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Abstract. Let A and B be Borel subsets of the Euclidean n-space with dim A + dim B > n
and let 0 < u < dim A + dim B — n where dim denotes Hausdorff dimension. Let E be the set
of those orthogonal transformations ¢ € O(n) for which dim A N (g(B) + z) < u for almost all
zeR" IfdimA+dimB >n+1, then dimF <n(n—1)/2+1—u, and if dim A < (n —1)/2, then
dim E < n(n—1)/2—u. If Aisa Salem set and 0 < u < dim A+dim B—n and dim A+dim B > 2n—1,
then dim AN (B + z) > u for z in a set of positive Lebesgue measure. If dim A + dim B < 2n — 1,
the set of exceptional g € O(n) has dimension at most n(n —1)/2 — u.

1. Introduction

We let O(n) denote the orthogonal group of the Euclidean n-space R™ and 6,
its Haar probability measure. We metrize O(n) with the usual operator norm. Let
also L™ stand for the Lebesgue measure on R™ and let dim stand for the Hausdorft
dimension and H?* for s-dimensional Hausdorff measure. We shall prove the following
theorem:

Theorem 1.1. Let s and t be positive numbers with s +t > n+ 1. Let A and
B be Borel subsets of R™ with H*(A) > 0 and H'(B) > 0. Then there is E C O(n)
such that

dmE<2n—s—t+(n—-1)(n—-2)/2=nn—-1)/2—(s+t—(n+1))
and for g € O(n) \ £,
(1.1) L'{zeR": dimAN(g(B)+2) > s+t—n})>0.

The version stated in the abstract concerning the case dimA + dim B > n + 1
is slightly weaker than Theorem 1.1. Notice that the above upper bound for the
dimension of E is at least (n — 1)(n — 2)/2 which is the dimension of O(n — 1). In
Section 5 we show that it is needed in the estimates. The assumption s +¢ > n + 1
only comes from the fact that the statement is trivial if s+ < n+ 1: then the above
upper for dim F is at least n(n — 1)/2 = dim O(n) and we could take £ = O(n).

This is an exceptional set estimate related to the following result of [M2]: (1.1)
holds for 6,, almost all g € O(n) if one of the sets has dimension bigger than (n+1)/2,
see also [M4, Chapter 13| and [M5, Chapter 7]. This of course is satisfied when
s+t >mn+1, as in the theorem. It is expected that this generic result with respect
to 6, should hold whenever dim A 4+ dim B > n. Under this condition it was proved
(without exceptional set estimates) in [K| and [M1] provided the orthogonal group is
replaced by a larger transformation group, for example by similarity maps as in [M1],
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or, more generally by Kahane in [K], by any closed subgroup of the general linear
group acting transitively outside the origin. For the orthogonal group no dimensional
restrictions are needed provided one of the sets satisfies some extra condition, for
example if it is rectifiable, see [M1], or a Salem set, see [M3].

It is easy to see, cf. the remark at the end of [M2], that in Theorem 1.1 the
positivity of the Hausdorff measures cannot be relaxed to dim A = s and dim B = t¢.

If one of the sets supports a measure with sufficiently fast average decay over
spheres for the Fourier transform, we can improve the estimate of Theorem 1.1.
Then the results even hold without any rotations provided the dimensions are big
enough. This is given in Theorem 4.1. It yields immediately the following result
in case one of the sets is a Salem set. By definition, A is a Salem set if for every
0 < s < dim A there is € M(A) such that |f(x)|* < |z|~*. A discussion on Salem
sets can be found, for example, in [M5, Section 3.6].

Theorem 1.2. Let A and B be Borel subsets of R" and suppose that A is a
Salem set. Suppose that 0 < u < dim A 4+ dim B — n.

(a) If dim A + dim B > 2n — 1, then
(1.2) L'{zeR": dimAN(B+z) >u})>0.
(b) If dim A + dim B < 2n — 1, then there is E C O(n) with
dmFE <n(n-1)/2—u
such that for g € O(n) \ E,
(1.3) L'{zeR": dim AN (g(B) +z) > u}) > 0.

