0;B,, = 0B, N and 0.8, =
0B,, N 0N. Consider the case 0 € 0. Note that u, = 0 on 02. Thus (4.4) implies

that
1 1
L, := / [a(:v) — —Va(x) :)3} |un|? do — (1 — —) / |\Vu,|Pz - vdo
B p P/ Jo.B,
N_ n n
< p/ |Vun\p_28u Uy, da+/ |Vun\p_2Vun~xau do
(4.5) p 8;Bn, ov 8;Bn, ov

1
— —/ |Vu,|Px - vdo
P JoB,

1 1 |unP® 1
+/ <—|un|p" + —— [un + —a(:)s)|un|p) x-vdo =: Ry.
0B, \Pn p(s) lz[* p

By assumption (1.9), we have that

/ |Vu,|Px - vdo <0.
e By,
Recall that we assume a(0) > 0. Thus (4.5) gives us

1
(4.6) L, > —a(0) |un|P da.
2 B
On the other hand, since |z| < CA\n'' for z € OB, we have by (4.2) that
1

0; Bn

Pn(s)
<|un|p" T funf? + [Vl + 12 _ )da
(4.7) =

p—N
+C |V, [P~ Hu,| do < CAP .
0 Bn

Thus combining (4.5), (4.6) and (4.7) yields that

p—N
(4.8) |un|P de < CA," .
By

Now we can follow the argument of [6] to obtain that
/ P dz > AP,
Therefore we arrive at

(4.9) AP < A



Infinitely many solutions for quasilinear elliptic equations involving double critical terms 991

Since A, — 00, (4.9) can not happen under the assumption that
N > p?* +p.
Now we consider the case 0 € €. Then 0.B,, = (). So (4.5) holds with [, . [Vu,[z-

vdo = 0. By the same argument, we obtain (4.9). We reach a contradiction.
In Case 2, we have two possibilities: B _1(z,) CC Qor B _1(z,)N(RN\Q) #
P 2\ P

tnAn nAn

0.

Suppose that B _1(z,) CC Q. Then B, =B _1(z,). Take xg = x,, in (4.3).

tn>‘7lp tn>\7lp
We obtain that
(4.10)
s |, [P(®)
Lo = / T, - x)dr
P70 o, e

< - /Bn [a(:z) - %Va(:v) (x— xn)] |un|P dx

N — Ouy, ouy,
+ 2P v iy, do + / Vun P2V, - (2 — 20) 22 do
b Jos, v 9B, v
1
——/ \Vu,|P(x — z,) - vdo
P Joas,
1 1 JunP® 1
+ / <—|un Pn 4 [l + —a(:c)|un|p) (x — x,) - vdo =: Rs.
B, \DPn pa(s)  |zl* p

Since x,, — z*, we have z, -z > L|z,|* > 1|2*|* > 0 for € B,. Thus

Ly >C | |u, P d.
Bn
Again, applying the same argument as that of [6] gives us that

N—p

_N+pn(5) P

4.11 Ly>C u, P da > C' A
(4.11)

B
On the other hand, by the same argument as that of (4.7), we obtain that

p=N
(4.12) Ry <CMN" +C |un|P dx,

B

in which the assumption a € C*(Q) was used. We claim that
(4.13) / |un|? de < ONP.

Indeed, let p; > p* such that %(1 — z%) > p. This is possible since N > p? + p.
Also, let po = p. Then we have p*/p’ < py < p*. By Proposition 2.1, there exist
v; >0, i =1,2, such that |u,| < wv; + vy and

=2

N-p_
Hle*,pl < Cv ||U2||*,p < (OP.

