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Abstract. We consider a class of homogeneous self-similar sets with complete overlaps and
give a sufficient condition for the Lipschitz equivalence between members in this class.

1. Introduction

Let (X;,d;), i = 1,2, be metric spaces. For nonempty sets A; C X; we say they
are Lipschitz equivalent, denoted by A; ~ A, if there exists a bijection ¢: A; — Aj
and a constant ¢ > 0 such that

¢ tdy(z,y) < dop(x), d(y)) < cdy(x,y) for any z,y € A;.

Lipschitz equivalence can be used to classify fractal sets. Since late 80’s many works
have been devoted to the study of Lipschitz equivalence (see [2, 3, 4, 5, 7, 8, 9, 11,
13, 14, 15, 16| and references therein). An effective method, to our knowledge, was
first employed in [11] for establishing a bi-Lipschitz mapping between the {1,4,5}-
Cantor set and the {1,3,5}-Cantor set, the main idea of which is to show these
two self-similar sets to have the same graph-directed structure satisfying the strong
separation condition. A sufficient condition was given in [1, Theorem 2.11] to judge
whether or not a self-similar set has a graph-directed structure satisfying the open
set condition or even the strong separation condition.

In the present paper we consider the homogeneous iterated function system (IFS)
{filr) = Az +a;: 1 <i < m} where z,a; € R, A € (0,1) and the integer m > 3.
For a vector (ky,...,k,) of integers with ky > ky > --- >k, > 2, let Ay, . be the
collection of translations a = (ay, as, - ,a,,) satisfying the following conditions (I)
(IT) and (III):

MHO0=a;<ay < <ap=1-X

(IT) Any three intervals in {f;([0,1]): 1 < i < m} do not intersect. |f;([0,1]) N
£:([0,1])] € {AFr, -+ ) \E} whenever f;([0,1]) N f;([0,1]) # 0 with i < j,
where by |J| we denote the length of an interval .J;

(IIT) Either fi([0,1]) N f;([0,1]) = 0 for all j > 1, or f,,([0,1]) N f;([0,1]) = @ for
all j <m.

From (I) and (II) it follows that when |fi([0,1]) N £;([0,1])] = A* with i < j,
then j =i+ 1and fio ff ! = f;0 flkf*l. Throughout this paper, f* stands for the
i-th iteration of map f for + € N. In particular, f¥ stands for the identity.
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For a translation a = (a1, ag, -+ ,am) € Ak, k,, let
e@) = {1 < < ms 110, 1) 0 fosa (0, )] = ¥} for 1< ¢ <.

It is well known that for each a = (a1, a2, - ,an) € Ak, k,, there exists a
unique nonempty compact set K, such that K, = (J,-,-,, fi(Ka) (see [6]). The set
K, is called the self-similar set generated by the IFS {f;(z) = Az +a;: 1 < i < m}.
Let #S denote the number of elements of S. In this paper we obtain

Theorem 1.1. For a,b € Ay, ., we have K, ~ Ky, if #v,(a) = #~:(b) for
1<?<n.

It is clear that dimyg £ = dimyg F if E ~ F. Thus we have

Corollary 1.2. For a,b € Ay, .. 1
#”)/g(b) forl1 < /¢ <n.

We prove Theorem 1.1 and give some examples in the next section.

.....

we have dimy K, = dimy Ky, if #y(a) =

n

2. Proof of Theorem 1.1

Before proving Theorem 1.1, let us recall the graph-directed self-similar set (see
[10]). Let G = (V, E) be a directed graph where V' is a finite set of vertexes and F is
a finite set of directed edges. Assume that for any u € V there is at least one edge
in F starting from u. For an e € E, let f.: R” — R" be a similitude with ratio
pe € (0,1), namely

|[fe(@) = fe(y)| = pelx —y| for any x,y € R™.
Then there exist unique nonempty compact sets {F,: u € V'} such that

(1) F.=J U fu(F) forall ueV,

veEV e€Ey v

where E), , is the set of directed edges starting from u and ending at v. The compact
sets {F,: u € V}in (1) is called the graph-directed self-similar sets generated by
{V,E ,{f.: e € E}}. In addition, {F,: u € V} is said to satisfy the strong separation
condition if the sets in the right side of (1) are pairwise disjoint. An easy-to-prove
result on the Lipschitz equivalence between two graph-directed self-similar sets is as
follows (also see [11]).

Lemma 2.1. Let {F,: u € V} and {G,: v € V} be the graph-directed self-
similar sets generated by {V,E {f.: e € E}} and {V, E,{g.: e € E}}, respectively.
Suppose that for each e € E the similitudes f. and g. have the same ratio p., and
both {F,: u € V} and {G, : u € V'} satisfy the strong separation condition. Then
for each u € V, we have F,, ~ G,,.