Another consequence of Theorem 4.1 is the following improvement of Theorem 1.1
in the case where one of the sets has small dimension:
Theorem 1.3. Let A and B be Borel subsets of R" and suppose that dim A <
(n—1)/2. If 0 < u < dim A + dim B — n, then there is E C O(n) with
dimE <n(n—-1)/2—u
such that for g € O(n) \ E,

(1.4) L'{zeR": dim AN (g(B)+ z) > u}) > 0.

The method used to prove Theorem 1.1 can easily be modified to other subgroups
of the general linear group G L(n) in place of the orthogonal group. For example, let
S(n) be the group of similarities, the compositions of orthogonal maps and dilations.
Then dim S(n) = n(n — 1)/2 + 1 and for any =,z € R" \ {0}, the dimension of
{g € S(n): g(2) = x} is the same as the dimension of O(n—1), that is, (n—1)(n—2)/2.
With small changes in the proof of Theorem 1.1 this leads to

Theorem 1.4. Let s and t be numbers with 0 < s,t <n and s+t > n. Let A
and B be Borel subsets of R" such that H*(A) > 0 and H'(B) > 0. Then there is
E C S(n) with

dmFE <2n—s—t+(n—1)(n—2)/2
and for g € S(n) \ E,

(1.5) L'{zeR": dimAN(g(B)+z2)>s+t—n})>0.

I would like thank the referees for useful comments.
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2. Peliminaries

The proof of Theorem 1.1 is based on the relationship of the Hausdorff dimension
to the energies of measures and their relations to the Fourier transform. For A C R"
(or A C O(n)) we denote by M(A) the set of non-zero Radon measures ;1 on R”
with compact support spt u C A. The Fourier transform of p is defined by

fi(z) = / eV dpy, xeR™

For 0 < s < n the s-energy of p is

(2.1) 10 = ([ 1o = ol duw dyy = ct.5) [ gl .

The second equality is a consequence of Parseval’s formula and the fact that the
distributional Fourier transform of the Riesz kernel ks, ks(z) = |2|~%, is a constant
multiple of k,_g, see, for example, [M4, Lemma 12.12] or [M5, Theorem 3.10|. These
books contain most of the background material needed in this paper.

We then have for any Borel set A C R™ with dim A > 0, cf. [M4, Theorem 8.9],
(2.2) dim A = sup{s: Iu € M(A) such that [;(u) < co}.

Let v € M(R") and let 1. be an approximate identity: 1.(z) = e ™ (x/e) where
1 is a non-negative C'*°-function with support in the unit ball and with integral 1.
Let v. = t. * v. Then the v. converge weakly to v when ¢ — 0. Notice that
Ve(x) = p(ex)v(z).

By the notation M < N we mean that M < CN for some constant C'. The
dependence of C' should be clear from the context. The notation M ~ N means
that M < N and N < M. By C(a) and ¢(a) we mean positive constants depending
on the parameter a. The closed ball with centre x and radius r will be denoted by
B(z,r).

Lemma 2.1. Let 0 € M(O(n)) and o > (n—1)(n—2)/2. If §(B(g,r)) < r* for
all g € O(n) and r > 0, then for x,z € R"\ {0}, > 0,

(2:3) 0({g: |z —g(2)] <71}) S (/] =272,

Proof. First we may clearly assume that |z| = 1, and then also that |z| = 1,
because |z —g(z)| < r implies |z/|x|—g(z)| < 2r. Then O, ., := {g € O(n): g(z) = x}
can be identified with O(n — 1). Hence it is a smooth compact (n — 1)(n — 2)/2-
dimensional submanifold of O(n) which implies that it can be covered with roughly
r~(=D0=2)/2 halls of radius 7. If g € G satisfies |z — g(2)| < r, then g belongs to the
r-neighbourhood of O, .. The lemma follows from this. O

3. Proof of Theorem 1.1

The key to the proof of Theorem 1.1 is the following energy estimate. For u, v €
M(R™),g € O(n) and z € R", let v. = 1. x v as above and set

