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Abstract. We define abstract Sobolev type spaces on LP-scales, p € [1,00), on Hermitian
vector bundles over possibly noncompact manifolds, which are induced by smooth measures and
families 3 of linear partial differential operators, and we prove the density of the corresponding
smooth Sobolev sections in these spaces under a generalised ellipticity condition on the underlying
family. In particular, this implies a covariant version of Meyers—Serrin’s theorem on the whole
LP-scale, for arbitrary Riemannian manifolds. Furthermore, we prove a new local elliptic regularity
result in L' on the Besov scale, which shows that the above generalised ellipticity condition is
satisfied on the whole LP-scale, if some differential operator from B that has a sufficiently high (but
not necessarily the highest) order is elliptic.

1. Introduction

Let us recall that a classical result of Meyers and Serrin [14] states that for
any open subset U of the Euclidean R™ and any k € Nsg, p € [1,00), one has
WhP(U) = H*P(U), where WH*P(U) is given as the complex Banach space of all
f € Ll _(U) such that

loc
1/p

1) ey o= | [ 11@Par+ 3 [ prs@rar) <.

1<|a|<k

and where H*P(U) is defined as the closure of W*P(U) N C>(U) with respect to the
norm -]

A natural question is whether this theorem can be generalised to more compli-
cated situations: let us consider, for example, a smooth possibly noncompact smooth
manifold X, equipped with a smooth measure p. Let

B =A{P,...,P}

be a finite family of differential operators on X and p € [1,00). Given f in LE(X), we
can define, for each j € {1,...,s}, P; f in a weak sense and consider the class W (X)
of elements f in LE(X) such that P;f € LE(X) for each j € {1,...,s}. Then
WHFP(X) admits a natural norm, making of it a Banach space (cf. Definition 2.8),
and the aim of this paper is to prescribe conditions on 3 such that the subspace

WHP(X) N C®(X) is dense in WPP(X).

https: //doi.org/10.5186 /aasfm.2017.4234

2010 Mathematics Subject Classification: Primary 35J45, 46E35, 58JXX.

Key words: Meyers—Serrin Theorem, L'-regularity theory for elliptic systems, Sobolev spaces
on manifolds.



498 Davide Guidetti, Batu Giineysu and Diego Pallara

On the other hand, the class of scalar differential operators on X is greatly
enlarged (even from the point of view of applications) if we consider differential
operators on sections of vector bundles. So we can consider Hermitian vector bundles
E,Fy, ..., Fs on the manifold X and the Banach space I';z(X, E) of (equivalence
classes of) Borel sections f in £ — X such that [, |f(z)|} p(dz) < oo (usual
modification in case p = 00). Of course, |- |g, stands for the norm induced by the
Hermitian structure in the fiber E,. Suppose that, for each j € {1,...,s}, a linear
differential operator P;, mapping sections of the vector bundle £ into sectlons of the
vector bundle F}, is given. Then we can consider

PW‘BP(X E) _{fEFLZ(X>E) ijGFLﬁ(X,F’]) \V/] 6{1775}}7

which, again, admits a natural structure of Banach space. In order to make the
paper simpler to read, we shall specify in the next section what we mean with P;f.
Ultimately, the question we address here is:

Under which assumptions on *JB is the space of smooth Sobolev sections
(2) Lo (X, E)N Fqup(X, E) dense in FWepp(X, E)wr.t. [[[lg,,.”

To this end, the highest differential order k := max{ky, ..., ks} of the system 3,
plays an essential role: Namely, it turns out that even on an entirely local level (cf.
Lemma 2.10), the machinery of Friedrichs mollifiers precisely applies

(3) if mep(X,E) CF k- 1p(X E)

With this observation, our basic abstract result Theorem 2.9 precisely states that

the local regularity (3) implies (2), and that furthermore any compactly supported

element of I'y,%.» (X, E) can be even approximated by a sequence from I'ce (X, E).
m

This result turns out to be optimal in the following sense (cf. Example 2.11):
There are differential operators P such that for any ¢ > 1 one has

WP’q - Word(P ,q’ WP’q ¢ Word(P ’

loc loc

C>® N W is not dense in W,

Thus it remains to examine the regularity assumption (3) in applications, where of
course we can assume k > 2.

To this end, it is clear from classical local elliptic estimates that for p > 1, (3)
is satisfied whenever there is some elliptic P; with k; > k — 1. However, the L'-case
p = 1is much more subtle, since the usual local elliptic regularity is well-known to fail
here (cf. Remark 3.2). However, in Theorem 3.1 we prove a new modified local elliptic
regularity result on the scale of Besov spaces, which implies that, in the L'-situation,
one loses exactly one differential order of regularity when compared with the usual
local elliptic LP, p > 1, estimates. This in turn shows that for p = 1, (3) is satisfied
whenever there is some elliptic P; with k; = k. These observations are collected in
Corollary 3.4. The proof of Theorem 3.1 relies on a new existence and uniqueness
result, (cf. Proposition A.3 in Section A) for certain systems of linear elliptic PDE’s
on the Besov scale, which is certainly also of an independent interest. Indeed, we
point out that the Besov scale turns out to be the natural framework for settling the
regularity theory in the case p = 1 and this leads to heavier technical difficulties than
in the case p > 1. On the other hand, the application to the H = W result follows
from a much simpler consequence of our general result (see Corollary 3.4 b) below)
that does not even require the knowledge of Besov spaces and can be stated in terms
of Sobolev spaces.
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Finally, we would like to point out that the regularity (3) does not require the
ellipticity of any P; at all. Indeed, in Corollary 3.6 we prove that if (M, g) is a
possibly noncompact Riemannian manifold and E — M a Hermitian vector bundle
with a (not necessarily Hermitian) covariant derivative V, then for any s € N and
p € (1,00), the Sobolev space

FW%',ZPQ(M’ E) = FW{VI Vg},p(M7 E)
satisfies
Pywer (M, E) C Dy (M, E),

which means that we do not even have to use the full strength of Theorem 2.9 here.
To the best of our knowledge, the resulting density of

FW%,I; (M, E)NTge (M, E) in FW@”; (M, E)
is entirely new in this generality (cf. [16] for the scalar case).

2. Preliminaries and main results

Throughout, let X be a smooth m-manifold (without boundary, and with a count-
able basis) which is allowed to be noncompact. For subsets Y, Yy C X we write

Y: € Ya, if and only if Y; is open, Y; C Y,, and Y; is compact.

We abbreviate that for any £ € N>y, we denote with N} the set of multi-indices
a € (Nx)™ with |af := 7" a; < k. Note that (0,...,0) € N} by definition, for
any k.

In order to be able to deal with Banach structures that are not necessarily induced
by Riemannian structures [3|, we fix a smooth measure p on X, that is, p is a
Borel measure on X such that for any chart (® = (z!,---,2™),U) for X there is
a (necessarily unique) 0 < pug € C*°(U) with the property that for all Borel sets

N C U one has
(4) M(N)Z/mpdx ::/ fo 0 @M@ g™ da - da™,
N ®(N)

where dz = da!--- dz™ stands for Lebesgue integration.

We always understand our linear spaces to be complex-valued, and an index “c”
in spaces of sections or functions stands for “compact support”, where in the context
of equivalence classes (with respect to some/all 1 as above) of Borel measurable
sections, compact support of course means “compact essential support”.

Let m: E — X be a smooth complex vector bundle over X with rank /¢, i.e., 7 is
a smooth surjective map such that:

(i) each fiber E, := 7' ({x}) is an ¢-dimensional complex vector space;

(ii) for each zyp € X there are an open neighbourhood U C X and a smooth
diffeomorphism W: U x C* — 7=1(U), which is referred to as a smooth trivi-
alization of E — X, such that m o U is the projection onto the first slot and
Uiy {z} x C* = E, is an isomorphism of complex vector spaces for all
reU.