= O\
Hence by Holder’s inequality, we deduce that

_N_r
/ P da: < 2p—1/ o1 [P dz + 2p—1/ oofP d < Cn " 4O < OAP

This gives (4.13). Now combining (4.11)-(4.13) yields

N2 (s N

(4.14) A "coxrron <o

n
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since N > p? + p. That is,
N—
ps—N=p

P
Ao 7 <G
which is impossible since s < p. We reach a contradiction.
It remains to consider B 1 (2,)N(RN\Q) # (. In this case, we take 7o € RV\Q

nin

1
in (4.3) such that |xg — z,,| < 2t, A" and v - (z — x9) < 0 on 92 N B,,. With this x,
we get from (4.3),

s |, [P (®)
D) / afrre (O D)

<_ / [afa) - %Va(x) (o= 22)|lua?

n

N_ n n
- p/ |V, P2 Ou Up do + / |Vu, P *Vu, - (z — xn)ai do
0; Bn, 0; Bn

D ov ov

1

——/ |Vu,|P(x — x,) - vdo
D JoB,

1 1 n Pn(s) 1
+ / (—\un Prp —— Ju + —a(x)\un|p) (x —x,) - vdo.
9;Bn Pn pn(s) ‘x|s p

Arguing as above, we find that (4.14) still holds. Thus we obtain a contradiction.
The proof of Theorem 1.1 is complete. O

Now we can prove Theorem 1.2.

Proof of Theorem 1.2. The proof is standard. We give a sketch of proof for the
readers’ convenience, and refer to Cao, Peng and Yan [6] for more details. First we
prove that for each k > 1, there exists a bounded sequence of {uy,}, C VVO1 P(Q)
and {cpe,} C R such that I/ (ugc,) = 0, Ic,(Upe,) = Cre, and cge, = ¢ € R
as n — oo. Indeed, this follows from a standard min-max argument as below (see
e.g. Ghoussoub [17]).

For each k, define the Zs-homotopy class Fj by

Fo={A: AC WyP(Q) is compact, Zo-invariant, and v(A) > k},

where the genus (A) is the smallest integer m, such that there exists an odd contin-
uous mapping ¢ € C(A,R™\{0}), and then define the min-max value (see property
(I3) in page 134 of Ghoussoub [17])
(e = SR e

for all € > 0. Since I, is an even functional that satisfies the Palais—Smale condition
in all energy levels, we use Corollary 7.12 of Ghoussoub [17] to conclude that ¢, is
a critical value of I.. Thus, there exists uy . such that I (u.) = cx.. By the same
argument as in Cao, Peng and Yan [6], we can deduce that ¢ . is bounded uniformly
for e small, and that {uy.} C VVO1 P(Q) is a bounded sequence as € — 0. Hence we
can apply Theorem 1.1 to infer that (up to a subsequence) wuy ., — ux strongly in
WyP(Q) as n — oo, and I'(uy,) = 0 with I(uy) = c.

Thus we get a sequence {cg}y of critical values of I. Now, two cases may occur:

Case I: the set {ct}r is infinite. In this case, it is obvious that I has infinitely
many different critical points, and thus Theorem 1.2 holds;

Case II: for some m > 1, we have ¢, = ¢ for all k > m.
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We have to prove that Theorem 1.2 holds in the latter case as well. With no loss
of generality, assume that ¢ is an isolated critical value of I in the sense that, for
some dp > 0, I has no critical value in (¢ — dg, ¢ + o) \{c}. Fix such dy. Denote

K.={ueW;?(Q): I(u) =c¢,I'(u) = 0}.

Note that K. is Zs-invariant since I is an odd functional, and K, is also compact
due to Theorem 1.1. The idea is to prove that K. is an infinite set, from which
Theorem 1.2 follows. Since any finite Zs-invariant set has genus one, it suffices to
prove

(4.15) V(Ke) > 2.
We argue by contradiction. Suppose, on the contrary, that 7(K.) = 1. Denote
K= {ueWg”(Q): lu— K| <},

where 0 < §; < g is so small that () = 1. Such 4; exists due to the fact that K,
is compact and Zo-invariant (see page 132 of Ghoussoub [17]). For each € > 0, define

D, = (I:+61\IEC—51) \IC,
where I! denotes the level set of I, given by
I' = {ue WyP(Q): L(u) < t}.