(3.1) Vy.o(r) = (g7 (2 — 2)), 2 € R™

Lemma 3.1. Let § > 0 and § € M(O(n)) be such that (O(n)) < 1 and for
z,z € R\ {0},r >0,

(3.2) 0({g € O(n): o — g()| < r}) < (r/2])".
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Let 0 <s,t<n,0<u=s+t—nandu>n—p. Let p,v € M(R"). Then

(3.3) [ 1 acz vy < Ot )LL)

Proof. We may assume that I;(p) and I;(v) are finite. Define
Dg,x,a(z) = Ve(g_l(l' —2)), z€ R™
Then

—

Ugae(2) = €M 0 (=g (2)).

Hence by Parseval’s formula for x,y € R" x # vy,

/Va(g_l(g:—z))ya(g - dﬁ"Z—/ygxe )gye(z Type(2) ALz
- [t R e

/ 27rzg 1 (z—y) ALy

It follows by Fubini’s theorem that

[ // Tu(Vy ».e) ALz dbg
- //// kulw = y)va(g™ (z = 2))ve(g™ (v — 2)) dpr dyuy dL"= dfg
= [ e = ([ ot = et = 2 e ) due sy
/// (z —y </|u€ )|2e2mis T @v)z gom )d,uxd,uyd@g
— [[] Fase @) stz g g,

kug,-(x) = || He2mie T @2 = || mue2miza(e)

One checks by direct computation that the Fourier transform of &, 4 ., in the sense
of distributions, is given by

where

—

Fuge () = cln, )|z — g(=)[* ™,

It follows that

// Fuge * prdp = /ku,g,z\ﬁ|2 dL" = c(n, u) / | — g(2)["~"|fi()|* ALz

As I,(pn) < oo, this is easily checked approximating p with . * x4 and using the
Lebesgue dominated convergence theorem. Thus

(3.4) I = c(n, u) /// & — ()" dOg|i(x) 2|7 (=) AL dLm .
We first observe that if |z| > 2|z|, then

/Ix — g(2)|" " dbg < 0(0(n))2" " |a|* " < 2% |2
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Similarly if |z| > 2|z, then
/lffj —g(2)|""dfg < 0(0(n))2" V|27 < 27|
Suppose then that |z|/2 < |z| < 2|z|. Then by the assumption (3.2)
[l =atrdsg = [ ottgs lo - g1 > )
— =) [ 0lg: lo = g(a)l < rhr

|2] 0o

< / (r/ =) dr / rnl gy
0 |z

~ |Z‘u—n ~ ‘x|s—n|z‘t—n’

since f +u —n > 0. It follows that

(3.5) 15/ 2" 2 () P2 ()| do dy S () L(v),

as required. O

Next we show that, with 6 as above, for § x £™ almost all (g, z) the measures
Vy.» jt converge weakly as e — 0. It is immediate that for almost all (g, z) this takes
place through some sequence (¢;), depending on (g, z), but we would at least need
one sequence which is good for almost all (g, z). The proof of the following theorem
was inspired by an argument of Kahane in [K].

Theorem 3.2. Let s,t and u be positive numbers with u = s+t —n > 0 and let
pu,v € M(R"™) with I,(1n) < oo and I;(v) < oo. Let ¢. be an approximate identity
and v, = Y. xv. For g € O(n) and z € R", let v, .. be as in (3.1). Finally, let
0 € M(O(n)) be as in Lemma 3.1. Then for 6 x L™ almost all (g,z), as € — 0, the
measures v, , .Jt converge weakly to a measure \, , with the properties

(a) spt Ay, C sptpuN (g(sptv)+ 2),
(b) / Mo (RP) ALz = p(RMU(R™) for 8 almost all g € O(n),
© [[ 1021 L7 dog < st )L G0 1)

Proof. If the convergence takes place, the support property (a) is clear.
Let ¢ € Cf (R"). Then by Lemma 3.1,

// (/ Vg,z,s¢du)2 ALz dog < I,(p)L(v) < cc.