As we have already done, whenever there is no danger of confusion, we shall omit the
map 7 in the notation and simply denote the vector bundle by £ — X. A section in
E — X over a subset U C X is nothing but a map f: U — E such that f(x) € E,
for all x, and the complex linear space of smooth sections in £ — X over an open
subset U C X is denoted by I'ce (U, E), where remark that U +— I'ce (U, E) defines
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a sheaf. The complex linear space of equivalence classes of Borel sections in £ — X
over a Borel set U C X is simply written as I'(U, E).

Notice that the assumption (ii) above on the existence of local trivializations can
be conveniently rephrased in an equivalent way in terms of frames as follows

(ii)” for each xy € X there is an open neighbourhood U C X which admits a
smooth frame ey, ..., e, € oo (U, E), that is, e; are smooth sections of £ —
X such that ej(x),...,ex(x) is a basis for E,, for every x € U (we further
recall here that if the vector bundle is Hermitian, that is, if it comes equipped
with a smooth family of Hermitian inner product® on its fibers (its Hermitian
structure), then a frame as above is called orthogonal or orthonormal if the
basis above has this property for all z € U).

We also recall that given another smooth complex vector bundle F' — X, a morphism
S: E — F is understood to be a smooth map which preserves the fibers in a complex
linear way, and smooth vector bundles over X become a category this way. Any
smooth functor on the category of complex linear spaces canonically induces a functor
on the category of smooth vector bundles over X, so that for example we get the
dual bundle E* — X, tensor bundles, and so on.

The complex hnear space I' k:p(X E) of local LP-Sobolev sections in E — X

with differential order k is defined to be the space of f € I'(X, E) such that for all
charts (®,U) for X such that there is a smooth frame ey,..., e, € I'cx (U, E) for
E — X on U, one has

ocC

(fY,..., ff e WU, CP) .= WEP(D(U), CP), if f = Zfﬂej inU.

In particular, we have the space of locally p-integrable sections
FL{’OC(X,E) =TI oP(X E).

We continue by listing some conventions and some notation concerning linear dif-
ferential operators on manifolds. We start by adding the following two classical
definitions on linear differential operators for the convenience of the reader, who can
find these and the corresponding basics in [17, 20, 4, 13]. We also refer the reader
to [11] (and the references therein) for the jet bundle aspects of (possibly nonlinear)
partial differential operators. Assume that smooth complex vector bundles £ — X,
F — X, with rank(FE) = {y and rank(F') = ¢; are given.
Definition 2.1. A morphism of complex linear sheaves
P: FCOO(X, E) — FCOO(X, F)

is called a smooth complex linear partial differential operator of order at most k, if
for any chart ((x',...,2™),U) for X which admits frames ey, ..., e, € T~ (U, E),
fisooosfo, € Tee(U, F), and any o € N}, there are (necessarily uniquely deter-
mined) smooth functions

Pai U— Mat(C;Eo X fl)

such that for all (¢!, ..., ¢%) € C=(U, C%) one has
0o b

Lo . a\a|¢z ‘
P;gbez 20D Py fy U

7j=1 i= 1a6Nm

@Where w.l.o.g. we assume our Hermitian inner products to be antilinear in the first slot.
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The complex linear space of smooth at most k-th order complex linear partial
differential operators is denoted by .@g?o (X;EF).

Definition 2.2. Let P € 9%)(X E, F).

a) The (linear principal) symbol of P is the unique morphism of smooth complex
vector bundles over X,

op: (T*X)®* — Hom(E, F),

where ® stands for the symmetric tensor product, such that for all z: U —
R™ ey,....e4, f1,--., fe,, @ as in Definition 2.1 one has

(dz®) e Z P.;f; inU.

b) P is called elliptic, if for all = € X, v e TrX \ {0}, the complex linear map
0pe(v) = 0p (V%) B, — F, is invertible.

It is clear that the composition of an at most k-th order linear differential operator
with a [-th order one yields a [ + k-th order differential operator, and that the
symbols respect this composition in the obvious way. Furthermore, any morphism
of smooth vector bundles f: £ — F' induces the operator Py € 289, (X; E, F) given
by Prp(x) := f(z)¢p(x), where of course f(x) := f|g,: £, — F,, and the assignment
f + Py is an isomorphism of complex linear spaces. There will be no danger to
simply write f instead of P.

We continue with global descriptions of formal adjoints. To this end, in the sequel
we will denote the canonical pairing of a linear space with its dual by (-, -). One has:

Proposition and definition 2.3. There is a unique differential operator P* €
gé’?o (X; F*, E*) which satisfies

(5) /X (Pry, 6) du = /X (4, Pg) dy

for all Y € T (X, F*), ¢ € I'ow(X, E) with either ¢ or ¢ compactly supported.
The operator P* is called the formal adjoint w.r.t. u. An explicit local formula for
P" can be found in the proof (cf. formula (6) below).

Proof. It is clear that there can be at most one operator satisfying (5). In order
to prove the existence, using a standard partition of unity argument and the fact
that differential operators are local, it is sufficient to define P* locally. Now, in the
situation of Definition 2.2 a) let ¢j and f} be the dual smooth frames over U for

E — X, and F — X, respectively. Then for all (11, ..., %) € C°°(U, C) we define
41 Ly &
: 0 (Poijp)
PM J . \ azg . .
(6) ; w f] ; JZI anNm 82[‘0‘ eZ m

Let ¢ =3, Y/ f¥ and ¢ = 3, ¢'e; be smooth sections in F* — X and E — X
over U, respectively, one of which having a compact support. Integrating by parts
we can calculate

Lo 151 |‘ )
/(PN¢ ¢ d,u ZZ Z / |8 azliluw)gbludz

i=1 j=1 aeN}®
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bo 4 ol |¢
_ZZ Z /% aij g Mdl"—/U(w,Pgb)du

i=1 j=1 aeN}®

which proves (5). O
We continue with:

Proposition and definition 2.4. Given f € 'y (X,FE) and g € Iy (X, F),
we write Pf = g, if and only if for all smooth measures v on X it holds that

(1) /X (P", f) dv = /X (,g)dv for all ¥ € Tom (X, F7).

The latter property is equivalent to (7) being true for some smooth measure v.

Proof. Assume that there is a smooth measure v with (7), and let v/ be an
arbitrary smooth measure. In order to see that one also has (7) with respect to v/,
let 0 < &£ € C*°(X) be the Radon-Nikodym derivative of v/ with respect to v. We
have, for all hy € oo (X, E) and all hy € T'eee (X, F*):

v/ 4’
/(h2,Ph1)du’:/ v (hg,Ph)dy:/ P hy) by ) dv
X X d X dV

dv ([ dv ,

o () ) o

h) for all h € I'ceo (X, F*). Thus if we have (7) with respect

so that PY'h = d” P”(
to v, it follows that

[ (7o) d”':/X<P”<i,V,/¢)>f) W= [ wo L= [ wow,

as claimed. O

Accordingly, in the sequel, the assumption Pf € FLT’OC(X’ F), p € [1,], is
equivalent to the existence of some (necessarily unique) g € T’ . (X, F') such that
Pf = g in the sense of Proposition 2.4.

