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Abstract. By a basis in R" we mean a collection of open and bounded sets 8. In this paper
we show that, if the general maximal operator My is bounded on LP(R™) for p > 1 and the weight w
belongs to the reverse Hélder RH o o class, then the weighted maximal operator Mgy ., is bounded
on LP(R™ w) for p > 1. When the general basis 8 has dyadic substructure with the Stein property,
we investigate the equivalence between the Muckenhoupt class Ao 3 and the reverse Holder class
RH 1 935. We also discuss equivalent ways of defining the reverse Holder class RH 1 9.

1. Introduction

The purpose of this paper is to develop a theory of weights for general maximal
operators. We first fix some notations. By weights we will always mean non-negative,
locally integrable functions on R"™ which are positive on a set of positive measure.
Given a measurable set £ and a weight w, w(E) = [, w(z)dz, |E| denotes the
Lebesgue measure of E and 1p denotes the characteristic function of E. Given
l<p<oo,p = p%l will denote the conjugate exponent number of p. Let 0 < p < oo
and w be a weight. We define the weighted Lebesgue space LP(R™ w) = LP(w) to
be a Banach space equipped with the norm (or quasi norm)

| fllzeqw) = (/Rn | f(x)|Pw(x) d:)j) 1/1?‘

In their paper (2|, Alfonseca, Soria and Vargas proposed that directional maxi-
mal operators enjoy an almost-orthogonality principle in L?*(R?). Motivated by an
extension of this interesting property to the setting of radial weights, we considered
in [18] the following weights: The weight w is of the form w(z) = wy(|z]), z € R?,
where wy: [0,00) — [0, 00) satisfies

(1.1) sup wo(r) < ¢ /7’2 wo(r) dr

r1<r<ra To—=T1Jr

for all 0 < r; < r9 < 0o. Notice that r* with a > 0 satisfies this condition. For this
weight w we proved the following geometrical fact which was observed in [1] when
w = 1.

https: //doi.org/10.5186 /aasfm.2017.4227

2010 Mathematics Subject Classification: Primary 42B25; Secondary 42B35.

Key words: general maximal operator, Gehring lemma, Fujii-Wilson constant, Muckenhoupt
weight class; reverse Holder weight class, Stein property.

The first author is supported by Grant-in-Aid for Young Scientists (B) (15K17551), the Japan
Society for the Promotion of Science. The second author is supported by Grant-in-Aid for Scientific
Research (C) (15K04918), the Japan Society for the Promotion of Science.



368 Hiroki Saito and Hitoshi Tanaka

Let 0 < ‘91,92 < 7T/4 Let
wo = (1,0), wy = (cosby,sinb;) and wy = (cos(—by),sin(—6by)).
Let B be a rectangle whose longest side is parallel to wy and let R be a rectangle
whose longest side is parallel to wo. Suppose that BN R # () and that the long side
length of B is bigger than that of R. Then there exists a rectangle R O R whose
longest side is parallel to wy such that
w(RN B) <C (RmB)’
w(R) w(R)
where the constant C' is independent of 61, 65, B and R.

One of the main ingredients for the proof of this somehow complicated fact is
that, w fulfills a quite nice formula:

w(R) 1 /Tz(R)
1.2 ~ wo(r) dr
(12) B wd (B) oy
for any rectangle R C R?, where
r1(R) = i:g}f%m, ro(R) =sup|z| and rad(R) =ry(R) —ri(R).
T TER

By the use of these relations (1.1) and (1.2), in [17], the first author established the
logarithmic boundedness of weighted small Kakeya maximal operators on L?(R2, w).

Fix N > 1. For a real number a > 0 let &y, be the family of all tubes in
R"™, n > 2, which are congruent to the tubes with height Na and width a, but with
arbitrary directions and centers. Let 8y = [, Rn,. Foran f € L (R") the small
Kakeya maximal operator Mg, , is defined by

My (@) = s 1n(o)re [ 171y

TERN,a

and the Kakeya maximal operator Mg, is defined by

Mgy f(z) = sup 1p(x |T‘/|f ) dy.

TeRN

It is conjectured that Mg, is bounded on L™(R"™) with the operator norm which
grows no faster than O((log N)**) for some «,, > 0 as N — oco. In the case n = 2,
this conjecture was solved affirmatively by Cordoba [3] with the exponent ay = 2
and reproved by Stromberg [16] with ay = 1. In the higher dimensional case, n > 2,
these estimates were proved so far only for some restricted class of functions; see for
example the references in [18].

For a weight w the corresponding Weighted maximal operators are defined by

Mgy ,wf(z) = sup 1p(x y)|w(y) dy,
TE.@NQ

My f(2) = sup 1r(z / ) w(y)
TeRN

It is shown in [18] that, if the weight w is of the form w(z) = |z|*, a > 0, then
(1.3) [ My wfll2@ew) < Clog N||fllL2®2,w)
and is also shown in [17] that, if w satisfies (1.1), then for any a > 0

(1.4) Mgy o fllr2@ew < Cvlog N|| flr2m2,w)



General maximal operators and the reverse Holder classes 369

In this paper we shall prove a theorem concerning general maximal operator which
implies those two estimates (1.3) and (1.4) as a corollary; see Remark 2.8.

When the case 8 = 9, the collection of all cubes in R" with sides parallel to
the coordinate axes, it is well known that the Muckenhoupt A, condition character-
izes the weighted L? estimate for several important operators; see for example [6].
The reverse Holder class RH g is closely related to the Muckenhoupt class A q.
However, it seems that further much more is known about the Muckenhoupt class
Ao q than about the reverse Holder class RH . In [4], Cruz-Uribe and Neugebauer
investigated deeply the structure of the reverse Holder class RH; o. In this paper
we study the structure of the reverse Holder classes with general basis B and prove
the equivalence between the Muckenhoupt class A, » and the reverse Holder class
RH 1 g. Our essential tools are the Calderéon—Zygmund decomposition and the dyadic
structure of the basis which is assumed a priori.

It is known that there are several characterizations of the Muckenhoupt class
A g, which are defined by many authors such as Muckenhoupt, Coifman and Fef-
ferman, Fujii and so on. However, these characterizations are not valid for a general
basis 9B instead of a basis Q. In the recent paper [5], Duoandikoetxea, Martin-
Reyes and Ombrosi compared several characterizations of A, 5 on a o-finite mea-
sure space (X, i), a basis is a collection of p-measurable subsets B of X such that
0 < u(B) < 0o. They established several implications among such conditions with-
out further assumptions on the basis (or, for example, assuming the boundedness of
the maximal operator associated with 8), but their assumptions could not decide
whether the weights w € Ay o belong to RH .