We claim that I. has no critical point in D, for e sufficiently small. Otherwise,
there exist ¢, — 0 and u,, € D,, such that I! (u,) =0 and I, (u,) € [c — 01,c+ d1).
Then, applying Theorem 1.1 yields that (up to a subsequence) w, converges to u
strongly in W, () as n — co. Then we have I'(u) = 0 and I(u) € (¢ — o, ¢ + ).
Thus v € K, C K holds since ¢ is assumed to be an isolated critical value of I.
However, note also that w,, € K implies v ¢ K. We reach a contradiction. Hence, we

conclude that for every e > 0 sufficiently small, there exists ¢! such that
| (u)]| > ¢ >0 forue D..

With the help of above lower bound, standard deformation techniques (pseudo-
gradient flow) yield an odd homeomorphism 7: W, (Q) — W, (Q) such that

n(IEPN\K) € I

See for example the proof of Theorem 1.9 of Rabinowitz [27]. Note that we need to
replace the modified pseudo-gradient vector field V' defined in page 150 of Rabinowitz
[27] by V/ct.

Now we are ready to prove (4.15). Fix k > m. Since ¢4 and ¢j41 — cas € = 0,
we have

Chyes Chitr1,e € (c—61/4, ¢+ 61/4)
for e sufficiently small. By the definition of c¢j41 ., there exists A € Fj.4 such that

m[?‘X[E < Chtre+01/4 < c+ by,

which implies that A € 169, Then A := n(A\K) C I holds. That is,
I(u)<c—6&  forue A

We claim that A € F;. Indeed, since v is subadditive, we deduce that v(A\K) >
v(A) — v(K) > k since we assume v(K) = 1. Thus A\K C Fi holds. Hence the
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supervariant of v implies that A € Fj (see Theorem 1.9 of Rabinowitz [27]). As a
result,
Che < suple < ¢ — 0.
A
This contradicts to ¢ > ¢ — d1/4. Hence v(K.) > 2 and the proof of Theorem 1.2
is complete. O

Acknowledgments. Both authors would like to thank Xiao Zhong for many useful
discussions. They would also like to thank the anonymous referees for valuable
comments which helped to improve the manuscript.

Appendix A. Estimates for quasilinear problems with Hardy potential

In this section, we deduce some elementary estimates for solutions of a quasilinear
elliptic problem involving a Hardy potential. Let D be a bounded domain in R and
0 € D. For any 0 <t < p, write dy, = |z|™ dx and |lw||?,, = [}, |w|?dp;. We also
use the notation ||w||, = ||w||qu- Let us recall that

lwllq = llwlly + llwllev—s,

Proposition A.1. For any f, > 0 and f; € LOO(D), i=1,2, let w € W,"(D) be
the solution of

w=20 on 0D.
Then, for any 1 < ¢ < N/p, there exists C' = C(N,p,s,q) > 0 such that

_1
il oome < C (il + 1 fell oy, ) 77

Proof. By the maximum principle, we find that w > 0. We claim that if » > 1/p/,
then

(A.1) w2, < / (fl + f_2s) WP gy
D |z

for C = C(N,p,s,r) > 0.

First, we consider the case when r > 1. Since fi, fo are bounded functions, it is
standard to prove that w € L*(D) by Moser’s iteration method [25]. Then we can
take a test function ¢ = w!'™P"=1) so that

(A.2) ! —l—p / |Vw"|P dx —/ < %) w P dg,
€T S

Applying the Sobolev inequality and the Caffarelli-Kohn—Nirenberg inequality gives
us

{—pr = fi(z) + 22 2 e D,

ol + [0y, < € [ [FuPda
for C = C(N,p,s,r) > 0. That is,

(A3) fuwll, <C [ Vo ds
D

Then, combining (A.2) and (A.3) yields (A.1).
Next, consider the case when 1/p’ < r < 1. Let € > 0. Define & = w(w + €)=Y,
It is direct to verify that & € Wy*(D) and

VéE= (w4 )P IVw + p(r — Dw(w + )P D71 Vw.
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Take ¢ as a test function. We have

/|Vw|p_2Vw~V§dx:/ <f1+ fz)ﬁdx.
D D ||

A direct calculation gives that

(/|VwWJVw-vs¢rz<1+po~—n>/kw+«w“*Nwadx
D

:1+p£2_1)/D‘V((UJ—FE)T—ETHPdSL’

> C (|l((w+ e~ €)

p T I((w+e)" =€)

p* (8)7/1/5 ) )

for C = C(N,p,s,r) > 0.
Write w, = ((w 4 €)” — €")"/". Then there exists C' > 0 such that

/\Vw\p Vuw - VEdr > Cllwl?., .
Thus

[well? ey < C/ <f1 ) w(w + €)PrY dx<C/ <f1 |f‘ )w”p(“l)dx.