In typical applications, £ — X and F' — X come equipped with smooth Her-
mitian structures hg(-,-) and hg(-, -), respectively. Then, analogously to Proposition
2.3, one has:

Proposition and definition 2.5. There is a uniquely determined operator
prhehr ¢ .@g?o (X; F, E) which satisfies

[ nePretr o ) ap = [ heto. o) ap
X X

for all € T'oo (X, F), ¢ € o (X, E) with either ¢ or ¢ compactly supported. The
operator PHhehr is called the formal adjoint of P w.r.t. (u, hg, hr). An explicit local
formula for P*"&hr can be found in the proof.

Proof. Again, it is sufficient to prove the local existence. To this end, in the
situation of Definition 2.2 a), we assume that e; and f; are orthonormal w.r.t. hg
and hp, respectively. Then analogously as done in the proof of Proposition 2.3 one
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finds that

(8) protehe Zzlef' = Zozl Z —8‘ l ity ) e; inU
j=1 ’ i=1 j=1 aeNp Oz* Z
does the job. 0
We add:
Lemma 2.6. Given [ € FLlloc(X, E), g € FLlloc(X, F) one has Pf = g, if and

only if for all triples (v, hg, hr) as above (that is, v is a smooth measure and hg, hp
are smooth Hermitian structures) it holds that

(9) /X hp(Prehey £)dy = /X he(¢,9)dv  for all € Do (X, F),

and this property is furthermore equivalent to (9) being true for some such triple
(Vv h’Eu hF) .

Proof. In view of Proposition 2.4 it is sufficient to prove that if there exists a
triple (v, hg, hyr) with (9) and if A, and ), are new smooth Hermitian structures on
E — X and F' — X, respectively, then one also has (9) with respect to (v, g, h'z).
To this end, define the isomorphisms of smooth complex vector bundles over X given

by
Sg: E — E, hy(Seé1, ¢2) = hi(d1, ¢a),
Sp: F— F,  Wp(Spi1,v2) := hp(1,¥9).

Note that hp(Sz'é1, ¢2) = R(é1, @), and likewise for hp. Now as in the proof of

Lemma 2.4 one finds
PVvh;Evh,F _ Sglpl/,h}z,h’FSF’
and using this formula one easily proves the claim. 0

Remark 2.7. 1. P#'e"F can be constructed from P* by means of the commu-
tative diagram

Toeo (X, F¥) oo (X, E¥)
hop hp'
Lo (X, F) o e Lo (X, E)

where hp and hp stand for the complex linear isomorphisms which are induced by
hg and hp, respectively (that is hg(¢) := hg(-, ¢) and likewise for hp).

2. The assignment P+ P* is a complex linear map, whereas P s Prhelr ig g
complex antilinear map.

3. Somewhat more generally, using the density bundle |X| — X one finds that
(cf. Proposition 1.2.12 in [20], or [4]) for any P € %) (X; E, F) there is a unique
transpose

Pt e 9% (X, F* o |X|, E* ® |X]),
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which satisfies

| (#0.6) = [ @.Po) forall v € Pon(X,F" 1))
X X
and all ¢ € I'c= (X, E), with either ¢ or ¢ compactly supported.

The operator P* (and thus also P*"#"F) can be constructed from P!. As we will
not make any particular use of density bundles in the sequel, our approach has the
advantage of being more explicit and self-contained.

From now on, given a smooth Hermitian vector bundle £ — X and p € [1, 0o,
abusing the notation as usual, (-,-), denotes the Hermitian structure on the fibers
E,, with |-|, = +/(, ). the corresponding norm, and we get a complex Banach space

FLfL(X>E) = {f | [ € F(X>E)> ||f||p,u < OO}>

where

1/p )
”f” — (fX }f(l’)}iu(dl’)) ) if p < oo,
m inf{C |C >0, |f| <C p-aec}, ifp=oc.
Of course, I 2 (X, FE) becomes a complex Hilbert space with its canonical inner prod-

uct.
The following definition is in the centre of this paper:

Definition 2.8. Let p € [1,00), s € N, ky...,ks € N>, and for each i €
{1,...,s} let £ — X, F; — X be smooth Hermitian vector bundles and let P :=
{Py,..., P} with P, € .@gii,) (X; E, F};). Then the complex Banach space

Lyro (X, E) = ={f1felp(X,E), PfeTz(X,F,) foralli e {1,...,s}}

s 1/p
CTyp(X.E), with norm [y, , == (||f|| +Z||Pif||§;,u) |
=1

is called the PB-Sobolev space of L -sections in E — X.

Note that in the above situation, I'j;%.2(X, E) is a complex Hilbert space with
o
the obvious inner product, and we have the complex linear space

Fer’p’p(XaE) = {f|fGFLfOC(X>E)>PifGFLfOC(X>F’i) for alliE {1,...,8}}

of locally p-integrable sections in E — X with differential structure 8, which of
course does not depend on any Hermitian structures.
Our first main result is the following abstract Meyers—Serrin type theorem:

Theorem 2.9. Let p € [1,00), s € N, ky..., ks € Nxg, and let £ — X,
F; — X, for each i € {1,...,s}, be smooth Hermitian vector bundles, and let 5§ :=
{P1,..., P} with P, € %) (X; E, F;) be such that in case k := max{ky,..., ks} > 2
one has FWmP(X,E) crl Wk 1p(X E). Then for any f € FWmP(X,E) there is a
sequence

(fn) CTo= (X, E) N Ty, (X, E),

which can be chosen inI'c (X, E) if f is compactly supported, such that || f,, — f“‘ﬁp i
— 0 asn — oo.

The following vector-valued and higher order result on Friedrichs mollifiers is the
main tool for the proof of Theorem 2.9, and should in fact be of an independent
interest. As many generalisations of Friedrichs result, it lies on a local level; in a
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different vein, we quote the Meyers—Serrin type results proved in [5, 6] for generalised
Sobolev spaces defined by first-order differential operators with Lipschitz continuous
coefficients.

Proposition 2.10. Let 0 < h € C(R™) be such that h(z) = 0 for all x with
lz] > 1, [gm h(z)dz = 1. For any € > 0 define 0 < h. € CZ®(R™) by he(z) =
e ™h(e 'x). Furthermore, let U C R™ be open, let k € Nsq, £y, {1 € N, p € [1,00),
and let P € Qékol(U; Ch, Ch),

P= Y P,0" with Py: U— Mat(C;ly x 1) in C.
aeN
a) Assume that f € LP(U,C"%), Pf € LP(U,C") with compact support, and
that f € Wi "P(U,C%). Then one has Pf. — Pf as ¢ — 04 in ¥, (U, C%),

loc

where for sufficiently small € > 0 we have set f. := f * h. € C°°(U, C%).
b) If f € C*(U, C%) with compact support, then Pf. — Pf as ¢ — 0+, uni-
formly over U.

Proof. a) The case k = 1 is the classical Friedrichs’ theorem, but it is known to
hold in an even more general situation, see [7, Eq. (3.8)] and also [15, Lemma 6.1]: If
a € CY(U) is bounded with its derivatives and u € LP(U), with 1 < p < oo, denoting
by 0ju the derivative in the sense of distributions and defining ad;u := 9;(au)—0;a-u,
we have

i (00,1). = a0y = 0.

The same holds also in case p = oo if w is uniformly continuous and bounded.
Observe that the above statement is not the case k = 1 of the proposition, as it does
not require that ad;u € LP(U).

Now let k > 2: the proof is an easy consequence of the above statement: it is
well known that (Pf). — Pf in LP(U, C"). So it suffices to prove that

(P f)e = P(f)llr .oty — 0
To this aim, let us show that
[(Fa0® f)e = PO (f)llrw.ctny = 0

for every v € N} In fact, for some j € {1,...,m} and some o € N}" |,

(Paaaf)f - Paaa(ff) = (Paaj(aa,f))f - Paaj(aa,f)f

and 0% f € LP(U,C").
b) This is an elementary property of mollifiers. ([l

Proof of Theorem 2.9. Let
lo :=rank(FE), {; :=rank(F;), foranyje€ {1,...,s}.