The paper is organized as follows: In Section 2 we state and prove two theo-
rems (Theorems 2.6 and 2.10). For a general basis 8, we consider the weight w
belonging to the reverse Holder classes RH s, 1 < s < oo, and, for the weighted
general maximal operator My ,,, we introduce a sufficient condition for one-weight
norm inequalities to hold. As a corollary (Corollary 2.7), we show that, if the general
maximal operator Mg is bounded on LP(R") for p > 1 and the weight w belongs to
the reverse Holder class RH o g3, then the weighted general maximal operator My ,,
is bounded on LP(R"™ w) for p > 1. In Section 3 we investigate some properties
of RH oo weights and show how they are related to the Muckenhoupt class A; .
In Section 4, under the assumption that the general basis 6 has dyadic substruc-
ture with the Stein property, we introduce the Gehring lemma (Theorem 4.6) and
investigate the equivalence between the Muckenhoupt class A, 9 and the reverse
Holder class RH g (Theorems 4.8 and 4.10). We also discuss an equivalent way
of defining the reverse Holder class RH ;g (Theorem 4.12) following their papers
[9] and [15]. In the final section (Section 5) we extend the nice formula (1.2) to
the higher dimensions (Lemma 5.1. This formula enables us that the weighted esti-
mates for strong maximal operators and the Kakeya maximal operators in the higher
dimensions (Proposition 5.3).

Throughout this paper all the notations are standard or will be defined as needed.
The letter C' will be used for constants that may change from one occurrence to
another. Constants with subscripts, such as C;, Cs, do not change in different oc-
currences. By A ~ B we mean that ¢ !B < A < ¢B with some positive constant ¢
independent of appropriate quantities.
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2. General maximal operators and weight classes

By a basis in R"” we mean a collection of open and bounded sets B. For a basis
B we consider associated weights w such that 0 < w(B) < oo for every B € B.
Given such a B and w, the corresponding maximal operator My ,, is defined by

Mo f(a) = sup mmﬁ /B F@)lw(y) dy.

If w = 1, we just write My f(x). Following the notation in [4], we define B(w) = %.

Definition 2.1. Let 1 < p < co. A weight w belongs to the Muckenhoupt class
Ap s whenever its Muckenhoupt constant [w]a, ,, is finite. That is,

[w]Ap,% = sup B(w)B(w_l/(p_l))p_l <oo, 1l<p<oo,
BeB

il = s0p P s < o0
A — e essinf ,epw(z) ‘

Notice that by Hélder’s inequality, for 1 < p < g < o0,

1 < [w]

Aq,% S [w]Ap,‘B <00

and hence the inclusion A, g C A, e holds. So, for 1 < p < oo, the Muckenhoupt
classes A, » form an increasing chain and thus we define

A =] Apm.

p>1

Definition 2.2. Let 1 < p < co. A weight w belongs to the reverse Holder class
RH , » if and only if

] B(wP)'/r )
w = sup ——— < o0, <p < 00,
Hpm pes B(w)
ess sup ,ep w(T)
W|RH 5 = SUD < 00.
wlRH Be® B(w)

It follows from Hoélder’s inequality that, for 1 < p < ¢ < oo,
1< [w]rh,» < [W]RH, & <00

and hence that the inclusion RH, 3 D RH,y holds. So, for 1 < p < oo, the reverse
Holder classes RH g form a decreasing chain and thus we define

RH; 5 = J RH,».

p>1

For the general bases 8 and associated weights w, very little is known concerning
the boundedness of My and My ,, on LP(w). The most important result of one weight
theory for general maximal operators is theorem due to Jawerth [10]. This theorem
was reproved by Lerner [11| with better understanding of the dependency of the
constants.

Theorem 2.3. (Jawerth [10]) Let 1 < p < oo. For the general bases 8 and
associated weights w, let ¢ = w™/®=1_ Then My is bounded on LP(w) and on
LP (o) if and only if w € A,, My, is bounded on LP(c) and Msy,, is bounded on
LP (w).
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The following abstract theorem from [14|, which is proved by the use of Theo-
rem 2.3, gives a necessary and sufficient condition for the boundedness of the Mgy .,
in terms of the unweighted maximal function Mgy in the special case w € Ay .

Theorem 2.4. (Pérez [14]) The following are equivalent:

(i) For every 1 < p < oo and every w € A, x5, we have
My : LP(w) — LP(w);
(ii) For every 1 < p < oo and every w € A, we have
Mt LP(w) — LP(w).
Theorem 2.4 and some important examples (cf. [14]) motivate the following def-
inition.
Definition 2.5. A basis B is a Muckenhoupt basis if for every 1 < p < oo and
every w € A, s, we have

My : LP(w) — LP(w).

With this definition Theorem 2.4 states that B8 is a Muckenhoupt basis if and
only if the weighted maximal function satisfies My, : LP(w) — LP(w) for every
1 <p<ooandevery w € Ay 5.

We are interested in the theory of weights for the Kakeya maximal operators. The
main interest of this theory is to determine the factor N appearing in its operator
norms. From this point of view, Theorem 2.4 is quite abstract and thus it cannot
apply to our situation. Attempting one weighted estimate for the Kakeya maximal
operator Mg, in Wolff’s range (cf. [21]), we found the following theorem concerning
general maximal operators which is our first theorem of this paper.

Theorem 2.6. Let B be a basis and 1 < p,s < oo. Suppose that w € RH
with [w|gru, 5 = C1, [|[Myp||p:@n) = Co witht = p — (p —1)/s > 1. Suppose further
that there exists a constant C'5 > 0 such that

(2.1) Z % <Oy

U3z

J

holds for any countable subfamily {B;} C B and any pairwise disjoint subset
E(B;) C Bj for varying j. Then we have

| Moy | oy < 26177 Cy/ P G577,
Proof. Let f € LP(w). For every integer k, we shall consider the set
Sp={r € R": 2F < My, f(z) < 2"

Using a limiting argument, we may assume that S, are compact sets. From the
definition of My 4, Sk C Uj By, j, where By ; € 9B satisfies

7 [ > 2

Define E(By 1) = Bx1 NSy and, for j > 1,

E(By;) = (B,w- U B,w-) N Sy.

1<j
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The sets Si form a disjoint collection and each Sy is the disjoint union of the sets
E(By,;) for varying j. Thus,

M% wf (2)Pw(z) de = Z / Mg oo f ()Pw(z) d <Y 20 Pw(E(By )

E(By.;) Py
p w ' 1 w g
<2 ; (E(B,;)) <7w(3k7j) /B k,j‘f(y” (y) dy) .