Letting € — 0, we obtain (A.l) in the case when r € (1/p/,1).
To prove Proposition A.1, we apply Holder’s inequality to (A.1) and obtain that

i 1+p r—1) 1+p(r 1))
e < € (ML ez + UL ) (ol + Rl
C *r _'_ *(s)r Lp(r= 1 5
(V- N | o
which implies that
%
.
w S T .
il e < € (WAoo )
Now for any ¢ € (1, N/p). Let r € (1/p’,00) be such that ¢ = m. Then
* N — —1)N
PO s (=N
p(s)r—(1+p(r—1)) N —sq N —pq

Hence
1

lwll, oo < € (Ifillg + 1 foll o, ) 77

» N—pq N—sq "¢

We finish the proof. O
As an application of Proposition A.1 we have the following corollary.
Corollary A.2. Let w € Wy*(D) be the solution of

—%wz@ﬂ@+%@»MH'xeﬂ

|z[*
w =10 on 0D,

where ay,as,v € L*®(D) are nonnegative functions. Then for any co > q > p*/p/,
there holds

1

1
lwlleg < € (llarlls + lazll=s ) ol
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for C = C(N,p,s,q) > 0.

Proof. Let oo > ¢ > p*/p’ and define r = Nq/(N(p—1)+pq). Then 1 <r < N/p
and ¢ = (p — 1)Nr/(N —pr).
By applying Proposition A.1 with f; = a;v?~!, i = 1,2, we obtain that

1
lwlleg <€ (Ul + 1 foll s, ) 777,
N—sr ?

for C' = C(N,p,s,q) > 0. By Holder’s inequality and the definition of || - ||, ,, we
have that

1fallr < laalla oll5™ < flall o [Jol12

and that
[follv-sr < laz]ly=s
N—sr 'F$ p—

Combining the above inequalities gives Corollary A2 0

o, < ozl 1o

We also have the following corollary.
Corollary A.3. Let w € Wy*(D) be the solution of

—Ayw = (al(x) + afx—(‘m)) vl oz e D,
w =70 on 0D,
where a1, as,v € L®(D) are nonnegative functions. Then for any p* > ps > p*/p/,
there holds
1
[wllspe < C (larllr, + llazllry o) 7= 0]l
for C = C(N,p, s,p2) >0, where r1,ry are defined by

(A4) -0 (5- )+ E
and

1 N 1 p—S
A w0 () TR

Proof. The proof is similar to that of Corollary A.2. By applying Proposition A.1
with f; = a;oP7 !, i = 1,2, we obtain

1

p—1
il < € (100 g 1 _cm )

PP (p—1 N+(p 5)pg He

Let r1, 75 be defined as in (A.4) (A.5). Applying Holder’s inequality gives us that

1
il vpe <l ]o]l,
(p—1)N-+ppa

p*

and that
p—1
* (8)7/1/5 :

Ifell o, < llaallrs ullv

e S
Combining the above inequalities gives Corollary A.3. U
In the end of this section, we give the following result.
Lemma A.4. Let w € WP (RN), w > 0, be a weak solution of the equation

—@@§<mmﬂfﬁ?)wq
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in RN, where ay,ay € L (RY) are nonnegative functions. Then, for any unit ball

Bi(y) € RN and for any q > p*, there is a small constant § = 6(q) > 0 such that if

P

N x N—s N
</ ay dx) + </ ay "’ d,u5> <9,
Bi(y) Bi(y)

then for any v € (0, p*), there holds

[wllg.B,20) < Cllwllypiw)
for C' = C(N,p,s,q,7) > 0.

Proof. For simplicity, we write B, = B,(y) for 7 > 0 in the following proof. It
is standard to show that w € L (RY) by Moser’s iteration method [25]. For any

loc

n e Cy°(By), take ¢ = nPw! P01 > 1 as a test function. We have

(a1 (z) + QQ(I)) WP da.