Hence by Fatou’s lemma

2
/ (lirggionf/ </ Vg e® du) dﬁ"z) dig < I(p) I (v) < oo.

Thus for 6 almost all g there is a sequence (g;) tending to 0 such that

2
sup/ </ l/g,z,gj(ﬁd,u) dL"z < oo.
J
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On the other hand, defining the measure 4, by [hdus, = [ h(—g ' (x))¢(z) duz,
we have

/ Vg ets dpt = / v~ (1) — g (2))b(e) dpa = oy * v x u(—g (=),

and the measures fi4 4 * V * 1. converge weakly to fi4 4 * v. Consequently, py  * v is
an L? function on R™ and the convergence takes place almost everywhere. It follows
now that for # almost all g € O(n) and for every ¢ € Cy (R™) the finite limit

(3.6) Lg.¢:= li_%/’/g,z,e(ﬁ dp = ll_{% He,g * V* ¢5(—g_1(2)) = HUo,g * y(—g_l(z))

exists for almost all z € R™. Let D be a countable dense subset of Cf (R™) containing
a function ¢y which is 1 on the support of p. Then there is a set E of measure zero
such that (3.6) holds for all z € R™\ F for all ¢ € D, the exceptional set is independent
of ¢. Applying (3.6) to ¢y we see that

sup/yg%6 dp < o0.
e>0

Then by the Cauchy criterion the denseness of D yields that whenever z € R" \ E,
there is the finite limit L, .¢ := lim.,o [, ¢ du for all ¢ € CF(R"). Hence by
the Riesz representation theorem the positive linear functional L, . corresponds to a

Radon measure ), . to which the measures v, . .;1 converge weakly.
The claim (b) follows from (3.6):

[ reyacrs = [ Lyonders = [, v-g7 ) e
— Hong(RV(RY) = u(R")(R").

The claim (c) follows from Lemma 3.1, Fatou’s lemma and the lower semicontinuity
of the energy-integrals under the weak convergence. U

Proof of Theorem 1.1. Theorem 1.1 follows from Lemma 3.1 and Theorem 3.2:
Let

G={9€O0Mn): L'"{zeR": dimAN(g(B)+z2)) >s+t—n}) =0}

Then G is a Borel set. We leave checking this to the reader. It is a bit easier
when A and B are compact. We may assume the compactness since A and B as
in the theorem contain compact subsets with positive measure, cf. [Fe, 2.10.48].
Suppose, contrary to what is claimed, that dimG > 2n —s —t + (n — 1)(n — 2)/2.
Let dimG > o > 2n — s —t + (n — 1)(n — 2)/2. Then by Frostman’s lemma,
cf. [M4, Theorem 8.8], and Lemma 2.1 there is § € M(G) satisfying (3.2) with
f=a—(n—-1)(n—2)/2>2n—s—t. By Frostman’s lemma there are y € M(A)
and v € M(B) such that u(B(z,r)) < 7% and v(B(x,r)) < r for all balls B(z,r).
Then by easy estimation, for example, as in the beginning of Chapter 8 in [M4],
Iy(p) < oo and Iy(v) < oo for 0 < &' < s and 0 < ¢ < t. By Theorem 3.2(b)
the set E, = {z: A\;.(R™) > 0} has positive Lebesgue measure for 6 almost all
g. It then follows from Theorem 3.2(a) and (c) and (2.2) that for 6 almost all
g, dim AN (g(B) + z) > s+t —n for almost all = € E,. This contradicts the
definition of G and the fact that # has support in G. U
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4. Intersections and the decay of spherical averages

For pn € M(R™) define the spherical averages
o) =" [ ) do e >0,
5(r)

where 0”71 is the surface measure on the sphere S(r) = {x € R™: |z| = r}. Notice
that if o(u)(r) < r~7 for r > 0 and for some v > 0, then I;() < oo for 0 < s < 7.
We now prove that under such decay condition we can improve Theorem 1.1:

Theorem 4.1. Let t,y and I be positive numbers with t,v < n. Let u,v €
M(R™) with o(p)(r) < Tr=7 for r > 0, L,(u) < oo and I;(v) < co.
(a) If v+t > 2n — 1, then

(4.1) L'{z e R": dimsptun(sptv+2z) >~v+t—n})>0.