Notice that

<Eiéi35jé ,UTyﬂumy>dy> ::zﬁm(uo-p<JEij| ; wfxynuwy>dy)

and by Holder’s inequality that

< ! If(y)\w(y)dy> =< ! \f(y)lw(y)l/”~w(y)1/”'dy>

| Bijl /s, | Brjl /b,

X Lo P/ (')
< ()P wo(y) ' dy w(y)® dy ,
<|Bk7j| B, | Bk By, ;

where we have used

/
p p — 1 — p 5 = (pls),
t p—(p—1fs 1-1/(ps) ps—1

These yield

Mg o f (2)'w(x) dz
Rn
t
w(E(Bk )) _ p—1 1
<2y ———4= By (w)' P (B (w®) |f W)l w(y)'* dy
;j Bk,j(w) ’ ( ’ ) |Bk,j| By, j
< 20Cp Z Ik, Gk,
k,j
where
t
w(E(Bg,)) 1 p/t 1/t
o ) - d )
Hii = —p Gy 0 Ik Brs] Bk’j|f(y)| w(y) " dy

We view the sum Ekj [k i9k,; as an integral on a measure space (X, p) built over the
set X = {(k,j)} by assigning to each (k,j) the measure p ;. For A > 0 call

PO ={(k,j) € X:grj >N, GV = |J Bis
(k,5)ET(N)
Then D7, ik jgrj = I )) dX. Observe that
H(0() = 2)9%%%Ds@muﬂ
(h)erey M

and that
G(\) C {z € R": My[|f[P/'w')(x)! > \}.
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These entail

Mg o f (z)Pw(z) d < 20CP'Cy [ Mig[| fIP/ '] (x) da
R R"

< QPCf_ngCé/ |f(z)[Pw(z) dz.

Consequently,
||M‘B,w||LP(w) < 2011/17 021/(17 s) C;/p.
This completes the proof. O
The next corollary leads the relations (1.3) and (1.4).

Corollary 2.7. Let B be a basis and 1 < p < oo. Suppose that the weight w is
in RH o with [w]rn_, = C1 and that || Msy||zrw®») = C2. Then we have

| M3 || Lo () < 2C1Cs.

Proof. Since t = p and (p's)’ = 1, we merely check the condition (2.1) with
C5 = (1. There holds

Z% < IEB)) esssugffB "< CIZ\E )= G UBJ

where we have used that the sets E(B;) C B; are pairwise disjoint. O

)

Remark 2.8. Let w(x) = wo(|z]), » € R?, and wy satisfy (1.
we see that w belongs to RH « g,. Thus, Corollary 2.7 yields (1.3)
with well-known unweighted estimates; see |3, 16].

1). Then by (1.2)
and (1.4) together

When s = oo the sufficient condition (2.1) in Theorem 2.6 can be checked quite
easily. But, when 1 < s < 0o, we cannot say any more. The next theorem (The-
orem 2.10) characterizes the boundedness of My, on LP(w) in terms of a so-called
Tauberian condition.

Definition 2.9. We say that a weight w associated to the basis ‘B satisfies the
Tauberian condition (A) if there are constants 0 < A < 1, 0 < ¢ = ¢(\) < oo such
that for all measurable sets F
(A) w{x € R": My(1g)(z) > A\}) < cw(E).

Theorem 2.10. Let B be a basis. Let w € RHyp, 1 < s < 00, and w
satisfy the condition (A). Suppose that Myg: LP(R") — LP(R") for all p > 1. Then
My LP(w) — LP(w) holds for all p > 1.

Proof. Let f € LP(w). In the same manner as in the proof of Theorem 2.6, for
every integer k, we consider the set

Sp={r € R": 2F < Mg, f(z) < 2"}

We choose compact sets K, C Sy and, for each k, we choose a finite cover { By, ;} C B
such that

(22) K, C UBk’j and

J

B ) Vw2

Now, we have

My, f (x)Pw(z) do < 27 )~ 2FPw ( U B,w-) .

Ui Kk k J
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We claim that then there exists a subfamily {By ;} C {Bs;} satisfying
(2.3) Z2’“Pw<UBm> < CZ2’“Pw<U§kJ)
k J k J

and, for each (k, j), there exists a subset E(By ;) C By, ; such that
(2.4) (1= N)[Brjl < |E(Br,)|

and the sets F(Bj ;) are pairwise disjoint for varying (k, j).
We shall verify this claim. Without loss of generality we may assume that By, ; =
0 except for a finite number of (k,j). Let N = max{k: By; # 0}. We follow a

well-known selecting procedure argument (cf. [6, p. 463] for instance).

Step 1. Let FN,l = By and, once EN,l,...,EN,j_l have been selected, we
choose By ; to be the first set in {By.} (if any) such that
(2.5)

By N (| Bw.)| < ABu,l.

s<j

Let By = Uj By . Now we verify that

(2.6) By, C{z e R": My[lp,](z) > A}.

Let x € Uj Byn;. If x € Ey, then it is obvious that it is contained on the set to the

right since A < 1. If x ¢ Ey, then x is contained in some discarded B in the selection
process and hence |B N Ex| > A|B|, which means that Mg[1g,](x) > A. Since w
satisfies the condition (A), (2.6) yields

w (U BNJ) < Cw(Ey).

j
If we let E(By;) = By \ Us<; By, then we see that, by (2.5), {E(By,)} is a
disjoint family with E(By ;) C By and (1 — \)|By ;| < |E(By;)|.
Step 2. Let By_1, be the first set in {By_;.} such that
|Bn-11N Ex| < ABy_1.1].