We take a relatively compact, locally finite atlas (J U, = X such that each U,

admits smooth frames for

F—X FF—X,...,F;, — X.

neN

Let (¢,) be a partition of unity which is subordinate to (U,,), that is,
0< ¢, € CZU,), ngn(:ﬁ) =1 forallz e X,
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where the latter is a locally finite sum. Now let f € Ly (X, E), and f,, := ¢, f. Let
us first show that f, € mep(Un, E). Indeed, let j € {1,...,s} and let ey,..., ey €

Lo (Up, E) denote a frame for E — X on U,. Then, as elements in the space of
distributions I'p/(U,, E) defined to be all maps T": I'cee (U, £) — C such that the
induced map

C(Un, C) 3 (th1,.. . o) — T Y _thje; € C

is® in D'(U,, C"), one has

Pifu = ¢aPif + [Pyl fs but [Py pn] € 7k (Uns B, Fy),
and as we have f € Fkal,p (X, E), it follows that

(0 fi,...,0%fs,) € LY (U,,C") for all @ € N},
where f =3, fje; on U,. Thus we get

as the coefficients of [P;, ¢,] have a compact support in U,, and 0 < py, € C*(U,).
As of course ¢, P;f € I'r (X, F}), the proof of f, € Fqup(Un, E) is complete. But

now, given € > 0, we may appeal to Proposition 2.10 a) to pick an f,, € I'c (X, E)
with support in U,, such that

an - fn,E”sp,p,u < 6/2n+1'

Finally, fo(x) ==Y, fae(x), z € X, is alocally finite sum and thus defines an element
in "o (X, E) which satisfies

[o¢]
[ f“‘npw < Z [ fre = f"H‘B,p,u <6
n=1

which proves the first assertion. If f is compactly supported, then picking a finite

covering of the support of f with U] s as above, the above proof also shows the second

assertion. 0
We close this section with two examples that illustrate the assumption

(10) FWspp(X E) - FWIIZ;L;;(X, E)

in Theorem 2.9. The first example shows that our assumptions are optimal in a
certain sense:

Example 2.11. Consider the third order differential operator
A=—2+(x—-1)0"=(1-0)ox0d e I8 (R)
on R (with its Lebesgue measure). Then for any p € (1,00) one has
WAYR) € WER), WAYR) ¢ WE(R)
and WAP(R) N C*®(R) is not dense in W4P(R): Indeed, we first observe that
WAP(R) = {u | v € L’(R), x0*u € W'"P(R)}.
To see this, if f = Au and v = 20%u, v € §'(R), (1 —d)v = f, so that (1 —if)o = f,

so that v = F~1(1 — i€)~' f] € W'P(R). Here, F is the Fourier transformation and
U= FU.

PNote that I'p/(Un, F) does not depend on a particular choice of a frame for £ — X on U,.
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Next we show W4P(R) ¢ W,'P(R). In fact let w € WAP(R) and set x0%u =
g € WH(R). We write g in the form g = ¢g(0) + fo 0g(y) dy. Then

O*u(r) = @ + h(x), =€ R\{0},

with h(z) = 1 fo Jg(y)dy. As p > 1, it is a well known consequence of Hardy’s
mequahty that h € L*(R). So

1
0*u = g(0) p.v. (;) +h+k,
with k € D'(R), supp(k) C {0}. We deduce that
g(x) = g(0) + zh(zx) + zk(z),
implying xk(z) = 0. From k(x) =" a;6Y) it follows that zk(x) = =3 7" ja;6U~"
= 0 if and only if k(z) = agd, whence

90 = g(0)p.v. (1

X

)+h+a06,

so that
du(z) = 9(0) In|]) / 9g(y) dy + aoH(z) + C € IV (R),

where H is the Heaviside function, and we have proved that W4?(R) ¢ W,"?(R).

loc

In order to see WAP(R) ¢ W2p(R), consider the function u(z) = ¢(z) In(|x|),

loc

with ¢ € C2®°(R), ¢(x) = z in some neighbourhood of 0. Then zd*u € WP(R), but
u & W2P(R), since one has
1
o =pu.| =
ute) =)

in a neighborhood of 0. So Theorem 2.8 is not applicable.

To see that WAP(R) N C*®(R) is not dense in W4P(R), let again u(z) :=
o(z) In(|z|) with ¢ as above. Assume (by contradiction) that there exists (uy)nen
with u,, € WAP(R) N C*(R), such that

|un — |l Lrmy + || Aun — Aul| pm) = 0 as n — oo,
We set v = 20w, v, = £0?u,,. Then
|vn — V|| o) + |0V — OV||Lrr) = 0 as n — oo,

so that (considering the continuous representative of any W'P(R) equivalence class)
v,(0) — v(0). However, one has v,(0) = 0 for all n € N, while v(0) = 1, a
contradiction.

The second example shows that the assumption (10) in Theorem 2.9 is in general
not necessary for the conclusion, which can be seen by using differential operators
with constant coefficients, a situation which, however, can be seen as very special in
our geometric context, as it does not make any sense on manifolds.

Example 2.12. In fact, if X = R"™ and P = { Py, ..., Ps} is a family of differen-
tial operators with constant coefficients, it is clear that C>(R™; C*)NW¥»(R™, Ct)
is dense in W¥P(R™, C%), because Vf € WHP(R™, C%), (with the notation of
Proposition 2.10) we have P; f. = (P; f).. On the other hand, in general W¥?(R™, C%)
is, in general, not contained in Wh—te (R™; C*). Consider, for example, the op-

loc

erator P = 02 in X = R% If f(z1,22) = g(z1)h(x2), with ¢ € W?P(R) and



508 Davide Guidetti, Batu Giineysu and Diego Pallara

h € LP(R), f € LP(R?), Pf(xy,23) = ¢"(x1)h(z2) € LP(R?), but, in general,
a2f(x17x2) ¢ Lfoc(R?)'

3. Applications of Theorem 2.9

3.1. The elliptic case. In this subsection we first state some regularity results
for elliptic operators and then we apply them to the Meyers—Serrin approximation.
We first record the following local elliptic regularity result, whose L -case, p €
(1, 00), is classical (see for example Theorem 10.3.6 in [17]), while the L{ -case seems

to be entirely new, and can be considered as our second main result:

Theorem 3.1. Let U C R™ be open, let k € N>y, ¢ € N, and let P €
FELU; C, T,

P= Y P,0" with P,: U — Mat(C;{ x () in C*

aeN

be elliptic. Then the following results hold true:
a) If p € (1,00), then for any f € LV (U, C*) with Pf € L} (U, C*) one has
fewkrw, ch.

b) Forany f € L. (U, C") with Pf € L. (U, C) it holds that f € W;"_""(U, C").

loc loc

Before we come to the proof, a few remarks are in order:

Remark 3.2. In fact, we are going to prove the following much stronger state-
ment in part b): Under the assumptions of Theorem 3.1 b), for any f € Li (U, C*)

loc

with Pf € Li (U, C%), one has that for any ¢y € C>(U), the distribution ¢ f is in

loc
the Besov space

By (R™, C") c WELH(R™, CF).