(b) If v+t < 2n — 1, then there is E C O(n) with
dmE<2n—1—7y—t+(n—1)(n—2)/2

such that for g € O(n) \ E,

(4.2) L'({z e R": dimspt N (g(sptv) +2)) >~v+t—n}) > 0.

Proof. Let u =~v+t—mn. As above, we only need to show that the the conclusion
of Lemma 3.1 holds under the present assumptions, but now the upper bound in
(3.3) will be a constant involving I', I;(v), L,(u), L,(x), n(R") and v(R"™). For the
statement (a) there is no 6 integration (or 6 is the Dirac measure at the identity
map) and n—1 < u < n, and for the statement (b) 6 satisfies (3.2) with some g with
n—1—u<pf<n-—u.

We again have (3.4). For the part where || > 2|z| or |z| > 2|z| we can argue as
before.

To prove (a), suppose n — 1 < u < n. Then it suffices to show

J & — 2 @) P17 () AL ALz S TL(w).
J21/2<]l <2
Since —1 <u—n < 0 and |z — z| > ||z| — |z||, the integral can be estimated by
J & — 2w PI7az) P AL L -
lel/2<]al<2]

2|z

< / / I — Ll o () () dr|a(2) P L™
|z|/2

S F/|Z|n—1—'y+u—n+1|l;\a(z)|2 dﬁnz

- r/ 27 (2) P L™z = C(n, £) T L (v).

We establish the statement (b) by showing that

/// [ — g(2)|"" dbgl(x) PI7:(2)? dLme L™= < TL(w),
|z]/2< x| <2|z|
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where 6§ € M(O(n)) is as in Lemma 3.1 withn — 1 —u < 8 < n — u. We first have
as in the proof of Lemma 3.1

/|1' —g(z)[* "dbg = (n —u) /000 0{g: |z — g(z)| <r})r" tdr

< A (1 J12)Pr "N dr = (n = B — ) fa] — |12

~Y
z|—|z|

because 0({g: |z — g(2)] <r}) =01if r < ||z| — |z||. Using this we can estimate

/// [ — (2" dbgl(x) P|7:()|? L L -
|z|/2< x| <2|z|

2|2
S [ [ P ) i) e

z|/2

S 1’\/|Z|B+u—n+1—ﬁ+n—l—-y|178(z)|2 dLm s

= F/ |22 (2) P ALz = c(n, t) ' TL(v). O

For 0 < s < n denote by 7,(s) the supremum of the numbers 7 such that
(4.3) o(p)(r) < Iy(pw)r™" for r >0

holds for all p € M(R") with support in the unit ball. Estimates for v(s) are dis-
cussed in [M5, Chapter 15|. For s < (n—1)/2 the optimal, rather easy, result y(s) = s
is valid, see [M5, Lemma 3.15]. This together with Theorem 4.1 yields immediately
Theorem 1.3. For s > (n — 1)/2 the optimal estimate fails and Theorem 4.1 only
gives a lower bound for the dimension of intersections which stays below and bounded
away from dim A + dim B — n. The deepest estimates are due to Wolff [W] in the
plane and to Erdogan |E] in higher dimensions. They give v,(s) > (n + 2s — 2)/4
for n/2 < s < (n+2)/2. Theorem 4.1 combined with this leads to the result that if
dim A + dim B/2 — (3n 4+ 2)/4 > u > 0, then

L'{zeR": dimAN(g(B)+2)) >u}) >0
for g € O(n) outside an exceptional set F with dim £ < n(n—1)/2—u. Plugging into

Theorem 4.1 other known estimates for 7,(s) gives similar rather weak intersection
results.

5. Examples

The first example here shows that in Theorem 1.1 the bound (n — 1)(n — 2)/2
is sharp in the case where both sets have the maximal dimension n. This of course
does not tell us anything in the plane but it explains the appearance of the dimension
of O(n — 1). In the following we identify O(n — 1) with a subset of O(n) letting
g € O(n — 1) mean the map (z1,...,2,) = (g(z1...,Tpn_1), Tn).