Once EN_M, - 7EN—1,j—1 have been selected, we choose EN_M to be the first set
in {By_1.} (if any) such that

(2.7) Byn_1;N{Ey U (U By-1,)}

s<J

< )\‘EN—I,j‘-

Let En_q = Uj EN_LJ». By the same observation as the above, we can verify that

U By-1j C{z € R": My[lp,_,uey](z) > A}

j
and see that

w(UBN—l,j) S Cw(EN_l U EN)

J
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LJENqﬁ)},

s<7

If we let
E(EN—IJ) = EN,j \ {EN U (
then we have, by (2.7), { E(By_1,;)}U{E(By )} is a disjoint family with £(By_; ;) C

By-1; and (1= X)[By-y,| < [E(By-1,)|- _
Continuing these steps, We obtain a subfamily {By ;} C {By,;} satisfying (2.4)

and N
w <U Bk,j) < Cw <U Eg) ,
j =k

Eg == UE@J.
J

where

It follows that

s (Un,) <oxom (5] <oxze (Su)
— CZ (Z 241’) (E)) < 022’% (Ey)

1<k

= CZ 2kp'LU (UEkJ) s
k J

which is exactly (2.3).
There holds by (2.2) and (2.3)

Mg o f ()P d:):<CZ2kpwUBkj <022’%UBM

Uk Kk
_ 1 P
< C%W(Bk,j) (w(Ew-) /Bk |f(y)|w(y) dy) :

Recalling t =p—(p —1)/s,

(w(ék ,)/B vlf(y)lw(y)dy> SCEj(w) <‘§1'| : vlf(y)l”/tw(y)l/tdy) :

Thus, by (2.4),

1

Bl JB.,

Mos o f ()P (2 )de<CZ|Bm|< f (y)lp/tw(y)”tdy>

U Kk

<CY |E(Bw,)| (—1 2 |f(y)|p/tw(y)l/tdy>

k.j ‘Bk,j‘ By ;

<cZ/ M| P2 de

(Bkj

<C [ My[[f'w')(2) de < C | |f(2)Pw(z) de,

R™ R™
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where we have used the sets F (Ek,j) are pairwise disjoint. This completes the proof.
O

Remark 2.11. The weighted Tauberian condition for general maximal operators
appears in [10, 13], for instance. It is shown in [8] that the condition (A) is equivalent
to Moy : LP(w) — LP(w) for sufficient large p provided that B is a homothecy invariant
basis consisting of convex sets.

3. The class RH o »

In this section, following [4], we show some properties of RH o, o weights. Through-
out this section we fix a general basis 8. We need some lemmas.

Lemma 3.1. Let 1 < p,s < co. A weight w is in A, N RH ;g if and only if
w® is in A, where ¢ = s(p — 1) + 1.

Proof. Suppose that w € A, N RH ;5. Then, noticing ¢ —1 = s(p—1), we have
B(w*)B ((wS)—l/(q—1)>q‘1 = B(w®)B(w™Y/@=D)s¢-1)
< C{B(w)B(w™ "=V} < oo,

where we have used B(w®) < CB(w)?®.
Suppose, conversely, that w® € A,y with ¢ = s(p — 1) + 1. We have then

(3.1) B(w®*)B(w™Y®=D)se-1) < ¢,
Noticing B(w)® < B(w?),
B(w)B(w—l/(p—l))p—l < {B(wS)B(w—l/(p—l))S(p—l)}1/8 < Vs,
Thus, w € A, . It follows from (3.1) that
B(w*)Y* < CB(w™P=)1=P < CB(w),
where we have used 1 < B(w)B(w™YP=D)p=1, O

Lemma 3.2. Letp > 2. If u € A, and v € Ay 5, then there exists a constant
C > 0 such that, for every B € ‘B,

(3.2) B(u)Y?B(v)Y?" < CB(u/Po'/7).
Proof. Fix a B € 8. Then there is a constant C such that
B(u)B(u' PPt < C, B(v)B(v' PPt < C.

Raise the first equation to the power 1/p and the second to the power 1/p’ and
multiply them together. Then after re-arranging terms we get

B(uw)Y?B)YP < CBu'P)" V¥ B(v!P)"Vp,
Since p/p’ =p—1and p'/p = p’ — 1, by Holder’s inequality
B(u_l/pv_l/p') < B(ul—p’)l/p’B(Ul—p)l/p'
Therefore, by combining these two inequalities we see that
B(u)Y?B(v)'? < CB(u=YPy=t/P)7L,
By the use of the inequality 1 < B(f)B(f'~* )P,
B(u—l/pv—l/p’)—l < B((u—l/pv—l/p’)l—p’)p—l - B((ul/pvl/p’)p’—l)p—l_
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Noticing p > 2, by applying Hélder’s inequality the above expression can be bounded
above by B(u!'/Pv'/P"). Therefore (3.2) holds. O

Lemma 3.3. Let 1 <p <oo. Ifuec AN RH, g and v € A3 N RH 53,
then there exists a constant C' such that, for every B € B,
(3.3) B(uP)YPB(? )P < CB(w).

Proof. By the inclusion property of the class A, 5 we may assume that

ue€A,m, vEA,s with piri—1)=p(g1—1)=s>1.
Since u € RHp, o and v € RH,/ g, then, by Lemma 3.1,
wP e Ay, P €Ag with g=plg—1)+1, r=p(rn—1)+1
Since ¢ = s(p — 1) and r = s(p’ — 1), by Lemma 3.1 again, this is equivalent to
wP* € Ay N RH ., oP/* € AyyN RH, .

This relation and Lemma 3.2 yield

B(uP)Y*P B(vP)V' < CB(uP/*)YP B(wP'/*)VP" < CB((uv)'®) < CB(uv)"/?.
If we raise both sides to the power s, we get inequality (3.3). U

Theorem 3.4. If the weight w is in RH g, then w" is in RH o o for r > 1. If
the weight w is in As 3 N RH oo 3, then w" is in RH o for 0 <r < 1.

Proof. Let r > 1. Holder’s inequality gives, for any B € 28 and any x € B,

w(z)" < CB(w)" < CB(w").

Let 0 <r < 1. Assuming w € A, for some large ¢ > 1 we have by Lemma 3.1

1
w' € Aps N RHgp 1/, with ¢g=-(p—1)+1 and p> 1.
r

Thus,
w(z)" < CB(w)" < CB(w"). O

Theorem 3.5. If u and v belong to A s N RH « 5, then uv belongs to RH « .
Proof. Fix a B € B and an x € B. Then
u(x)v(z) < CB(u)B(v) < CB(u?)Y?B(v*)Y2.

Since u and v belong to A s N RHo g, by Lemma 3.3, the above expression can be
bounded above by C'B(uv). This means that uv € RH . O

Theorem 3.6. Fix p > 1. If w is in Ay, then w'™? is in A, N RH o .
Conversely, if w is in Ay N RH « , then w7 s in A s

Proof. That w € A; i implies w € A, 5. So, w'™? € A, . It follows for B € B
that
1 < B(w)B(w' P)Y®=D < B(w'P)V/P=Y essinf w(x)

zeB
and hence
esssup w(z)' P < B(w'P).
zeB
This means that w'™? € A, 5 N RH o, . Conversely, if w € A, N RH o, then, for
B € B,
esssup w(z)B(w' PP < OB(w)Bw' )P < C < 0.
zeB
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This implies
B(w'™) < C ess iélf w(z)
e

which means that w'™" € A, . O

Remark 3.7. Suppose that My : LP(R™) — LP(R") for some p > 1. Then, using
the well-known Rubio de Francia algorithm, one can produce many A; g-weights.
Theorem 3.6 asserts that, if w is in Aj g, then w™! is in A3 N RH o . Hence, we
have many weights belonging to A s N RH o ».