B

(A.6) |Vw[P2Vw - Vo dr < /

B1 By
First, a simple calculation gives us that

|Vw[P2Vw - Vodz >C | |VuwT)|[Pde—C [ |Vn|PwP” dz

B By By
for C = C'(N,p,7) > 0. Second, by Holder’s inequality, we have

N O\F .\ 7
/ ar (z)nPw? dx < (/ af dz) </ (nw™)P dz) :
By Bi B

N=s N—s . *(s)
/ anwpf dr < (/ al” d/is) (/ (nw™)? (s) dﬂs) P .
B1 |x‘s By By

Thus (A.6) implies that

Sl

and

IV(nw|Pde < C [ |Vn|PwP" dx

B1 By

. pL* N p*IES)
ey <( [y dx) +( [y dus) )
B1 Bl

where C'= C(N,p, s, 7) > 0 and

(A7)

p p—=s

N N N-—s N—s
A= (/ ay d:):) + (/ ag”* d,us) )
B1 Bl

By the Sobolev inequality and the Caffarelli-Kohn—Nirenberg inequality, we obtain
that

ws) ([ | () o)

Combining (A.7) and (A.8) yields that

P P

* p_* * p*(s)
( / (™) dx) + ( / (w7 dus)
B1 By
" v " p*zzs)
<C \Vn|Pw?™ dz + CA ((/ (nw™)? d;p) + </ (quw™)P" ) dMs) ) .
B B1 B1

P p

* . p*(s)
+( / ()P (s)dus) <CN.ps) [ V()P da.
B1

B1

3

3
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Thus we can choose
(A.9) d=46(1)>0
small enough such that if A < § = J(7), then CA < 1/2 and thus

p p

. p* N p*(s)
( [ oy dx) i ( [ oy dus> <c [ |vopwr dn,
B1 B By

for C = C(N,p, s, 7) > 0. In particular, if A < ¢, we have

P

(A.10) (/ (nw™)?" dx)p < C/ |Vn[PwP”™ dz
B1 Bl

for C = C(N,p,s, ) > 0.
Let 0 <7 < R <1 andn e C(Bg) be a cut-off function such that 0 < n <1,
n=1in B, and |Vn| < 2/(R — r). Substituting n into (A.10) gives us that

(A.11) (/ prde); < %/BH W da,

where x = p*/p > 1.
Now for any fixed ¢ > p*, there exists & € N such that px* < ¢ < px**!. Let
m=x,ri=r+(R-7)/2" i=1,...,k, and let
0 =min{o(m), -+ ,0(m)},
where §(7;) is defined by (A.9) with 7 = 7;,, i = 1,--- k. Then if A < §, we obtain
by (A.11)

1

1
] pxit1 : ) px?
/ w dx < o / wX' dx |
B\, (ri = ris) X\ U,

for i =1,..., k. Iterate the above inequality from ¢ = 1 to i = k. We obtain
1

px’iJrl >
/ wPX ™ da < L (/ w? dz)
B (R—7141)" \ Uy

for some constants C' > 0 and o > 0. As a result, we have

w () s ()

since ¢ < py**1.
Fix v € (0,p*). There exists 6 € (0, 1) such that

1 6 1-6

Tk+1

o q
Thus by Hélder’s inequality and Young’s inequality, (A.12) implies that

i1 7 C 5
widx < = / w? dx) - — </ w” dx) )
(L) <5 ([, mmae) + e (L,

In particular, there holds

i1 : C s
q - q v
(/Tw d:z:) §2</BRw da:) +(R—7")"/9</Blw d:z:) )
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Now Applying Lemma 4.3 of Han and Lin [22, Chapter 4] (see Lemma A.5 below)

yields
q C ~
q < Y
(/ v d:c) = R—r)l </“’ d‘c)

for some constants C' > 0 . Choose r = 1/2 and R = 1. We complete the proof. [

We attach Lemma 4.3 of Han and Lin [22, Chapter 4] here for the readers’
convenience.