This in turn is proved using a new existence and uniqueness result (cf. Proposition A.3
in Section A) for certain systems of linear elliptic PDE’s on the Besov scale. We
refer the reader to Section A for the definition and essential properties of the Besov
spaces BS (R™,C*) c S'(R™,C") (with S"(R™) the Schwartz distributions), where
B € R, p,qe€ [l,00]. Note that in the situation of Theorem 3.1 b), the assumptions
f,Pfe L (UC", donot imply f € VV{Z’CI(U, C%): An explicit counterexample has
been given in [18] for the Euclidean Laplace operator. In fact, it follows from results of
[10] that for any strongly elliptic differential operator P in R™, m > 2, with constant
coefficients and order 2k, there is a f with f, Pf € LL (R™), and f ¢ W25 (R™).
In this sense, the above k-th order Besov regularity can be considered to be optimal.

Proof of Theorem 3.1 b). In this proof, we denote with (-, -) the standard inner
product in each C", and with |-| the corresponding norm and operator norm, and
B, (x) stands for the corresponding open ball of radius r around z. Let us consider
the formally self-adjoint elliptic partial differential operator

T=pPP=Y T.0"c 759 R"CC

aeNT}

Here, Pt € Qékol(U : Ct, C") denotes the usual formal adjoint of P, which is well-
defined by

/(PT601>802) dﬂf:/(%,P@z) dz,
U U
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for all o1, @, € C®(U, C*) one of which having a compact support In other words,
PT is nothing but the operator P*"2"r with respect to the Lebesgue measure and
the canonical Hermitian structures on the trivial bundles. By a standard partition
of unity argument, it suffices to prove that if ¢y € C°(U) with

(11) supp(t)) C Byy(z0) C U

for some @y € U, to > 0 we have ¢f € Bf (R™,C"). The proof consists of two

steps: We first construct a differential operator Q¥ which satisfies the assumptions
of Proposition A.3, and which coincides with 7" near supp(t), and then we apply
Proposition A.3 together with a maximality argument to Q¥ to deduce the assertion.

We can assume that there are tq > 0, xy € U such that By (zy) € U. We also
take some ¢ € C°(U) with ¢ = 1 on By, (), and for any 0 < ¢ < ¢, we set

C, = max 1T (y) — Taij(o)l,

yEB¢(20),0€NTL
and we pick a y; € C*(R? R?) with x;(z) = z for all z with |z| < C}, and |x,(2)] <
2C% for all z. We define a differential operator
QW= 3 QYo e 7R C,CY),

aeNT,
Quy () = Taij (0) + Xe (#() (Tas (¥) — Ty (0))) = Taj (o) + AL ()
(with the usual extension of ¢(74;; —Thwi;j(%0)) to zero away from U being understood,

so in particular we have Q" (z) = Twij(20), if v € R™\U). Let ¢ € R™\ {0}, n € C*

[e%%)

be arbitrary. Then using or,, = O'L’xOO'p’xo, and that
R\ {0} 3 ¢+ 0pa (i) = D Palxo)(i¢)* € GL(C; € x ()
a€ENP |a|=k
is well-defined and positively homogeneous of degree k, one finds

R(07.00 (1€), 1, 1) = (01,05 (1), 1,1) = Drl¢* ],

where

D = 1'11'1'1 AN 112 > O
' C’ERmm’ECl‘,|(’\:1:|n/| |UP7950 (lg )77 ‘

Furthermore, for z € U one easily gets

%(O‘A(t),x(lg%nvn) Z _D(kvm) 1’21%2% Ag)(x)Hg|2k|n|27
aCNok

for some D(k,m) > 0. From now one we fix some small ¢ such that

sup max |AY (z)| < Di/(2D(k,m)).

xeU a€Nyy

Then we get the estimate

D
R(0quicyer 1) = - |C* nf? for all = € R™,

thus 5
. -1 —
(1% + 0o .(i9) | < S+ 1E) ™,

which is valid for all

(z,&,7) € R™ x (R™ x [0,00)) \ {(0,0)}).
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In other words, Q¥ := QW satisfies the assumptions of Proposition A.3 with 6, = ,
and by construction one has

(12) Q% =T, for all @ € NJ;, in a open neighbourhood of supp(z).

Since L'(R™,C") — B} (R", C), the assumption f € Lj (U, C*) implies

loc

Bo:=sup{B|BER, ¥f € B [(R™,C) for all ) € C(U)} > 0.

We also know that Pf € LL (U, C*). Then P(¢f) = %P f + P, f, where the commu-

tator P, := [P,¢] € 2, (k1) (U; C¥, C*) has coefficients with compact support in U,
and using (12) we get

QV(vf) =T(Wf)=P'Pyf) = P'(vPf) + P'Pf,

all equalities understood in the sense of distributions with compact support in U. We
fix R > 0 so large that the conclusions of Proposition A.3 hold for Q = QV, 0, := =,
r =R,

Be{—2kmn{pf+1—-2k—k}}.

¢ f coincides with the unique solution w in Bf _(R™, C*) of
(13) R w + Q%w = R*™ f + PY(YPf) + P'P.f.

On the other hand, as i f € BBO Z(R™, CY) for all ) € C°(U) (by the very definition
of By), we get

R¥*yf + PHyPf) + PP f e Brmthora i gm ¢ty

So (13) has a unique solution @ in Bmm{BOJr k}(Rm, C"), evidently coinciding with

Y f, by the uniqueness of the solutions of (13) in the class Bf _(R™ C*). We de-
duce that ¢ f € Bmm{ﬁOJr k}(Rm C?), so that, ¥ being arbitrary, min {ﬁo + 5 k} <
Bo, implying k < 50 and min{f, + 2,]{:} k. We have thus shown that Vf e
Bf (R, C"). 0

Keeping Lemma 2.6 in mind, we immediately get the following characterisation
of local Sobolev spaces:

Corollary 3.3. Let E — X be a smooth complex vector bundle, and let k €
No.
a) If p € (1,00), then for any elliptic operator ) € .@(ko)o(X; E, FE) one has

Pyir(X, ) = Typan (X, B).

b) For any elliptic ) € g% (X; E, FE) one has

Tyei (X, E) C Ty (X, E).

Theorem 3.1 in combination with Theorem 2.9 immediately imply:

Corollary 3.4. Let s € N, k;...,k; € Ny, let £ — X, F;, = X, 1 €
{1,...,s}, be smooth Hermitian vector bundles, and P := {Py,..., P;} with P; €
PE)(X B, F,), and let k := max{ky, ..., k}.
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a) Let p € (1,00). If one either has k < 2, or the existence of some j € {1,...,s}
with P; elliptic and k; > k — 1, then the assumptions from Theorem 2.9 are
satisfied by B. In part1cu]ar for any f € Ly »(X, E) there is a sequence

(fn) CTo= (X, E) N Ty, (X, E),

which can be chosen in I'ce (X, E) if f is compactly supported, such that
| fr — f||‘43,p,u — 0 asn — oo.

b) If one either has k < 2, or the existence of some j € {1, ..., s} with P; elliptic
and k; = k, then the assumptions from Theorem 2.9 are satisfied by B. In
particular for any [ € FWEBJ(X , E) there is a sequence

(fa) € Dom (X, E) N Typma (X, E),

which can be chosen in I'ce (X, E) if f is compactly supported, such that
| frn — f“‘ﬁ,l,u — 0 asn — oo.

3.2. A covariant Meyers—Serrin Theorem on arbitrary Riemannian
manifolds. The aim of this section is to apply Theorem 2.9 in the context of covari-
ant Sobolev spaces on Riemannian manifolds. These spaces have been considered in
this full generality, for example in [19], and in the scalar case, in [2, 12]. The point
we want to make here is that Theorem 2.9 can be applied in many situations, even
if none of the underlying P;’s is elliptic.