4. The classes A, 3 and RH;

In this section we discuss the equivalence between the classes Ao 5 and RH ;g
when the basis B has dyadic substructure with the Stein property. The following
definition expresses the relevant property of a basis needed for our purposes. In the
case when B = ®, the usual collection of dyadic cubes in R", it was obtained by
Stein in [20].

Definition 4.1. We say that a basis B satisfies the Stein property if and only

if there exists a constant ¢ such that, for any non-negative function f € L] (R"),
B € B and A\ > B(f), we have

(4.1) / f@)de < A[{z € B: My|f15)() > \}.
{z€B: f(z)>\}

Under the assumption of the Stein property, Lerner and Ombrosi established
the self-improving property of general maximal operators on quasi-Banach function
spaces [12].

Definition 4.2. We say that the basis 8 has a dyadic substructure if and only
if, for all B € B, there exists a dyadic subset ©(B) C B that satisfies the following:

(1) If Q,R € ®(B) then QN R € {Q, R, D};

(2) B € ©(B) and B is maximal in ©(B) with respect to inclusion.

The family ©(B) is referred to as a dyadic basis. We further assume that the basis
D (B) is unique and it is a density basis. That is, for all B € 8 and any P € ©(B),
we have D(P) ={PNQ: Q € ©(B)}. The basis D(B) is called a density basis if it
differentiates L>°(B), namely, if for every f € L*>(B) and for almost every x € B,
there exists a sequence {Qr} C ©(B) such that Qr > x and limy_,. Qx(f) = f(2).

Definition 4.3. We say that the basis B has dyadic substructure with the Stein
property if and only if 8 has dyadic substructure and each basis ©(B) satisfies the
Stein property with uniform constant ¢ for varying B € ‘B.

We first verify some lemmas.

Lemma 4.4. Suppose that the basis 8 has dyadic substructure with the Stein
property. Let f be a non-negative, locally integrable function on R"™ and B € ‘B.
Let P,Q € ©(B) such that P C ). Assume that

P(f)>A and Q(f) <A
Then A < P(f) < c\.

Proof. We shall apply the Stein property to @, ¢ = P(f)1p and A. This is
justified by the fact that

Qg) = QP(/)1r) <Q(f) < A
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Thus,
/ gdz = / g(2) de < Afz € Q: Mogg(z) > A}| = [P,
P {zeQ: g(z)>A}

where we have used the facts that Mgpg)g(z) = Q(f) < A, when v € @ \ P, and
Myy9(x) = P(f) > A, when x € P. This proves P(f) < cA. O

Lemma 4.5. Suppose that the basis 8 has dyadic substructure with the Stein
property. Let B € ‘B.

(1) If the weight w is in A,o(p), 1 < p < 00, then there exists a sequence of
weights {wi} € A, o) N L¥(B) such that limy_,., wy = w a.e.

(2) If the weight w is in RH,5p), 1 < p < 00, then there exists a sequence of
weights {w;} € RH ) o5y N L>(B) such that limj_, w, = w a.e.

Proof. Fix a w € A, 5. We perform the Calderéon-Zygmund decomposition of
w at level k, k > 1, with respect to ©(B). Namely, let {Qx;};, C ©(B) be the
collection of dyadic bases in ®(B) which are maximal among the ) € ©(B) that
satisfy Q(w) > k. The maximality of Q) ; yields that the sets @)y ; are pairwise
disjoint for varying j and, by Lemma 4.4, that Q) ;(w) < ck. We now let

Wy, = le,C —+ Z Qk,j(w)le,j7
J

where Ej, = B\ U; Qk,j- Then wy is in L*=(B), because the basis D(B) is a density
basis, and wy, converges to w as k — oo, because

> 1oul < uiB)

To verify wy, € A, s, we need only observe that

1 < Qg (w) Qo (w ™= 1yp
and hence
kaj(w)—l/(p—l) < Qk,j(w_l/(p_l)).
When w € RH,, 3, we need only also observe that
Qr.j(w)? < Q3 (w?). O

A well known result in the theory of weighted norm inequalities due to Gehring
(cf. [7]) states that if w € RH, q, then there exists ¢ > 0 such that w € RH ;. o.
Here, the symbol £ denotes the collection of all cubes in R™ with sides parallel to
the coordinate axes. We now extend this lemma to the general basis ‘B.

Theorem 4.6. Suppose that the basis B has dyadic substructure with the Stein
property. Then, if w € RH,y for some 1 < p < oo, there exists € > 0 such that
w € RH pte,B-

Proof. Fix a w € RH,». Given B € ‘B, we shall prove that the inequality

. s o\ M)
B

holds for some C' > 0 and 0 > 0 independent of B. By a standard limiting argument
based upon Lemma 4.5, we may assume without loss of generality that w isin L*°(B).
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We now let a = B(wP). It follows from Fubini’s theorem that
1 O
—/ w(z)PI) dy = —/ wP({z € B : w(x)? > AHN 1 dA
B[ /5 1B] Jo
5 o0
<a't 4 E/ wP({z € B : w(x)? > AN
The Stein property yields

% /OO wP({z € B: w(z)? > AN dA

oo

< e
| B|

)
— [ M P1 140 o,
= C(l +0)|B] /B D(B) [wP1p|(z) ™ dx

[{z € B: Myp)[wP1p](z) > A} dA

We notice that
Mpyp)[w’1p](z) < [w]rn, s Mo(s)[wlp](z)".

Thus,
5 oo
@/ W({z € B: w(z)’ > ADALdA
Co
<o J, e [“’13“@””6) b
< p(1+8) ypa+o) g
-~ 1 +(S|| ||Lp(1+6)(Rn |B|
By using an elementary fact
(1+6)
hm | Mas ||I£p(f+5)(Rn = ()P,
we can select > 0 so that
0 Mo I ey = 3
1+5 ”“MWL 2

Hence, notice that the integral is finite, since w is in L>°(B) and B is a bounded set,
ﬁ / W@ dg < 2a19 < 2(CB(w))PH),
B

which is our desired inequality. U

The next theorem (Theorem 4.8) states that A s C RHigs. To prove the
theorem, we need the following lemma, which is well-known, but, for the reader’s
convenience, we will quote the proof from the lecture notes of Hytonen “Weighted
norm inequalities”, since now we are not able to get this from his website.