Proof. Fix a u € V. We denote by E, the set of directed edges starting from v
for v € V. For a directed edge e € E we denote its initial and ending points by e~
and e*, respectively. Let

o = minwin {d(fe.(Fut), for. (), d(0e.(Gor), 90, (G)): € # cun € o)

and

¢ = max {diameter of the set U F,, diameter of the set U GU} )

veV veV
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Then ¢,,c* > 0. An infinite sequence of directed edges ejes - - - is called admissible if

e; coincides with e, for all i € N. Let

Y. ={eiea---:ejeq- - is admissible with e; = u}.

Then the maps

r(eres- mfel +0 fe,(Fi+) and Ilg(eres- mgel +0 ge, (Gt )

are bijections between >, and F,, and between Y, and G, respectively. We shall
check the bijection Ilg o H}l is bi-Lipschitz. Let x,y € F, with x # y. Then there
exist unique (e;), (s;) € X, such that = p(ejea---), y = Hp(sysg---). Let £ be
the smallest integer such that e, # s,. Then we have e, = s, and €] # s, because
of e = s; = w. This implies that = f,, 0---0o f,,_,(z*)and y = f,, 0---0 f., , (v")
with 2% € fe,(F.t), y* € f5,(Fys). So

. -1
C*Hpei S ‘x_y‘ SC*Hpei'
i=1 i=1
Note that
Mg o T} () = Tg(eres ) and Tgo Tl (y) = Tg(s1ss- ),

which implies, by the same argument as above, that
-1 _
e. I pe. < g 0 7 (2) ~ T o T (9)| < ¢ [ ..
i=1 =1
Therefore, I o H;l is bi-Lipschitz. 0
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. By {f;: 1 < i < m} and {g;: 1 < i < m} we denote
the iterated function systems corresponding to translations a = (ay, as, - - ,a,,) and
b = (b1, by, -+, by), respectively.

Without loss of generality we may assume that f,,([0,1])N f;(]0,1]) = @ for all j <
m, and that g,,([0,1]) N g;([0,1]) = 0 for all j < m in condition (IIT). To understand
it, one only needs to notice the following facts: we have that K. =1 — K, ~ K, for
the translationc = (1 = A —ap, L = A — a1, , 1 = A—ag, 1 — A —a1) € Ay, ... g,
and #7y,(c) = #vye(a) for 1 <0 <n. Let

%‘L-‘rl(a) - {1’ T, M= 1} \ Ufyf(a>

We relabel the elements of v,(a) in its increasing order by digits {1 ‘|‘Z i1 T #y,(a), 24
o1 #s(@), - 35 #vs(a)} with ZJ 1 #75(8) = 0 and 1 < €<n+1 By h()
we denote this relabeling. Thus h(j) € {1 + Z] L H#y(a),2 + ZJ LHv@),
Zj:l #7]’ } for j € ’Yé( )

We partition K, into m+k; —2 pairwise disjoint nonempty compact sets, denoted
by Ki,---, Kyik,—2. The first m — 1 members of them are defined by

oo JHEDN fio 7 (Ka) for j€(a), 1< <,
"\ () for j € yns1(a).
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The later k1 — 1 members of K;’s are defined by

{KmHﬂ -2 = fklil(Ka)»

) Koy = fEH(Ka) \ fEP(K,) for 0 <t < ky —2.

From (2) and (3) it follows that K, = (J/1* 7 K; with disjoint union. It is important
to notice that for 1 < £ <n

() = KnUKpg U UKypg, 3U f"1(K,) with disjoint union for k, > 3,
mtal fm(Ka) for k, = 2.

Thus we have for j € y(a) with 1 </ <n

J)—fJ( )\f] f:f_l(Ka)

m—i—kz

= ([{(K1 U+ UKy U fn(Fa) \ fy 0 fRN (K, U f]

It is obvious that for j € ~,.1(a)

m+ki1—2

U [i(K

Finally, Note that K, = Ky U - U K,,_1 U f,,,(K,) with disjoint union. Thus, for
0<t< k’l -2

m—1
m+t ft+1 ( ) ft+2 ft-I—l
=1
and
i _ ) (B —3) U frn (K —2) - when ky > 3,
m+k1—2 —
U’i:l fm( 1) when k; = 2.
Therefore, (K1, -+, Kk, —2) are graph-directed self-similar sets satisfying the

strong separation condition. By the same argument as above by replacing f; by g;,
one can get pairwise disjoint nonempty compacts K;'s with Ky = U<,y o K7
The (K7, -, K} i, _o) are graph-directed self-similar sets satisfying the strong sep-
aration condition and obey the same equations as K;s with replacing f; by g;. Thus
K;~K?forl<i<m+k; —2, and so K, ~ K}, because of the disjointness of K;s
and disjointness of Ks. O

Example 2.2. Let 0 < A <571 Take a = (0, \(1 — X),2A(1—X),3)X,1— ) and
= (0, \(1=X),2X,3A—X?,1—)). Then one can check that a,b € Ay, v(a) = {1,2}
and v, (b) = {1,3}. Thus K, ~ K} by Theorem 1.1.