Let us start by recalling some facts on covariant derivatives: A smooth covariant
derivative V on a smooth vector bundle £ — X is a complex linear map

V:lee(X,E) — T'ewe (X, E®T"X)
which satisfies the Leibniz rule
(14) V(f)=fVi+ydf foral feC®X), v eTex(X,F).

The Leibniz rule implies that any two smooth covariant derivatives V and V' on
E — X differ by a smooth 1-form which takes values in the endomorphisms of
EF— X:

V —V € Q(X,End(E)) = T (X, T*X ® End(E)).

In particular, since the usual exterior derivative d is a covariant derivative on (vector-
valued) functions, one has the following local description of covariant derivatives: If
¢ :=rank(FE), and if eq, ..., ey € o= (U, E) is a smooth frame for £ — X, then there
is a unique matrix

A € Mat (T (U, T*X); £ x £)

such that V = d+ A in U with respect to (e;), in the sense that for all (¢!, ..., ¢*) €
C>=(U, C*) one has

VZW@ _Z de) ®eJ+ZZwﬂAw®e,

In particular, it becomes obvious that
Vegl (X;ET'X®E).

The following result will make Theorem 2.9 accessible to covariant Riemannian
Sobolev spaces:
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Lemma 3.5. Let E — X be a smooth complex vector bundle with a smooth
covariant derivative V defined on it. Then for any p € [1,00) one has Lo (X, FE) =

Lyye(X, B).

Proof. Let ¢ := rank(FE), and pick Hermitian structures on £ and T*X. Given
f €Ty v.(X, E), we have to prove f € FWII,p (X, E). To this end, it is sufficient to
loc oc

prove that if V' @ W & X are such that there is a chart (z!,...,2™) on W for X in
which £ — X admits an orthonormal frame ey, ..., e, € ' (W, E), then with the
components f7 := (f,e;) of f one has

(15) Z/V 1O ()| dz < 0.

To this end, we pick a matrix of 1-forms
A € Mat (Fcoo (W, T*X); £ x €)

such that with respect to the frame (e;) one has V. = d + A in the above sense. It
follows that in W one has

Y dff@e;=df =Vf—Af,
J
so using |4;;| < C in V and that (e;) is orthonormal we arrive at
(16) > [ lap@har<C [ [wrapa <o
—Jv v

But it is elementary and in fact well-known that the integrability (16) implies (15)
(see for example Excercise 4.11 b) in [8]). O

If £; — X is a smooth vector bundle and
V, € 9% (X,E;, T°X @ E,)

a smooth covariant derivative on E; — X for j = 1,2, then one defines (cf. Sec-
tion 3.3.1 in [17]) the tensor covariant derivative of Vi and Vs as the uniquely
determined smooth covariant derivative

Vi@V, € 99 (X By @ By, T*X ® Ey ® By)
on F; ® F5 — X which satisfies
(17) VieVa(fi @ f2) = Vi(f1) ® f2 + [1 ® Va(fa)
for all f; € o (X, EY), fo € Tox (X, E2) (the canonical complex linear isomorphism
Fowe (X, T"X @ By @ Ey) — o (X, T"X ® By ® E)

being understood).

Now let (M, g) be a possibly noncompact smooth Riemannian manifold without
boundary and let p( dz) = p,( dx) be the Riemannian volume measure, which is the
uniquely determined smooth measure on M such that for each chart ((z!, ..., 2™),U),
and each Borel set N C U one has

N :/\/det () dat - dz™,  where g;; = g(0;, 0:).
Ng( ) N (93( ) Gij g( ])
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Recall that the Levi-Civita connection V, on TM (complexified!) is the uniquely
determined smooth covariant derivative

V, € 9W(M; TM, TM @ T*M)
which is torsion free in the sense of
V4B —V,5A=[A B] (commutator)
for all smooth vector fields A, B on M, and Hermitian, in the sense of
Cg(A, B) = g(Vy4cA, B) + g(AV,cB),

where C' is another arbitrary smooth vector field on M, and g(A, B) is regarded as
a smooth function on M. The dual bundle T*M canonically inherits a Hermitian
structure from g, and the covariant derivative V; from V, so that V; is nothing but
V, under the isomorphism of smooth complex vector bundles TM — T*M which is
induced by g¢.

Next, we give ourselves a smooth Hermitian vector bundle £ — M and let V
be a smooth covariant derivative defined on the latter bundle. For any j € N, the
operator

VY e 5L (M;(T*M)® ™' @ E,(T*M)® @ E)
is defined recursively by Vél) =V, Véj = ng )®V;, and we can further set

Vi=V9 ... v e Y (M E,(T*"M)¥ ® E).

g g

Note that if dim(M) > 1, then each V7 is nonelliptic.
With these preparations, we can state the following covariant Meyers—Serrin the-

orem for Riemannian manifolds (which in the case of scalar functions, that is, if
E =M x C with V = d) has also been observed in [16, Lemma 3.1]):

Corollary 3.6. Let p € [1,00), s € N, and define a global Sobolev space by
FW;;;(M, E):= FW{V‘}J ,,,,, vire (M, E).
Then one has
Fywer (M, E) C Dy (M, E),
in particular, for any f € FW;;; (M, E) there is a sequence
(fn) C Lo (M, E) N Dyer (M, E),

which can be chosen in I'cee (M, E) if f is compactly supported, such

-----

Proof. Applying Lemma 3.5 inductively shows
Pywer (M, E) C Dy (M, E),

so that the other statements are implied by Theorem 2.9. 0
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4. A substitute result for the p = oo case

As C* is not dense in L™, it is clear that Theorem 2.9 cannot be true for p = cc.
In this case, one can nevertheless smoothly approximate generalised C*-type spaces
given by families 3, without any further assumptions on 8, an elementary fact which
we record for the sake of completeness:

Proposition 4.1. Let s € N, k..., ks € N>, and let £ — X, F; = X, for
each i € {1,...,s}, be smooth Hermitian vector bundles, and let P := {Py, ..., Ps}
with P; € .@é’“gﬁ (X; E, F;). Then with k := max{ky, ..., ks}, define the Banach space
F&B,oo(X> E) b.y

Ty oo(X, B) == {f | f € Tonr=(X, E), Pif € Tenpe(X, F) forall i € {1,...,s}}
with norm ||flly o = [l + D 1P |l
i=1

Assume that I'g oo (X, E) C T'cr-1(X, E). Then I'cee (X, E) N Iy oo (X, E) is dense in
Fpoo(X, E).

Using Proposition 2.10 b), this result follows from the same localisation argument
as in the proof of Theorem 2.9.

Appendix A. An existence and uniqueness result for systems of
linear elliptic PDE’s on the Besov scale

Throughout this section, let £ € N be arbitrary. We again use the notation (-, -),
||, and B,(x) for the standard Euclidean data in each C". We start by recalling the
definition of Besov spaces with a positive differential order:

Definition A.1. For any a € (0,1],p € [1,00],q € [1,00), one defines By (R™,
C') to be the space of u € LP(R™, C) such that

/ - +2) — 20+ 6 — )% g o lal 7 dw < 00,

and BS (R™, C’) to be the space of u € LP(R™, C") such that
sup fa| " fJu(- + 2) = 2u + u(- = 2) || g ooy < 00
xzeR™\{0}

For o € (1,00), p € [1,00], ¢ € [1,00], one defines BY (R™, C’) to be the space®
of u € WldP(R™, C') such that for all B € (Nso)™ with |3] = [a] one has 9°u €
Bo~lel»(R™ C). These are Banach spaces with respect to their canonical norms.