Lemma 4.7. Let ®© be a countable collection of measurable subsets of R™ with
the property that

VQ,Re®: QN R e {Q,R,0}.

Let 1o be a positive measure on R™ and f be a locally p-integrable function on R".
Define the maximal operator M}%’u by

M8,.f0) = swp oo exp (o | 1osls ).

Qed
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Then, for all p € (0, 00,
1M, f ey < €211 Fllooo-

Proof. Define the maximal operator Mg , by

1
My, f(x) =sup1l x—/ fldu.
By Jensen’s inequality and the basic properties of the logarithm, we have
Mg f < Moy f, (Mg, f) = (M3 [IfI7/)* < (Ma,[lf /)%, q € (0,00).
By the L(u) boundedness of My, for ¢ > 1, we have
[ oagpyrans | o ledn < @) [ Qapydn =) [ 1ovan
n n Rn

As g — oo, we have (¢')? — e, and hence
Mg, fIl7 e < ellflfng, for pe(0,00).

It is trivial for the case p = oc. U

n

Theorem 4.8. Suppose that the basis B has a dyadic substructure with the
Stein property. Then, if w € A s, there exists € > 0 such that w € RH 4. 3.

Proof. Fix a w € A @, that is, fix w € A, o for some large p. Given B € ‘B, we
shall prove that the inequality

1 s 1/(1+49)
Bl w(zx) "’ dx < CB(w)
B

holds for some C' > 0 and § > 0 independent of B. In the same manner as above we
may assume that w is in L>(B).
We now let a = B(w). It follows from Fubini’s theorem that

ﬁ /Bw(x)1+5 iz — %' /Ooo w({z € B: w(z) > \PAT dr
<a't? 4 % /Oow({at € B:w(z) > APHAa

By the Stein property
6 [e.e]
@/ w{z € B: w(x) > A)AHdA

< ‘13| [{z € B: My(p)[wlg](z) > A}A dA
B

<ec——" | M 1 10 .

_C(1+5)|B‘/B 9(3)[7” Bl(x) Z

We notice that,
Mo [wlp)(2) < [w]a, 5 Mo (p) 4 [01B](2).
Thus, by Lemma 4.7,
6 o
E/ w({xr € B: w(x) > A}N 1 dA

0 Ces 1
<(O——u=-—— 0 I - .
— C(l + 5)|B| /BMQ(B),dm[UdB](x) dx < 11o |B| Bw(i) dx
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We select § > 0 so that

Ced 1
146
Hence,
1
_/ w(x)1+5 dr < 2a1+5 — 2B(w)1+5,
B[ J5
which is our desired inequality. 0

To verify the converse relation RH ;5 C Ay g, we must assume that w satisfies
the following assumption.

Assumption 4.9. Let w be a weight. Suppose that B has a dyadic substructure.
There exists a uniform constant ¢ for varying B € B such that

(4.2) / F(@)w(z) de < cxw({e € B: My ulfLe)(z) > A
{z€B: f(z)>X}

holds for any non-negative function f € L (wdx), B € B and A > w(B)™" [, fwdz.

Theorem 4.10. Suppose that w satisfies Assumption 4.9. Then, if w € RH 4
for some 1 < s < oo, there exists p > 1 such that w € A, .

Proof. If w € RH g, then for any B € B
B(w)'* < [w]rn, o B(w).
This implies that

’

(ﬁ [ v i) dx) (ﬁ [ @y dw) < [0l o

which means that
w 6 A s/ B>

where the class Ay  is defined by the Muckenhoupt class replacing the Lebesgue
measure dx by wdx Thanks to Assumption 4.9 and Lemma 4.7, the same manipu-
lation as in the proof of Theorem 4.8 gives us that the 1nequahty

holds for some C' > 0 and £ > 0 independent of B. A calculation shows that

’LU(B))a/(H_E)( 1 / B )1/(1"1‘8)
=/ — | w(x) cdx <C
(\B| B/,

B(w)B(w—s)l/s < C(l—l—s)/e
which means w € A, with 1/(p — 1) =¢. O

In the remainder of this section we discuss an equivalent way of defining the
reverse Holder class RH g (Theorem 4.12) following the papers [9] and [15].

and that

Definition 4.11. A function ®: [0,00) — [0, 00| is said to be a Young function
if it is left-continuous, convex and increasing, and if ®(0) = 0 and ®(t) — oo as
t — oo. Given a Young function ®, define the mean Luxemburg norm of f on a finite

set B C R" by
Hf||q>B—1nf{A>0 3l @('f&”) dx < 1}.
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If ®(t) = tlog(e + t), we write the mean Luxemburg norm as || f||Liogr, -

Theorem 4.12. Suppose that the basis B has a dyadic substructure with the
Stein property. Then w is in RH ;o if and only if

(4.3) (W] R, = SUP Hw”Lﬂ < 00.

Bes B (w)
Before proving Theorem 4.12, we show two equivalent quantities to the quantity
[w]1,-

Proposition 4.13. The following two quantities are equivalent to the quantity

(w1,

, -~ 1 w(z)
(4.4) s = S0 /B w(z) log (e + W) da
and
(4.5) lfur, = SO s / Mas

The quantity [w]gy, ,, is known as Fujii-Wilson constant; see [9].

Proof of Proposition 4.13. If [w]gy , , = Ca < 00, then we have

We notice that, for any Young function ®, ®(0t) < 0P(¢) holds for all 0 < 6 < 1.
This fact and C > 1 imply

1 w(x) oo [ e w(x) .
5] BczB<w>lg< +023<w>) =t

and, by the definition of the mean Luxemburg norm,

|w]| L1ogz,8 < C2B(w),

which means that [w]gry, , < Co.
If [w] Ry, , = C1 < 00, then we have

|w]| L10gz,8 < C1B(w).

By the definition of the mean Luxemburg norm, we see that

1 w(z) o (e w(z) .
5] BclB<w>1g( +olB<w>) =t

Noticing that C; > 1 and
1 w(z) Cw(z)
— <
o o+ 5) = (+ et
1 w(z) w(x) log Ch
> N
1 wB) /B c lo ( Blw) dr —

wLB)/ w(z) log (e + %) dx < 204,

which means that [w|gy, , < 2Ch.

we have

and
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The equivalence of the second and third quantities holds from the following
lemma.