The approach presented in this paper can be also applied for higher dimensional
case.

Example 2.3. Let 0 < A < (2 —v/2)/2. Consider two IFSs {f;: 1 <i <6} and
{gi: 1 <i <6} where

fl(x,y):)\(x,y), fg(:c,y):)\(:c,y)—i-(l—)\,()),
fg(l‘,y> = )\(J},y) + (1 - )‘7 1— >‘)= f4(x,y) = )\(Ji,y) + (071 - >‘)7
f5(x,y) - )\(ZL’,y) + (A(l - /\)7 (1 - )‘)2)7 fﬁ(x7y) - )\(l‘,y> + (07 (1 - )‘)(1 - 2)‘))7
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and gs(z,y) = Mz, y)+(A(1—=X), \(1=X)) with g;(x,y) = fi(z,y) for 1 <i < 5. Let F
and G be the self-similar sets generated by IFSs {f;: 1 <7 <6} and {g;: 1 <1i <6},
respectively. Then F' ~ G.

Proof. Figure 1 shows locations of squares f;([0,1]?), 1 < i < 6 and squares
g:([0,1]?), 1 <i <6. Let F; = f;(F) for i = 1,2,3,5, Fy = f4(F)\ fio fo(F) and
Fs = f6(F)\ feo fs(F). Then F;,1 < i < 6, are pairwise disjoint nonempty compact
sets such that F' = (J,.,.4 F; since fyo fo = fs o fyand feo f3 = f50 fi.

Thus we have o

Fy = fa(F1) U fa(F) U fa(Fy) U fa(F5) U fa(F6),
Fs = fo(F1) U fo(F2) U fo(Fy) U fo(F5) U f6(F6),

1 1

1—A 1—A

0 A 1—-X 1 0 A 1—-x 1
Figure 1. Squares f;(]0,1]?) on the left side and squares g;([0, 1]?) on the right side.

By the same way as above let G7 = ¢5(G), Gy = ¢2(G), Gz = g3(G), G4 =
94(G) \ g1 0 g2(G), G5 = g6(G) and Gg = 1(G) \ g1 © g3(G). We have G;, 1 <1 <6,
are pairwise disjoint nonempty compact sets with G = J, <ice Gi and satisty

(G = 95(G1) U g5(Ga) U g5(G3) U g5(G4) U g5(Gs) U g5(Go),
Gy = g2(G1) U 92(G2) U g2(G3) U g2(Ga) U 92(Gs) U g2(Gs),
G = g3(G1) U g3(G2) U g3(Gs) U g3(G4) U g3(Gs) U g3(Gé),
Gs = g6(G1) U g6(G2) U g6(G3) U g6(G4) U g6(G5) U g6(G),
Gy = 94(G1) U 94(G3) U g4(G4) U 94(G5) U g4(G),
| Go = 91(G1) U g1(G2) U g1(Ga) U g1(G5) U g1(Ge).
Thus F' ~ G by Lemma 2.1. O

Example 2.4. Let 0 < \ < % Let G be the self-similar set generated by the
IFS {g;: 1 <1i <6} given in Example 2.3. Let F be the self-similar set generated by
the IFS {f;: 1 <1 < 6} where fi(z) = Az, folz) = v + 2, f3(x) = Az + 3\ — A2,
fa(x) = Az + 4\ — 2)02, f5(x) = Az + 5\ and fs(x) = Axr +1— . Then F ~ G.

Proof. Note that F* = F' x {0} is the self-similar set in R? generated by the IFS:
fi(z,y) = M, y), f3(x,y) = Ma,y) + (24, 0),

f;(xvy) = )\(l’,y) =+ (3)‘ - )‘270)7 lek(xay> = )‘('Tvy> + (4)‘ - 2)‘270)7
fg(xvy) = )\(Jf,y) + (5>‘70)7 fg(x7y> = )\(ZE,y) + (1 - )‘7 0)
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By letting Iy = f5(F"), Fo = fi(F7), F3 = f5(F7), F5 = f3(F"), Fs = f3(F7)\
foo fE(F*), Fy = fi(F*)\ fio ff(F*), one can get F* has the same graph-directed
structure as GG. Thus we have G ~ F* ~ F' by Lemma 2.1. O

Remark 2.5. It is natural to compare our method with the idea used in [11].
On the one hand, our method cannot prove the Lipschitz equivalence between the
{1,4, 5}-Cantor set and the {1, 3, 5}-Cantor set. The main difficulty, which is crucial,
is that our idea only transforms the {1,4,5}-Cantor set into a graph-directed self-
similar sets with the open set condition rather than the strong separation condition.
It is not enough if we only obtain the open set condition. That is why we cannot
reprove the main result of [11]. On the other hand, in terms of the approach of [11],
it seems that we cannot obtain Theorem 1.1. In brief, these two methods above are
independent, i.e. the idea of [11] is useful when one tackles the self-similar sets with
the open set condition, while our method is effective for the self-similar sets with
exact overlaps.
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