For negative differential orders, the definition is more subtle:

Proposition and definition A.2. Let ¢(() := |(|, ¢ € R™, and for any v € R
let
Jy = F (142772
denote the Bessel potential of order 7. Let o € (—00,0], p € [1,00], ¢ € [1,00),
and pick some 3 € (0,00). Then one defines By (R™, C") to be the space of u €
S'(R™,C*) such that u = J,_g * f for some f € B (R™, C*). This definition does
not depend on the particular choice of 3, and one defines

||u||Bg’q(Rm7C€) = HJa—l * u”BIl)yq(Rm’C(Z) 9

“Here, [o] := max{j|j € N,j < a}.
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which again produces a Banach space.

We are going to prove:
Proposition A.3. Let n € N>g, Q € Qgﬁl(Rm; Ct, CY),
Q=) Qu0% with Qqu: R™ — Mat(C;0 x ¢) in W™,

acNmM™
that is, (), and all its derivatives are bounded. Suppose also that for some 6, €
(—m, 7] and all
(z,&,7) € R™ x (R™ x [0,00)) \ {(0,0)}),
the complex ¢ x { matrix r"e® — oq ,(i€) is invertible, and that there is C > 0 such
that for all (z,&,r) as above one has

(18) (7™ ~ 0q.(i) | < Cr+ )™
We consider the system of linear PDE’s given by
(19) re®u(z) — Qu(z) = g(x), € R™ r>0.
Then for any € R, p,q € [1,00|, there is a R = R(S,p,q,Q) > 0 with the
following property: if r > R and g € ng(Rm, C"), then (19) has a unique solution
ue BIiMR™, CY).

Note that given some Q) € 7% (R™; Cf, C*) which is strongly elliptic in the usual
sense

R(og.(()n,n) > (:\’|77|2 for all z € R™, n € CY, ( € C™ with Il =1

with some C' > 0 which is uniform in z, n, ¢, it is straightforward to see that
the condition (18) is satisfied with 6y = 7, C' = min{1,C} (see also the proof of
Theorem 3.1 b)).

Before we come to the proof of Proposition A.3, we first collect some well known
facts concerning Besov spaces. Unless otherwise stated, the reader may find these
results in [9] and the references therein.

(i) For every p € [1,00] one has B)(R™) — LP(R™) < B) (R™).

(ii) Let p,q € [1,¢], 5 € R. Then

ngl(Rm) ={flfe ng(Rm), o,f € Bg7q(Rm) forall j € {1,...,m}}.

So for all k € N one has By | (R™) — W*?(R™) < BF _(R™).

(iii) As a consequence of (i), we have the following particular case of Sobolev
embedding theorem: if # € R, 1 < p,q < o0, BS (R™) — Bﬁo‘,;?/p(Rm).

(iv) Let us indicate with (-,-)g, (0 < 8 < 1, 1 < g < 00) the real interpolation
functor. Then, if —c0 < ap < a1 < 00, 1 < p,qo, 1 < 00, the real interpo-
lation space (BS° (R™), BSt (R™))g,, coincides with Bl Veotber Rmy | with

X Pyq0 P.a1
equivalent norms.

(v) If 1 < p,qg < 0 and € R, the antidual space of ng(Rm) can be identified
with B;i,(Rm) in the following sense: if g € B;Z,(Rm), then the (antilinear)
distribution (-, g) can be uniquely extended to a bounded antilinear functional
in BY (R™) (we recall here also that, whenever max{p, ¢} < co, then C*(R™)
is dense in each BY (R™)). Moreover, all bounded antilinear functionals on
BY (R™) can be obtained in this way.
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(vi) Suppose that a € C>°(R™), and that for some n € R and all £ € R™ one has
max [0%a(€)| < C(1+]¢)""!,

€N m1
Then for all
(6,0, q) € R x [1,00] x L, 09],
the Fourier multiplication operator f ~ F '(aFf) maps BS (R™) into
BY "(R™), and the norm of the latter operator can be estimated by
¢ sup |(1+[g)T0a(g)

a€NT_ | EER™

)

for some C' > 0 independent of a (cf. [1]).
(vii) If a € W>>(R™) and f € BJ (R™), then one has af € BJ (R™). More
precisely, there exist C' > 0, N € N, independent of a and f, such that
15 ) -
(viii) Let 0 < xo € C°(R™) be such that for some § > 0 one has
supp(xo) C [=0,8]™, xo = 1 in [=§/2,6/2]™.
For any 7 € Z' set
‘ X ()
X5 (@) = xolw = 85/2), x(@) = Y x;(), ¥y(w) = %
jezm

Then for all § € R, p € [1,0], there exist C1,Cy > 0 such that for all
f e BJ (R™) it holds that

o lsg, ey < C (llallzogy 1711 g ey + llllw e gemy

Cl”fHBg’p(Rm) < H(ijfHBg’p(Rm))jEZm||ZP(Z7”) < O2||f||B§7p(Rm)'
With these preparations, we can now give the proof of Proposition A.3:
Proof of Proposition A.3. We prove the result in several steps.
Step 1 (constant coefficients): Let
Q=) Q.0 with Q, € Mat(C;l x (),
aceNm
and suppose that for some 6, € (—m, 7] and all
(&) € (R™ x [0,00)) \ {(0,0)}),

the £ x ¢ matrix r"el% — i"gg(¢) is invertible, and that there exists C' > 0 such that
for all (£,7) as above one has

(20) (e — oq(i€)) 7' < Cr+ €)™

Then for any f € R, 1 < p,g < oo, there exists R > 0 such that, if r > R
and g € BS (R™, CY), the system (19) has a unique solution u € BJf"(R™, C).
Moreover, there exists a constant Cy > 0, which only depends on 3, p, ¢, the constant
C'in (20) and on max |Qa/, such that for all » > R one has

7m”u”ng(Rm,cZ) + HuHBg:;”(Rmpl) < COHQHBgM(Rm,CZ)'

By interpolation, we obtain also, for every 6 € [0, 1] and r > R,

(21) ||“||B,€;9"(Rm,cf) < COT(G_I)n||gHng(R7”,C‘Z)’
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In order to prove the statement from Step 1, we start by assuming that @) co-
incides with its principal part @, := szn @.0% Then, employing the Fourier
transform, it is easily seen that for any r > 0, g € S'(R™, C?), the only possible
solution u € S'(R™, C) of (19) is
u=F"((re% —og(i)) "' Fyg) .

Observe that (r"e% — g (i€))~" is positively homogeneous of degree —n in the vari-
ables

(r;€) € ([0,00) x R™)\ {(0,0)}.