Lemma 4.14. Suppose that the basis 8 has a dyadic substructure with the
Stein property. Then, for any B € B and any measurable function w, we have

e [ wtatos ( * %) s < [ Mo fu1s)ie) e
<10 [ wia)log ( ' %) i

Proof. Fix a B € 8. By homogeneity, we may assume that B(w) = 1. It follows
from Fubini’s theorem that

/Bwlog(e—i-w)dx:/ooow({xeB:w(m)>>\}) ax —/01~-~+/100-~-:I+H.

e+

(4.6)

There holds
B

because ©(B) is a density basis, and by the Stein property

d\
e+ A

1= /1°°w({x € B:w(z)> A\

o A

< C/OOO ‘{SL’ € B: M@(B)[wlB](x) > )\}|d>\: C/BM@(B)[wlB](SL’) dzx.

This gives the first inequality in (4.6). For the second inequality, we invoke the
elementary inequality

(4.7) {z € B: Mp)|wlg](z) > A} < gw({x € B:w(z) > \/2}), A>0.

This implies

[e.e]

w{x € B: w(x) > \/2}) %

2/100w({x€B:w(x)>>\})d—;\

8/loow({z € B:w(x) > \}) ec_l:\)\

IN

< 8/ wlog(e + w) dz.
B

Noticing
2
/ o € B: Mo [wls)(z) > A} dA < 2|B| = 2u(B) < 2/ wlog(e + w) da,
0 B
we obtain the second inequality in (4.6). O

To prove Theorem 4.12, we need one more lemma.
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Lemma 4.15. Let [w]|gy,, = C2 < co and B € B. Then for any measurable
subset S C B and A > 0, we have

(4.8) % < e implies % < 2—% +e M2,
Proof. Let
E\={x € B: w(z) > *B(w)}.
Then

1 w(z) Cs
w(Ey) < X/Bw(x) log (e + B(w)) dx < Tw(B)
by (4.4). Therefore,
20,

w(S) =w(SNEy\s)+w(S\ Eypg) < Tw(B) + M2 B(w)|S|
< 2TC21,U(B) + eM2ew(B) by the hypothesis in (4.8)
= Q_%w(B) + e 2w(B).
This proves (4.8). O

Remark 4.16. If ) is sufficiently large, then we obtain @ = ¢ < 1 and § =

22 4 =2 < 1. Thus, by (4.8)
S S

(4.9) % <« implies % <p.

~—

Proof of Theorem 4.12. Fix a w € RH, g for some 1 < p < 0o. The fact that
tlog(e+1t) < (1+e)t?, t > 1, implies that

[w]RH, 5 < (1+€)[w]rn, 5 < 00

We shall prove the converse. We follow the interesting argument in [15, p.18 proof
of Theorem 5.4]. Let [w]gy, ,, = C2 < 0co. We have to prove that, given B € B, the

inequality
1 1/(146)
<—/w(9§)1+6d1’) < CB(w)
1B| /s

holds for some C' > 0 and § > 0 independent of B. Observe that by homogeneity we
can assume that B(w) = 1. In the same manner as in the proof of Lemma 4.5 based
upon (4.5), we may assume without loss of generality that w is in L>(B).

Set a > 1 so that £ = «, where c is the constant appearing in the definition of
the Stein property and « is the constant in Remark 4.16. It follows that

/BQU(ZL')1+5deS/BM@(B)['UJ]_B](I')(SU](I') dx

= 5/000111({3: € B: Myp)[wlp](z) > AN dA

<w(B)+ 52/: w({z € B: My(p)[wlg](z) > AP dA
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< |B]| +5C‘SZ/ w({z € B: Myp)|wlp|(z) > ak})ak)‘d—)\)\

= |B| + 6a° logaZak’\w (),
k=0
where

Qk = {SL’ € B: M@(B) [wlB](SL’) > CLk}.

Noticing a* > 1 = B(w), we can apply the Calderén—Zygmund decomposition of w at
level a* to obtain a family of maximal non-overlapping dyadic bases {Qy ;}; C D(B)
for which Q. = Uj Qr,; and

(4.10) a* < Q. (w) < ca,

where we have used Lemma 4.4. Now,

Zakéw Q) = Zakéw(QkJ) < ZQ’”( )ow(Q;)-
k,j

Let By ; = Qr,j\Qk+1 and Fy, ; = QmﬂQkH. Of course, we have |Qy, ;| = | Ekj|+|Fr ;|-
There holds by (4.10) that

1
|Frjl = Z ‘Qk+1,i|§W Z W(Qr+1,)

Qrt1,iCQL,; Qrt1,iCQk,;

CCLk

——w(Qr;) < k+1\Qm\ —\Qk,j| = a|Qk -
This implies by (4.9)

and hence
(1= B)w(Qr;) < w(Ek,).

We also notice that the sets Ej ; are pairwise disjoint. Thus,

ZQk] Qk] > ﬁsz] Ek])

< 1—BZ Mo gy [wlg)(z) w(z) dx

Ey,;

- q/BM@(B)[wlB](:E)‘Sw(x) dx.

Choosing ¢ so that
da’log a 1

1-38 2

we obtain
/ w(x)' de < 2|B,
B

which is our desired inequality. U
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5. Volume formula

In this section we extend the nice formula (1.2) to higher dimensions. Throughout
this section we always assume that the weight w is a radial weight: w(x) = wq(|z]),
x € R™, for some non-negative function wy on the half interval [0, 00). We suppose
further that wy satisfies the supremum condition (1.1). When wy satisfies (1.1), it is
not difficult to deduce that wy has the doubling condition:

(5.1) / wo(r)dr§0/2w0(r)dr

forall 0 <ry <7} <7y <ry<oowith ry —r; =2(ry —r}). Foran A C R" we set
ri(A) = ilgf1 |z|, 7o(A) =sup|z| and rad(A) =1ry(A)—ri(A).

z€A

Let R be the family of all rectangles in R", n > 2, with sides parallel to the coordinate
axes.

Lemma 5.1. Let R € R be any rectangle. Then
w(R) 1 /7‘2(3)
~ wo(r) dr.
|R| rad (R) r1(R)

Proof. Passing to polar coordinates, we observe that

ro(R)
w(R) = / a(S, N R)wy(r)dr,
r1(R)

where S, is sphere of radius r and centered at the origin and o is its surface measure.
Since wy satisfies the supremum condition (1.1), we get
ro(R)

ro(R) 1
< <O—" IRl
w(R) < sup wo(r)/r o(RNS,)dr <C rad (1) /T wo(r)dr - |R|

r1(R)<r<rz(R) 1(R) 1(R)

Thus, we shall prove the converse:

R C 1 e dr - |R
> . .
w( ) =0 (R) /TI(R) wo(r) r ‘ |

Because of the rotation invariance and the symmetry of the problem, we may
assume that the rectangle R is of the form

R:H(ai,bi), 0<a;<b <b <o0.