Lemma A.5. Let f > 0 be a bounded function in |1y, 71 with 79 > 0. Suppose
for g <t < s <71 we have

A
f(t)§9f($)+m+3

for some 6 € (0,1] and some nonnegative constants A, B,«. Then, there exists
c(a, ) > 0 such that, for any 19 <t < s < 1, there holds

£(1) < e, 0) {ﬁ“?}'

Appendix B. A decay estimate

We use RY to denote either R or RY. Consider the following equation

Ju|P"(5)=2y,

—A — p*—2 et RN
(B.1) pU = plulP Pu+ P in RY,
u € Dy (RY),
where Dy” (RY) is the completion of C5°(RY) in the seminorm [l prr@may = IVullpra-

In this section, we give an estimate for the decay of solutions to equation (B.1) at
the infinity. We have the following result.

Proposition B.1. Let u be a solution of (B.1). Then there exists a constant
C > 0 such that
C
(B.2) u(z)] £ ———=,
1+ |x|rt
To prove Proposition B.1, the following preliminary estimate is needed.

Vo e RY.

Lemma B.2. Let u be a solution of (B.1). Then there is a constant C' > 0 such
that
C
u(2)] € ———=—, Vz[=1,
L+ |z 7

for some o > 0.

The same estimate of Lemma B.2 was obtained in [6, Lemma B.3| for solutions
to equation

—Ayu = |ulP""?u in RV,
u e WhH(RY),

and in [31, Proposition 2.1] for solutions to more general equations. The proof
of Lemma B.2 is the same as that of Lemma B.3 in [6] and of Proposition 2.1 in
[31]. So we omit the details. To prove Proposition B.1, we will use the following
comparison principle which is a special case of [31, Theorem 1.5]. Denote D*P(2) =
{ue LF(Q): Vue LF(Q)}.
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Theorem B.3. Let Q be an exterior domain such that Q¢ = R¥\Q is bounded
and f € L» (). Let u € DP(Q) be a subsolution of equation
(B.3) —Apu = flulP"?u in Q,
and v € DYP(Q) a positive supersolution of

(B.4) —Ayv = glv[P~20  in Q,

such that infspq v > 0, where g € L%(Q) satisfies f < g in ). Moreover, assume that

1
(B.5) lim sup — / |u|P|V logv|P~  dx = 0.
Bar(0)\Br(0)

R—o0

Then if u < v on 052, we have that

u<wv in €.
Now we can prove Proposition B.1.

Proof of Proposition B.1. We will use Theorem B.3 to prove Proposition B.1.
First we consider the case when RY = RY. Let u be a solution to equation (B.1)
with RY = R” and set
|u(x)|p*(s)—p

Edh

(@) = plu(@)[” " +

Then f > 0. By Lemma B.2, we have
(B.6) f(z) < Clz|™® for |z] > 1,

azmin{(p*—p) (?ﬂf) ,s+ (p"(s) —p) <N_p+0)}-

p
Since 0 < s < p and ¢ > 0, we have « = p + (p*(s) — p)o > p. Thus f €
N
L» (RV\By(0)).
Let € > 0 and write vy = (N — p)/(p — 1). Let v(z) = |z|77(1 4 |z|~¢) for = # 0.
A simple calculation shows that

—Ayv = g(x)v?"t for x #0,

where

where

(LL’) _ (p - 1)(7 + €>p_1€
P T W e T

It is easy to derive from the above formula that

(B.7) Clz|P=P=Ve > g(z) > x| P~P Ve for x| > 1,

for C,C" > 0 depending on N,p and €. As a result, we have g € L%(RN\Bl(O))
since € > 0.

Choose € > 0 small such that p+ (p — 1)e < a. Then by (B.6) and (B.7), we can
find a large number Ry > 1 such that

g(x) = f(x) for[z] > Ro.
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To verify (B.5), we note that |Vloguv(x)| < C|z|™! for |z| large enough. Hence by
Lemma B.2, we have for R > R, large enough,
]_ C —(2=F —(p—
— lu|P|V logv|Ptdx < — || (552 4o)p=(=1) g
B J gyp(0)\Br(0) Bu(0)\Br(0)
N

< CR P (FFE+o)ptN
=CR™,

which implies that (B.5) holds. Therefore, we can apply Theorem B.3 with 2 =
RM\ Bg,(0) to conclude that

u() < o(Ro) (s July)l)v(x) for [2] > Ro,

ly|=Ro

where v(Ry) = v(z) with |z| = Ry. We can prove the same estimate as above for —u
similarly. Therefore, we obtain that

(B.8) lu(z)| < Clz| 7 for |z| > Ro.