So for all a € NJ, the matrix 9¢(r"e'® — 0q(i€))™" is positively homogeneous of
degree —n — |a in these variables, implying

|02 (rme® — a0 (€))7 | < C(a)(r + |&]) e,

It is easily seen that C'(«) can be estimated in terms of the constant C' in (20) and
of maxaenm|Qa|. We deduce from (vi) that, for all r > 0, and all g € ng(Rm, CY),
the problem

(22) rel®u(z) — Quu(z) = g(z), = €R™

has a unique solution w in Bg;’”(Rm,CZ), and also that for all ry > 0 there is
C(ro) > 0 such that for all r > ry one has

Hu’|B§,Jgn(Rm’Cf) S C(T()) HgHBqu(Rm’Cl) .
The latter inequality together with (22) also gives
||u||B§’q(Rm7cf) < T_n(HgHBg’q(Rmpf) + HQnuHBg’q(Rm,cZ))
< 01(7’0)7“_”(||g||B§’q(Rm’CZ) + HUHBKQB(RWCZ))

< Cz(7’0)7"_11||9HBg,q(Rm,cf)7

and now the estimate (21) follows directly by interpolation (see (iv)). Now we extend
the previous facts from @, to @, taking r sufficiently large. In fact, we write (19) in
the form

re®u(z) — Quu(x) = (Q — Qn)u() + g(x).
Taking h := r"el%y — Q,u as new unknown, we obtain
(23) h — (Q - Qn>(rnei€0 - Qn>_1h =g
We have
||(Q - Qn)(rneigo - Qn)_1h||Bqu(Rm7Ce)
S CO H (,rnewo - Qn)_thBgznfl(Rmpe) S C’llr_1 ||h||Bqu(Rm7Ce)-

So, if Cir7' < 1, then (23) has a unique solution h € ng(Rm,CZ) and, in case
Cyr1 < % such solution can be estimated in the form

HhHng(Rm,cl) < 2||g’|B§,q(R7’L,C‘3)‘

So the previous estimates and results can be extended from @,, to Q.
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Step 2 (a priori estimate for solutions in Bg;’” with small support): Let 5 € R,
1 < p,q < oo. Then there exist rq,d,C > 0 with the following property: if u €
BIIm(R™, C') satisfies

re®y — Qu = g, supp(u CHm —5x + 0] for some 2° € R™,
7j=1

then one has
(24) 7mHuHBg,q(Rm,cZ) + HuHBg;”(Rm,cl) < C||g||35q(Rm,cZ)'
In order to prove this, we define the constant coefficient operator
Q(xo,0 Z Qao(70)0”
acENMm
and observe that
re®u(z) — Q(a°, O)u(x) = (Q — Q(2°, 9))u(z) + g().
Let € > 0. For any ¢ € C(R™) which satisfies

3

supp(¢) C [:E? — 29, 932 + 20],

<.
Il
—

-
l
-

=

[I? — (5, x? + 6], ’|¢HLOO(R77L) = 1,

<.
Il
—

we have
So, taking § sufficiently small, from (iv) and (vii) we obtain
H(Q - Q(Iov a))uHBg,q(RmptZ) < EHuHBzﬂfz"(Rm,CZ) + C(E)HuHBzﬂjg”*l(Rm,cl)'

Observe that § can be chosen independent of 2°. So, from Step 1 with § = (n—1)/n
n (21), taking 7 sufficiently large (uniformly in 2%) we obtain

Wl g, oo+l sz g e 1l e o

< Co (elull g ey + CO) ull it mn ooy + 191l 5z, gem.cr) -

Taking € so small that Cpe < 3 and r so large that CoC(€) < r, we deduce (24).

Step 3 (a priori estimate for arbitrary solutions in Bg;ﬁ"): For any g € R,
p € [1,00), there exist Cy, 79 > 0 such that if r > rg and u € Bg;”(Rm; CY is a
solution to (19), then
(25) TnHuHng(Rm,cl) + ||u||3§;"(Rm7c€) < COHQHng(Rm,cl)-

To see this, we take 9,79 > 0 so that the conclusion in Step 2 holds. We consider
a family of functions (1;)jez» as in (viii). Let u € BJF"(R™, C) solve (19), with
r > ro. For each j € Z™ we have

r'ju— Q(ju) = g + Qju,

with the commutator

Q =@l = Y Qaz( )aa—wjav.

1<]a<n y<a
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We set
Z;:={i|i€Z", supp(v;) Nsupp(¢;) # 0}
Then Qju =37 Q;(¥iu), so that
HquHng(Rm,cL’) <Ch Z quiuHBg;"*l(Rm,ct’)'
i€Z;
with C] independent of j. So, from Step 2, we have, for each j € Z™,

7m||¢juHBg,p(Rm,cZ) + TijuHBgfzg”*l(Rm,cZ) + ||¢ju||Bg;”(Rm7cl)

(26)
S 02 ||wngB§7p(Rm7C€) + Z quiuHBg;"*l(Rm’Cl)
iGZj

We observe that Z; has at most 7 elements. So we have, in case p < 00,

p
' m(p—1) o ||1P
< E ||@D,u||Bg;nfl(Rm7CZ)) <7 Z ||,l7b’lu||Bg;n71(Rm7CZ)

1€EZ; i€z,
and
P

DD g rmmen | STV Il s o o
JEZ™ \i€Z; JEBTICEs

_ 7m(p-1) Z (Z 1) ||¢,~u||’;5;n71(Rmch

i€Z™  jEZy
p
< 7mp (deiu||Bg;"*1(Rm,CZ))i€Zm () .

So, from (26) and (viii), we deduce

Pl e oo+ rllell s g o + el g g, oo

§C3<

* H (||¢ju||35;"(Rm,Cf))jeZm

(||¢yu||35 H(R™ CY )]GZMH T (“wju”352"*1(11"%0“))%2“

r(Zm)

ZP(Zm))

+ H(||?/’ju||B§;”*1(Rm,cf))jezm

ZP(Z"”)

ZP(Z’”))

<y (H (”?/)jQHBQP(Rm,Cf))jezm

< Cs (191l 5g, e 00y + Il gt e ) -
Taking » > (5, we get the conclusion.
Step 4: For any 8 € R, p € [1,00), there exists o > 0 such that if r > r,
m ¢ : : n m l
€ BJ (R™, C’), then (19) has a unique solution v € BJt"(R™, C").

The uniqueness follows from Step 3. We show the existence by a duality argu-
ment. We think of r"e!® — @ as an operator from BJt"(R™,C) to BS (R™,C').
By Step 3, if r is sufficiently large, its range is a closed subspace of ng(Rm, C").
Assume that it does not coincide with the whole space. Then, applying a Well known
consequence of the theorem of Hahn—Banach and (v), there exists h € B (R, ch),
h # 0, such that

((r"e"™ — Q)u,h) =0 for all u € BJI"(R™, C").

£r(Zm™)
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This implies that
(27) (re % — Q*)h = 0.

Now, it is easily seen that Q* satisfies the assumptions of Proposition A.3 if we replace
0y with —6y. We deduce from Step 3 that, if r is sufficiently large, (27) implies h = 0,
a contradiction.

Step 5: For any 5 € R there exists ro > 0 such that if r > rg, g € Bfopo(Rm, CY),
then (19) has a unique solution u € BZf (R™, C").

In the proof of Lemma 2.4 from [9] it is shown that for any g € B, (R™), there is
a sequence (gi)ren in S(R™) converging to g in S'(R™) and bounded in BY,  (R™).
So we take a sequence (g)ren in S(R™,C*) converging to g in S'(R™,C) and
bounded in BY,  (R™, C*). We fix  larger than 5+ % and think of g, as an element
of By,(R™, C"). Then, by Step 4, if r is sufficiently large, the equation

r*e®uy — Qui, = gi

has a unique solution w; in B33"(R™,C*). By (iii), ux € BL2(R™, C) and, by
Step 3, if r is sufficiently large, the sequence (uy)ren is bounded in Bfofgo(Rm, CY),
because (g)ren is bounded in BY (R™,C*). Then, by (v) and the theorem of

Alaoglu, we may assume, possibly passing to a subsequence, that there exists u €
BZ (R™, C) such that

lim ux = u in the weak topology w(Bfof;‘o(Rm, C), Bilﬁ_"(Rm, CY).

k—00
Such convergence implies convergence in S'(R™, C%). So
(r"e® — Q)uy, — (r"e® — Q)u as k — oo in S'(R™, C").
We deduce that (r"el® — Q)u = g.
Step 6: Full statement. This is a simple consequence of Step 4, Step 5 and the
interpolation property (iv). O
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