For j =2,...,n, set R; = (a1,b1) x (a;,b;). We now observe that

rad (R \/b2+b2 ~+bg—\/a%+a§+~-~+ag
O+ 4 ) —(af+as+ -+ ad)
\/b2+b2 et 2+ yai a3+t a2

Z (07 + %) — (af + a3)

240+ Jat 4 a2
= Z (\/b% + b2 — \/af + a§) = i rad (R;).
Jj=2 2
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By this observation, we may further assume that

(5.2) rad (R) < (n — 1) rad (Ra2).
We now verify that

(5.3) rad (Ry) < 2y/nrad (R).

Indeed,

rad(R):\/b%‘l'b%—i—"'—i—b%—\/a%—l—a%_p..._‘_a%

> SO 03) - B4+ 82) —y(aF+ad) + (34t 82)
_ (b + ) — (a1 + a3)

VO +83) + B+ -+ 5) + Vad +ad) + (B + -+ 5)
o Wi+b3) —(ai+a3) 1 (b +05) — (af +a3)

N 2y/nby T2V B2+ 0+ \/a? +
o 1 9 9 9 0\ I'ad(R2>
_m(\/bl—kbz—\/al—l—% —W

Let R = [[;_5(ai, b;). It follows by Fubini’s theorem that

2

Fix 7 € R and let h = |Z|. We shall estimate

I= / wo((2? + 22 + h*)Y?) daydas.
Ro

In [18], it is shown that there exists a set A C Ry such that

(5.4) rad (Ry) < 8rad (A)

and

(5.5) rad (A) inf arc(ANC,) > ||
' r1(A)<r<ra(A) =327

where C, is the circle of radius 7 and centered at the origin and arc (A NC,) is the
arc length of the arc AN C,. Moreover, it is also shown that

(5.6) ro(A) = max <\/b§ a3\ Ja + bg) .

The inequality (5.5) yields

r2(R2)
I / wo((r% + B2)2) arc (Ry N C,) dr
r1(R2)

r2(A)
> / wo((r? + hA)Y?) arc (ANC,) dr
r1(A)

1 ra(A)
> rad (A inf arc(ANC,) - / wo((r? + hA)Y?) dr
( ) ri(A)<r<ra(A) ( ) rad (A) r1(A) 0(( ) )

1 r2(d) | Ry
> 2 p2\1/2y g 20
= Tad (A) /M(A) wol (™ + A7) 75) dr - =
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There holds by (5.3)
(5.7) rad (A) < rad (Ry) < 2v/nrad (R).

Using the change of variables t = (72 + h?)'/2, we have

ra(A) (T’2(A)2+h2)1/2 ’
/ wo((r? + h2)1/2) dr = / wo(t) —dt

1(4) (r1(A)2+h2)1/2 2 — h?
(TQ(A)2+h2)1/2
(1 (A)2+h2)1/2
It follows that
(5.8) rad (A) < 2v/n <\/r2(A)2 TR — \/r (A2 + h2) .

Indeed,

_ r2(4)% —ri(4)°
(A R+ /(A2 B2
o (A = n(A)? | ra(A)? —r(A)
T 2 T 2B+ a3
1 ro(A)? —ri(A)?  r(A)—r(A)  rad(A)
~ 2y 1ra(A) +1r1(A) 2\/n 2\/n
where we have used (5.6). By the inequalities (5.2), (5.4) and (5.8), we see that there

exists a open interval (a,b) C ((r1(A)% + h2)V2, (ro(A)? + h2)V2) C (ri(R),r2(R))
such that

\/7‘2(14)2 + h2 — \/rl(A)2 + h?

by (5.6),

rad (R) = 16(n — 1)v/n(b — a).
This yields, thanks to the doubling condition 5.1,
(r2(A)%+h?)1/2 b r2(R)
(5.9) / wo(r) dr > / wo(r) dr > C/ wo(r) dr.
(r1(A)2+h2)1/2 a ri(R)

Thus, by (5.7) and (5.9),

I C 1 e 7 d R
> . .
rad (R) /r (R) wO( ) " | 2|

1

Integrating both sides of this inequality over R, we obtain

1 r2(R)
S0 - .
w(R) > C T2l (1) /T wo(r)dr - |R|,

1(R)
which completes the proof. O
Fix N > 1. Let Ky be the family of all tubes in R", n > 2, with eccentricity

N (the ratio of the length of long-sides and short-sides is equal to N). Lemma 5.1
yields the following.

Theorem 5.2. Suppose that wy: [0,00) — [0,00) satisfies (1.1). Let w(x) =
wo(|x]), x € R™, be a radial weight. Then the weight w belongs to the reverse Hélder
class RH o o and the reverse Holder class RH g, -
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Proof. Lemma 5.1 and (1.1) imply, for any R € R,

Ay =" s o e [ a2 =0 (@)

w) = > wo(r) dr > sup wo(r) = C esssup w(z),
R rad (R) J,,(r) r1(R)<r<ra(R) v€R

which means that w belongs to RH o, . For the case T' € Ky, let L be the axis of

the tube T" and let II be the plane which contains the origin and L. Rotating II to

the plane (z1, z5) and applying another rotation in the plane (1, z3), we may assume

that T is of the form

T = (a1,b1) X (ag,by) X (—¢/2,¢/2)"2,
where 0 < a1 < b1, 0 < ay < by, by —ay = N¢, by —ay = ¢ and ¢ > 0. This
observation, Lemma 5.1 and (1.1) yield that w belongs to RH g, - O

It is well-known that the strong maximal operator Mgy is bounded on LP(R") for
p > 1; see for example [6, p. 452]. It is also known that the Kakeya maximal operator
Mg, satisfies for 1 < p < (n+2)/2 (see [22, Theorem 1| and, for the log-factors, |21,
Theorem 1]. The result of [21] is based on the argument in [19].)

[Meay [ omny < CN™P~H(log N)*.

These facts, Corollary 2.7 and Theorem 5.2 yield the following.

Proposition 5.3. Suppose that wy: [0,00) — [0, 00) satisfies (1.1). Let w(z) =
wo(|x]), = € R™, be a radial weight. Then,

(a) for 1 <p < o0,

[ Mo fl| Lo () < ClLf Il 2o w)-
(b) for1 <p < (n+2)/2,
Moy Fll gy < CN™7 (10 NY || (e,

where the constants C' and «,, are independent of N.
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