So we obtain an estimate for the decay of w at infinity. To prove (B.2), it is
enough to note that v € L°.(R”Y), which can be proved by Moser’s iteration method

loc

[25]. In particular, we obtain that
(B.9) lu(z)| < C" for |z| < Ry

for a constant C’ > 0. Combining (B.8) and (B.9) yields (B.2). This finishes the
proof of the case when RY = R".

Next, consider the case when RY = Rf . In this case, for any solution u, we use
the odd extension

i(2) u(x', xy) if ty >0,
U =
—u(z',—zy) fxy <0,

forz = (2/,xy) € RY. Tt is direct to verify that @ € DV?(R") and that  is a solution
of equation (B.1) with RY = RY. Thus our problem is reduced to the previous case.
We then conclude easily that Proposition B.1 holds true for the second case. The
proof of Proposition B.1 is complete. O

Appendix C. Estimates for solutions of p-Laplacian equations

In this section, we copy two results on p-Laplacian equation from [6] without
proof. We assume that D is a bounded domain with 2 CC D. The following result
is Lemma 2.2 of [6].

Proposition C.1. For any functions fi(x) > 0 and fo(x) > 0, let w > 0 be the
solution of

w =0 on 0D.
Let w;, 1 = 1,2, be the solution of

—A,w=f; inD,
w=20 on 0D,

{—%w:ﬁ+ﬁ in D
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respectively. Then, there is a constant C' > 0, depending only on r = %dist(Q, oD),
such that

w(z) <C %1f( )w(y) + Cwi(z) + Cwq(z), Vz € Q.
yebr(x

Next result is Proposition C.1 of [6] which gives an estimate for solutions of
p-Laplacian equation by Wolff potential.

Proposition C.2. There is a constant v € (p—1,(p — 1)N/(N —p+ 1)), such
that for any solution u € WP(D) N L>=(D) to equation

—Apu=f inD,

where f € L'(D), f > 0, there exists a constant C = C(N,p,~) > 0, such that for
any v € D and r € (0, dist(z,0D)),

(][ % dist(x,0D) 1 p%l dt
u”dy) §C+C’/ ( / fdy) —.
By (z) r NP J (@ t

Appendix D. A global compactness result

Recall that by (2.1) we define, for any function wu,
N

par() = X7 u(A(- — @)

for any A > 0 and € R". In this section, we give a global compactness result in
the following proposition.

Proposition D.1. Let u,, n = 1,2,..., be a solution of equation (1.7) with
e = €, — 0, satisfying ||u,| < C for some constant C' independent of n. Then u,,
can be decomposed as

k m
Up = Uy + Z Pz jAn.;j (UJ) + Z p07>\n,j(Uj) + Wn,
J=1 j=k+1

where uq is a solution for (1.1), w, — 0 strongly in Wy ?(Q), z,; € Q. And as
n— 00, A\p; — 00 forall 1 < j <m, A, dist(x, ;,00) = oo for all 1 < j < k. For
j=12,---k, U is a solution of

—Ayu = bjululP"?u  in RV,
u € D'P(RY),
for some b; € (0,1]. For j =k+1,k+2,---,m, U, is a solution of

()2,

—Ayu = biplulP ?u + bj‘u'T
u € Dy (RY),

for some b; € (0,1], where RY = RY when 0 € Q, and RY = RY when 0 € 0.

Moreover, set x,,; =0 fort =k +1,--- ,m. Fori,j =1,2,---,m, if i # j, then

)\n,j + n,t
)\n,i )\n,j

in RY,

+ An,jAn,i|zn,i — zn,j|2 — OO

as n — 0o.
Proof. The proof is standard, see e.g. [6, 7, 32]. We omit the details. O
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