Example 5.1. Let n > 3. There are compact sets A, B C R" such that dim A =
dim B = n and for every g € O(n — 1), dim AN (g(B) +2) <n —1 for all z € R™

Proof. Let C, D C R be compact sets such that dimC' = dim D = 1 and for
every z € R the intersection C'N (D + z) contains at most one point. Such sets were
constructed in [M1], the construction is explained also in [M4, Example 13.18]. Let
F be the closed unit ball in R"™! and take A = F x C' and B = F x D. These sets
have the required properties. O



Exceptional set estimates for the Hausdorff dimension of intersections 619

The following example shows that we need some additional assumptions, for
example as in Theorem 4.1, to get any result using only translations:

Example 5.2. There are compact sets A, B C R" such that dim A = dim B =n
and for every z € R" the intersection A N (B + z) contains at most one point.

Proof. Let C', D C R be the compact sets of the previous example. Take A = C"
and B = D". These sets have the required properties. O]

We do not know sharp bounds for the dimension of exceptional sets of Theo-
rem 1.1. For simplicity, consider this question in the plane. Let d(s,t) € [0,1], 0 <
s,t <2, s+t > 2, be the infimum of the numbers d > 0 with the property that for
all Borel sets A, B C R? with dimA =5, dimB =tand forall0 <u < s+t — 2,

dim{g € O(2): £*({z € R*: dim AN (¢(B) + 2) > u}) =0} < d.

The problem is to determine d(s,t). We know from Theorem 1.1 that if s +¢ > 3,
then d(s,t) < 4 —s—t. In particular d(2,2) = 0. This suggests that d(s,t) might be
4 —s—t when s+t > 3. However we know from Theorem 1.3 that d(s,t) <3—s—t
whenever s < 1/2. T would be happy to see some examples sheding light into this
question.

6. Concluding remarks

As mentioned in the Introduction, intersection problems of this type for general
sets were first studied by Kahane in [K| and by the author in [M1], involving transfor-
mations such as similarities. For the orthogonal group the result in [M2| concerned
the case where one of the sets has dimension bigger than (n+1)/2. In [M3] a general
method was developed to get dimension estimates for the distance sets and intersec-
tions once suitable spherical average estimates (4.3) for measures with finite energy
are available. Such deep estimates were proved by Wolff in [W]| and Erdogan in [E].
They gave the best known results for the distance sets, see [M5, Chapters 15 and 16|,
but only minor progress for the intersections, as mentioned in Section 4. The known
estimates for o(p) are discussed in [M5, Chapter 15|, see also [LR| for a recent one.

The reverse inequality in Theorem 1.1 fails: for any 0 < s < n there exists a
Borel set A C R™ such that dim AN f(A) = s for all similarity maps f of R™. This
follows from [F2], see also [M4, Example 13.19] and the further references given there.
The reverse inequality holds if dim A x B = dim A + dim B, see [M1]|. This latter
condition is valid if, for example, one of the sets is Ahlfors-David regular, see [M4,
pp. 115-116]. For such reverse inequalities no rotations g are needed (or, equivalently,
they hold for every g).

Exceptional set estimates in the spirit of this paper were first proved for projec-
tions by Kaufman in [Ka|, then continued by Kaufman and the author [KM]| and
by Falconer [F1|. Peres and Schlag [PS| proved such estimates for large classes of
generalized projections. Exceptional set estimates for intersections with planes were
first proved by Orponen [O1] and continued by Orponen and the author [MO]|. In
|O2] Orponen derived estimates for radial projections. All these estimates except
those in [MO] and some in [PS| are known to be sharp. Some of these and other
related results are also discussed in [M5].

Recently Donoven and Falconer |DF| investigated Hausdorff dimension of inter-
sections for subsets of certain Cantor sets and Shmerkin and Suomala [SS| for large
classes of random sets.
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